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Abstract

In this paper we consider the heat flow for the H-system with vari-
able function H (-) in higher dimensions, and establish global existence
and uniqueness.

1 Introduction

Let Q be a bounded smooth domain in R™ with n > 2. We call u a (weak)
solution of the H-system if u € W17 (Q, R”+1) satisfies
{ div (]Vu\"_z Vu) =H (u)ug, N+ Nug,. (1)
The H-system (1) comes from the following constrained variational prob-
lem: for a given n € WLn (Q,R”+1) and a constant ¢, we consider the
minimization problem
min / |Vul™, (2)
ulaa=n JQ
V(u)=c
where V(u) = %4-1 Jou-ur A+ Auy is the well-defined (signed) volume
for v € W™ and the boundary condition is to be interpreted in the usual
trace sense. A minimizer of the problem (2) is a solution of (1), which has
a natural geometric interpretation; namely, if v fulfills certain additional

conditions (conformality condition) then it represents a generalized hyper-
H(u)
Jnn 5€e,

surface surface in R"*! whose mean curvature at the point w is



e.g., [12], [14], [4] and [6]. Precisely, a map u : Q — R"™*! is called conformal
if
Ug, - Uy, = A () 6; 4

holds on  for some real-valued function A (x). When n = 2, (1) becomes
Au = Hug A uy,

where u is the parametrization of a surface whose mean curvature at the the
point u (z,y) is H (u(z,y)): such surfaces have studied by many authors
(see e.g. [12] ).

For n > 2, Mou and Yang [14] proved existence of multiple solutions
of the H-system (1) for constant H for prescribed a given boundary data.
Recently, Duzzer and Grotowski in [6] studied the existence of solutions
of the H-system (1) for non-constant functions H in higher dimensional
compact Riemannian manifolds without boundary.

In the case of n = 2, the H-system flow was introduced to prove existence
of the solution to the H-system by Struwe in [13] for constant function H
with a free boundary condition and studied by Rey in [16] for the case of
non-constant function H.

In this paper, we establish existence of the heat flow for H-systems in the
higher dimensional case. We assume the domain is a compact Riemannian
manifold M without boundary with dim M > 2. For simplicity, we assume
that M is R™ or the torus T™. More precisely, we study the following
evolution problem on M for prescribed initial data ug € W1m(M, R"+1)

) n_2 P— “ ..
{ up — div (|Vu| Vu) = H (u) ug, N+ Ay, (3)

u ‘tzo =Uup -
The main result of this paper is

Theorem 1 Assume that up € WH™ (M, R"*1)NL> (Q,R"™), and M is
R™ or the torus T™. Assume that ug satisfies the conditions

HUOHLOO(M) HHHLOO(Rn+l) < \/7% (*)

and

IVyH (y)ll oo < Co, ()

where Cy is a positive constant. Then we have that (3) has unique global
weak solution u € CH® ((O, 00) X M, R”“) for some o € (0,1).



In [9], Hungbiihler established existence of a weak solution to the heat
flow for n-harmonic maps from an n-dimensional Riemannian manifold into
an arbitrary Riemannian manifold. The proof of Theorem 1 has similarities
to the one for the n-harmonic map flow in [9]. Indeed, the nonlinear term
which occurs in the right side of (3) is of the same order as the nonlinear
term which occurs in the case of n-harmonic map flow. However, we have not
any control on the W1 -norm of the solution u to the flow (3) with respect
to ¢ unless we impose the initial data satisfying condition (). Moreover, it
is difficult to handle the nonlinear term in (3) because the term involves a
nonlinear function H (u) and an exterior product term. In particular, there
is no direct, simple an analogue of the energy inequality for n-harmonic
map heat flow in the current setting. Fortunately, we can use a maximum
principle argument for equations of parabolic type to control the enrgy and
show that the condition (x) is reserved along the flow and this gives us
the desired bound for the W!"-norm of the solution. We finally apply an
interpolation type inequality to handle the nonlinear term H (u) tz, A+ Ay,
and get comparable estimates to the case of the n-harmonic map heat flow.

