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1. Introduction

e Professor S.S.Chern said that it is very sorry that the ancient
Chinese can not discover the complex number.
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1. Introduction

e Professor S.S.Chern said that it is very sorry that the ancient
Chinese can not discover the complex number.

e Complex Finsler manifolds are complex manifolds with com-
plex Finsler metrics, which are more general than Hermitian
metrics.

e In [4] S.Kobayashi gave two good reasons for considering
complex Finsler structures in a complex manifold. One is
that every hyperbolic complex manifold M carries a natural
complex Finsler metric in a broad sense. The second rea-
son is as differential geometric tool in the study of complex
vector bundles.

e There are many very famous classical metrics on the Te-
ichmiiller and the moduli spaces, among which there are
three complex Finsler metrics: Teichmiiller metric; Caratheodory e
metric; and Kobayashi metric. M

e Recently, J.-G. Cao and Pit-Mann Wong ([1]) studied Finsler e
geometry of projective vector bundle and proposed the fol- e
lowing question: Suppose that M is a Kahler manifold and UL
E is a holomorphic vector bundle over M. Is E Kahler? cose |

They gave some partial results and showed some equivalent

conditions for F to be Kahler. Quit |
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e Let E be a holomorphic vector bundle of rank r over a com-
plex manifold M of complex dimension n with the natural
projection . We denote a point of E by (z,v), where z rep-
resents a point of M and v is a vector in the fibre E, = 7 1(2)

of F over z € M. Let o: M — FE be the zero section of F
and set £° = E'\ {o}.
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e Let E be a holomorphic vector bundle of rank r over a com-
plex manifold M of complex dimension n with the natural
projection . We denote a point of E by (z,v), where z rep-
resents a point of M and v is a vector in the fibre E, = 7 1(2)

of F over z € M. Let o: M — FE be the zero section of F
and set £° = E'\ {o}.

e Definition. A complex Finsler metric on E is a real function
G : E — R which satisfies the following conditions:
(1) G(z,v) > 0, where the equality holds if and only if v = 0;
(2) G € C*(E"°), that is, G is smooth in E;
(3) G(z, \) =| A |2 G(z,v) for all (2,v) € E, A € C\ {0}.
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e Let E be a holomorphic vector bundle of rank r over a com-
plex manifold M of complex dimension n with the natural
projection . We denote a point of E by (z,v), where z rep-
resents a point of M and v is a vector in the fibre E, = 7 1(2)

of K over 2z € M. Let o: M — E be the zero section of F
and set £° = E'\ {o}.

2
e Definition. A complex Finsler metric on E is a real function j
G : EF — R which satisfies the following conditions:
(1) G(2z,v) > 0, where the equality holds if and only if v = 0;
(2) G € C’OO(EO) that is, G is smooth in E°; Home Page |
(3) G(z, W) =| X |2 G(z,v) for all (2,v) € E, A € C\ {0}.
| |

e Theorem(Shen-Du,[6]). Let (M, G) be a complex Finsler

manifold of dimension n and T'M its holomorphic tan- ﬁL'
gent bundle. Then the Hermitian metric

| >

hru = Giz(2,v)dz' ® dZ° + Gi5(z,v)00" @ 607 P |

on 7'M is Kahlerian if and only if (M, G) is a Kahler Gotok |

manifold With zero holomorphic sectional curvature,

WheI‘e G = 07)%91)37 1 < Z ]7 S M Full Screen |

° Moreover, we shall consider complex Randers met- Cose |

rics. |
Quit
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2. Hermitian Metrics

o Let (2,v) = (21,--+ , 2" v, .-+ 0") be alocal coordinate sys-
tem for E. A complex Finsler metric G on FE is said to be
strongly pseudo-convex if the complex Hessian

PG
(S (awam)

of G is positively definite on E°. In particular, if G(z,v) =
h;;(2)v'?’ is a Hermitian metric on E, then G(z,v) defines a
strongly pseudo-convex Finsler metric on F.

