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Topics

@ Our explicit formula of n-point functions for intersection
numbers on moduli spaces of curves, which provide a new way
to compute correlation functions of 2d Gravity.

@ New identities of intersection numbers. In particular, we found
a new approach to Faber's intersection number conjecture.

@ Our recursion formula of intersection numbers with arbitrary x
and 1) classes, which provides a new way to compute higher
Weil-Petersson volumes.

@ A proof of a conjecture of Itzykson and Zuber concerning
denominators of intersection numbers.
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Moduli Spaces of Curves and Its Compactification

Fine moduli space of curves over C fail to exist due to
automorphisms of curves (Riemann surfaces).

Constructions M, , and My,

@ The quotient of Teichmiiller spaces by the action of the
mapping class group.
o Geometric invariant theory (Gieseker, Mumford, etc).

@ Deligne-Mumford-Knudsen compactification.

The coarse moduli space Mg , is a dense open subset of its
compactification M, ,, which is projective. It's more natural and
popular to treat M, , as a Deligne-Mumford stack.
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Intersection Theory on Moduli Spaces of Curves

Mumford (1974’ Fields medalist) defined the Chow ring A*(M, )
on moduli spaces of curves in 1983.
It's more reasonable to consider the tautological subring

R*(Mg,n) C A*(Mg,n). Since A*(Myg. ) is too large and

R*(Mg.n) contains all geometrically natural classes.

Some tautological classes on My ,

@ 1); the first Chern class of the line bundle whose fiber over
each pointed stable curve is the cotangent line at the ith
marked point.

o \; = ¢(E) the ith Chern class of the Hodge bundle E.

@ « classes originally defined by Miller-Morita-Mumford on ﬂg
and generalized to My , by Arbarello-Cornalba.
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Netherlands School of Algebraic Geometry

There are many great Dutch mathematicians in history:

W. van Snell (1591-1626), C. Huygens (1629-1695), D.J.
Korteweg (1848-1941), G. de Vries (1866-1934), L.E.J. Brouwer
(1881-1966), B.L. van der Waerden (1903-1996), Edsger W.
Dijkstra (1930-2002), etc.

In recent years, there are many world-renowned Dutch
mathematicians working in algebraic geometry:

R. Dijkgraaf, C. Faber, G. van der Geer, A.J. de Jong, H. Lenstra,
E. Looijenga, F. Oort, J. Steenbrink, A. Van de Ven, E. Verlinde,
H. Verlinde, etc.
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Witten's Conjecture and Kontsevich's Theorem

Correlation functions of 2D gravity

(Tdy - Td)g / w : Zd—3g 3+n.

The celebrated Witten's conjecture asserts that the generating
function of these intersection numbers are governed by KdV
hierarchy. Kontsevich (1998" Fields medalist) proved Witten's
conjecture in 1992.

Witten's pioneering work revolutionized this field and motivated a
surge of subsequent developments: Gromov-Witten theory, Faber's
conjecture, Virasoro conjecture. . .
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Reformulation of Witten's Conjecture

The following equivalent formulation of Witten's conjecture is due
to Dijkgraaf-E.Verlinde-H.Verlinde.

DVV recursion formula

<’7‘kH’7'dj>g :Z(2dj = 1)(’7‘d1 '--7':dj+k71 ac -:7:d,,>g
j=1

Jj=1

+ % Z (Tr H %d,->g’ (s H 7~'d,->g—g’

rts=k—2 i€l ied
n=I1]J

where (g ... 74)g = [H,":l(zd,- n 1)!!] (Tay - T4,)g
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Compute Intersection Numbers

Witten-Kontsevich's recursion formula is the only feasible way
known before to calculate all intersection numbers on moduli
spaces of curves, which baffled mathematicians for many years.

Different Proofs of Witten's conjecture

@ Kontsevich' combinatorial model for the intersection numbers
and matrix integral.

@ Via ELSV fomula that relates intersection numbers with

Hurwitz numbers (Okounkov-Pandharipande, Kazarian-Lando,
Chen-Li-Liu).

@ Mirzakhani's recursion formula of Weil-Petersson volumes.