2 Some inequalities and priori estimates

In this section we establish some useful estimates for the solution of H-
systems. First we need the following Nirenberg type inequality:

Lemma 2 Let M be a compact manifold without boundary or R™. Then
there exist a constant C' depending only on 0 such that for any measurable
function f : M x[0,T] (T > 0 arbitrary), and Bg (z¢) C 2, and any function
¢ € L (Bg(xg)) depending only on the distance from xq, i.e. ¢ (y) =
o (ly — xol), ¢ is non-increasing, the estimate

T
/ / P pdxdt (4)
0o Jm
2
n T 2
<C sup </ \f]"da:) / / ‘V\f\"_l‘ pdxdt
O<t<T BR(IO

G [ [
su "dz - dxdt
!BR(OCO) O<t£)T Br a;o) e

holds, provided ¢ =1 on Br (x¢).
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For the proof we refer to [9] Lemma 3.1. The two-dimensional case was
proved by Struwe in [11]. This inequality is also a key tool to get the higher
order integrability of the gradient of the solution.

Now, we introduce two functionals on W17 (M, R"H1)

B = [ [vu"

J (u) :/M (ywunilmu)-um /\---/\umn>, (5)

and

where
ul Un+1
Q (u) = </ H(S,u2,~-,un+1)ds,---,/ H(ul,u2,---,un,s)d8>.
0 0

Note that a critical point of functional (5) is a solution of equation (1) (see
Appendix at the end of paper).
Now we give the energy estimate of the solution of (1).

Lemma 3 Let u € CH* (M x [0,T],R"™) nW12 ([0, 7], W™ (M)) be a
solution to (3) in the sense of distribution for some a with 0 < o < 1. Then
the following energy equality holds for all t1,to with 0 <t1 <ty < T

/h/ luel? pddt + 7 (u (t2)) = J (u(t1)).
t1 M

Proof. Multiplying (3) by u; and integrating on M x [t1,t2], we get the
results. Here we need to note in the calculation that

d
/ Q(u)-uzl/\---/\umn—(n—l—l)/ H (w)ug - ugy A+ Aug,,.

For convenience we give the proof of this formula in the Appendix. =
The following lemma indicates that condition (%) is preserved under the
flow (3).

Lemma 4 Assume that ug € Wh (M, R"H) NL>® (M, R”‘H) satisfies the
condition (x), and uw € C»* (M x [0,T], R"™) nW12 ([0,T], W™ (M) is
a solution of (3). Then

(1) lJull oo (arxpo,rp) < vl oo ary

(ii) supE (u) < eJ (up).
[0,7]

)



Proof. Suppose k is any number which satisfies
ol oo (ary 1| oo (ary < K NH | oo (ary < V™

For the map u, denote f = |u|® and the operator A, g = div (\Vu]"_Q Vg)
for any function g. Then we have the following

(O —Ay) f =2u-uy —2u - div <|Vu]”_2 Vu) —2|Vu|" (6)
=2(H (u)u-ug, A+ ANug, —|Vu|")

n

be satisfied in sense of distribution. By testing (6) with the function
(pzf_min{k27f}7

we have

1 2 n—
L R R Nl
MN{f>k?} MN{f>k?}
7] - max o]

cof e Y- <o
Mﬂ{kaQ}! | — ( )

fort e [O,T]ﬁ{M\/ﬁmxlu| -1< O}. Since for t = 0, f < k, by a standard
argument of closed and open interval for t we get f < k for all ¢t > 0. This
proves (i).

Concerning (ii), we remark that |Q (u)| < |[|H (u)|| 00 ||t]l 0, so that
from (1) we have

n
|Vul™ + ﬁQ (W)~ Ugy A+ ANy, > c(n)|Vul™.
Here ¢ (n) > 0 depends only on n. This completes a proof of (ii). m

The following we give the L?"-estimate for |Vu|, which is a crucial step
to get higher regularity, and existence for the flow (3).

Lemma 5 There exists €, > 0 which only depends on dist (xg, 0M) with
the following property:



Ifu € C* (Bsg (wo) x [0,T); R") with E (u) < cE (ug) is a solution of
(3) on Bsp (o) % [0,T) for some R € (0, dist (zg,0M)) and if

sup{E (u(t)),Br(z);0 <t < T,z € Bap(x0)} < €1

then we have for every x € Br ()

T 2 In—4 T
/ / V2uf? [Vaf2"~ < CE (up) <1+n> (1)
0 JBg() R

/ /BR V™™ < CE (up) <1 + Rn) (8)

for some constant C which only depends on dist (xo, OM).

