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Abstract

The smoothness property of refinable functions is an important issue in all multiresolution
analysis and has a strong impact on applications of wavelets to image processing, geometric
and numerical solutions of elliptic partial differential equations. The purpose of this paper
is to characterize the smoothness properties of refinable functions with exponentially decaying
masks and an isotropic dilation matrix by analyzing the spectral properties of associated transfer
operators. The main results of this paper are really extensions of some results in [5], [I4] and [25].
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1 Introduction

A homogeneous refinement equation with mask a and a general dilation matrix M is the functional
equation of the form

o(z) = Z ala) p(Mz — a), x€R?, (1.1)

a€eZs

where ¢ is the unknown function defined on the s-dimensional Euclidean space R®, a is an expo-
nentially decaying sequence on Z° called refinement mask, and M is an s X s integer matrix with
m = | det M| such that lim,,_,.o M ~"™ = 0. The solution of is called refinable function, and the
matrix M is called a dilation matrix. It is well known that refinement equations play an important
role in wavelet analysis and computer graphics. Most useful wavelets in applications are generated
from refinable functions.

Great efforts have been spent on the study of refinable functions when mask a is a finitely
supported sequence (see, e.g., [1, 5l 6, 10 T4, 26, 29] and many references therein). However, in some
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cases, one need to study the refinement equations with infinitely supported masks. For example,
in engineering, infinitely supported masks are needed [9], the masks of various types of fractional
splines in [33] are infinitely supported. In particular, due to some desirable properties, infinitely
supported masks with exponential decay are of interest in the area of digital signal processing
in electrical engineering (see e.g., [2, B [7, 12] 28]). To study Riesz bases of wavelets generated
from multiresolution analysis, Han and Jia [11] investigated the Lg-solution of refinement equation
(1.1) with exponentially decaying masks and a general dilation matrix. Li and Yang [24] studied
existence of Lo-solution of vector refinement equation with exponentially decaying masks and a
general dilation matrix. In the binary case (s = 1, M = (2)) and mask a is an exponentially decaying
sequence, Cohen and Daubechies [3] studied the regularity of refinable functions by analyzing the
spectral properties of transfer operators, Han [9] also investigated the smoothness of refinable
function. In the case s > 1 and M = 2I,,, Lorentz and Oswald [25] investigated the smoothness
properties of refinable functions for the study of hierarchical bases in Sobolev spaces. In the case
s > 1 and M is a general dilation matrix, Han and Jia [11] provided a sufficient condition to
characterize the smoothness properties of refinable functions with exponentially decaying mask
and a general dilation matrix.

Our goal is to investigate the smoothness of solutions of refinement equation by studying
the spectral properties of associated transfer operators, and a formula for the critical Sobolev
exponent is obtained, which extends some main results in [5],[14] and [25] to the general setting.
Our characterizations were inspired by the work of Cohen and Daubechies [3], Jia [14], Cohen,
Grochenig, and Villemoes [5] and Lorentz and Oswald [25].

Before proceeding further, we introduce some notations. Let N denote the set of positive integers

and Ny denote the set of nonnegative integers. An element p = (1, ..., ps) € Nj is called a multi-
index. For j =1,...,s, let e; be the jth coordinate unit vector in R®. The norm in R?® is defined
by

yl=1lyl+-+lysl,  y=(@1, ys) ER

We denote by ¢(Z°) the linear space of all (complex valued) sequences on Z*, and by ¢y(Z*) the
linear space of all finitely supported sequence on Z®. The difference operator V; on ¢(Z?) is defined
by Vja :=a—a(-—e¢j),a € Z°. For pp = (p1, ..., pus) € N§, V# is the difference operator V' - .- V4*,
and D* is the differential operator D} - - D§*.

As usual, for 1 < p < oo, we denote by L,(R®) the Banach space of all (complex-valued)
functions f such that || f||, < oo, where

1/p
1= ([ 15pas) for 1<p<oa,

and || f|loo is the essential supremum of f on R®. We observe that La(R®) is a Hilbert space with
the inner product given by

(fig) = f(z)g(z)dz.
RS

Analogously, let £,(Z°)(1 < p < oo) be the Banach space of all complex-valued sequence a =
(a(a))aezs such that ||al|, < oo, where

1/p
llallp == (Z !a(a)\p> for 1<p<oo,

a€Zs



and ||a||eo is the supremum of a on Z°.

