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Abstract. This lecture series consists of two parts. The first part is on Stein’s method. In
contrast to the traditional method of characteristic function, Stein in 1972 introduced a totally new
method to determine the accuracy of the normal approximation. The method works well not only
for independent random variables but also for dependent variables. Stein’s ideas have been extended
beyond normal approximation and applied to problems in other areas. In these lectures, we focus on
univariate normal approximation with emphasis on the main ideas behind the method. The second
part is about the self-normalized limit theorems. The normalizing constants in classical limit
theorems are usually sequences of real numbers. Moment conditions or other related assumptions
are necessary and sufficient for many classical limit theorems. However, the situation becomes very
different when the normalizing constants are sequences of random variables. A self-normalized large
deviation holds without any moment conditions. A self-normalized law of the iterated logarithm
remains valid for all distributions in the domain of attraction of a normal or stable law. This reveals
that the self-normalization preserves much better properties than deterministic normalization does.
We shall briefly review recent development on the self-normalized limit theorems and show how

Stein’s method can be used to recover some of the results.
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Part 1. Stein’s Method (based on Chen and Shao (2005))

1 Introduction

Let X1, Xo, -+, X, be independent random variables with zero means and finite variances. Put

Sy = Zn:Xi and B2 = iEXf.
i=1 =1

It is well-known that if the Lindeberg condition

n -

1 &
Ve>0, ?ZEX'?I{‘XZ">EB”} —0asn— oo (1.1)
i=1

is satisfied, then

% %, N(0,1).

n

Furthermore, if F|X;|? < oo, then we have the uniform Berry-Esseen inequality
S n
sup yp(i < z) ~B(2)| < CoB* Y EBIX,P (1.2)
z Bn i=1
and the non-uniform Berry-Esseen inequality

S, PR
¥ ze R |P(B— < z) —3(2)| < L+ |2) B Y EIXGP, (1.3)
=1

n

where ®(z) is the standard normal distribution function, and both Cjy and C} are absolute constants.
One can take Cyp = 0.7975 [van Beeck (1972)] and Cy = 114.7 for independent random variables
[Paditz (1977)] and C; = 30.54 for i.i.d. random variables [Michel (1988)] . The standard proof of
Berry-Esseen inequalities is based on the method of characteristic function or the Fourier transform,
which works well for independent random variables although it is already very complicated. A
totally new method of normal approximation was introduced by Stein in 1972. Stein’s method is
striking. It works well not only for independent random variables but also for dependent variables.
Stein’s ideas can be also applied to many other probability approximations, notably to Poisson,
Poisson process, compound Poisson and binomial approximations.

In the first part of this lecture series, we shall give an overview of the use of the Stein method for
normal approximation. We start with basic results on the Stein equations and their solutions and
then prove several classical limit theorems to illustrate the beauty of the Stein method. The focus

will be on the ideas behind different approaches such as the concentration inequality approach,



induction approach and exchangeable pair approach. We shall present a totally self-contained
proof for (1.2) and (1.3) via Stein’s method. The second part will focus on the self-normalized limit
theorems. In contrast to the classical limit theorems, the self-normalized limit theorems remain
valid under much less moment conditions than those in the classical limit theorems. We shall briefly
review recent developments in this area and especially, use Stein’s method to recover the Cramér

type self-normalized moderate deviations.

2 Stein’s method

2.1 The Stein equation

Let Z be a standard normally distributed random variable and let Cyq be the set of continuous and
piecewise continuously differentiable functions f : R — R with E|f'(Z)| < oco. Stein’s method

rests on the following observation.

Lemma 2.1 Let W be a real valued random variable. Then W has a standard normal distribution

it is necessary and sufficient that for all f € Cpq

Ef'(W)=EW f(W). (2.1)

Proof. Necessity. If W has a standard normal distribution, then for f € Cyq

BIOWV) = = [ e
_ W/ F(w /w( r)e i) du
Vot / (w / :Ue_x2/2dx>dw
_ \/%/_oo /xf’(w)dw ) (—a)e " da
+\/1277 /OOO </0x [ (w)dw ) e d

- b - x) — ze 24y
= = [ @)= s
= EWf(W).

Sufficiency. For fixed z € RY, let f(w) := f.(w) be the solution of the following equation

f/(w) - wf(w) - I{wgz} - @(z) (22)



Multiplying by e~%"/2 on both sides of (2.2) yields
(725 (w)) = 12 (Ipuesy — 2(2)
Thus,
folw) = e / ey — @) P

_ et / Tiaesy — ()l 2dz

B { V2re 2o (w)[1 — ®(2)]  ifw < z,

2 (2.3)
2meV 2B(2)[1 — d(w)]  ifw > 2.

By Lemma 2.2 below, the solution f, above is a bounded continuous and piecewise continuously

differentiable function. Suppose that (2.1) holds for all f € Cpq. Then it holds for f,. By (2.2)

0= E[fL(W) = W £.(W)] = Ellgy<y — 8(2)] = P(W < 2) — (2).

z

Thus, W has a standard normal distribution. [J

Equation (2.2) is called the Stein equation. In general, for a real valued measurable function h

with E|h(Z)| < oo, the Stein equation refers to
fl(w) = wf(w) = h(w) — EMZ). (2.4)
Clearly, if h(w) = If,<.}, (2.4) reduces to (2.2). Similar to (2.3), the solution f = f}, is given by
f(w) = w2 / " h(z) — Bh(Z))e"2da

—ew*/? / Oo[h(a:) — Eh(Z)]e " ?da. (2.5)

2.2 Properties of solutions to the Stein equations

In this subsection we study basic properties of solutions to the Stein equations (2.3) and (2.5).

First, we consider the solution f, to (2.3).

Lemma 2.2 For the function f, defined by (2.3) we have
wf,(w) is an increasing function of w, (2.6)

lwf(w)] <1, |wfz(w) —uf.(u) <1 (2.7)



[fo(w)] <1, [fi(w) = fi(v)] <1 (2.8)
0 < f2(w) < min(v27/4,1/|z|) (2.9)

and

(w4 ) fo(w + u) — (w+ ) fo(w + )| < (Jw] + V27 /4)(Ju] + |v]) (2.10)

for all real w, u, and v.
Next, we discuss the solution fj, for bounded absolutely continuous function h.