and

Proof. The proof is close to the one in [9], but for completeness, we
give details for the terms requiring a different treatment. here. Since we do
not consider the estimate at boundary, for simplicity we consider the case
of a flat torus M = R"/Z™. Let ¢ € C§° (B2r (z0)) be a cutoff function
satisfying 0 < ¢ < 1, ¢ = 1 on B (20) and |Ve| < %. We now test (3)

by the function div <\Vu|"72 Vu) ™. Using condition (*) and determinant
inequality (see for example [14] P. 1195) we have

‘utAnugon — (Anu)2 " Anul "

with a constant cdepending only on ||H (u)|;~ and n. Integrating over
Bag (z9) x [0,T) we obtain

/ / < — | Vul" ™ + ]Anul > 9)
Bar(z
= /0 /BQR(m) _(—dz’v (go” (V|2 Vu>) w + [Agul? ‘Pn}

T ]
= / / —"uApu — n" [ Vul" 2w Ve Vu + | Ayul? 4,0"]
Baor -

T -
g/ / Ol | Al " + 0™ Al [Vul" [V
Bag(z

+C/ / o VU V],
Bag(z



where we use the condition (x). By Young’s inequality we estimate the last
line in (9) by

T 1 n n— n—
[ [fiamer v oo wuf v oo v wa| o
0 JBag(x)

T
e / / ™ Va2t vyl
0 Bsgr(z)

T 1 _
<[ {|Anu|2so"+cwwr?”+cw2rw|2|w2" 2].
0 Byg(z) 4

On the other hand, integrating by parts twice we have

r 2 I 2 Mm—2
/ / |Apul” " > / / ‘VQ’U,‘ |Vl " (11)
0 JBar(x) 2Jo JByg(x)

T
e / / o2 |Viol? [Vl
0 Bog(x)

for some constant ¢ only depending on n. Plugging (10) and (11) into (9),
we obtain

T 2 12 2n—2 n
|V2ul” |Vl @ (12)
0 JBag(xz)

T
< c/ Vuo|™ + c/ / (" IVu>™ + o2 [Vl? [Tul ).
Bar(zo) 0 JBygr(x)

The second term on the right hand of (12) may be estimated separately by
Hoélder’s and Young’s inequality:

T 2 2 2n—2 r 2
L[ emmelivurt<e [F (o 9ul s vl (9ur)
0 BQR(w) 0 B2R($)

(13)
Combining (12) with (13) we have

T 2 2 2n—2 n
‘V u| |Vul © (14)
0 JBagr(x)

T
<o / Vuol™ + ¢ / / (" 1vul>" + Vel [Vul")
Bar(z0) 0 JByg(x)



It follows from Lemma (2.1) that

T
/ / o T2 (15)
0 JBagr(x)

2
n T
<C sup / |Vu|™ dz / / }VQU‘Q |V~ o dadt
z€B3Rr(z0) \/ Br(z) 0 JBag(zo)

T
+ % sup / |Vul" dx/ / |Vul™ " dzdt.
R" 0<t<T2€Bor(20) J Br) 0 JBsyr(zo)

Hence, for sufficiently small €; > 0, the assumption

sup / Vu|" < €
OStST,IEBgR(JSo) BR(CC)

used in (15) and (14) implies the estimates (7) and (8). m
3 Local Existence

In this section we prove local existence for the heat flow of the H-system
(1). Asin [9], we consider the regularized nonlinear parabolic problem

n—2
ug — div ((]VU\Q + 6> ’ Vu) = H (u) ug, N+ N g, (16)

u|t:0 = Uup -

By using semigroup theory in Banach space, Lunardi’s Theorem (see [10])
yields:

Lemma 6 For anye > 0, problem (16) has a unique solution u. in the sense
of Lunardi [10] on a time interval [0,T¢], and u. € C' ([0,7-],L? (M)) N
CO ([0, ], W22 (M) N CY> (M)).

For the proof of Lemma 6 we refer to Section 4 of [9].

Next, we need to prove that 7. > u > 0, as ¢ — 0. Before proving the
local existence theorem, we give the following quantity which describe how
much the energy is concentrated.

