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1. Background

Yamabe Conjecture
Manifolds without boundary

Let (M, g) be an N-dimensional,smooth, compact Riemannian manifold
without boundary. For N > 3, the Yamabe conjecture states that there
exist Riemannian metrics which are pointwise conformal to g and have a
constant scalar curvature.

Let R, denote the scalar curvature of g and A, denote the Laplace-

Beltrami operator of g. For N > 3, let ¢’ = uv-z g for some positive function
u, we have

_N+2 4(N —1)
Ry = w2 (Rou — ——"Agu),
The Yamabe conjecture is therefore equivalent to the solvability of
N —2 _ N2 .
—Agu + ngu = Ruv=2, u>0, inM (1.1)

for R=1,0, or -1.



Manifold with boundary — an example

Consider a smooth metric g on B = {x € RY : |z| < 1}, N > 3.
Let Ay, Ry, vy, hy denote, respectively the Laplace-Beltrami operator, the
scalar curvature of (B, g),the outward normal to B = S¥~! with respect
to g and the mean curvature of (SV=! g). Given two smooth functions R’
and h', we will consider the existence of positive solutions u € H*(B) of

4NN u+ Ryu = R'u™% in B,
(1.2)
ﬁ@,,gu + hyu = Wuv=z ondB.
It is well known that such a solution is C'* provided ¢g, R’ and h’ are. If
4
u > 0 is a smooth solution of (1.2) then ¢’ = u¥-2g¢ is a metric,conformally

equivalent to g, such that R’ and A’ are, respectively, the scalar curvature
of (B, ¢') and the mean curvature of (SV~1, ¢/).



Suppose M = SV, g = gy, if we allow R to be general positive function,

then (1.3) becomes
N(N -2 N —2 _ i
—Agu+ ( 1 )u: 4(N_1)Ru%+2, u >0, in SV (1.3)
Making the stereographic projection 7 = 7y, and setting Ko(z) = K (7 'z)),

we get the following

{—Au = Ko(z)u* 1, r € RY, (1.4)

u>0 in RV,

where 2% = ]\Qf—g, N > 3.

There have been many works on (1.4).
For example, SCHEON, SCHEON and YAU, CHANG and YANG, BAHRI

and CORON,etc
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The main difficult is that suppose there exists a sequence of ap-
proximating solutions, how can we get a subsequence which con-
verges strongly in a suitable space?

Usually we use the variational method. Let H be a Hilbert space
and I € CYH,R). We can use many ways (constrained mini-
mization, mountain pass lemma, Galekin method, etc) to obtain
Palais-Smale sequence {uy}, that is {uy} satisfies

I(ug) — ¢, I'(ug) — 0

The Palais-Smale sequence is the corresponding sequence of ap-
proximating solutions.

If we can always choose a strongly convergent subsequence from
any given Palais-Smale sequence, then [ is said to satisfy Palais-
Smale condition. Unfortunately, for most problem with critical non-
linearity, the corresponding functional does not satisfy Palais-Smale
condition.



2. Problem, Previous Results and Our Result

Let N > 3, 2% = 2, and 2 be an open bounded domain in R,
We consider the foHowmg elliptic problem:

—div(a(z)Du) = Q(z)|ul* 2u+ I u z €,
u=20 on OS2,

where a, Q € C*(Q), a(z) > ay >0, Q(z) > Qy > 0, and X\ > 0
1s a positive constant.
The functional corresponding to (2.1) is

1 1 !
I(u) = 5/(a(x)]Du]2—)\u2)dw—§/Q(x)]u!z dr, u € Hy(S).
0 0
(2.2)
Since the embedding of HJ(Q) into L? () is not compact, the
functional I(u) does not satisfies the Palais-Smale condition( (PS)
condition for short). This loss of compactness creates a lot of dif-

ficulties when variational method is used to obtain the existence
result for (2.1).