Lemma 2.3 For absolutely continuous function h: R — R

sUp | fr(w)] < min (y/7/2 sup |h(w) — ER(Z)], 2sup |1 (w)]), (2.11)
sup | f(w)] < min (2sup [h(w) — ER(Z)], 4sup |} (w)) (2.12)

and
sup | f(w)] < 2sup 1 (w)| (2.13)

Proofs of Lemmas 2.2 and 2.3 are given in the Appendix.

2.3 The main idea of the Stein approach

The Stein equation(2.4) is the starting point for normal approximations. To illustrate the main
idea of this approach, let &1, &s, - -+, €, be independent random variables satisfying E¢; = 0 for each
1<i<nand Y " K F& =1. Put

W= Z&'a WO =w —¢ (2.14)
=1
and
Ki(t) = E&G(Tjo<i<e,y — Lig<i<o})- (2.15)

It is easy to see that K;(t) > 0 for all real ¢,

/Oo K;(t)dt = F€? and /OO |t| K (t)dt = E|&]|3/2. (2.16)

Let h be a measurable function with E|h(Z)| < oo, and f = f3, be the solution of the Stein equation

(2.4). Our goal is to estimate

Eh(W) — ER(Z) = Ef (W) — EW f(W).



Since &; and W@ are independent and F¢; = 0 for each 1 < ¢ < n, we have

EWfW) = Y E&f(W)

— ZE/ F WO 1+ 0)K;(t)dt. (2.17)

From . .
Z/ Ki(t)dt =Y E¢ =1,
i=17 7 i=1

it follows that

Ef' (W) = ZE/OO f(W)K;(t)dt. (2.18)
i=1 -
Thus, by (2.17) and (2.18)
Ef'(W)—EW f(W) = ZE/OO [F/(W) = /(WD 4 0)]K;(t)dt. (2.19)
i=1 o

Equations (2.17) and (2.19) play a key role in proving a Berry-Esseen type inequality. We

remark that it holds for all bounded absolute continuous f. Let

V=Y B 220
=1

2.4 Expectation of smooth functions

Equation (2.19) is ready to drive a Berry-Esseen type bound for smooth function h.

Theorem 2.1 Let &1,&,- -+, &, be independent random variables satisfying E& = 0, E|&]? < oo
for each 1 < i <mn and >, E¢2 = 1. Then for any absolutely continuous function h satisfying
sup, |1/ (z)] < 1

|ER(W) — Eh(Z)| < 3¢y Zn: E|&)3. (2.21)
=1



In particular, we have
2 n
EWI- 21 <53 Ble
i=1

Proof. It follows from (2.13) that |f;'| < 2¢i. Therefore, by (2.19) and the mean value theorem

BRW) - EWA(W) < OB /°° L) — SV 4 1)Kot
i=1 -

IN

20 3 [ (t+ 6K )
i=1 >
= 201 ) (Bl&l*/2 + E|&GIES))
i=1

n
< 3e1 Y ElGP. (2.22)
=1

We note that it is not necessary to assume the existence of finite third moments in Theorem

2.1.

Theorem 2.2 Let £1,&s,- -+, &, be independent random wvariables satisfying E& = 0 for each 1 <
i<nand Y. B =1. Let h be absolutely continuous with |h'| < c1. Then

|ER(W) — ER(Z)| < 4c1(452 + 303), (2.23)

where . i
P2 = ZEQZI{I&IN} and f33 = Z E|& | e, <1y (2.24)

i=1 i=1

Proof. Observing from (2.12) and (2.13) that
W) = fr WD +0)] < min(8er,2er(|t] + &) < 8ea(Jt] AL+ [&] A1),
where a A b denotes min(a, b), we have by (2.19)

|[ER(W) — Eh(Z)]

< SClzn:E/Oo(\t\A1+y§m1)f<,~(t)dt
=)
- 82 (Blél&] ~ DIge sy + 5 BlGlE] AL + BEE(&I A1)
= 80122 (E§?I{|gi\>1} - %Eléi!f{\gi|>1} + %E‘§i|31{\§i|51} + BEE(&] A 1))
< 8c1{62+;ﬂ3+zn:E§i2E(|§i]/\l)}. (2.25)
pa

6



We need the following fact: for any random variable £
EEE(|¢| A1) < BIEP Ijgi<ty + BE Ijgi>1y.- (2.26)
To see this, let 7 be an independent copy of €. It is easy to verify that

E(Inl A1) +n? (1€l A1) < 1EPIe<ay + InPIni<ay + 1€ Tgms1y + 0P Ins13-

Taking expectation on both sides yields (2.26).
Now (2.23) follows from (2.25) - (2.26). O

Remark 2.1 If h is bounded by cq, then the bound in (2.23) can be replaced by max(c1,4(co A
c1))(452 + 353).

2.5 The Lindeberg central limit theorem

Since an indicator function is not continuous, unfortunately, Theorem (2.2) does not give a sharp
Berry-Esseen bound directly. However, one can use a bounded absolutely continuous function to
approximate the indicator function and then apply Theorem 2.2 to obtain a weak version of the

Berry-Esseen bound which is good enough to recover the Lindebderg central limit theorem.

Theorem 2.3 Let £1,&s,- -+, &, be independent random wvariables satisfying E& = 0 for each 1 <
i<nand " E& =1. Then

sup [P(W < z) — ®(2)] < 2.2(46, + 3033)"/?, (2.27)
where By and (3 are defined in (2.24).

Proof. We can assume that (43, 4+ 303)"/2 < 1/2. Otherwise, (2.27) is trivial. Let o =
0.5(4832 + 333)"/2, and define for fixed 2

1 ifw < z,
ha(w)=1<¢ 0 ifw>z+a,

linear ifz<w<z+oa.

It is easy to see that |h| <1, |h/| < 1/a. By Remark 2.1 and the assumption o < 1/4, we have

|Eha(W) = Eha(Z)| < max(4,1/a)(402 + 303) < (462 + 303)/cx (2.28)



and hence

P(W <2)=®(2) < Eho(W) = Eho(Z)+ Eha(Z) — ®(2Z)
< (4ﬂ2 + 3ﬂ3)/a + EI{z<Z§z+a}
< (452 +306s)/a + f < 2.2(4B + 383) V2. (2:29)
Similarly, we have
P(W < 2) — ®(z) > —2.2(40 + 3033) /2. (2.30)

This proves (2.27), by (2.29) and (2.30). O

Although Theorem 2.3 does not give a sharp Berry-Esseen bound, it does provide a self-

contained proof for the central limit theorem under Lindeberg’s condition.