Let b and ¢ be two sequences on Z?, the convolution of b with c is defined by

bxc(a) = > b(B)c(a—B), acZ

BEeZs

such that the sum is convergent. By the discrete version of Young’s inequality, if b € /1 and c € ¢,
(I <p<oo),then bx*ce€ ¥, and
16 cllp < [[ol1]lcllp- (1.2)

The Fourier transform of a function f in L;(R®) is defined by
f©) = | fl@eide, R,

where £ - x is the inner product of two vectors £ and x in R®. The domain of the Fourier transform
can be naturally extended to functions in Lo(R®) and tempered distribution. Similarly, the Fourier
series of a sequence ¢ € ¢1(Z*) is defined by

&)=Y cla)e ™™t EeR’

a€EZs
Evidently, ¢ is a 2m-periodic continuous function on R?. In particular, ¢ is a trigonometric polynomial
if ¢ is finitely supported. We call ¢, the symbol of c.

In order to clarify the concept of exponential decay, we introduce the weighted space E,, as
follows. Suppose ¢ is a (complex-valued) summable sequence on Z*. For p > 0, define

lefl = le(a)le'®l. (1.3)
a€Zs
Let E,, denote the Banach space of all 2r-periodic functions ¢ on R such that ||¢||,, < oco.

Weighted L,, spaces are defined as follows. Suppose f is a (complex-valued) measurable function
on R®. For >0 and 1 < p < oo, define

s = ( [ 15@ pas " (1.4)

For y1 > 0, let || f[|loo, be the essential supremum of the function |f(x)|e#!*l on R*. We use L, , to
denote the Banach space of all measure functions f such that || f||,, < co.

In this paper, we always assume that mask a is an exponentially decaying sequence, i.e., there
exists a 1 > 0, such that a € E,,. Denote continuous function

H(E) == e D a(w)e ¢ Ee R (1.5)

m
a€eZs

To investigate the smoothness of a refinable function associated with exponentially decaying
mask a and dilation matrix M, following [3], [I5] and [25], we shall also assume that

H(&) = p(§)q(§), with H(0) =1, (1.6)



where p(&) is a trigonometric polynomial, ¢(§) is a 2m-periodic C*° function with exponentially
decaying Fourier coefficients, and ¢(§) # 0, V¢ € R®. The particular case ¢(§) = 1 covers the case
of finite supported masks.

Let M be a fixed matrix with m = |det M|. Then the coset space Z*/M7T7Z* consists of m
elements, where M7 denotes the transpose of M. Let wy + MTZ% k = 0,1,...,m — 1 be the m
distinct elements of Z°/M7TZ* with wy = 0. We denote Q := {wg,k = 0,1,....,m — 1}. Thus, each
element o € Z* can be uniquely represented as w + MTe, where w € Q and € € Z*. Analogously,
we denote by I' a complete set of representatives of the distinct cosets of Z%/MZ5.

We say that mask a satisfies the basic sum rule if

Za(q/—i—Ma): Z a(Ma) VYvyeTl.

a€Zs Q€S

Suppose M is an s X s matrix with its entries in C. We say that M is isotropic if M is similar
to a diagonal matrix diag {1, ..., As} with [A| = = |\g].

For 1 < p < oo, denote by £,(IR®) the linear space of all (complex-valued) functions f such that
|f|p < oo, where

1/p
|flp = (/[071)(Z\f(~—a)!)pdx> for 1<p< oo,

S
a€Zs

and |f|o is the essential supremum of ) .. |f(- — )| on [0,1)°. Equipped with the norm | - [,,
L,(R?) becomes a Banach space. There are several important subspaces of £,. For instance, if
f € L, is compactly supported, then f € £,(1 < p < 00). Also, a function f € L, with p > 0 is
in £,(1 <p < 00). See [16] for more discussions of L, spaces.

The concept of stability plays an important role in the study of the smoothness properties of
refinable functions. Let ¢ € L,(R®)(1 < p < 00). We say that the shifts of ¢ are £,-stable if there
there exist positive constants A, and B), such that for all sequences a € £,(Z?),

A:DHCLHP <

3" ala)é(- - a)

a€Zs

< Bpllallp- (1.7)

p

See [16], [19] for more detail about £,-stability. It was proved by Jia and Micchelli in [16] that a
function ¢ € £,(R®) has £,-stable integer translates if and only if, for any £ € R®, there exists an
element 3 € Z*® such that

B+ 27B) £ 0.