1§&7/67"'§n; 1§’L,],k,§7’
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strongly pseudo-convex if the complex Hessian

PG
(S (awam)

of G is positively definite on E°. In particular, if G(z,v) =
h;;(2)v'?’ is a Hermitian metric on E, then G(z,v) defines a
strongly pseudo-convex Finsler metric on F.

1§047/67"'§n; 1§’L,],k,§7’

e Introduce the following notations:

0G oG 092G
R o Ci T suau
oG o 892G 8Gi3

N G e =——, Giz=—2 eic,
T gpa’ BT gEB T T guigze P 98

G



http://cn.imu.edu.cn

2.

Hermitian Metrics

o Let (z,v) = (2%,-++, 2", vt .-+ ,0") be alocal coordinate sys-
tem for E. A complex Finsler metric G on FE is said to be
strongly pseudo-convex if the complex Hessian

PG
(S (amam)

of G is positively definite on E°. In particular, if G(z,v) =
h;;(z)v'?’ is a Hermitian metric on E, then G(z,v) defines a
strongly pseudo-convex Finsler metric on F.

I G- - < n; 1 <9,k N
e Introduce the following notations:
oG oG BG

it = Ton 7 = =AY Gid':'—_'a

< vt & oV’ I Qv Ov

oG oG 0*G oG
= — 7 S\ L3 T T 7,8 = A= CtC.,
G 0z%’ G 0z8’ G Ovidz Giz.p PR

e In particular, we can take & = T'M, the holomorphic tangent
bundle of M, so that r = n.
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e Suppose that a strongly pseudoconvex complex Finsler met-
ric G(z,v) is given on TM. The pair (M,G) is called a
complex Finsler manifold. Let M = TM \ {0} denote TM
without the zero section. {-Z, 2% }(1 <4,j < n) give a local
frame field of the holomorphic tangent bundle TM of M.
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e Suppose that a strongly pseudoconvex complex Finsler met-
ric G(z,v) is given on TM. The pair (M,G) is called a
complex Finsler manifold. Let M = TM \ {o} denote TM
without the zero section. {02“ % (1 <i,7 <n) give a local

frame field of the holomorphic tangent bundle TM of M.

o Let 7 : TM — M denote the holomorphic tangent bundle of

M. Then the differential dr : T°M — T°M of 7: M — M
defines the vertical bundle V over M by

1

3
V = kerdr N TM, __tomePose_|
e |

which yields a holomorphic vector bundle of rank n over M.
A local frame field of V is given by {55}(1 < j < n), and a «| »
natural section ¢ : M — V, called the radial vertical field, is

well-defined for (z,v) € M by R
;. 8 > a Page 7 of 23
() = v (55):) = V' (575)e-
az 8U Go Back
Associated with GG, we now define a Hermite metric on the

Vertical bundle V by Full Screen

Close
where (z,v) € M and X,Y € V, N7 (z,v). Quit
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e Let D : (V) — I'(T*°M ® V) be the Hermitian connection
of the Hermitian vector bundle (V, <, >), where I'(-) denotes

the space of smooth sections. Let V denote the covariant
differentiation defined by D, and define a bundle map A :

7:]\;[ — V by A(X) = Vxt. The horizontal bundle H over
M is then defined by ‘H = ker A, which is the subbundle of

TM consisting of vectors with respect to which ¢ is parallel.
Then it is verified that

TM =V ®H

and a natural local frame field {5}, (1 < i < n) of H is
given by

J 0 0 - T GG
= % == 7 . NZ N \ TN \ 2o
e O * Qud’ = G 0071
Thus we get a local frame field {%, %}, (1<i<n)of TM.