Let X1, Xo,---, X, be independent random variables with FX; = 0 and EXz-2 < oo for each
1 <i<n. Put

S, _ZX and B2 = ZEXZ.

=1

To apply Theorem 2.3, let

& = Xi/B, and W = S, /B,. (2.31)
Observe that for any 0 < e < 1
1 — 1 —
B2+ B3 = B2 Z Xz‘QI{|XZ-|>Bn} + 53 ZE|X1|3I{|X,-|§B,L}
i i=1 n o=
n n
< ZEX Hixi>B.y T 53 ZBnEXff{angwxiwssn}
i—1 By =
‘f‘ﬁ Z 5BTLEX1'2[{\X¢\<EB“}
< et Z EXPI{|x,><B,}- (2.32)

If Lindeberg’s condition (1.1) is satisfied, then (2.32) implies B2 + 3 — 0 as n — oo since ¢ is
arbitrary. This shows

sup |P(S, /B, < z) —®(z)| > 0asn — oo

by Theorem 2.3.



2.6 Converse to the Lindeberg-Feller theorem

Let X1, Xs,--+, X, be independent random variables with EX; = 0 and EX? < oo for each

1 < ¢ <n. The notation is as in Section 2.5. It is known that if the Feller condition is satisfied

max FX?/B2 — 0, (2.33)

1<i<n
then Lindebderg’s condition is necessary for the central limit theorem. Stein’s method can provide

a nice proof for the necessity.

Theorem 2.4 Let £1,&0, -+, &, be independent random variables satisfying E&; = 0 for each 1 <
i<nand ), Eﬁf = 1. Then there exists an absolute constant C such that for all € > 0
n n
(1= e M) Y B e ey < C(sup [P(W < 2) = (=) + Y (BE)?). (2.34)
i=1 z i=1
Now for the sequence of independent random variables {Xj;,7 > 1}, recall §; = X;/B,,. Clearly,
Feller’s condition (2.33) implies that Y"1 | (F¢2)? < maxj<i<, B — 0 as n — oo. Therefore, if
Sn/ By, is asymptotically normal, then
n
> B e 5y — 0
i=1

as n — oo for every € > 0, or the Lindeberg condition is satisfied.

Proof of Theorem 2.4. Let f(w) = we=*"/? and h(w) = f'(w) — wf(w). Put

c1 =/ | (w)|dw, cg =sup|f"(w)], c3 :/

—00 —0o0

o0

|f" (w)|dw, A =sup|P(W < z) — ®(2)].

Numerical computation gives ¢; < 5,¢co = 3,¢c3 < 4.

Since Eh(Z) =0 by (2.1), we have
|ER(W)| = |ER(W) — Eh(Z)| = ]/_OO R (w){P(W < w) — ®(w) }dw| < c1A. (2.35)

Furthermore with o? = F¢?

Eh(W) = Y E(@if/(W9D+&) - &rw +¢))
i=1

= Y REG WO ) - f W) - g (W)
=1

- Z E(éz‘{f(W(i) +&) — f(W(i)) — &f’(W(i))})

=1

~0.5c2 Y o} + Ry, (2.36)
=1

v



where

Ry = - EE{fWD +&) — f(WO) — &' (W)}
i=1

Let W*, Z and {;,1 < i < n} be independent, where W* and W have the same distribution and

Z has the standard normal distribution. Put

Ry = =Y EE{f(W*+&) — (W) =&f'(WH)}),

i=1

Ry = =Y BE{f(Z+&) - 1(2)-&l'(2)}).

i=1

We shall prove that Ry can be approximated by Rs and eventually by Rs3. Note that
n 1
Re = SoB{E [ 1m0 i) - FovO)ar
i=1
n 1
= Rt S B{E [ POV t6) - WO 4 a6}
i=1 0
-y e{e [ v - vl (237
i=1
For any constant 6,

E(f'(W* +0) — f/(W 1 9))]
= |E(f/WD +¢&+0) — /(WD +0))|
= |E(f(WO +&+0)— (WD +0) — & (WD +9))]

< 0.5c202.

So by (2.37),

Ri>Ry—cyy o}, (2.38)
=1

Similarly,

n

2 ! ! !/
Beo= RaedoB{el [10) a6 - 07 g}

n 1
—;E{E?/O [f'(2) —f’(W*)]dt}

and for constant 6

\EF(W* +0) — Ef (Z+0) = | /_OO Fw)(PW* < 1w — 0) — &(w — 0))duw| < csA.

10



Combining the above estimates with (2.35) - (2.38) yields

n
R3 < (Cl + 2C3)A + 1.5¢ Z O'?. (2.39)
=1

Observing that

9(y) =~y 'B(f(Z+y) - [(2) —yf (Z) =270 (1 — e V1Y),

we have
Ry = Y E&g(&)
i=1

> 27121 = e =) N B e s (2.40)
=1

for every € > 0. This proves (2.34). O

3 Uniform Berry-Esseen Bounds

Throughout this section we assume that &1, &9, -+, &, are independent random variables with zero
means and finite second moment. We also assume » " | E¢? = 1. Use the notation in the previous

section,

W=> & WO =W-§& Kit) =E&(Ijo<i<e,) — Lgi<t<o)-
=1

Let f, be the solution of the Stein equation (2.1). Our goal is to use Stein’s method to prove the

uniform Berry-Esseen inequality

sup [P(W < 2) — @(2)| < C Y EJ&[%.
# i=1

3.1 Bounded random variables

For bounded &;, we are ready to apply (2.17) to obtain the following Berry-Esseen type bound.
Theorem 3.1 If |§]| < 0y for 1 <i < n, then

sup [P(W < z) — ®(z)] < 3.300 (3.1)

11



Proof. Write f = f,. It follows from (2.17) that
n [e's) )
EWFW) = SF / POV 4 0K, (8)dt
i=1 -