@ Kim-Liu's proof by localization on moduli spaces of relative
stable morphisms and an asymptotic analysis.
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N-Point Functions of Intersection Numbers

Definition
We call the following generating function

n

F(Xl,...,Xn):Z Z <Td1"'Tdn>gHij

g=03" dj=3g—3+n Jj=1

the n-point function.

Since n-point functions encoded all information of intersection
numbers on moduli spaces of curves, a great deal of effort has
been devoted to find explicit expressions of n-point function by
many leading experts, including R. Dijkgraaf, D. Zagier, A.
Okounkov, E. Brézin and S. Hikami.
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Two and Three-Point Functions

One-point function F(x) = % exp(g—Z) (due to Witten)
R. Dijkgraaf's two-point function (1993)

1 34y — k! 1 k
F(x,y) = > 5 :
(x,y) X+ye><p< 4 )ko k1) <2Xy(x+y)
Don Zagier's three-point function (1996)

Xty +2° Zr!Sr(X,y,Z) (A/8)°
24 ar(2r+ N (r+s+ 1)V

r,s>0

where S, and A are the homogeneous symmetric polynomials

(xy) (x +y) ™+ (y2)"(y + 2) "+ (2x)"(z + x) !

oA 2(x+y+z) )
3 3 3 3
Alx,y,z) = (x+y)y +2)(z + x) = (XH;,JFZ) - ﬂ; tz
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Okounkov's Analytic Formula of N-Point Functions

In 2001, A. Okounkov (2006" Fields medalist) obtained an analytic
expression of the n-point functions using n-dimensional
error-function-type integrals. The key ingredient in Okounkov's
formula is the following function

%) = 1 exp(%Zx?)x
s Xn 2"7‘('"/2 H\/)TI

n

(si—5i11)> ~=Si +5sit1
5>0 o exp <_ Z 4x; a Z 2 X

i=1 i=1

E(Xl, ves

Okounkov'’s proof borrows ingenious ideas from the theory of
random matrices and random permutations.
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Our Explicit Formula of N-Point Functions

S 3
Let G(x1,...,Xn) = €xp (%’:J) -F(x1,...,%,) and n > 2.

2 = 3HUP (X1, -, n) A yees Xn)®
G(Xl,...,xn):z(r+n 3) (xi, s Xn ) A(x1, Xn)

— 1)
S50 45(2r 4+ 2s +n—1)!

where P, and A are homogeneous symmetric polynomials

(Ef:l Xj)3 - Zf:l Xj3

A= 3 ’
1
P, = (S %) 60
QZJ 1% n%:_[J %I: ; ns
221 — D QPO x)® D Gr(x)Grr(x)).
j=1 Jn 1114 i€l iel =0

Hao Xu (joint work with Prof. Kefeng Liu) Intersection Numbers on Moduli Spaces of Curves



Recovering Two and Three-Point Functions

Since Py(x,y) = ﬁ, P.(x,y) =0 for r >0 and

P ) rl (xy)"(x + y)™*1 + (cyclic permutations)
X,y,2) = :
XY, 2r(2r +1)! X+y+z ’

we easily recover Dijkgraaf’'s two-point function and Zagier's
three-point function obtained more than ten years ago.

Our n-point functions are derived from Witten's KdV equation.
Although our derivation of n-point functions is hard, the
verification is purely combinatorial and straightforward.
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Proof of Our N-Point Functions

We need to check that

3>

E(xt,....xn) = (> xj)-G(x1,...,Xn)

L d 1“3 T n T n
2le T E(zy,...,z,)+ (.L‘l-l—?l LJ+Z J—Tl( 1})3) E(ry x,)
j=1 j=1 j=1 J=1
r
= (( 5 +20> =) OO L,)) E(x))E(ay).
n=IT]J \ i€ el ieJ

and the initial value condition (i.e. the string equation)

n

G, xn0) = (D %) Glxa, ... xn)-

j=t
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New Way to Compute Intersection Numbers

Our formula of n-point functions provides an elementary algorithm
to calculate all intersection numbers on moduli spaces of curves
other than the celebrated Witten-Kontsevich's recursion formula.