(2.1)



The case of constant coefficients

alz) =1, Qz)=1.
Let A; denote the first eigenvalue of —A in H ().

Pohozaev (1965): (2.1) has no nontrivial solution if N > 4 and
A< 0.

Brezis-Nirenberg (1983):
If N >4and X € (0, ), then (2.1) has a positive solution.

Capozzi, Fortunato and Palmieri (1985), Ambrosetti and
Struwe(1986)
Existence of nontrivial solutions were obtained when N > 4.

Cerami, Solimini and Struwe(1986)

The existence of solutions of changing sign was studied when
N >T.

Fortunato and Jannelli(1987)

For any real positive parameter A and for all bounded domains (2,
which have suitable symmetry properties, (2.1) has infinitely many
solutions when N > 4. When N = 3 it is shown that the number
of solutions increases with \.

Let S be the best Sobolev constant.

The fact that for ¢ < %S%, I(u) satisfies (PS). condition
were established and used in all the mentioned papers.



Recently, Devillanova and Solimini (2003) proved that (2.1)
has infinitely many solutions if N > 7 and A > 0.

Framework of Devillanova and Solimini
First consider the existence of infinitely many solutions of the
following perturbed problem:

—Au=|uf fu4+ I zeQ,
u=>0 on OS2,

where € > 0 is a small constant.

By the result of Ambrosetti - Rabinowitz, for fixed ¢, (2.3)
has solutions u. ., K =1,2,---,

The strong convergence of u.  as € — 0 was proved by show that
|uz ;| has a uniform bound.

The procedure of obtaining the uniform bound consists of two
steps.

Step 1: find a safe region, where solutions of (2.3) are uniformly
bounded.

The main ingredient used to achieve this goal is the mean value
theorem for the Laplacian operator.

Step 2: establish a local Pohozaev identity in a small ball, whose
boundary lies entirely in the safe region, to reach a contradiction.

(2.3)



The case of non-constant coefficients

that is, either a(x), or Q(x) is not identically constant.

For such a case, it is even more difficult to obtain a sign-changing
solution for (2.1), because I(u) does not satisfy (P.S). condition for
N

any c larger than the smallest number 772277,{MS)N7_2 | x € Q},
N(Q(z)) 2~
where the (PS) condition fails. The aim of this talk is to show that

(2.1) has infinitely many solutions if N > 7, a(x) and Q(z) satisfy
some degenerate conditions near their critical points.
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Consider the following perturbed problem:

—div(a(z)Du) = Q) |ul> 2 Fu+ A u z € Q, 2.4)
u=>0 on OS2, '

where € > 0 is a small constant.

The functional corresponding to (2.4) becomes

1 1 *

I.(u) = —/(a(az)|Du\2—)\u2)d:ﬂ——/Q(az)]u!Q “dw, u€ Hy(9Q).
2 0 2* — € 0

(2.5)

Now I.(u) is an even functional and satisfies the (PS) condition.
So from Ambrosetti-Rabinowitz, (2.4) has infinitely many so-
lutions. More precisely, there are positive numbersc. ;, [ = 1,2, --- |
with ¢, ; — 400 as | — 400, and a solution u. ; for (2.4), satisfying

Ig(ue,l) = C¢, -

Moreover, ¢..; — ¢ < +00 as € — 0.
Question:

For each fized [, as ¢ — 0, does u.; converges strongly in
H{(Q) to w?

If the answer is yes, then u; is a solution of (2.1) with I(w;) = ¢;.

If we can prove that under suitable assumptions on a and @),
uz 1 as € — 0, then This will imply that (2.1) has infinitely many
solutions.
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Define
aN/Q(:C)

QD)
Let Cx, be the set of all the critical points of X(x). Let (z,y)
denote the inner product of z,y € RV.

S(x) = (2.6)

(C}) There is a constant § > 0, such that for any z € € with
d(I, OE) < 5,

(Da(x), DQ(x)) < 0.