- >E /_ TV 4 WO 4 0) + Ty seny — D))

and

n

> / h PWW 4t < 2)K;(t)dt—D(z ZE / (W W)= (WD) f (WD)} K, (t)dt. (3.2)
i=1Y 7>

By (2.10),

ZE/ W W) — (WO 4 6) f(WD 4 )| K (t)de

< z / E(WO |+ Var/a)(6] + ) Kty

IN

1+ve/9Y- [ (Elal+ K
=17 >

= (1+V2r/4) En: {El&|EE + 0.5B]6|%)

=1

n
< 15(1+V2r/4)) El&GP. (3.3)
i=1
Noting that the assumption |¢;| < §p implies K;(t) = 0 for |t| > dp, we have

n 0o
> / PW® 4t < 2)K;(t)dt
i=1
= Z/ P(W — &+t < 2)K;(t)dt
|| <60
> Z/ P(W < z—260)K;(t)dt
t|<§0
= (W <z- 250)
Combining with (3.2) and (3.3) gives

P(W < z—2§y) — (2 —2d)

< B(z) — B(2 — 280) + 1.5(1 + V21/4) iE\&P

i=1
209
< =+ 15(1+v2m/4)5) < 3.38 3.4
< gt m/4)8o < 3.3d0 (3-4)

12



Similarly, we have

> / PWW 4+t < 2)K;(t)dt < P(W < z + 249).

and

P(W < 2+ 280) — ®(z + 250) > —3.30 (3.5)

This proves (3.1) by (3.4) and (3.5). O
One can see from the above proof that the boundness of &; is used only in the approximation
of r, [7 P(W@ 4+t < 2)K;(t)dt by P(W < z). On the other hand, it is intuitively appealing
that P(W® +¢ < 2) should be close to P(W < z). We shall present two different approaches in

the next two subsections.

3.2 The inductive approach

Assume that E|&|® < co. We shall prove
sup |[P(W < 2) — @(2)| < C Y El&/? (3.6)
z i=1

by induction, where C' can be taken 76.

Let v = >, E|&13, 72 = EW@W2 and 7 = minj<j<, 7. Since (11.2) is trivial if v > 1/76, we
can assume 7y < 1/76 which in turn implies that 72 > (1 — 42/3) > 0.9.

If n = 1, E|&]? > (B€?)?/? = 1. (11.2) is true. Suppose inductively that (11.2) has been

established whenever W consists of fewer than n summands. Then, in particular
Pla<W® <b) = ®b/7) - ®(a/7;) + PWD <b) — d(b/7;) — {P(WD < a) - ®(a/7)}
< 20777 Bl + 2m) P (b - a)

J#
< ACy+ (b—a) (3.7)

for a < b.

For § = 16+, we have

zn:/oo PWW ¢ < 2)K;(t)dt

i=1 o0
= P(W<z-20)+)_ / {(POWD 4t < 2)— POWW ¢ < 2 — 28)}K;(t)dt
=177
> P(W <z—20)— / E/ I e o5 e K(t) tdt
( -/ { )y Tezworseas gy (0}

13



= P(W<z-28)— Z/ E / P(z—th(i)gz—26—§i)Ki(t)}dt
t>20+&;

=1 o0

3

> PW < 2 —26) — Z/ B{ / (07 +1 -2 —E)Ki(dt} [y (37)
=1 J— t>26+¢;
> PW<2—-2))—20—15y—4Cy » E / K;(t)dt
( ) Zz; { t>20+¢; ( ) }
> P(W<z-20)—25— 1.5y
_4CVZE{I{&§_5} / K+ [ Kt

, - t>6

> P(W < z—26)— 34y — 4072 (& < —0)E&} + B ¢,~5))
=1

> P(W <z-20) =34y —4Cy ) EBl&l*/o

=1
= P(W <z-2§)—34y—Cy/4 (3.8)

Thus, by (3.2) and (3.3)
P(W <2z—-2§)—®(z—20) <38y+Cv/2=Cr
if we take C' = 76. Similarly, we have
P(W < z+26) —®(z+20) > =38y —Cv/2=—-C".

This completes the proof of (11.2). O

3.3 The concentration inequality approach

The proofs in previous two subsections suggest that the key step in proving the Berry-Esseen bound
is the concentration inequality (3.7). In this subsection, we give a direct proof for (3.7) and hence

the Berry-Esseen inequality. Let v = >"1 | E|&]3.
Proposition 3.1 We have

Pla <W® <b) <V2(b—a)+ (14+V2)y (3.9)
for all real a < b and for every 1 <i <mn.

Proof. Define § = /2 and
—3(b—a)—6 if w<a-—§,
flw)y=3 w—3(b+a) if a—0<w<b+4, (3.10)
s(b—a)+6 for w>b+46

14



Let

M;(t) = Ej(f{_gj<t<o}—I{0<t<—gj})a
M) = Y M( = EM(t).

1<5<n

Since &; and W) — ¢; are independent for j # i, E¢; = 0, M(t) >0 and f'(t) > 0, we have
EWOfW) — BGF W — &)

= Y EBGFWD) — WD — )]
=1
]Zn: /0 @)
= E¢; FIWW 4 )dt
j=1 ’ =&,
= ZEsj[f(W(“) — fWD —¢)]
= En:E/OO F(WD 4 )M () dt
j=1 7T
= E/OO F WO 46N (t)dt

E F WD 4 )M (t)dt
[t]<d

v

Elu<wi<p M(t)dt
[t]<o

n
= El,cwocy 1€ mins, &)
=1
Hiy — Hipg, (3.11)

v

v

where

Hiy = Pla<W% <)) Elg|min(s, |]),

j=1
Hip = E|Y [¢|min(d,|¢]) — B¢ min(s,[£])].
j=1
A direct calculation yields
min(z,y) > z — 22/ (4y) (3.12)
for z > 0 and y > 0. Then
- E|§ ? 1
E {Ee - : 1=5 13
jZl &1 min(3, &) ]2_; & 5 (3.13)

15



and hence

Hy1 > .5P(a < W9 <p). (3.14)

By the Holder inequality,

o < (Var(Y g mind i)
j=1
° /
< (X EgminG jg)?)
j=1
5( i Eegj?)l/2 — 5. (3.15)
=1

Combining (3.14) and (3.15) with (3.11) and observing that

IN

lf| <.5(b—a)+54,

we have

=
Q
A
=
A
=
IN

26 + (E|W9| + E|&]) (b — a + 20)
25 + V2 (LW )2 + (E\§i|)2>1/2 (b—a+26)