For v > 0, denote by H"(R®) the Sobolev space of all functions f € La(R?) such that
[ IFOPQ+ 1Py ds < oo

The critical Sobolev exponent of a function f € Ly(R%) is defined by

sp:=sup{r: fe H"(R?)}.



Sobolev spaces are closely related to Lipschitz Spaces, which is defined in terms of the modulus
of continuity. For y € R?®, the difference operator is defined by

Vyf::f_f('_y)a

where f is a function defined on R®. The modulus of continuity of a function f in L,(R?) is defined
by

w(f,h)p = sup Hvnym h > 0.
ly|<h

Let k be a positive integer. The kth modulus of continuity of f in L,(R®) is defined by

wr(f,h)p == sup |V fllp,  h>0.
ly|<h

For 1 <p <o0,0<v <1 and a function f € L,(R®), we say f belongs to the Lipschitz Space
Lip(v, L,(R?)) if there exists a positive constant C' independent of h such that

w(f,h), <Ch’  Vh>0.

For v > 0, we write v = r + n, where r is an integer and 0 < n < 1. We say that f belongs to
the Lipschitz Space Lip(v, L,(R®)) if D* f € Lip(n, L,(R®)) for all multi-indices p with || = r. For
v >0, let k be an integer greater than v. The generalized Lipschitz Space Lip*(v, L,(R®)) consists
of all functions f € L,(IR®) such that

wi(f, h)p < Ch” Yh >0,
where C' is a positive constant independent of h. If » > 0 is not an integer, then
Lip(v, L,(R?%)) = Lip* (v, Ly(R?)), 1<p<oo.
See [§], [32] and [14] for more detail about Lipschitz Spaces.

Following the discussion in [14], we have

sup{v: f e H'(R®)} =sup{v: f € Lip(v, L2(R®))} = sup{v : f € Lip*(v, L2(R%))} .

2 Some auxiliary results

In this section, we shall introduce some auxiliary results. In the following, let 7 := [—m, 7]*. We
denote by C(7) the space of all continuous 27-period functions on R®* and by L. (7") the space of
all 2m-period measurable functions f on 7 such that || f||;_(7) < oo, where || f| 1 (7) denotes the
essential supremum of |f| on 7.

Following [6] and [25], it is easy to obtain Lemma [2.1| and Lemma

Lemma 2.1. Let a be an exponentially decaying sequence and H () be given by (1.5) with H(0) = 1,
then the infinite product

o(&) = [ H(MT)T¢) (2.1)
j=1

converges absolutely and uniformly on any compact subsets of R® to a continuous function.



Lemma 2.2. For u > 0, let b be an exponentially decaying sequence with b e E, and B(O) =1,
then for all positive integers N, there exist trigonometric polynomials

bn(€) = Y by(a)e ™, £eR,

lo|<N
such that
16(€) = bN ()l o) < Ce™™N, and by (0) =1,
where C' is a positive constant independent of N and || = |aq|+- - -+|as| with o = (o, ..., o) € Z°.

Proof. Let by (€) be defined by

bv(€) = D> bla)e "+ > bla).

|a| <N |a|>N
Then we have by (0) = 1 and

16(8) = by (©)llso < D 2[b(ar)] < Ce™Y,

|a|>N

where C' is independent of V. O

Transfer operator is an useful tool for the study of refinable functions (see e.g., [3| 5 6 17]
and [31]). For a given 2m-periodic function u(&), the transition operator T, acts on 2m-periodic
functions according to

Tuf(§) =) u((MT)7HE + 2mwi) F(MT)7H(E + 2mwy)). (2.2)

w; €EQ

We fix u(€) = |H()[?, where H (&) is defined by (1.5) and H(€) € E,, for some p > 0. It is easy
to see that u(¢) € E,. In terms of the Fourier coefficients uq of u(§) = Y cz: tae™ "¢, (2.2) can
also be rewritten as

_ 1 o Je
e = m 3 wasfs (23)

where f(§) = Zﬁezs f/ge_w'f.
It follows from [11] that

ITuf e = Y [(Tuf)ale ™ =m > 1>~ wnra—sfale’™ < mlull £,
a€Zs Q€Zs BeLs

Therefore, T}, is a bounded linear operator on E,. Furthermore, T}, is also a compact operator on
E,.

