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Finsler metrics

Let M be a manifold. A function F = F(x,y) on TM is called a Finsler Metric
on M if it has the following properties:

(a)F(x,y) isa C* on TMy;

(b)F(x,y) is a Minkowski norm on T,M for any x € M .



(c, B)-metrics

Finsler metrics under our consideration are special («, 3)-metric, it is expressed
in the following form

_ _B
F = a¢(s), s—a

where o = y/a;y’y/ is a Riemannian metric and 8 = by’ is a 1-form.
¢ = ¢(s) is a C* positive function on an open interval (—bo, bo) satisfying

¢(s) — s¢'(s) + (b° — 5°)¢"(s) > 0, |s| < b < bo.

It is known that F is a Finsler metric if and only if ||B«||a < bo for any x € M.
Let G' and G/, denote the spray coefficients of F and «, respectively, give by

il
¢ = E{FLyt - 1F,
i a’ 2 k 2
Ga = Z{[a ]xkyly - [CY ]XI}'

where (gj) := (3[F?],i,;) and (a¥) := (a;5) "



we have the following ' '
Lemma 1(Chern and Shen) The geodesic coefficients G' are related to G, by

G' = GL+aQs)+ J{—2Qas + roo}yE

+H{—2Qaso + roo }{b' — syE}

where
__ ¢
=
. 9'(6 — s0')
©2¢((¢ — S¢') + (b — 5%)9")
H _ ¢//
2((¢ — S¢') + (b2 — s?)¢")
where s = g and b :=||B«|a-
1 1
si = 5 (bij = byji), rj = 5 (biyj + byi)

i ik i i J i i J
s; =a’ s, sO:sjy’, So = bisp, rOZrijny-



Projectively flat

The Hilbert’s Fourth Problem is to characterize the (not-necessarily-reversible)
distance functions on an open subset in R" such that straight lines are shortest
paths. Distance functions induced by a Finsler metrics are regarded as smooth
ones. Thus the Hilbert's Fourth Problem in the smooth case is to characterize
Finsler metrics on an open subset in R" whose geodesics are straight lines.
Finsler metrics on an open domain in R" with this property are said to be
projectively flat.

G.Hamel first found a simple system of PDE's to characterize projectively flat
Finsler metrics on an open subset in R". That is, a Finsler metric F = F(x,y)
on an open subset in R" is projectively flat if and only if it satisfies the
following partial differential equations
k

Fuyiy” = Fy
It is an important problem in Finsler geometry to study and characterize
projectively flat Finsler metrics on an open domain in R". This problem is very
difficult for general Finsler metrics.



A natural problem is to study and characterize all (a, 3)-metrics which are
projectively flat. In general, this is very complicated. The fist step for us is to
study some special («, 3)-metrics. we have following

Lemma 2(Shen and Yildirim) An («, 8)-metric F = a¢(s), where s = g is
projectively flat on an open subset U C R" if and only if

(ami@® — ymy1) G + o> Qs + Ha(—20:Qso + roo)(bicx — sy) = 0

where ym, = amiy’



A Randers metric F = o + (3 is locally projectively flat if and only if « is locally
projectively flat and (3 is closed.

Z. Shen and G. Civi Yildirim have proved that F = % is projectively flat if
and only if

by = T{(1+2b*)a; — 3bib;},
G(; = Hyi — TOé2bi,
where b = /a;(x)b/(x)b/(x), T = 7(x) is a scalar function and 0 = t;(x)y’ is a

1-form.

P. Sennarath and G. Thornley have given an equation in local coordinates that

2 2
characterizes projectively flat Finsler metrics in the form F = %

These are some special forms of («, 3)-metric.



Exponential Finsler Metric

we consider a special (a, 3)-metric in the following form:

Byt ep

F= aexp(a

where oo = +/a;;y’y/ is a Riemannian metric and 8 = b;y' is a 1-form on M, € is
a constant. Let by > 0 be the largest number such that

1-s+b"—s>>0, |s|<b< b.

where by depends on e such that ¢(s) = exp(s) + es > 0.

Lemma 3 If F = avexp(£) + ¢f is a Finsler metric, then by < 1.