IN

IN

26+ V2 (B2 +E\§|> (b—a+ 26)
26 + V2 (EW?)2(b — a + 20)

= V2(b—a)+2(1+2)5

= V2(b—a)+ (1+V2)y

as desired. OJ

We are now ready to prove

Theorem 3.2 We have
sup |[P(W < z) — ®(z)| < 7. (3.16)

Proof. It follows from (3.9) that
|Z/ O 4t < 2)K;(t)dt — P(W < 2)|
< Z/ POW® 41 < 2)— POW < 2)|[K(t)dt
_ Z / E{P(z — max(t,&;) < W < > —min(t,&) | &)}Ki(£)dt
)
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< Y [ BN +Ieh + 0+ VR Ko
i=1Y >
= (1+vV2y+v2 anmf)m&r?’ + E|&|E€Y)
=1
< (1425V2)y. (3.17)

Now by (3.2)
|IP(W < 2) — ®(2)] < (14+2.5V2+ 1.5(1 +V2r/4))y < 7,

which is (3.1). O
We remark that following the above lines of proof, one can prove
n
sup |[P(W < 2) — ®(2)| <7 (B e sy + El&P e <1h)-
p — — 1 {‘£z|>1} ? {|£z‘§1}
z i=1
We leave the proof to the reader. A refined concentration inequality can lead to reduce the constant

7 to 4.1.

3.4 A randomized concentration inequality

In this subsection we present a randomized concentration inequality, which is useful to establish the
Berry-Esseen inequality for functions of independent random variables, in particular for non-linear

statistics. Let Ay and Ag be real-valued Borel measurable functions of (&;,1 < i <n).
Theorem 3.3 We have
P(A <W < Ag) < E[W(As—Ap)|+ 2y
+ zn:{E|€i(A1 — A1)+ El&i(Ar — Agy)l}, (3.18)
i=1
where A1 ; and Ag; are Borel measurable functions of (§5,1 < j <n, j # i), and vy is defined as
in (2.20).

Proof. We follow the proof of Proposition 3.1. Define § = 0.5y and
—(Ay—A1)/2—0 forw<A;—§
faya,(w) = w—%(Al—FAz) for A —6<w<Ay+6
(A —Aq1)/2406  for w> Ag+0.
Let

n

Mi(t) = &{I(=& <t <0) = T(0 <t < =&)}, M(t) =Y M(t).
=1

17



Since & and fa, ; A, (W —&;) are independent for 1 <4 <n and E¢; = 0, we have

EW fa,0,(W) = Y E&[faa,(W) = fa,0,(W = &))]
=1

+ Z Egi[fAl,A2(W - gl) - fAl,i,Az,i(W - Ez))}
i=1
= Hi + Hs. (3.19)

Using the fact that M(¢) > 0 and fA, A, (w) >0, we have
n 0
H = ZE{&-/5 f’AI,AQ(WH)dt}
i=1 —&i
_ ZE{/ Py (W + DNE(E)de |
i=1 -

= E{ /C:f’ALAQ(W—Ft)M(t)dt}

> E{ e f’Al’AQ(Wth)M(t)dt}
> E{I{AISWSAQ} |t|§6M(t)dt}
— Bl awean Y Gl minG 6 ). (3.20)
i=1
From the proof of (3.14) and (3.15) one can see that
Hy > 5P(A] < W < Ay) — 6. (3.21)

As to Ho, it is easy to see that

|fan,n, (W) = faq ;. ()] <AL= Ar;]/2 + A2 — Agyl/2.
Hence

|Ha| < (1/2) > {El&G(A1 — Ary)| + El&Gi(A2 — Agy)]}. (3.22)

i=1
It follows from the definition of fa, A, that
[far,0: ()] < (1/2)(Ag = Ag) +6.

Hence, by (3.19), (3.21), and (3.22)

P(AL < W < Ay)

18



< 2EWfaa,(W) +20+> {EI&G(A1 — Ary)| + El&Gi(Az — Agy)|}
i=1

< E[W(Ag— A+ 26E[W| + 20+ Y {E|&(A1 — Av)| + El&i(Ag — Agy)[}

i=1

< E[W(Ay— A +2y+ ) {E[G(AT — A)| + El&i(Ag — Agy)|}-
i=1

It follows easily from Theorems 3.3 and 3.2 that

Theorem 3.4 Let A = A(&y,---,&,) : R* — R be a Borel measurable function. Then we have
Then we have
sup |[P(W+A<z)—®(2)| <9v+ E|WA| + ZE|£¢(A AYIE (3.23)
z i=1

where A; is a measurable function of (§;,1 < j < n,j #1).

Theorem 3.4 provides a general result on Berry-Esseen type bounds for many non-linear statis-
tics. To see the usefulness of the above general result, let’s consider the U-statistic. Let X1, Xo, -+, X,
be a sequence of independent identically distributed random variables, and let h(z,y) be a real-
valued Borel measurable symmetric function, i.e., h(z,y) = h(y, z). Define the U-statistic with the

kernel h by
2

1<i<j<n

Theorem 3.5 Assume that Eh(X1,X2) = 0 and 0? = Eh?(X1, X2) < co. Let g(z) = Eh(z, X3)
and 0? = Eg?(X1). If o1 > 0, then

VU, 20 9E|g(X1)*
sup | P( 201 <2) = ®(2)] < (110 nl/%% (3.24)
Proof. Let
1 n
W = \/ﬁm;g(Xi)’
A= Y (O X) - (X)),
1<i<j<n
M= YRS (A ) )~ g(X)

1<i<j<n,il,j#l

19



It is easy to see that
U,
Viln _ W+ A
20‘1

and that A; is a measurable function of (X;,1 < j < n,j #[). By Theorem 3.4, it suffices to show
that
(3.25)

and

E|A - A < (3.26)

n(n —1)o?’
It is known that {Z{;ll(h(Xi,Xj) - 9(X;) — 9(Xj)),2 < j < n} is a martingale difference

sequence. Hence
2 1 i i1 2
EA = ——— E h(X;, X)) —g(X;) — g(X;
n(n_l)%%; (;H ) = 9(X:) - 9(X;)})

n j—1
= W;E(E{(;{M&,Xﬂ (%) —a(x,) 1 X))

n

= n(n_ll)g j}_;o' ~ DE{B((h(X1, X2) - 9(X1) - 9(X2))* | X;) }
- W{EhQ(XLXz)—QEgQ(XI)}

02
= 2n-Dod

This proves (3.25).
As to (3.26), note that A — A, 1 <1 < n are identically distributed. Thus,

E|A—A? = E|A - A

= n(n_llpafE<Z{h(X1,Xj)—g(X1)—g(Xj)})Z
j=2
- W{Ehz(leXz)—MgZ(Xl)}
0.2

This is (3.26). O
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4 Non-uniform Berry-Esseen Bounds

We shall prove the non-uniform Berry-Esseen bound in the normal approximation in this section.
To do this, we first need to have a non-uniform concentration inequality.