Definition 7 For a map u : M x[t1,t5] — R"™, uw € L™ ([t1, o] ; W™ (M),
e>0and Q C M x [tl,tg] let

R* (g,u,Q) = sup {R : sup (E(u(t),Bgr(x))) < e} .
(z.t)eQ



Theorem 8 Letu € C! ([0,7%],L? (M))NCP ([0, T.], W2 (M) N C* (M)
be a solution of (16) under the condition (x) with initial value ug. Assume
that € < 1, then we have the following

(i) supE. (u) < ¢J (ug), here we denotes E. (u) = [}, (5 + |Vu|2>§.
[0,7]
(ii) There exist constants c1, ¢z, € > 0, depending only on n, M (not
on € and ug) and a positive Ty > 0 depending on additional E; (up) and

R* (g,u, M x {0}), such that the condition

sup Eq (ug, Bar (7)) < €
xeM

implies
t

E. (u (t) , Br (x)) <k (Uo, Bogr (a:)) + coEq (uo)lfi ﬁ’

for all (z,t) € M x [0,min {T;, Tp}].
(8) There exists a constant €9 > 0 depending only on M (but not on €
and ug) such that

R* = R" (e9,u, M x [0,T¢]) > 0
implies for every Q@ C M x [0,T;] with dist (Q,M x {0}) >0
IVl pooqy < €

where constant C' depends only on n, Ey (ug), M, R* and dist (Q, M x {0}).
Moreover if we assume that ug € WH (M), then we have

IVull oo (arxpo,z)) < €
where C is a constant that depends on n, B (ug), M, R* and ||VuoHLoo(M).
Proof. The proof of (i) is the same as that of Lemma 3 and Lemma 4
of [9].

Now we prove (ii). Let ¢ € C§° (Bar(x)) be a cut off function which

satisfies: 0 < ¢ <1, ¢ =1 on Bg(z), and |[Vy| < 2, here x € M is an

arbitrary point. Then we test (16) by the function u;p? and obtain

T n-2
/ / (ut4p2 + (5 + |Vu|2> ’ Vu (Vut<p2 + 2¢Vg0ut)>
0 JBag(w)

T
= / / OPurH (u) ugy A+ Aug,.
0 JBag(x)



Thus

v (o v])
17
/ /BQR(:E ( ndt( i 1)
+/ / 902Qu~u$ A AUy,
0 JBag(x) n+1 ( ) '
T
—2/ / Vu |Vu|" "2 oVpuy.
0 JBagr(z)

Je (u(T), Br(z)) — J- (UoszR( )
+—Q Uy -Auxn> o
/ /BQR(I dt( (u) -
= —n/ / ufgp2—2n/ / Vu |[Vu|" " oVu,
0 JBygr(x) 0 JBar(x)

T
<cf [ (vurvgl,

0 Bar(x)

where we denote

L) Ba) = [ (4 1907) ¢ 000 e A ).

So from (18) we get

This implies

(18)

|3

Je (u(T), Br (z)) — Je (uo, Bar (2))

(19)
< Vul?" 2
RQ/ /BQR(I ‘ ’
n—2
Tn "
e / [we)
R Bap(x)
By the result in (i), it follows from (19) that
n—2
T% T ) n
B- (u(T), Br (1)) = e1Bx (uo, Bor (+) < / / )
0 JBag(x)

(20)
By the well-known covering lemma, there exists a number L only depending

on the geometry of M but not on R such that every ball Bog () may be

10



covered by at most L balls Br (x;). Now recall from Lemma 5 that there is
a constant €; > 0 such that

sup {E; (u (t)),Bar (2);0 <t < T,z € Byr (z0)} < €1.

Then we have for every « € Bygr (x0)

/T/ <€+\Vu|2>% < CE. (uo) <1+ ! ) (21)
0 JBag(x) : "R )

Now we choose

€1
€ =
4L01
and suppose that Ry is a number such that there holds

sup E¢ (uo, B2g, (7)) < €.
zeM

Then we can choose Tj as

Ty = min < 1, €1 — .
4Lc (2¢E: (ug)) ™

Now we claim: for all (x,t) € M x [0,7p] and all R < Ry there hold

t n t
e+ |Vu*)® < CE; (u <1 + >
/O /BQR(x) < | ’ ) e (uo) on Rn

sup / (e + |Vu\2)§ <e.
0<7<t J Byr(x)

To see this let T' < Tj such that for all ¢ € [0, 7] the above two inequalities
hold. Then it follows from (21), (20) and particular choice of ¢, Tj that

and

sup E. (u(t), Bagr, ())
(2,£)€M X [0,T]

<L sup E.(u(t),Bg,(z))
(2,4)EM X [0,T]

1 n—2
T n
<L <§g]§ E. (uo, Bag, (x)) + C}TO (CE€ (o) <1 + 2”R”>> )

<

DN

11



Thus these two inequalities hold on some larger interval [0,7" + d]. On the
other hand the interval where the claimed inequalities hold is closed and
nonempty. Hence we get the proof of the claim. This claim combined with
(21) easily yields the result (2).