Let V = {17 €Ey: Y oeps v(@)lla] <oo and Y cpsv(a) = O}'



Theorem 2.3. Let T, be given by (2.2) with u being exponential decay. For L € N, define zj, =
[sin? (61) + - +sin (55)] Then

k _—
T | T 22 oy < T | T2 | < p(Tuly ), (2.4)

where p(Ty|v) denotes the spectral radius of the restriction of T, to the subspace V' of E,.
Proof. 1t is easy to check that zy, € V. Hence, for k > 1, we have
k k k
1T 2l ey < 1T 2Ll < TV il -

Since
klim HLIHV H;l/k = p(Tulv),
—00

we obtain that k;
1 -
o | 7822 )" ) < T | TE2L ¥ < p(Tuly):

O]

Lemma 2.4. [21], [3] Let T, be given by (2.2) with u being exponential decay. For any f(£),g(§) €
C(7), and any positive integer n, we have the following identity

/7 T (©a€)de = | T (M) (M) ") tEre.

MT)"T k=1

To characterize the smoothness of refinable functions with masks having exponential decay, we
need the following Theorem which was established by Lorentz and Oswald in [25] for the special
case M = 2[ .

Theorem 2.5. Let u(¢) = |H(E)]? = P(€)Q(E), where H(E) is defined by and P(§) =
Ip(&)|%, Q&) = |q(€)|?. Suppose Qn (&) is a trigonometric polynomial sequence of approzimations of

Q&) as in Lemma such that [|Q(§) — QN (&)L (1) < Ce N, Let un(€) = P(€)Qn(£). Then

pr=lm p(Tuylv,y z,) (2.5)
and
p=lim pr (2.6)

both exist and do not depend on the specific choice of the sequence Qn (&), where Vy,, 7z, is defined

by
VuN,ZL = span {TJLNZL : n > 0} i

Proof. Since Q(§) is a positive 2m-periodic continuous function, there exists a positive constant c,
such that |Q(§)| > ¢ > 0. Consequently, for sufficiently large N, we have

Qn(§) Q&)
Q&) Qn(§)

7

1= ) < Cre Y, (2.7)

max(|1 —



where C* is a positive constant independent of N.
Therefore,
(1= C* e "MQN(E) < Q) < (1L + Ce "M)Qn(6),
and (1= C*e ™ Mun(€) <u(§) < (1+C*e N un(€).
By Lemmg2.4] we have

* — 1/k 1/k x — 1/k
(1= C e MITE 2ll)E oy S ITE2ll S 7y < Q4+ C e ™TE 20l)E 7y (28)

Since upy is a trigonometric polynomial, by Lemma 2.4 of [I0], we have that V,,, z, is finite
dimensional and
lim (7, 22l o) = p(Tun vy 2,)
oo I UN L Loo(T) Py Vun.zp /-

Let k — oo in (2.8), by Theorem we have that

. — — 1/k . —
(L= O™ (Tl z,) < Tl T Y5 ) < (L4 C e (T lviy 1) (29)
Then, let N — oo in (2.9)), we obtain that
_ 1
pri= lim p(Tuylz,) = limp—oo| Ty 2Ll f o) (2.10)

exists.

If an (&) is another sequence of approximations of u(&), we can easily obtain
(1= C e N yuy () < in(€) < (1+ C eV yuy (€).
Thus,
(1= C*e "™MM|TE 2ol S N Tazellne ) < (L+ Ce P MFITE 20l 1)

This together with (2.10)) imply that py, is independent of the specific choice of the sequence uy.
Since 0 < zp 11 < sz, (2.10) yields

p=lim pp <pri1 <pr--- < po. (2.11)
L—oo

The proof of Theorem [2.5|is complete. O

3 Characterization of Smoothness

In this section, we give some characterizations of the smoothness property of refinable functions
with mask a having exponential decay and an isotropic dilation matrix M.

When mask a is finitely supported, H(¢) = L3 . a(a)e ¢ is a trigonometric polynomial.