Let &1,&, ---, &, be independent random variables satisfying F¢; = 0 for every 1 <+4¢ <n and
S EE =1. Let

& =&ilge,<y, W= Zgz, W =W —§.

i=1
Proposition 4.1 We have
Pla <WW <b) < e ¥2(5(b—a)+T) (4.1)
for all real b > a and for every 1 <i <n, where y=> ", E|&)3.
We first need to have the following Bennett-Hoeffding inequality.

Lemma 4.1 Let ny1,m2, -+, 0, be independent random variables satisfying En; < 0, n; < a for
1<i<n,and Y En? <BZ PutS, =Y " n. Then

Ee!Sr < exp (a_Z(em -1- ta)Bi) (4.2)
fort >0,
B2 ax ax ax
> ) < —Zn = oy = .
P(Sy 2 @) <exp (- —2[(1+ ) (1 + 5) B%D (4.3)
and
2
x
> < - — .
P(Sn_:z)_exp( 2(Bg+ax)) (4.4)
for x > 0.

Proof. 1t is easy to see that (e¥ — 1 — s)/s? is an increasing function of s. We have
e <1+4ts+ (ts)?(e! — 1 — ta)/(ta)? (4.5)
for s < a. We have

EetSn = Eetmi

—-

@
I
—

(1+tEn; + a ?(e" —1—ta)En})

IN

@
I
—

(L+a2(e" — 1 —ta)En?)

IN
&E:

@
Il
—

IN

exp ((JJ_Q(em -1- ta)BfL).
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This proves (4.2).
To prove (4.3), let

Then, by (4.2)

< exp ( —tr4a (e —1— ta)BfL)
B? ar ar ax
= exp(— a—;[(l + B—%)ln(l + B—%) - B—%D
In view of the fact that
2
S
1 In(1 —5>
(1+s)ln(l+s)—s> 205 9)
for s > 0, (4.4) follows from (4.3). O
Lemma 4.2 Let &1,&,- -+, &, be independent non-negative random variables with Eﬁ? < oo for

each1<j<n. PutS=37" &, p=>37_ E and o’ = > i1 E{?. Then for any 0 < x < p

P(S < z) < exp (-W) . (4.6)

Proof. Noting that

e_a§17a+a2/2 for a > 0,

We have for any t > 0 and x <

n
P(S<z) < ef*Ee™™ =¢® H Ee '
j=1
n
< TJ[EQ-tg+12¢/2)
j=1
< exp (—t(p—z)+ t202/2) .

Letting t = (u — x)/0? yields (4.6). n
Proof of Proposition 4.1. It follows from (4.2) that

Pla<W® <b) < em2EV/2 < ¢70/2 oxp (%5 — 1.5) < 1.19¢ /2.

Thus, (4.1) holds if 7y > 1.19.
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We now assume v < 0.17. Similarly to the proof of Proposition 3.1, define 6 = ~/2(< 0.085)

and

Put

Clearly, M(t) >0, f'(w) > 0 and f'(w) > e*/? for a —§ < w < b+ 6. Analogous to (3.11),

where

0 if w<a-9,
fw)=3 e"?(w—a+d) if a—6<w<b+34,
e?(b—a+26) if w>b+0

n

Mit) = &I g <1<0) — Tfocr<—g)> M(£) = D My(1).
=1

EW® f(Ww®)
= Y EGIF WD) — fw - &)
j#i
= ZE/OO F WO 4 0 M (t)dt
g# T

= E/C>o F WD ) MO (t)dt

AV

Bl <o <py /||<5 FW 4+ ) MO (t)at
t<

AV

Ee(W<i)_5)/21{a<W(i)<b} MW (t)dt
=Y s

V) i 3
Ee(W 6>/2[{@§V_V(i)§b} Z |§]|m1n(57 ‘§]|)
oz

v

> 675/2([‘[271 — H272),

17 () . =
H2,1 = EeW /QI{QSW(i>Sb} Z E|§]| mln(éa |§7|)a
J#i
¥ (9) . = . ey
Hyy = Ee™ "1 ¢ min(s, |§]) — EI¢;| min(s, |§1)]-
J#i

Noting that ¢ < .085 and v < .17 and following the proof of (3.13), we have

Y ElgImin(s, ) = Y E(I&|(min(s, [§]) — 811, 513))

i

J#i
> —6E|&| — oy + ) Elg min(s, |)
j=1
> 0.5— 571/3 — 0y
> 0.5 —0.085(0.17)'/3 — 0.085(0.017) > 0.43.

23

(4.7)

(4.9)



Hence

Hyy > .45e%2P(a < W® < b) (4.10)
By the Bennett inequality (4.2) again, we have
BV < exp(e — 2)

and hence

i ' _ 1/2
Hyo < (BeV)2(Var(Y Ig; min(s, 1)) )
J#
< exp(.be —1)§ < 1.440. (4.11)

As to the left hand side of (4.7), we have

EW® w0y (b—a+ 28)E|W® [V /2

IN

< (b—a+20)(E|WD 22BN )2

< (b—a+2))exp(e—2) <2.06(b—a+ 26).
Combining the above inequalities yields

» ~a/2
Pla < W < b) €T5 (65/22.06(5 —a+20) + 1.445)

e a/2
< -
= 45
e~ Y2(4.8(b — a) + 12.766)

(e~04252.06(b —a+20) + 1.445)

IN

IN

e 2(5(b — a) + 77).

This proves (4.1). O

We also need the following moment inequality.