Once we have the L?"-estimate (Lemma 5) and localized energy mono-
tonicity inequality (result (2)) in hand, we can get the higher regularity of
the solution in the standard way as in [9] and [2]. However because of the
particular nonlinear term in right-hand side of (16), the method in [9] cannot
be directly applied in the current setting. Hence in the following calculation
we outline the analysis of the right-hand side of (16). Now we give the proof
of (3). Here we just sketch the proof for the case |[Vugl[jo(pyy < 00, the
other case can be handled analogously by choosing a suitable time-dependent
cutoff function. First let us fix some notation:

For (xo,tp) € M x (0,T) let

Pr = Pg (.%'Q,to) = Bpg (xo) X (O,to)
Pr(0) = Br—or (70) x (0,t0)

here o € (0,1). For R small enough such that Pr C M x (0,T;), we take a
cutoff function ¢ with

(=1, on Br—qr (20)
(=0, when x ¢ Bgr(x0)
and 5
0< (<1, |V < —.

l
Using —div <<€ + |Vu|2) CZVU> as a test function in the equation (16), we

/ —uydiv ((E + |Vu\2)l CQVU>
Pgr
+/P div <<5 + ]Vu\2>l CQVu> div <(5 + \Vu]2)n;2 Vu)

_ _/ div ((e + ]Vu\2>l <2w> H () g, A Ay, (22)
Pg

have

For simplicity, we set v = <5 + \Vu]z). A technical calculation (two terms

in the left-hand side are treated by a similar argument as that found in [9])

12



yields

1 2, I+1 1 I+1 42
D oo &7 09 5 (1) 0 0

[(n—2) no [ 47 —2 no
+/ ¢2 ((” ) = |y 4 L2 g \WF)
Pa 2 2

+/ ¢V¢ (UM%HV'U (-2 Vqu) +/ v | Auf? (2
Pr P

R

:/ W CVu -V (H () g, A= Aug,) .
Pp

By Lemma 2.3 and the condition (#x), the term on the right hand is esti-
mated by

(24)

/ VIV -V (H (u) g, A Aug,)
Pr

< c/ o' V" 4 c/ o' | V2| [Vul"
Pp Pp

Sc/ v"*%l“g?w/ vn+221_2g2‘v2u’2+0(5)/ V2,
PR PR PR

where we use Young’s inequality, and C' () is a positive constant depending
only on §.

Plugging (24) into (23), interpolating the third term in the left-hand
side, which involve V(, and using Young’s inequality again, we have

1 / 2 I+1
—————€e8S sup v x,t)dx 25
4(1+1)  o<t<to JBr(ao) ¢ (1) (25)

-2 nt2l—
+ <n+ —5)/ v = ]Vv]Qdmdt
g o

1 2, 1+1
§2(l+1)/BR§v (x,O)da:—FC’(n,&)/PRv

1 —2 n
+ 2 + i / v + |VC|2dmdt.
l+n—2 l Pr

n+20+2
5 2

13



Using Lemma 5, it follows from a standard argument as in [2] or [9] that

1 2, 141
———— sup v x,t)dz 26
4 (l + ]-) 0<t<to /BR(:to) C- ( ) ( )
to n+2l
+c(n,e e v o4 dt
. ere1) /tom ), (Br)
1 2 1+1 / n+21 )
< — v z,0)dz + c1 (n,l v 2 |V(|" dxdt.
ST f, @O [ 05w

The standard iteration yields

/ vidxdt < C,
Pg

where C' depends on the initial datum and ¢, n» and e. To get the L™
estimate, we use the Moser iteration method as in [9] and [1]. By the Holder
inequality and the Sobolev inequality, it follows from (26) that

/ o8 (2255 g dt (27)
Pg(0)

1+2
<c ( ol (2,0) da +/ o \V¢|? dedt + l/ T C%l:cdt)
Bgr Pr Pr

Iterating (27) implies
IVl (pa(y)) < ©

where C' depends on the initial data ug. This completes a proof of Theorem
8. m

Once we have ||Vul||;« in hand, we can get high regularity estimate of
solution of (16) in a standard way as in [9]. Note that these estimates do
not depend on the parameter €. In particular we use Theorem 8 to obtain
the following theorem on an e-independent existence interval.