There is another slightly different formula of n-point functions
whose coefficients look a little simpler (When n = 3, this has also
been obtained by Zagier). For n > 2,

(i %)? 5 Pr(xt, .. %) A(X1, ., Xn)®

Fxi,. .. xn) =
Gas-om) =exp =2, (—8)s(2r + 25+ n— 1)s!

r,s>0
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Faber's Conjecture on Tautological Rings

In 1993, Carel Faber proposed his remarkable conjectures about
the structure of tautological ring R*(M,). Faber's conjecture
motivated a tremendous progress toward understanding of the
topology of moduli spaces of curves.

Many leading experts have made important contributions to
Faber’'s conjecture and its generalizations.

C. Faber, E. Getzler, |. Goulden, R. Hain, E. lonel, D. Jackson, S.
Morita, E. Looijenga, R. Pandharipande, R. Vakil, etc.
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Faber's Intersection Number Conjecture

An important part (the only quantitative part) of Faber's
conjecture is the famous Faber's intersection number conjecture.
There are three approaches.

@ The A\gA\z—1 theorem by the work of Getzler and
Pandharipande conditional to degree 0 Virasoro conjecture for
IP?, a proof of which is announced by Givental in 2001.

@ Goulden, Jackson and Vakil give a proof of the following
relation when n <3
(2g —3+ n)!(2g — 1) .
n -2,
(2 — )T (2d; + 1)1 8

m (gt =

© Our new identities coming from study of n-point functions.
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Our Approach to Faber's Intersection Number Conjecture

From the coefficients of the special n-point functions
G(y,—=y,x1,-..,Xn), we proved

2g—2

2g —3+n)! 2
2 (WY {rag—2ym HT" 2(2;11(2{;— 1))!'Hf:1(2dj -

j=0 j=1

Faber's intersection number conjecture is equivalent to

n

<Td1 o ‘Tdn72g>g = Z(le o 'T¢71T¢+2g,1T(1j+1 te 7'd,,>g

j=1

2g—2
DD SICHITY | EAMICEESY | (M
n=I]]J j=0 i€l ieJ
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New Identities of Intersection Numbers

For K > 2g, Z};O(—l)j@%—ﬂ'ﬂdl ©Tdy)g =0

n n
([ 7amx)e =Y (raix—1][7a)e
=1 =1

i

1 K-2
_5 Z Z( 7—Jl_[Td 7-K 2JHTd

n=I11J j=0 i€l ied

(2g — 3+ n)!
22g+1(2g 3)! H d — 1) + Z Tdi+2g—3Td; 11 ETd

2g—4

HTdT2g 2g+ > > W[ [ra)(mg-ary [[7a)
j=1

n=I1]J j=0 icl icJ
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Compute chy,_3(E) Integral

The following identity is still conjectural (n =1 is known)

2g —2)!
G =2 [ yh. - ygrchng o(E)
2g_2 Mg,n
2g —2
— Bt eutaarea =3 [ uf e uiga
| 2g_2| Mgn Mg,n
2g—
Z /(Tog—a—jTjTdy - Tdy)
=0

(2g —3+n)! 1

T 2%rig —3) [ (2d; — 1)1

Hao Xu (joint work with Prof. Kefeng Liu) Intersection Numbers on Moduli Spaces of Curves



Recursion formula of Higher Weil-Petersson Volumes

For k(b) = [[;>1 Jb we have

(2d1 + 1)(k(b)7a, -+ 7d,)g

£ 3 ) e L

j=2L+L’=b i#1,j

—1—5 Z Z oL <IE> (2r+1)1(2s+1)1( TrTSHTd

L+L'=b r+s=|L|+d;—2

+% > > aL<L:f>(2r+1)u(2s+1)!!

Ltetf=b _r+s=[L|+ds—2

IT]J={2,...,n}
e)r, H 7d;) g (K(F)Ts H Td)g-g

icl icd
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Values of Tautological Constants

These tautological constants | can be determined recursively
from the following formula

Do,
2 Lmﬂmuy+n ’ 70,

LiL/=
namely
(_1)|IL’||710éL
_ bl b #0
@b 2 LIL(2[LU] + 1)1 70,
L+L'=b
L'£0

with the initial value a9 = 1.
Denote a(k,0,0,...) by a, we recover Mirzakhani's recursion
formula with
Bax
2k — )T

Hao Xu (joint work with Prof. Kefeng Liu) Intersection Numbers on Moduli Spaces of Curves

ap = (_1)k—1(22k _ 2)



Compatibility of x and 1) classes

The proof of the previous recursion formula of higher
Weil-Petersson volumes uses Witten-Kontsevich theorem and some
combinatorial lemmas. We also found that recursion formula of
classes can always be generalized to include k classes, which
display compatibility between x and 1 classes.