Lemma 4.3 Let 2 < p < 3, and {n;,1 < i < n} be independent random variables with Emn; = 0
and En;|P < co. Put S, =31 n; and B2 =", En?. Then
n
E|SulP < (p— 1)BL+ > Elnl? (4.12)
i=1

Proof. Let ST(Li) = Sp — ;- Then

E|Sul = > EniSp|Salr~

i=1
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= D Eni(SnlSulP 2 = SP|SnP7?) + Y Eni(S[Sa [P — ST S P2)

i=1 =1
< SRS+ Y Bl + 2 159
i=1 i=1
< 3B+ 159 PY
i=1
+§:E\mHSS)Ip‘1{(1 + [l /1S - 1}
=1
=< Zn: Elnl” + Zn: En; BISPP?)
i=1 i=1
3 ElnISOP o - 2/ 15
i=1
= En: Elnil? + (p—1) zn: En}E|S{ P2
=1 i=1
< WP+ - )Y BB
i=1 =1
<

n
> EnilP+ (p-1)B?,
i=1
as desired. O

We are now ready to prove the non-uniform Berry-Esseen inequality.

Theorem 4.1 There exists an absolute constant C such that for every real number z,

Cy

(4.13)

Proof. Without loss of generality, assume z > 0. By (4.12),

1+ E|W?
PW >z < ——21" 1
W=z < 14 23

So (4.13) holds if v > 1, and we can assume vy < 1. Let

& =&lg<iy, W= Zgz‘, WO =W —¢.
=1

Observing that
W > = W > ; W > - <
{ —Z} { _Z7II§?<Xn§z> 1}U{ _Z7II§?<Xn§z_ 1}

C {sz,lrgaéx &> 1FU{W > 2},
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we have

PW >2) < PW >2)+ P(W > z, Jmax & >1) (4.14)
and similarly,
P(W >2) < P(W >2)+P(W > z, max & > 1). (4.15)

Note that

P(W > z, lréliagxn& > 1)

< ZP(W > 2,6 > 1)
=1

< Y P& >max(1,2/2)+ Y P(W® > 2/2,¢ > 1)
=1 =1

= Y P(&>max(1,2/2)) + Y PWY > 2/2)P(& > 1)
=1 i=1

g S (L+EWOR)

S m@aaR T T Pl
Cy

S 11

here and in the sequel, C' denotes an absolute constant but whose value may be different at each

appearance. Similarly,

P(W > z, 121&);@ > 1)

< ZP(V_V>Z,&>1)
=1

= ZP(V_V(i) >z =&l <1y & > 1)
i=1

= > PW9D>z¢6>1)

i=1

= > PW9 > )P >1)
=1

IN

e /2 Z EeW(i)/zP(& > 1)
1=1

< 20772y <
by (4.2). Thus, to prove (4.1), it suffices to show that
|IP(W < z) — ®(2)| < Ce /2. (4.16)
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Let f. be the Stein solution to (2.2) and define
Ki(t) = E&(Io<i<gy — Lig<i<oy)-
Following the proof of (2.17) and noting that & < 1, we have

EWf.(W) = ZH:E/l £V £ 0K (t)dt + zn:EéiEfz(W(i))_
=1 -

i=1

From
n 1 n n
Z/ Ki(t)dt =Y EG =1-Y E&I( 1y,
i=1"7 "~ i=1 i=1
we obtain that
P(W < z2) — ®(2)
= Efi(W)—EW/f.(W)

Y B& e EfL(W)

=1

n 1
Yy / PO 4+ &) — £0TO 4 1) R()d
i=1 -0

+Y Bl Bf(WW)
i=1
Ry + Ry + Rs. (4.17)

By (A1.3), (2.8) and (4.2),

Elf.0V)] = Elf{W)gv<. /oy + ElFLWV)| 75,2
< (14 V2r(2/2)e”/8)(1 — @(2)) + P(W > z/2)
< (14 V2r(2/2)e”/8)(1 — 0(2)) + e 2BV
< Ce /2
Hence
|Ry| < Cye™#/2. (4.18)

Similarly, we have Ef,(W®) < Ce=*/? and
|R3| < Cye™?/2. (4.19)

To estimate R, write

Ry = Ro1 + Rop,
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where

n 1
Roy = ZE/ [I{W”)-i-giﬁz} o I{W(i)-l—tﬁz}Ki(t)dtv

Ry = ZE/ D4 E) W 4 &) — (WO 4 0) £ (WO 1))

By Proposition 4.1,

K;(t)dt.

n 1
Ry < ZE/ IgcyPlz—t < WO <2 =& | &)Ki(t)at
< CZE/ 02| + Jt] + ) Kilt)de
< Ce /.

From Lemma 4.4 below it follows that

n 1
Ryp < ZE/ ]{tggi}[E({W(i) +EIEWD +8) 1 &) — EWD +) £ (W +
i=1 oo

n 1
< e Y E [ (6] Ko
i=1 -
< Ce#?.
Therefore
Ry < Ceiz/2’y.
Similarly, we have
Ry > —C'e_z/zv.

This proves the theorem. [J

We remain to prove the following lemma.

Lemma 4.4 For s <t <1 we have
EWD 4 0) £, (WD +8) — BEOW + 5) £ (WD 4 )

< Ce*2(|s| + )

Proof. Let g(w) = (wf,(w))’. Then

EW®D 4+ 0)f.(WD +1) — EWD 4+ 5) £,(WD +5) Eg w®

28

w)du.

t)]

(4.20)

=l

J(t)dt

(4.21)

(4.22)

(4.23)

(4.24)



From the definition of g and f,, we get

(ﬁ(l + w?)e? /(1 — d(w)) — w)@(z), w>z
(w)

! (ﬁ(l + w?)e’20(w) + w) (1-®(2), w<z

By (2.6), g(w) > 0 for all real w. A direct calculation shows that
V2r(l+ w2)e“’2/2<1>(w)) +w <2 forw<0.