(Cy) For each gy € Cy, there is a number m(xy) > 2 and q(xg) >
2, such that for x near x,

[Da(2)] < C|Da(a)| ™=/ =1 = 2,3,
1D/Q(x)| < C|DQ(x)| @) alro)=1) =5 — 9 3,

(C5) There is a small 7 > 0, such that for any y € Q with
d(y,00) < 7,t € (0,7],

(g —x,Da(z)) >0, Ve By),
(y—z, DQ(x)) <0, Ve Byy),

where §y = y + 2tn, and n is the outward unit normal of OS2
at g, |y —y| = d(y, 09).

>
<
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Remarks on the conditions (C3) and (Cjs).

Remark 2.1. If a(x) = 1, then ¥ and Q(x) has the same critical
points. Condition (Cy) implies that any critical point of Q(x) must
be degenerate. On the other hand, (C3) implies that Q(z) must
be non-increasing near the boundary at the direction of the out-
ward normal of 0€). Note that if Q = 1, (Cs) and (C5) hold. So
Theorem 2.6 is a generalization of the result of DEVILLANOVA and
SOLIMINI.

Remark 2.2.1f ) = 1, then ¥ and a(z) has the same critical
points. Condition (Cs) implies that any critical point of a(x) must
be degenerate, while (C3) implies that a(x) must be non-decreasing
near the boundary at the direction of the outward normal of Of.

Remark 2.3. By (Cs), it is easy to check that any critical point of
> must be a critical point for a(x), and Q(x).

Remark 2.4. If a%_? > () and acg_?(f) < 0 for any x € 02, where n

is the outward unit normal of 02 at x, then (Cj) holds.

Examples:
Suppose Vzy € Cy, there are 0 > 2,60 > 2 and constants g, 1 >
0, quy, 2, @zg.1 > 0, ay, 2 such that for x near x,

Q(Qf) = (Qry,1 — Qx0,2’x - xO’H + Q(x)a Q(:U) — O(‘CL’ _ x0‘9>:

a(T) = Apy 1 + Ay 2|7 — 20" + @), a(x) = of|z — x0]")
with g(z) and a(x) satisfy certain conditions of degenerate at xy,
in particular ¢(x) =0, a(x) = 0. Then C}, Cy are satisfied.
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The norm of H3(€2)

Jull = / Dulde)’;

The norm of LP(2)(1 < p < 00)

1
lull, = (/ [ulPdz)?.
Q

The main result is the following:

Theorem 2.5. Suppose that N > 7 and (Cy)—~(C3) hold with
inf, es(m(zo), q(zo)) > QS]VV 2 X\ > 0. Then for any sequence
u,, which is a solution of (2 4) with € = e, — 0, satisfying
|un|| < C for some constant independent of n, w, converges

strongly in H(2) as n — +oo0.

A direct consequence of Theorem 2.5 is the following multiplicity
result.

Theorem 2.6. Suppose that N > 7 and (C1)—~(Cs5) hold with
inf, es(m(zo), q(zo)) > 2%:42), A > 0. Then (2.1) has infinitely
many solutions.
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Difference with previous work

It appears the techniques used in DEVILLANOVA and SOLIMINI
can not be applied to study (2.1).

1. it seems that result similar to the mean value theorem for the
Laplacian operator is still unknown for elliptic operator in divergent
form.

2. under our assumptions on a and (), we can not obtain a con-
tradiction by applying the local Pohozaev identity in a small ball
whose boundary lies entirely in the region where the solutions are
uniformly bounded.