Let {dz',6v'} denote the dual frame field of {5, %}, where
6v' = dv' + N;dzj.
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e Associated with the decomposition TM = V @ H, we have
the horizontal map © : V — H given locally by @(%) = %

for 1 <i < n, and a natural section
x=0o01: M —H,
called the radial horizontal field, such that
.0 )

7

X (9zi) ~ Ve
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e Associated with the decomposition TM = V @ H, we have
the horizontal map © : V — H given locally by @(%) = %

for 1 <i < n, and a natural section
x=0o01: M —H,
called the radial horizontal field, such that
.0 )

7

X 8zi) ~ Vo

e Using the horizontal map © : V — H, we can transfer the
Hermitian metric <,> on V to ‘H by setting

R - < O (X), 0 ()

where (z,v) € ]\Z[,X, Y € H,N#1(2,v). Then a Hermitian
metric hpyr on M canonically associated with G is defined
by requiring H to be orthogonal to V, so that © : V — 'H

and x : M — H are isometric embeddings. hpys is given in
local coordinates by

hon = Gi5(2,v)dz' ® dz7 + Gi5(z,v)00" @ 607 (2l
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3. Holomorphic Curvature

e Then the connection form w = (w!) of the Hermitian con-

‘7 ~
nection D of the Hermitian vector bundle (M, hyyy) is given
by ,
wh = GMOG; = T'dz” + vl dv”, (3.1)
where
_ o oG ;1 _ o oG 1
07k 8vk
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3. Holomorphic Curvature

e Then the connection form w = (w%) of the Hermitian con-

nection D of the Hermitian vector bundle (M ,hrar) is given
by

wi = GMIG,; = Ddet e (3.1)
where
_ %G G
07k 8vk

e The curvature form Q = (€) of its curvature R = D o D is
given by Q = (€) = (dw}), which can be written as

O = Klyd2® NdZ 4 i d 2" A A+ 0% dv® AdZ 475 dv® AdT

where , .
FIE A\ GRS
it S N ikl = — 31
> 0
i 37§k AN _87§k

Okl S T S BTN
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: S0 N L o
o Setting k5 = Gy and 750" = G715, we have
L. mpbd | . hpey _ Ul
kigV'V = (=G i+ GG iGai, b)V'D

= —G u+G"G, Gy 1, (3.2)

EREBRAS L =
TijklV = HijriV = O45kV = 0.
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e Setting k5 = Ghjli?kl— and Tijkflji = GthZLl—, we have
k' = (=G, 5+ GGy, 1Gpi, k)V'D
= —G u+G"G, Gy 1, (3.2)
TV = Wgev" = o500 = 0.
e Corresponding to the decomposition 7 M =V & H, The
differential operator d on functions is decomposed as d =

dy + dy. We also decompose dy and dy into (1,0)-part and
(0,1)-part as

dy = Ox + 57-(, and dy = Oy + év, (3.3)

respectively, where we put Oy f = %dzi, of = %(Yvi for a
C* function f(z,v) on TM.
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e Definition. Let (M,G) be a complex Finsler manifold.
The fundamental form associated with G is

® = V—1G;d2" A dZ’

which is a real (1,1)-form on M. (M,G) is called a Finsler-
Kahler manifold if dy® = 0.

It is equivalent to
i i
ik = L kg
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e Definition. Let (M,G) be a complex Finsler manifold.
The fundamental form associated with G is

® = V—1G;d2" A dZ’

which is a real (1,1)-form on M. (M,G) is called a Finsler-
Kahler manifold if dy® = 0.

It is equivalent to . .
;’k N Z-j-
e Definition. Let (M,G) be a complex Finsler manifold.
The holomorphic curvature K(z,v) of G along v is given by

A2z, )¢

K(z,v) (3.4)

where A\
%’j = GV, Nj N G, ij
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e Lemma. For the non-linear connection N; we have the
following formulas:

ON?
(1) 81_)-7 AR 07
8Np
(2) 82’] wm)
ON? ON?
(3) B —ms Gpi = EhT -5 G
(4) Np5Gp] 0G5 N _Np(SGpj 0G5

kg2l 5zl Lok Szk
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e Lemma. For the non-linear connection N; we have the
following formulas:

ON?
(1) 81_)-7 p = 07
8Np
(2) 82’] wzy
ON? ON?
(3) B —ms Gpi = EhT -5 G
0G,; 0G5 0G,: 0G:
PP Bk L ArDESRE J, !
A 52! 6zt ¢ 52k dzk

e Proof. A straightforward calculation can prove the lemma.
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4. Proof of Main Theorem

e The sufficiency of the theorem follows directly from Corollary
2.3 of [1]. In the following, we prove the necessity of the
theorem.
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4.