@ Generalization of the string equation

Z ( )L|< ) T|L|HTd/<6 ZTd 1HTdH

L+L'=b Jj= i#]

@ Generalization of the dilaton equation

OREIE '()mme g = (2g—2+n)([ ] ra(b))s

L+L'=b Jj=1
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New Way to Compute Higher Weil-Petersson Volumes

We can use the previous recursion formula to compute any « and
1 intersection numbers on M, , recursively with the three initial
values

1 3 1

oYR (1900 =1, (1)1 =

<’7’0/€1>1 = = i

When n =0, i.e. for higher Weil-Petersson volumes of M,, we
may apply the following formula first

W6)s = 575 3 (D) el

28 -2 L+L'=b
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Virasoro Constraints

The following is a generalization of Mulase and Safnuk’s work.

1

Vi=—= (2(|L]| + k) +3)llyst———
k QZL:( (L] + k) +3)n fe
I (G +k) 4+ d
+2Jz:; 2]—]. ” Jathrk

1 0? Sk—1ts ko

- E 2d 1(2d 1 > _Y

+ 4 ( 1+ ) ( 2+ ) 8td16td2 + 4 + 48"’
di+dr=k—1

where k > —1 and =y are defined by

(_1)\\LH

T L

We have Vi exp(G) =0 for k > —1 and [V}, V] = (n — m) V.



KdV Hierarchy

The Witten-Kontsevich theorem states that the generating function

o0 fo%) n;
F(to, t1,...) = ZZ<HTini>gH %
g n ;=0 i—0 it

is a 7-function for the KdV hierarchy.
Since Virasoro constraints uniquely determine the generating
functions G(s, to, t1,...) and F(tp, t1,...), we have

G(s, to, t1,...) = F(to, t1, t2 + p2, t3 + p3, . .. ),
where pj are polynomials in s given by
B (_1)\\LH71 L
pe= D
IL|=k—1

In particular, for any fixed values of s, G(s,t) is a 7-function for
the KdV hierarchy.
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Quantities Related to Singularities

n
ng_lcm{denom </ ’lﬂ]‘_jl gn>’ Zd,_3g—3+n}
Me,n i=1
Dg:/cm{denom (/ ﬁal--~nam> ‘ Zam:3g—3},g22
Mg i—1

A neighborhood of ¥ € M, , is of the form U/Aut(X), where U is
an open subset of C38=31"7 The denominators of intersection
numbers all come from these orbifold quotient singularities. As
remarked by S. Lando, these constants should “reflect the
geometry of some virtual smooth spaces”.
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Properties of Denominators

®© Dgn| Dgny1i, Dgn | Dg. fn>15]+1, Dgp=Dg.

e ord(2,D,;) = ord(2 248g!), ord(3,Dg) = ord(3,248¢!) and
ord(p, Dg) = L 7] for prime p > 5. (Exact values of Dy)

o We order all Wltten Kontsevich 7-functions of given genus g

<Td1 o 'Tdn>g = <7—k1 T 7—km>g

if n < mor n= m and there exists some i, such that

dj = kj for j < i and d; < k;.

If 5 < p<2g+1isa prime number, then the smallest tau

function of genus g in the above lexicographical order that
. 2 .

satisfies ord(p, denom(rq, - - - 74,)g) = Lp—_glj is
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An stronger form of ltzykson and Zuber's conjecture

We proved

For1 < g’ < g, the order of any automorphism group of a
Riemann surface of genus g’ divides Dy 3.

The following corollary is a conjecture raised by Itzykson and
Zuber in 1992.

For 1 < g’ < g, the order of any automorphism group of an
algebraic curve of genus g’ divides D.
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Hints From Denominators of Intersection Numbers

The n-point function should contain n — 1 parameters. Of course
some parameters may be coupled!

In fact, our first belief that Dijkgraaf's two-point function and
Zagier's three-point function can be generalized comes from the
well behavior of denominators of intersection numbers.
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Thank You Very Much!
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