To overcome these difficulties, in our paper, we will use the frozen
coefficients technique, together with the mean value theorem for el-
liptic operator of constant coefficient, to obtain the desired local L'
estimate for solutions of (2.4). And then we estimate the solutions
of (2.4) in a carefully defined safe region for problem (2.4), where a
local Pohozaev identity will be used to reach a contradiction. It is
worthwhile to point out that in the safe region we choose for (2.4),
the solutions are not uniformly bounded.
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Framework of proof
Suppose u,, is a solution of the perturbed problem with € = ¢,, and
|un|| < C for C' > 0 independent of n. Suppose u,, blow-up at

some point. Then we have x,, and ¢,, — 0o such that wu,, behavior
N-—2

like 0,2 U(op(x — x,)) near x,.
Let @ > %, B, = B, ,—a(z,) (162 We have a local Phozaev
identity

N N —2 .
A\ 2 . n2—€n
[ e =) [ ewi

1 1 _
— 5/ (Da(x),x — xo)| Du,|* + ST / (DQ(x), x — x0)|u,|*
N —2
:/ (a(az)(Dun, r — xg) + a(az)un) Du,n;
OB, 2
[ (Ga@IDuf = 33 = QP = )
— a(Z)|Duy|” — s AU, — nl” )N, T — Xo),
o 5 AT x)|u n,r — I
which deduces from 2* — ¢,, — % > ()

A Ju|?de
Bp
N —2
< / (a(az)(Dun, r — xg) + a(az)un) Dju,n;
0By, 2

1 1 1
— / (—a(x)]Dun\Q R T
0B, \2 2

5 Q@) (n.x — ).

We try to obtain a contradiction by estimating each term in the
above inequality.
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3. Some Integral Estimates
For any o > 0 and y € RY, we define
N
pyo(u) = o> u(o(- —y)), ue Hy(Q).
First, we need the following decomposition result for the solutions

of (2.4).

Proposition 3.1. Suppose N > 3. Let u, be a solution of
(2.4) with € = ¢, — 0, satisfying ||u,|| < C for some constant
C'. Then

(i) u, can be decomposed as

k
Up = Uy + Z pwn,jﬂn,j(Uj) + W (3.1)
j=1

where w, — 0 in HY(Q), ug is a solution for (2.1). For
j;: L,--- .k, Tnj € Q, anjjd(a:n,j,aQ) — +00, Tpj — Tj €
€}, as n — oo, and U; is a solution of

o) du = Q)P P, i Y,
u € DV(RY), '
for some b; € (0, 1].
(ii) Fori,j=1,--- k, ifi # j, then, as n — oo,
Unj On.i 2
= + ’. + O-n,jo-n,i‘xn,i — Tp,|” — OC. (33)

Un,i On,j
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To prove the strong convergence of u, in H(€2), we just need to
show that the bubbles p,, .5, (U;) will not appear in the decom-
position of wu,,.

Among all the bubbles p,, . 5 .(Uj;), we can choose a bubble, such
that this bubble has the slowest concentration rate. That is, the
corresponding o, ; is the lowest order infinity among all the o, ;
appearing in the bubbles. For simplicity, we denote o,, the slowest
concentration rate and x, the corresponding concentration point.

Let wy,(2) = |u,(2)| in Q; wy(z) = 0 in RY \ Q. We have
Lemma 3.2. Let D be any bounded domain in RY. Then for
any ¢ € HY(RY) with ¢ > 0,

/ a(x)Dw, Do dm—/ a(x){Dwp,n)p < A/ (wi*_1+1)qbd:c,

D oD D

(3.4)

where A > 0 1s a large constant, n s the outward unit normal
of 0D. In particular,

/ a(x)Dw, Do dr < A / (w2 ' +1)¢dz, V¢ € CERY), ¢ >0.
RN RN
(3.5)
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To analyze the asymptotic behaviors of the solutions of (2.4), we
need some integral estimates for w,,.
For any po < 2* < p1, @ > 0 and ¢ > 0, we consider the following

relation:
U < a,
{H 1le - N N (3.6)

a2, < 0™ 52,
Define

U » = Inf{a > 0: there are u; and us, such that
P1, P2,
(3.6) holds and |u| < uy + us}.

The main result of this section is the following proposition.

Proposition 3.3. Let w,, be a weak solution of (3.5). For any
Py < 2F < p1 < 400, there is a constant C, depending on p;
and po, such that

lwnllpy.py.on < C.