Proof of Main Theorem

e The sufficiency of the theorem follows directly from Corollary
2.3 of [1]. In the following, we prove the necessity of the
theorem.

e Let w be the fundamental 2-form of the Hermitian metric
hrar, that is, w is defined by

w(X, Y) = hT]\,j(X, JY),

forX,Y € T°(T'M). In a local coordinate system for T'M,
w can be expressed as

s G2, v)dz' A dF — V1G5 )0V’ A 67,
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4. Proof of Main Theorem

e The sufficiency of the theorem follows directly from Corollary

2.3 of [1]. In the following, we prove the necessity of the
theorem.

e Let w be the fundamental 2-form of the Hermitian metric
hrar, that is, w is defined by

w(X,Y) = hya (0 N

forX,Y € T°(T'M). In a local coordinate system for T'M,
w can be expressed as

s G2, v)dz' A dF — V1G5 )0V’ A 67,

e Taking exterior differentiation of w, we have

dw = (—V=1){dGy Adz' AdZ’ +dG; NS0’ A 60

+Gd(0v') A 6T — G0v' A d(577)}
= (== +II+1II—1III)
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e Calculating all of the terms one by one, we obtain

0G5 oG . .
I = Jd,z ANdZPAdF + =LdzE A dZt A dF
2k dzk
+ai’?ldz’“ AdZ A S + ai_’?l_dz’“ Adz A 67,
ov’ ov)
0G = 0@
e J i J
5ok “Z 9 dk A St A ST - S5k ——Yqzk A Svt A 6.
5G 0G. =
[IT = NP—2LdzF A dZ' A 607 + NP—ZLdzF A G A 607
67 ovt
6G

8G : ]
kg A dE A ST — R gk A Sut A ST,
52 ou'
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e Calculating all of the terms one by one, we obtain

6G; Yer . .
I Jd,z AdZt AdZF + —2LdzF A d2P A dF
Ozk ozk

+8£’?ldzk Adz A Sv) + ai_’?l_dz’“ AdZ A 6.
ovJ ov’

5G3 0
7 ] ’L] ]
A — 5ok i RN YO A 0v) + = “ Y dzk A St A ST

0G, =
ki PI a2k A d7 Aévj—l—N,famdz A SVt A 0D

5G 0G : ]
kg A dE A ST — R gk A Sut A ST,
52 ov'

e Therefore, the coefficient of (—y/—1)dz* A dv' A 607 in dw is
0G; ) oG \ 0G;
o2k L v’

0G,;
II11 = N2

= 0.

e Correspondingly, the coefficient of (—+v/—1)dz* A dv' A 697 is
also 0.
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0 ONy .
e We know that ﬁ( 55 ») = 0, from which it follows that
zl* Ov ,
the coefficient of (—v/—1)dz" A dz! A 597 is

oOvJ k53l oz~ 9n | Aaw

e Hence, the coefficient of (—v/—1)dz* A dz! A 507 is

0Gy; N\ Oy
ovi ovd -
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o ON?

e We know that —( G)p) = 0, from which it follows that
0z Ovd

the coefficient of (—v/—1)dz" A dz! A 597 is
8le_ péGpj N 6G3, k N 3le ’lp
goi Tk 5zl 6z ) v

e Hence, the coefficient of (—v/—1)dz* A dz! A 507 is

0Gy; N\ Oy
ovi ovd -

e If hpys is a Kahler metric, then we have dw = 0, so that

0G; 0G5

¢ i ) AN

g — L N e S5k —Jdz" Adz' A dF =0, (4.1)
o S AN 0, S R AR 0, (4.2)

which implies that M is a Finsler-Kahler manifold.
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e By the definition of 1;, one can check easily that 1,; have
the same homogeneity as GG, that is ,

V(2 Av) = Apy(z,v), VA e C

Therefore, we have

o7
ooV = i (4.3)
from which we obtain
WU = 0, a@j v = 0 (44)
Thus, we obtain
Y = 0. (4.5)