By Lemmal, we get

B a(l+ eexp(—g))
QR = T ez
(exp(£) + €)(a — B)a?
2exp(Z)a + e8))(1 + b2)a2 — fa — 57)’

2
«

21+ BPo?) — aff — )’

remark 1+ cexp(—2) # 0. If 1+ eexp(—£) = 0, then ¢(s) = exp(s) + es is a
constant, thus F is a Riemannian metric.

H

Lemma 4 If (a,0® — ymy))GT = 0, then « is locally projectively flat.

[e73



Result 1

Theorem 1 Let F = aexp(%) + ¢ be a Finsler metric on a manifold M. F is

locally projectively flat if and only if the following conditions holds
(a) B is parallel with respect to «,

(b) a is locally projectively flat. That is, « is of constant curvature.
Proof. If F is projective flat, by lemma 2, we have

2(a = B)((1 + b*)a® — af — 57)(ama® — ymy1) G
20" (14 ceoxp(~2))((1 + B)a? — o — F)si
+a*(—20°(1 + eexp(—a
Case 1: Assume that e # 0. Contract (1) with b’ yields
2((1+ b*)a® — aB — B°)(bia® — ymB) G
+a?(b*a® — %) roo + 2a°(1 + € exp( ﬁ))so =0.

«

ﬁ))so + (o — B)roo)(brx — sy;) = 0.

(1)

(2)



replace y to —y, we get

2((1 + bY)a® + af — ) (bia® — ymB) G

+a?(b*0? — %) roo — 20°(1 + eexp(g))so =0. (3)
(2)-(3), we get
26(bi0” ~ yn)GI = a'(2+ cexp(2) + cexp(~2)) ®)

Use Taylor expansion of exp(g), we can find that the left of (4) is a integral
expression in y and the right of (4) is a fractional expression in y, we get

so=0, (bo’—ymB)Gy =0. (5)

Substituting (5) back into (3), we get roo = 0. Thus (1) became

5)s0 = 0. (6)

«

(o = B)(ama® = ymy) Ga' + a*(1 + eexp(



With the same discussion, we get
(a,,,/a2 —ymy1)Gy =0, s =0.

By lemma 4, « is locally projective flat.
By sio = 0 and roo = 0, we get b;; = 0, thus 3 is parallel with respect a.



Case 2: € =0, we get

2((1 + b*)a’(ama® — ymy) G + @’ roo(bia” — Byr)

—2a°Bsip — (205450 + ozzﬁrm,)(b,oz2 — Byi)

+(—2(2+ b*)a?B + 28°)(ama” — ymy1) G

+(2(1 + b*)a® — 2a*3%)sp = 0. (7)
even is a polynomial in y', then the coefficients of  and the
2 must be zero. We obtain

Because «
coefficients of «

2((1+ b°)a* (amia® = ymy) G2 + 0 roo(bra” — Byr)

= 2&56510 (8)
2(—(2 + b)a?B + B°)(ama® — ymyr) G

+2((1 + b%)a® — a*B)sio

= (2a4so + 0(2[3raa)(b/062 — Byi). (9)



With the same discussion, we get

B(bma® — ymB)GY = a*so.

Note that the polynomial o is not divisible by 3, Thus (bna?® — ym3)GT

divisible by a*. Therefore, there is a scalar function 7 = 7(x) such that

(bma® — ymP3)GZ = 7(x)a’
so = 7(x)0.

Contracting (8) with b' yields
2((1+ b%)a’B(bma’ — ymB)Gal + 0 Broo(b°a” — %) = 20" 5759
Substituting (11) and (12) back into (13), we get

roo(b2oz2 - 62) = 2042(62 -1+ b2)a2)7(x).

(10)

is

(11)
(12)

(13)

(14)



Note that the polynomial b2a? — 62 is not divisible by o? then ry is divisible
by o.therefore, there is a scalar function A = A(x) such that

roo = Ao’ (15)

A(b*a? — %) = 2(8% — (1 + b*)a®)7(x). (16)
Because the polynomial b?a? — 32 is not divisible by 8% — (1 + b?)a?, then
A=0, 7(x)=0 (17)

thus we get rpo = 0,50 = 0.
By (8) and (9), we get

(—2(2+ b*)a’B + 23°)(ama” — ymy) G
+(2(1 + b*)a® — 20*3%)sio = 0,

2((1+ bz)a2ﬁ(am/a2 — Ymy1)Ga — 20 Fsip = 0.