T m
Define S, as the largest nonnegative integer such that

DFH(2r(MT) 'w) =0, Ywe {0}, and |u| <S.—1.



In the following, L denotes an integer large than S..
It follows from [5] that Vig2 z, = span{T‘];I'zzL, k >0,k € No} is finite dimensional and is an
invariant subspace of T2

Cohen, Grochenig, and Villemoes [5] gave a characterization of the smoothness of refinable func-
tions based on the spectral radius of 7|y restricted to Vg2 7z, when mask a is finitely supported.
Their results were stated as following:

Theorem 3.1. [Cohenet.al] Let ¢ € La(R®) be a compactly supported solution to (1.1)) with mask
a being finitely supported and M being an isotropic dilation matriz. Suppose the shifts of ¢ are
stable. Let p be the spectral radius of Ty restricted to Viyp2 z,. Then the Sobolev exponent sy
satisfies

s
54 = —§logm 0, (3.1)
and ¢ € H® if and only if s < s4, where m = | det M|.

We also point out that similar characterization was also established by Jia in [14] with a different
method. Several other researchers have considered the regularity of refinable functions in high
dimensions (see [4, 18, 20} 21], 22], 23, 27, B0] and [31]).

We are in a position to establish the following characterization of smoothness of a refinable
function in terms of the refinement mask.

Theorem 3.2. Let M be an isotropic dilation matriz with |detM| = m and ¢ be a Lo-solution
of refinement equation (1.1). Assume that H(&) satisfies (1.6). Let p be defined by (2.6). Then
sy > —5log,, p. Moreover, if the shifts of ¢ are stable, then sy = —5log,, p

Proof. Set T = [—m,n]*,G = T\(MT)™'T, then R® = 7T U 22, (MT)"G. For ¢ € (MT)"T, it is
easy to see that

61> < O [ 1H(1T) )2 (3.2)
k=1

with C1 = maxeer |6(€)|2. For any fixed L € N, since (MT)"1T contains an open ball centered at
the origin, we have

zr(§) > C2 >0 for £e€G. (3.3)
It follows from Lemma
/(MT v H |H((MT) ) [Hzp (MT) ™€) dé = ( 220, 1) < | T2l - (3.4)
k=1

Thus, combine (3.2), (3.3]), and (3.4), we have

~ 2yn ~ 29yn .
Loy FOPA+IEPT < 0o [ (60 dE < Com™E Mpzalinry 39)

Note that,

/|¢> 2(1 1 Je[2)de = /¢ (1+ ¢ wuz/ 214 |2y de. (3.6)



Since |¢(€)[2(1+|€]?)" is continuous on 7, the first integer on the right-hand side of (3.6)) is a finite
constant Cj. This together with (3.5)) imply that

JRCGIRCE >7d5<c5+042m

T apzLl -

By Theorem for any € > 0, there exists C'(¢) > 0, such that for large enough L,
”T|T;IPZL||LOO(T) <C(e)(p+e)t, n € N.

Consequently,

/|¢ 2(L+[€)*)7dE < Cs5 4 C4Cle Z S (p+e)

When v < —5log,,(p+¢),
[ 19(OR 0+ ey < oc.

Since € can be chosen arbitrary small, we conclude that s4 > —3log,, p and the first part of the
theorem follows. In all these estimates, the positive constants C; are independent of n.

To prove the second part, for H(§) = p(§)q(§), we can choose a sequence of trigonometric
polynomials g (&) of approximations of ¢(§) as in Lemma Since the shifts of ¢ are stable, it
follows from Theorem 4.1 of [11] that the cascade algorithm associated mask a and dilation matrix
M converges in Ly(R®). Therefore, a satisfies the basic sum rule and p(Tjg2|v) < 1. Let

Hy (&) = p(§)an(§),

then Hy (&) generate a sequence of refinable functions ¢ () with compact support. Since a satisfies
the basic sum rule if and only if H(2r(M7T) 'w) = 0,Vw € Q\{0}. It follows that the masks ax
associated with ¢y also satisfy the basic sum rule for NV large enough. By the choice of Hy, we
have that

hm 71|H ‘2 —>CT|H|2
N—oo

in the E,-norm, which implies that
p(Ly2lv) <1,

for N large enough. Then, it follows from Theorem 4.2 of [I1] that the cascade algorithms associated
with masks ay and dilation matrix M converge in Lo, which implies that ¢ € Lo.