Proof. By using the estimates in Appendix A, we can prove Proposi-
tion 3.3 in exactly the same way as in the paper of DEVILLANOVA-

SOLIMINI.
[]
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4. Estimates on Safe Regions
Let Bi(y) be the open ball centered at y with radius ¢ > 0 and

Denote B (y) = B\/ft( Y).

Let a € (2,%

Since the number of the bubbles of w, is finite, we may always find
a constant C' > 0, independent of n, such that the region

A = (Bipygyelin) \ Beyalen)) N

does not contain any concentration point of u,, for any n. We call

this region a safe region for wu,,.
Let

) be a constant, which is to be determined later.

A2 = (B&4®_ﬂ@m)\3641_0@m»r19.
In this section, we will prove the following result.

Proposition 4.1. Let w, be a weak solution of (3.5). Then,
there is a constant C' > 0, independent of n, such that

wp(z) < CoM 20D e 42
To prove Proposition 4.1, we need the following lemma.

Lemma 4.2. Suppose that w, satisfies (3.5). Then, there is a
constant C' > 0, independent of n, such that

1 Y (gL
N1/ Wy, dS < Coy 2! 7)7
r OB; (wn)
for allr € [Co, @, (C +5)0,°].
Proof. From fBl(xn) wypdr < C,wecanfindar, € [%, 1] , such that
1
N_1/ wpdS < C.
Tn aBrn(xn)
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We make use of the following formula:
For any C? function v, we have

"dyso1 "ol
/ —( N_1/ vdx) dt:/ N_1/ Avdz dt,
T'n dt t Bt(l’n) 'n th Bt(%l)

where wy is the volume of the unit ball in RY. As a result, there
are constants C7 > 0, such that

" d
[,

Since w, does not belong to C?, we need to modify it.
Anyway we can obtain

vdac) dt = / O]{[_l / a(x,)Avdzx dt.
(@n) r WNTTT S B ()
(4.1)

*
t

1 / ]
= w, dS —I—/ —/ —a(x,)Djw,n;)dS dt,
rn 0B}, (xn) o wnth aB;(xn)( (@) )
(4.2)
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which, together with Lemma 3.2, gives

1 /

1 / oy
— w, dS —i—/ / —a(x)Djw,n;)dS dt
o JoB;, (an) o wyth aB;(xn)( @) )

n Cl
— 7 — a(zy))Diwpn;
+/T e /aB* . (a(x) — a(x,))Djw,n;dS dt

<C+C/ T L Ddxdt

+O/ — / | Dw,,|dS dt
v V77 Jopr e
| .
r S (zn

’r'n 1
—i—C’/ — / | Du,|dS dt.
r th—2 0B (xp)

(4.3)

By the Sobolev embedding theorem,

C
/ | Duy,|dS < C/ | D*u, | + —2/ lup|.  (4.4)
OB (x,) B} (an) t= J B (xn)
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Let & > 0 be a fixed small constant and let ¢ =1+ 60 > 1. By

the L? estimate for the elliptic equation, we have

/ |D2un| S tN(l_%)(/ |D2un’q)1/q
Bf(xn) Bf(xn)

x 1/q
<O D( [ (o af +100)
2t\fn

« 1/
o b ([ (urm )
St($n>

Combining (4.3), (4.4) and (4.5), we are led to
1
e 1/88*37 wy, dS
21
<C’—|—C’/ tle*x dz dt
n tN (1-1/q) . 1/
+C/ (/ 1|2 1)qd:€) Lt
tN—2 B ()
2t
n 1
—i—C’/ / \un]da: dt.

(4.5)

(4.6)

We can use Proposition 3.3 to estimate each term in the right

hand side of (4.6) and finish our proof of Lemma 4.2.