Theorem 9 There exists a constant e¢g > 0 depending on M with the fol-
lowing property:

For arbitrary ug € CY* (M,R") N W22 (M,R""!) there exists a
time Ty > 0 only depending on Eg (ug), R* (g0, u0, M x {0}) and the ge-
ometry of M such that for every ¢ € (0,1) there exists a solution u €

14



C° ([0, 7], W22 (M) nCh*1 (M)) n C! ([0,To] , L? (M) of (16) with ini-

tial value ug. Moreover there hold the following e-independent estimates:

Jutll L2 (arxjo,mp)) < C (uo0)

”VUHLOO(Mx[o,TO}) < C([[Vuol 1)
IV ullgos sy < € (IV0llcoaqan) ) -

where the constant also depend on n and M, and the constant a1 < «
depends on o and ||Vupl|geo-

The proof of Theorem 9 is almost parallel to the case of n-harmonic map
flow as in [9]: in this case the right hand term do not cause any trouble in
obtaing high regularity estimates. We refer to [9] Section 4. Combining
Theorem 8 and Theorem 9, now we can prove local existence theorem of
solution for the problem (3) by passing to the limit of ¢ — 0.

Theorem 10 There exists a constant eg > 0 depending on M with the
following property:

For arbitrary ug € CY* (M, R"™)nNW?22 (M, R") there ezists a time
To > 0 only depending on Eq (ug), R* (€0, uo, M x {0}) and the geometry of
M such that there exists a weak solution u : M x [0,Ty] — R™! of (3).
Furthermore u satisfies the inequalities as in Theorem 9.

Proof. Let u. be the solution of (16) corresponding to a given € on the
time interval [0, Tp], where Tp is constructed as in Theorem 8 and Theorem
9. The aim is to pass a limit on the distributional form of (16) on [0, Tp].
From the e-independent estimates in Theorem 9 we know that at least {u.}
is bounded in W1 (M x [0, Ty]). Thus, we choose a sequence g, — 0 such
that

us, —u  weakly in W2 (M x [0, Tp)) .

However from Theorem 9 we have ||V, || 0,0 mixp1) <€ (HVUOHCO,Q(M)) ,
so we know that

Vu,, — Vu  strongly in coT (M x [0,Tp]) .

Now for any Cg° test function ¢ we pass the limit ¢, — 0 in

2

To n—z
/ / <(9tu5<,0 + (5 + ]VUE\2) : VUEVgo) dxdt
o Jum

- | K [ et ) ) ne e (a,

15



which implies that u is a weak solution of (3). To prove that u satisfy
the bounds as in Theorem 9, we notice that the estimates in Theorem 9 is
independent on €. m

In fact we can prove the local existence result of (3) in a more general
case of initial values ug € W1 (M) by a approximation argument. We give
the following as a corollary from Theorem 10.

Corollary 11 There exists a constant eg > 0 depending on M with the fol-
lowing property: For given initial value ug : M — R uy € Whn (M, R”"H)
there exists a time To > 0 only depending on Eq (ug), R* (o, uo, M x {0})
and the geometry of M such that there exists a weak solution u : M X
[0, Tp] — R of (3). Moreover for any open set Q with

dist (Q, (M x {0})UY) = p > 0,

there holds ||Vul|cos(g) < C for some constant C and 8 € (0,1) depending
onn, ug, M and p.

We refer the proof to [9] Section 4.

4 Global existence and proof of Theorem 1

In this section, we study the global existence of the solution of (3). Let us
first give a result which characterizes finite time blow up phenomenon of the
solution.