HH HP (5 qu

Since

and

= TLaw () =TI TLan (s
j=1 j j=1

j=1
If the shifts of ¢ are stable, we obtain that there exist positive constants A and B such that

A< g€+ 2rk)P < B, VEER®
keZs

10



Thus, for any & € R®, there exists a o € Z° such that ¢(¢ + 27a) # 0, which implies that

IT52, p(5+2m) # 0. Therefore N (€ +2ma) # 0 for N large enough. We obtain that the shifts of

¢n are also stable for sufficiently large V.

Assume ¢ € H?(R®) for some v > —3 log,, p, then

/N¢ 2(1 4 ¢[2)1dE < oo.

Fix any ¥ € (=% log,, p,7), we claim that ¢n € H7(R?) for N large enough.

2(v=9)

For sufficiently large N, we have 1 + C*e N < m™ s, where C* is the same as in 1) Set
Qp = (MTYPT\(MT)*k=DT it is easy to see that R® = Uy, ) U 7. Tt follows that

| a+ieprioneras
/Z (1+ €+ 2ma?)7 <H|HN (M)~ (g+2m))12> d¢

a€els

<CZm

: / > <H|HN (M1~ e + 2ma))| >d§+/z 14 |€ + 2ma|?)T|dN (€ + 2ma)|2dE.

aEefly a€eT

Note that |g5 N (€ + 2ma)|? is continuous on 7. Hence, there exists a positive constant By such that
Jr Yaer 1+ 1€ +2mal?)on (§ + 2ma)*de < By
Consequently, we deduce that

| aiePyiton(era

<C’st (14 Cre HV)~ /Z( |Hy((MT)~ (§+2wa))\2>d§+B1

a€elly

<czm2”’“/ 3 H|H (MT)7H(€ + 2r))|2]dé + By

a€Qy 1=1
:c/ D H|H MTY e +27a)))de + B
T =1 acQy, 1=1

<C [ 19RO+ P de + B < .

Therefore, ¢y € HY(R?) for N large enough. Since the shifts of ¢y are stable, it follows from
Theorem that s¢y = —3510g,, p(Tuy s Vuy,z,) for any L > Lg. Therefore, sy, > 5 > —5log,, p
for N large enough. By the definition of p, this is impossible. Hence, sy < —3log,, p. Combined
with the proof of the first part, we complete the proof of Theorem

O

Remark 3.3. Theorem[3.3 characterizes the optimal smoothness of a refinable function with mask
a having exponential decay and an isotropic dilation matriz M, which extends Theorem [3.1] to the

11



case that mask a is infinitely supported. Theorem was also established in [25] for the case
M = 2Igy.

In some cases, when mask a is exponential decay, the solution of equation belongs to £,(R*)
for 1 < p < oo. For example, Han [9] characterized the existence of Lo ,-solution of equation
with a being exponential decay and M = 2 for the case s = 1, and Jia [I5] also gave a
characterization of the existence of the solution of refinement equation in L, ,(1 < p < oo) by
considering the convergence of the corresponding cascade algorithm associated with mask a being
exponential decay. Hogan [I3] investigated some properties of refinement equation (1.1) under
the assumptions that solution ¢ € L£,(R®) for 1 < p < oo. In this section, we will characterize
the smoothness of solution of refinement equation in £,(R*) for 1 < p < oo. The following
Theorems 3.4} and [3.5| give some characterizations of the smoothness of refinable functions in Lo(RR?)
and in £,(R®) for 1 < p < oo, respectively. Our characterizations are based on a discrete version
of Young’s inequality.

Theorem 3.4. Suppose v > 0 and k is a positive integer. Let M be an isotropic dilation matriz
with m = |det M|. Suppose ¢ € Lo(R?) is the normalized solution of (L.1)) with mask a being

exponential decay. Forn=1,2,..., let a, be given by
an(a) = Z ala — MB)an—1(8), «€Z?’, (3.7)
BELS

where ag s the § sequence given by §(0) =1 and é(a) =0 for o € Z°\{0}.
If there exists a constant C' > 0 such that
[VEan|lz < Cm/2v/9m yneN and j=1,..,s, (3.8)

then ¢ € Lip*(v, Lo(R?)). Conversely, if ¢ € Lip*(v, Lo(R®)), and the shifts of ¢ are stable, then
(3.8)) holds for k > v.