[]

Proof of Proposition 4.1. It follows from Lemma 4.2 that for

any y € A2, we have

1 / | < OEICE
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Let
vp(x) = w,(Co, "z +y), o€ Qy,
where Q, = {z : Co,% +y € Q}. Then v, satisfies V n €
Hi, (RY), >0

loc
~ _—a —2a 2% 2
/ a(Co, “x+y)Dv,Dn < Co, / (Joa]” =2 + X) van.
RN RN
Since B;_a(y), y € A2 does not contains any concentration point
of u,, we can deduce

/ ]07;20‘(\?)”\2*_2%—)\)\%@: < C’/ un|* dz+Co, N — 0
B1(0)

BC_'UEQ (y)

as n — +oo. Thus, by Moser iteration, we obtain

1
anHLOO(B (0)) S C(/ |Un‘d.17 + 1) = O(W/ |wn\d:€ + 1)
B1(0) B (y)

1
2 On ‘
CO_TTCVN y

1
SCJéjN—?)(a—z).
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Let
3 _ * *

Proposition 4.3. We have

/ | D, |*dx < C/ (\un\2* + 1)d:13+0072f‘/ |y |[dz. (4.7)
A3 A2 A2

n

In particular,
|Du,,|?dz < Co, (V=200 (4.8)
A3
Corollary 4.4. There exists t,, € [C' + 2,C + 3], such that
/a R |Du,|’dS < Co, V-2-a)ta, (4.9)

[e%
tnO’n
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5. Local Pohozaev Identities and Location of
Concentration Point

In this section, we will first find two identities by applying the
general Pucci and Serrin identity. We then use one of these two
identities to locate the concentration points. The other one will be
used to prove the main result in the next section.

Lemma 5.1. Suppose that u. is a solution of (2.4). Then for
any bounded domain B contained in €,

A/u§+( /Q Muo|*
B 2 —¢

;/B<Da( ), & — zo)| Du.|” —1—2 — <DQ( ), @ 0>’u6’2*_8
:/ (a(ﬂc)<Dug, T — o) + N — Qa(x)%) Diun,
OB

1 1 1
— = D e 2 2w — . 2—¢ .
/88(20/(.%)‘ u ‘ 2)\u6 ok _ 6@(37”'“ ’ )<n7$ 2130>

where n 1s the outward unit normal vector of 0B.

Lemma 5.2. Suppose that u. is a solution of (2 4). Then for
any bounded domain B contained in €2, k=1,---, N,

/Dka \Du5\2——/DkQ Vo> ¢

_/83(2 ( )\Du€\2—%)\u _2*—8 ( )‘u6’2 €>nk

N —2 N —2
— / (a(x)D;{;u8 + ——u.a(x) — a(x))Diugni.
9B 2 2

where n is the outward unit normal vector of 0B.
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In the rest of this section and whole the next section, we will
always assume that u., is a solution of (2.4) with € = ¢,, and x,, is
the concentration point of u., chosen as in section 2. To simplify
notation we will write €, and u., as € and u,. respectively. Now, we
locate the limit position of the concentration points.

Lemma 5.3. Suppose that x,, — x¢. Then xq is a critical point

of X(x).

Proof. Taking B = B _,(x,) in Lemma 5.1, then from Proposi-
tion 4.1 and Corollary 4.4 we obtain

1 L *
éfBDka(w)\Due\Z - ﬁ/ngQ(xﬂue’z -
(ot ent o) .

=0 <U;(N—2)+(N—1)oz+O_;N+(N+1)a+o(1) JrU;(N—Da)
—0 <O_—(N—2)+(N—1)a> '

n

On the other hand,

1 1 *
—/Dka(az)]Duglz—*—/DkQ(az)\ug|2 e
2 B 2* — ¢ B

1 1 g
:—/ Dka(l'n)’DU5’2 — *—/ DkQ(anué‘Q
2 B 2*—¢ B

+ O (\D%(:cn)]a;a + | D3a(z,)|o, 2 + 0;3a>

(5.2)

+O(1D%Q(wn) 0" + D' Qa0 + 0,7,
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Moreover,

/BDka(a:n)]DuE]Q— D;Zﬁ(:)w/Ba(xnﬂDugF

:Dka(xn)
a(x)

/B a(z,)| Du.|* + o(1)

Combining (5.1), (5.2) and (5.3), we are led to

(yoenDetan) 1 pe) [l <o) 60

Letting n — +o00, we obtain

Qo) Dialo) — - - 2 a(20) DxQ(o) = 0.