Page 17 of 23
Go Back
Full Screen
Close
Quit
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e By the definition of 1;, one can check easily that 1,; have
the same homogeneity as GG, that is ,

V(2 Av) = Ahy(z,v), VA e C

Therefore, we have

oV
ooV = i (4.3)
from which we obtain
505 U = 0, 575 U = 0. (4.4)
Thus, we obtain

e Substituting (5.5) into (5.2) yields that
0Gu _ 4 9Gu

ovJ T Ol

which implies that (M, G) is a Hermitian manifold. Then,
by (5.1), we see that (M,G) is a Kéhler manifold. From

(3.4) and (5.5) we know the holomorphic curvature K of M
is zero, and the proof of the main Theorem is completed.

Page 17 of 23
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5.

Complex Randers metrics

e Let M be a complex manifold of complex dimension n, and
be a Hermitian metric on M. Suppose that

is a holomorphic 1-form on M.

Set
F=a+e\/B8=a+¢€s, (5.1)
where
_ { 1, for B #0,
€=0, for B =0.
e Definition. The metrics

G := F? = o 4 2ea|0| + €| 8> (5.2)

are called complex Randers metrics.

A W N =
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5.

Complex Randers metrics

e Let M be a complex manifold of complex dimension n, and
be a Hermitian metric on M. Suppose that
is a holomorphic 1-form on M.

Set
F=a+e/B0=a+¢f] (5.1)
where
_ { 1, for B #0,
€=0, for B =0.
e Definition. The metrics

G := F? = o® + 2ea|p| + €8] (5.2)
are called complex Randers metrics.
e [t is easy to see that
F F

G5 = —hg+ oo el G G, (5.3)

where
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0:t5,

1
2002

a.iaz = 2048104 = a;

ij

hlj = Q.

2.
3
S
I
kb]
.],
E

I

Ei:
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hi = a; — 2a2

— 802 = 2000 — a-T. b — &0l

L BlallBR +18) 5 o®

ji py
¢ F Gy F*ybb]
_i R,,01] i~
Fv(ﬂv b+ pY'Y), (5.4)
L (F\" e
det(G””‘(a) 2alg] ! &-2)
where

7= G +a’(||Blla — 1).
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h —til;,

J 2a2

v, b= 00’

J J

ij = Qi

A2 N
b = 0ia” = 2a0;a = ay;

|ﬁ|(04||ﬁ||2 +16D i @
F Gy Fr

& 5T 1
~ - (B + b ), (54)

G by

det(G,-;):(§>n2§|Yﬁ| b(as), (5.5)

where

v:=G+ (I8l — 1)

e Hence, G is strongly pseudo-convex if

G > (1= ||B()I[2).
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e For the complex Randers metric, the coefficients of the Chern-
Finsler connection are

k 2
Ni= °Niy (ékab b Ob ’“>+ b abk , (5.6)

J 021  2|B| 0z 2|B|
where
i = But 4 o2 apni . kiaazkvl
n: ) J 827 )
) 219 S 208
i sag 4 2elIBIBH2AB) s 20t

v v
Qo0 . o

—Z2(Buib + Bbie).
>

e From this we can calculus the holomorphic curvature of the
complex Randers metric. It is a technical computation which
involves a lot of long-winded calculus. So, we will not dwell
too much on it.

A W N =
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6. Problems

e Question 1. Construct complex Randers metrics with con-
stant holomorphic curvature.
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6.

Problems

e Question 1. Construct complex Randers metrics with con-
stant holomorphic curvature.

e Question 2. Consider the relation between the Kobayashi
metric and the complex Randers metric with constant nega-
tive holomorphic curvature.
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6.

Problems

e Question 1. Construct complex Randers metrics with con-
stant holomorphic curvature.

e Question 2. Consider the relation between the Kobayashi
metric and the complex Randers metric with constant nega-
tive holomorphic curvature.

e Question 3. Consider complex projectively flat Randers
metrics with constant holomorphic curvature.

A W N =

.
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