Theorem 12 For a given initial value ug € W™ (M) with conditions (¥)
and (xx), there exists a global weak solution w of (3) which satisfies the
following: There exists a set of finite points ¥ = UK ¥y x {T}, 0 < Ty <
-~ < Tg < 00, such that on every open set Q with dist (Q, (M x {0})UX) =
p > 0 there holds |[Vullcosg) < C for some constant C and 8 € (0,1)
depending on n, ug, M and p. The number K of singular times is bounded
by
K < ¢y 'cE (up)

and the singular points (xf,Tk) € X are characterized by the condition
limsup; 7, E (u(t),Br (z¥)) > € for any R > 0. Furthermore at least
a nonconstant, CH® (R™) solution of (1) in entire space R"™ separates in the

sense that for sequence Ry, — 0, ty, /" Tk, Ty — $f as m — oo

U (2) = u (R (T — ) 1 1) — @ in W (R™, R

loc

Here u is a solution of (1) in entire space R™.
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Proof. We extend the local solution of Theorem 10 or Corollary 11
by a standard way to a global weak solution to (3). This technique was
used in the two dimensional case for harmonic map flow by Struwe [11]
and n-dimensional case for n-harmonic map flow by Hungerbiihler in [9]. In
the follows, we describe the characterization of the blowing-up points Y. Let
(xf, Tk) € Y be any point of 3. For simplicity, we assume (:cf, Tk) = (z0,T1)
and, when ¢t = T}, and assume that only one blowing-up point xg occurs.
Denote

QT = [5, T] y and

07 = max |Vul|,
T QT| |

where % > 9§ > 0. It is obvious that 6 is an increasing function. By the
definition of T}, we know that limr 1, 07 = oco. Let T! be an increasing
sequence with limit 77 and (a;) a sequence in M, where [ — oo, such that

O = ‘Vu (al,TZ> ‘ .

Up to a subsequence, we assume that a; — zg. Let U be a neighborhood of
zo in M and set

Ul:{geRn al+CeU},
0Tl

I = |[-onT 0 (T - T') |

and
! _ C i 7 -
v (¢T)=ula+ T +— | inUxI.
HTZ HTZ

A simple calculation yields

ot — At = H (vl> vél ARERWN fuén (28)
and
L <1. 2
max |Vl (. 7)| < (29)
Let

o.vt| dC.

‘ 2

hl(T):/Ul
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Then for any mp > 0

0 T
/ hz(T)dTS/ (/ ]ut(x,t)IQda:>dt
-0 Ti—7- \JM
Tl
— s I .t
_J<u<,T 0)) 3 (u (1)
—0 asl— oo.

Thus, as | — oo, up to a subsequence, we assume that for a.e. 7 € [—7¢, 0]

Jy

Because M is without boundary, U; — R™ as | — oo (in the following
sense: for any R > 0, there exist Iy > 0 such that for any [ > [y, we have
B (0,R) C U;). By the estimate in Theorem 3.4 and (29), we have

Bt (¢, T)‘Q ¢ — 0. (30)

sup ||V (7, ‘)||co,a1(BR(0)) <C(R,e,n), (31)

TE[—70,0]

for any R > 0 and some «aq > 0 in Section 3, where a7 could depend on R,
but it does not cause trouble for us to pass to the limit. On the other hand,
from (30) we have that

o (¢,7) = 0 in L?(Bg(0)) (32)

for any R > 0 and a.e. 7 € [—79,0]. Combining (31) with (32) and using a
diagonal argument we have that as [ — oo, up to a subsequence
v (¢, 1) =" (¢) in CH(R"),
W' (¢ 1) =" (¢) in CH(BR(0)),
for any R > 0 and 7* in some dense countable subset of [—7p, 0].
00 (¢) satisfies
Av° = H (oY) U81 A A vgn in R", (33)
0 0 /nn
v HLOO(M) [ (v )HLOO(M) s vn',

in the weak sense. Let us show that v° is non-constant. We know that

‘Vvl (0,0)) - 9sz ‘Vu (a,,Tl)‘ —1
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From (29), (28), and the estimate in Theorem 9 Theorem 10 and Corollary
11 that
chvl (7, C)’

<
G021 ([—79,0]x B;(0))
and therefore

‘ngl (0,7) — ngl (0,0)‘ < O™

So we choose |7*| sufficiently small so that |Vcv! (0,7%)] > 3, for any
[ > 0, this prove that v° is not constant. Repeating the above argument to
every point (a;f , Tk) we can get the conclusion of theorem. This completes
the proof. m

To complete the proof of Theorem 1, we need the following lemma, which
indicate that under the condition (x), blow-up can not occur.