Proof. Since ¢ € L2(R?) is the normalized solution of (1.1)), it is easy to check that
o= an(@)p(M" - —a). (3.9)
a€Zs

Therefore,

Vigone, 6= D> Vian(@)p(M" - —a). (3.10)

a€Zs
By (1.2), we obtain that

||Vlj{/[7nej¢||2 = </RS | Z Viang(M"z — a)|2dzv>

a€Zs

[

3 k —a)?
m Z /ﬁ+[0,1]s‘ Z Viap(a)d(r — a)[“dzx

BeZS a€Zs

N |=

mEi YY) Via(@)é(z — B~ a)Pdz

gezs V101 (ezs
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N[

co ([ S V(@)oo - 6 - a)Pds

0.1° 5c7s aczs

N

<75 | [ IV5ealB( lote — s

BezZs

< m_%HV?anH% |¢|LQ[071]S .
This in connection with (3.8]) tell us that
IV e, 0l < Cm™5 (@l 50,1 - (3.11)
It follows from Theorem 2.1 in [I4] that (3.11]) is equivalent to
IVi¢lla < Clyl” Yy e R®. (3.12)

This shows ¢ € Lip*(v, L2(R®)), as desired.
Conversely, since the shifts of ¢ are stable. It follows from ((1.7)) and (3.10) that

m” 2| Vian]z < Col| Vi-n, dll2, (3.13)

where C5 is a constant independent of n and j. If ¢ € Lip*(v, L2(R®)), then for k > v

195 e Bll2 < Cm~ (3.14)
Therefore, (3.8]) follows from (3.13)) and (3.14) immediately. O

Theorem 3.5. Let v > 0 and k be a positive integer. Suppose M = qls«s and q > 2 is an integer.
Let ¢ be the normalized solution of (1.1)) with mask a being exponential decay and ¢ € L,(R®) for
1<p<oo. Forn=1,2,..., let a, be given by (3.7)). If there exists a constant C > 0 such that

HV?aan < Cq(s/pfy)n YneN and j=1,..5s, (3.15)

then ¢ € Lip*(v, L,(R?)). Conversely, if ¢ € Lip*(v, L,(R®)), and the shifts of ¢ are {,-stable, then
(3.15) holds for k > v.

Proof. Since ¢ is the normalized solution of ([1.1)), we have that

Vine, ¢ = Y Vian(a)é(q" - —a). (3.16)

Q€S

13



By virtue of (1.2)), we have

1V5-ne,9llp = ( /]R 1 Viand(g"s — a)lpdx>

a€ZS
1
) r
— X [ 1Y Via(a)els - a)Pds
ﬁeZs 5_;’_[0’1]5 aEZLS
1
—F (X [ 1Y Vi@t - o-apis
pezs /101 ez
1
g
—q 7 D1 Vian(@)g(z — 8 - a)lde
0.1° gezs aczs
1
P
<aF ([ IVl S ot - gl
[0.1)° pezs
_ns k
<q 7 IVianllpl@lz, 0, -
By (3.15)), we obtain that
k —uvn
qufnefﬁHp <Cq ’¢’LP[0,1]S : (3.17)
From Theorem 3.1 in [23], we know that (3.17)) is equivalent to
Vel < Clyl” Yy eR. (3.18)

This shows ¢ € Lip* (v, L,(R?)), as desired.
Conversely, since the shifts of ¢ are £,-stable. It follows from (1.7)) and (3.16) that

¢ 7 [V5anlp < G2l Ve, 6lp, (3.19)

where C is a constant independent of n and j. If ¢ € Lip*(v, L,(R?)), then for k > v

IVg-ne,llp < Ca™™. (3:20)
Therefore, (3.15) follows from (3.19)) and (3.20)). The proof of the theorem is complete. O

Remark 3.6. We remark that Theorem was established by Jia in [1]] for the case in which ¢
18 a compactly supported Lo-solution of equation and Theorem was obtained by Li in [25)
and Jia et.al in [18) for the case in which ¢ is a compactly supported Ly,-solution of equation
for1 <p<oo.
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