So, the result follows. ]

o erm(xg)—2 q(xg)—2
Lty = min (GEh=T do-1)-

Proposition 5.4. Suppose that x, — xy € ). Suppose that
(C1) and (Cy) hold. Then

[Da(z,)| + | DQ(x,)| = O(O;(N—Q)Jr(l\/—l)a Lo T 0_77304).
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Proof. Combining (5.1) and (5.2), we obtain

1 1 *—e
—DkCL(In) / ’Du€’2 - DkQ(xn) / ‘u€|2
B € B

2 2% —
—0 (O_;(N—2)+(N—1)oz> 4+ O(’D2a<l’n)|0';a + ‘DSQ(In)’U—2a + O_;Sa)

n

+O(ID%Q(wa)loy” + 1D Qo™ + 0.

(5.5)
It follows from (C7) that
[Da(z,)| + [DQ(zy)|

=0 (o7 ) 4 O(|D%a(w) oy + |DPa(w,) |07 + o)

+O(1D%Q(w,) |0 + D' Qw0 + 0,7,
(5.6)

m(xg)—2
m(zg)—1’

|Da(z,)| + |DQ(w,)]
=0 (0;<N_2)+(N_1)0‘> + 0 (]Da(a:n)]“a;a + |Da(a:n)]271_10;20‘ + 0;30‘)

and 7, = W. By (C3), (5.6) becomes

Let v = ()1

+0(IDQw) 20, + [DQ(w, )2 o + 0, %)
from which, we obtain
[Da(@y)| + |DQ(n)|
_0 (0—<N—2>+<N—1>a ool 4 gmaf(l=) 4 0;304)

n

_0 (O_;(N—2)+(N—1)a gl +0;3a>.
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6. Proof of the Main Result

In this section, we will prove Theorem 2.5.

Proof of Theorem 2.5. We have two different cases: (i) d(x,, 02) <
7; (i) d(xy,, 0Q2) > 7, where 7 > 0 is the constant in (C}).
Let B, = B, ,-a(z,) (€2 By Lemma 5.1

2*—¢

,, N N-2

1 *
— §/H<Da(x),x — z0) | Du.|* + ST /Bn<DQ(CU)a»’U — xo) |u|*
_/ (a(:z:)(Dug, T — 1) + N - Qa(af)ug) Diucn;
0B,

1 1 1
. /a (Ge@)Dup = 2 = S Qe o, — ),
" (6.1)

where v is the outward normal to 0B,,. The point zy in (6.1) is
chosen as follows. In case (i), we take ¢ = x,, + 2t,0,, “v, where v
is the outward unit normal of 002 at z,, |z, — x,| = d(z,,0%2). In
case (ii), we take a point xg = xy,.

We first consider case (i).

Since 2* — e < 2%, the second term in the left hand side of (6.1)
is non-negative. By the choice of xy and (C3), the last two terms in
the left hand side of (6.1) are non-negative as well. We thus obtain



30

from (6.1) that

A Ju|?de
By

< /é)Bn (a(az)(Dug, T — o) +
1

- | (et Duf = S = Q) (e - ).
' (6.2)

N =2

a(aj)u5> Du.n;

Now we decompose 9B,, into

0B, = 0;B, U 0.B,,

where 0;B,, = 0B,, N ) and 0.B,, = 0B,, N 0f).
Noting u,, = 0 on 0¢2, we find

N =2

/GeBn (a(a:)<Du€7 r — o) +

1 1 1
[ (el - ot = Q)