Lemma 13 If v° is a solution of
A =H (UO) vgl A~ /\vgn m R"
and satisfies
H”OHLOO(M) <V, (34)
then vg must be a constant.

Proof. Following [15] or [16], we argue it by contradiction.
Assume that vg is not a constant. Let ¢ : R — R be a smooth radial
symmetric function such that

p(z) =1 for [z <1,
¢ (z) =0 for |z| > 2.

Denoting by
er(@)=¢ (%)

we have
/ opv' A0 = —/ Ok ‘Vvo{n dx — / ‘Vvo}n_Q OV Volde.

Note that |Vv0’n € L' (R") and ‘voAnv0| < HUOHLOO | H || W’Vvo}n €
L! (R"). From Lebesgue’s theorem we have

lim Pk ‘Vvo‘ndx —/ ‘Vv0|nd:r,
Rn R"

k—o0

lim (pk’UOAn’UOd$:/ WA dx.

k—o0 Rn n
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On the other hand

-

n=l n
<10y (f, 1907 as) T ([ o)

which goes to zero as k goes to infinity. This implies

/ UOAnvod:E:—/ ‘Vv0|nd:c.
n Rn

So by multiplying (33) by v? and integrating over R™ we obtain

/ }Vvolndx: —/ H(UO) vovgl /\---/\vgn
R mn

<V || H oo |00 oo /R |Vo°|" da,

/ ‘Vvo‘n_z OV Voldz
Rn

which gives
19 ooy 1 (0| oy = V™ (35)

(35) contradicts with (34). m

Now we complete the proof of Theorem 1.

Proof of Theorem 1. Combining Theorem 12, Lemma 4 and Lemma
13 we can easily get the global existence of solution of (3). Now we sketch
the proof of uniqueness for the solution. By Lemma 13 we know that there
is no blow-up point of the flow, which means there is no energy concen-
tration. So by the estimate in Theorem 9 or Theorem 10 we know that
u € L*® ((0,T); Wh> (M)). By a similar argument to that of [9] Chapter
5, we know that the solution must be unique. m

5 Appendix

In this appendix, we give the proof of following formula which is used in
Lemma 3 and elsewhere in this paper.

d
/ Q(u)'uxl/\-‘-/\uvfcn:(n—kl)/ H (uw)ug - ugy A+ Aug,.
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For sake of clarity we denote u,, = g;f = U, Up = %; u = (u"), Q(u) =

(Q*), and Qua = 2% 1 <a<n+1.

ou®’
Ql Q2 L. Qn+1
T N U
Q (u) - ugy A+ Aug, =det :
T TR T

So we have

d
dt/MQ(u)-uzl/\---/\umndV

:/ Quau?-uxl/\---/\uxndV—I—Z/ Q(u) - ug, N+ (Ug;)y - A Ug, dV
M = Jm

:/Quaug‘uacl/\"'/\uxndV‘FZ/ Ut'gmi<u21/\"Q(u>"/\uIn>dV
M i=17M

i

M i=1'M

ik i=1

Use integration by parts, it is easy to see that

Zzn:/ Uy - <Ux1/\"/\kaxi/\"Q(U)"/\an> dV =0.
M

ik i=1 i

Noting that
02,Q (u) = Quaug,, (36)

(here summation convention is used), we obtain
d
p Q (u) - ugy A+ Aug, dV

M

:/ Quau?.uxl/\.../\uxndV—kZ/ Ugiut'(le/\--Qua"/\an>dV
M i=17M ‘
M i=1 M 7
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Now we claim that

n
Qt~u$1/\--~/\u$n+2ut~(uwl/\~-Q'ggi--/\uzn> (37)
i=1 '

=div (Q) ut - Uz, N+ AUy,

In fact, (37) is a result of linear algebra. Let A be a (n+1) X (n+ 1) matrix.
Let ai,..., any1 be arbitrary independent vectors in R**1. Then we have

n
al/\"'an'Aan+1+ZZ<a1/\"AQi"/\an> Ol
7

[ =1
= trace(A)as A -+ ap - ap1 (38)

Note that both sides of (38) is linear in ay, ..., ap41. It is easy to check (38)
choosing a; = e;, where {e;} is the standard basis of R**1.
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