Because

—2(24 b*)a?B+268° 2(1+ b*)a’® — 2043 0
2((1+b)a 8 20t #

We get

(am/a2 — ymy/)G‘T = 0, Sio = 0.

By lemma 4, « is locally projective flat. By sjo = 0 and roo = 0, we get b;; =0,
thus 3 is parallel with respect a.

We say a Finsler metric on an open domain in R" is trivial, if it satisfies the
conclusion of theorem 1. Thus the above theorem tells us that in the class of
exponential Finsler metrics, there is no non-trivial projectively flat metrics.



A theorem due to Douglas states that a Finsler metric F is projectively flat if
and only if two special curvature tensors are zero. The first is the Douglas
tensor. The second is the projective Weyl tensor for n > 3, and the
Berwald-Weyl tensor for n = 2. It is known that the projective Weyl tensor
vanishes if and only if the flag curvature of F have no dependence on the
transverse edges (but can possibly depend on the position x and the flagpole
y). If the Douglas tensor of F vanishes, we call F a Douglas metric.

S. Bacsé and M. Matsumoto proved that a Randers metric F = a+ [ is a
Douglas metric if and only if § is a closed 1-form.

M. Matsumoto obtained that for n = dimM > 3, F = # is a Douglas
metric if and only if

bi; = 7((1 + 2b%)a; — 3bib;)

where 7 = 7(x) is a scalar function.



Definition Let

i o i 1 90G" ;
= yiayrayC T a1y (19)

It is easy to verify that D := Djk,dxj ® 0; ® dx* @ dx' is a well-defined tensor
on TMy. We say D the Douglas tensor.

It is know that the Douglas tensor is a projective invariant, namely, if two
Finsler metrics F and F are projectively equivalent,

G'=G + Py, (19)

where P = P(x, y) is positively y-homogeneous of degree one, then the
Douglas tensor of F is same as that of F.

Theorem 2 Let F = aexp(g) + €8 be a Finsler metric on a manifold M. Then
the Douglas tensor of F vanishes if and only if § is parallel with respect to a.



Arctangent Finsler Metric

we consider a special (a, 3)-metric in the following form:
_ B
F = a+ ¢34 Barctan —
Q@
where oo = +/a;;y’y/ is a Riemannian metric and 8 = b;y’ is a 1-form on M, € is
a constant. Let by > 0 be the largest number such that

1—s%42p?

W>O, |s| < b < by.

where by depends on e such that ¢(s) =1+ es + sarctans > 0.
By Lemmal, we get

(e + arctan g)(oz2 +6%) +ap

Q = o2
J af(e + arctan g)(a2 +6%) + af]
2[(1+2b2)a? — 32][r + (e + arctan 2)5]’
o2
H —

(1+2p%)a? — 32



Result 2

Theorem 3 Let F = a+ €8+ ﬂarctan be a Finsler metric on a manifold M.
F is locally projectively flat if and only |f the following conditions holds

(2) by = 7l(1+ 26%)a; — bib],

(b)G., = 0y’ — 7a?b,

where 7 = 7(x) and 6 = a;(x)y’. In this case,

G = (0+xa)y,
where

€ + arctans s é
2[1 + (e + arctan s)s]’ T a

X =

We say a Finsler metric on an open domain in R" is trivial, if it satisfies the
conclusion of theorem 3.

Theorem 4 Suppose that F = a + €6 + 6arctan is projectively flat with
constant flag curvature K = A, then A = 0.

Theorem 5 Let F = a + €83 + 6arctan is projectively flat with zero flag
curvature, then « is flat metric and 3 is paraIIeI. In this case, F is locally
Minkowshian.



Solutions

Theorem 6 Let F = a+ €8 + ﬂarctan be a Finsler metric, where € is a
constant. Let p := p(h) and h := h(x) be as follows:
—In(4C3 (uh® — 20h — G3)),
1 0|x?

h=————{CG+<ax>4+—
VT RVl

where C;, & > 0, Gs, p and @ are constants, and a € R" is a constant vector.
Define

3
«, 8= C262pho,
where

2 2 2_ 2 .
5 = VIYP+u(xPly] <Xy >7) ho = hiy
1+ plx|

Then F=a+ €0+ ﬁarctan is projectively flat.



Thank you very much!