1
:—/ a(z)| Du,|*(n, z — x4) <0,
2 Jo.B,

a(az)ug) Diu.n;

(6.3)



31

So, we can rewrite (6.2) as

A Jup|? de
By,
N —2
g/ (a(:c)(Dug,:c—x()}—l— a(x)ug)Diugni
9;Bn
| (Ga@IDup - 332 = Q) n.z -
— —a(x)|Du.l® — =\uz — x)|u. n,r — o).
0;By 2 2" r-e 0

(6.4)

Now we consider case (ii).
By Proposition 5.4 and (Cs), we obtain

[, (patwhe = zopul] + | | (DQw).z —alud

=0(IDa(w,)lo, + |Da(w, o, 2 + | D¥a(w,) o™ + o)

+0(IDQ()lo + 1D Q)0 + [D*Q(a,) o™ + o)

—O( —1=a —(N-2)(1-a) —4a>
= On + 0, +o0 .

n

(6.5)
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As a result, we can rewrite (6.2) as

A Ju,|?de
By,
N -2
< / (a(:c)(Dug, T — x0) + a(x)ug) Diucn;
0; Bn 2

1 1
o = D 52—— 2 _ 52 € .
/(9iBn<2a(96)‘ U | 2)\1&5 o 8Q( x)|u.| )(n,x o)

(6.6)

So, we have proved that in both cases, we always have

A Jug P de
By,

< /aB (ala) (Dt — ) + =2

CL(SIZ’)’U,g) Diugnl'

o = D 52—— 2 _ 62 € o
/@Bn(Qa(aj)‘ U | 2)\1&5 > 6Q( x)|u.| )(n,x 20)

(6.7)
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Using Corollary 4.4, noting that |z — xo| < Co,  for x € 0,B,,
we see

N -2
/ (a(a:)<Du5, r — o) + a(az)ug) Du-n;
8; By 2

o = D e 2 2w — . 2—5) .
/@Bn(Qa(x)‘ Ue | 2>\uE o 8Q(:z:)\u 272 ) (n, x — x0)

§Cano‘/ (\un\2*€+ui+\puny2)da+0/ | Duy ||| do

SO(OT:NQ_QHOQ) +O_;(N—2)+(N—4)a_|_0_—(N—2)(1—a)>

:O (O'T:(N_2>(1_Oé)) :

which, together with (6.7), implies

T

|up|? dz < 40 (0;%3 + o, VD) 0_40‘). (6.9)

n n

By,

Since
u, | dow > o,
B,

for some ¢ > 0, we obtain from (6.9),

PN
0.2 < C(Un T 4 g, (VD) 07;4O‘>. (6.10)
Choose a = % — 6, where 6 > 0 is a small constant. Then

a > %, since N > 7. So, we have

4o > 2, (N =2)(1 —a) > 2.
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Moreover, from

v 2> min <min(m<x0> — 2, a(xo) = 2))7

€S m(zg) — 1" q(xg) — 1
and SN — 9
iglé%(min(m(azo), q(:c()))) > —(N __4)7
we deduce A
> —.
TN
S0,
9 _
fyoz > 2.
1 =7
Thus, (6.10) is a contradiction. So, we have proved Theorem 2.5.

[]

Proof of Theorem 2.6. As pointed out in the introduction, by
the result of Ambrosetti and Rabinowitz [1], for any given positive
integer k and ¢ > 0 small, (2.4) has a solution uj . such that
I(ug:) = ¢ and ¢ . — +00 as k — +oo independent of €
small. From Theorem 2.5 we can choose subsequence {uy, ., } such
that uy, ., — wuy strongly in Hg(Q) for some uy, and ¢ o, — cx. ug
is a solution of (2.1) and Iy(ug) = cx. Since ¢ goes to oo we get
infinitely many solutions.

[]



[1]
2]

[3]

[21]
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