Thus, we have

g(w) < { 4(1 + 22)622/8(1 — q)(z)) if w< 2/2

A1+ 22”21 = d(2))  ifw > z/2
Hence, by (4.2)

EgW% +u) = EgWY +u)l o 1uezjoy + B9V +0) o s

< 41+ 22)e”B(1 = B(2)) + 4(1 + 22 2(1 = 3(2)) PWD +u > 2/2)
< Ce #2401+ z)e_z"'ZUEeQW(i)

< Ce#? 4 C(1+ z)e_zEem/V(i) since u < 1

< Ce#?,

which gives
EWD 4 ). WD +8) — BOVD + )£, ( WD + 5) < Ce */2(|s]| + |t]).

This proves (4.24). O

5 Exchangeable Pair Approach

Let W be a random variable which is not necessary the partial sum of independent random variables.
Suppose that W is approximately normal, we want to get the rate of convergence. Another basic
approach of Stein’s method is via introducing an exchangeable pair (W, W) That is, (W, W) and
(W, W) have the same distribution. The approach is based on the fact that for all antisymmetric
measurable function g(z,y)

Eg(W,W) =0 (5.1)

provided the expected value exists.

A key identity is the following lemma.
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Lemma 5.1 Let (W, W) be an exchangeable pair of real random variables such that
E(W|W)=1-\NW, E(W —W)2?=2), (5.2)

where 0 < A < 1. Then for every piecewise continuous function f satisfying |f(w)| < C(1 + |w]),

we have
EW (W) = 52 B0V = W)(F(W) - £(7)) 53
Proof. By (5.1),
0 = E(W-W)(f(W)+ f(W))
= E(W —W)(f(W)— f(W)) +2Ef(W)(W — W)
= E(W —W)(f(W)— f(W)) +2E{f(W)E(W — W | W)}
= BE(W —W)(f(W)— f(W)) + 2XEW f(W) by (5.2)],

which gives (5.3). O

Now we prove

Theorem 5.1 Let h be absolute continuous with bounded h'. Then under the condition of Lemma

5.1

[ER(W) — BMZ)| < 2sup |h(z) — ER(Z )\Ell—ﬁE((W w)? | W)|+41Asgp|h’( )| EW =W,
(5.4)

Proof. Let f = f be the Stein solution in (2.5) and define

K(t) =W = W)U _w-vnzi<oy ~ Lo<ez—qw-viny)-

By (5.3),
EW f(W) = E/ FW 4 6)(W — W)t E/ POV + )R (t)dt
(W-W)
and
B W) = Ef(W)(1 - 3200 = W)) + 328 [ pw
Therefore
|EW(W) — Eh(Z)| = |Ef'(W )*EWf( )l
= |Eff(W )(1—5(1/1/ W)? +2)\E/ (W + ) K (t)dt]
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< 1B{rmw- 5E<<W—W>2 W)
+2)\E|/ FOW + )R (1)
< 2sup |h(x) - ER(Z)|EI(1 - S B =) | )

2\

+2isup\h/ (@)|E| /_OO WR@Gd]  [by (211) and (2.13)]

1 1 N
= 2sup|h(z) — EMZ)|E|1 - j\E((W W)? | W) + Suplh'( ) E|W —W?
as desired. OJ

We end this section with the following example to show how to estimate the bound in the above
theorem. Let & be independent random variables with zero means and > , Ef? = 1, and put
W =>35""&. Let {nf,1 <i <n} be an independent copy of {§;,1 <1i < n}, and I have uniform
distribution on {1, 2,---,n}. Assume that I, {;}, {¢/} are independent. Define W=W-X; +X7.
Then (W, W) is an exchangeable pair satisfying

A 1 A
EW|W) = (1= )W, EW-W)*=-
That means (5.2) is satisfied with A = 1/n. Directly calculation also gives
EW - W = ZE@ &P < (8/n) ZE|&|3

and

B(W W) | W)=~ (1+ 3 (€ | ).
Thus, :
B[~ S B~ W) | W)

— (I/2E1-E Zé?\W

< 1/2E\Z£Z EE})|

So the bound is sharp if the fourth moment of §; exists.

6 Uniform and Non-uniform Bounds under Local Dependence

In this section we discuss normal approximation under local dependence using Stein’s method. Our

aim is to establish optimal uniform and non-uniform Berry-Esseen bounds under local dependence.
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Local dependence is more general than m-dependence for sequences of random variables. It applies
to random variables with arbitrary index set, such as those indexed by the vertices of a graph with
dependence defined in terms of common edges.

Throughout this section let J be an index set and {&;,7 € J} be a random field with zero
means and finite variances, and let n be the cardinality of J. Define W = 3, /& and assume
that Var(W) = 1.

For A C J, let {4 denote {&;,i € A}, A°={j € J:j¢ A}, and |A| the cardinality of A.

We first introduce dependence assumptions.

(LD1) For each i € J there exists A; C J such that & and & Ac are independent.

(LD2) For each ¢ € J there exist A; C B; C J such that & is independent of & A and &g, I8

independent of {pe.

(LD3) For each i € J there exist A; C B; C C; C J such that & is independent of {4¢, €4, is

independent of {g¢, and {p, is independent of {ce.

(LD4*) For each i € J there exist A; C B; C Bf C C; C D} C J such that &; is independent of €z,
€4, is independent of {pe, §4, is independent of {§4,,7 € B/}, {€a,,] € B/} is independent
of {£4,,5 € Ci°}, and {€4,,1 € C}} is independent of {{4;,j € D;°}.

It is clear that (LD4*) implies (LD3), (LD3) yields (LD2) and (LD1) is the weakest assumption.
Roughly speaking, (LD4*) is a version of (LD3) for {£4,,7 € J}. On the other hand, (LD1) in
many cases actually implies (LD2), (LD3) and (LD4*) and B;, C;, B}, C; and D} could be chosen
as: B; = Ujea, Aj, C; = Ujep, Aj, B = Ujea, Bj, Cff = UjeprBj and D] = Ujecr Bj.

We first present a general uniform Berry-Esseen bound under assumption (LD2).

Theorem 6.1 Let N(B;) ={j € J : B;B; # 0} and 2 < p < 4. Assume that (LD2) is satisfied
with |N(B;)| < k. Then

1/2
sup [P(W < 2) = @(2)] < (13+116) S (BIGPY + EYiPY) +2.5(x D (Bl&l + EY)) )
z i€J i€J
where Y; =3 i 4. & In particular, if E|&|P+ E|Y;|P < 6P for some 6 > 0 and for each i € J, then
sup |[P(W < z) — ®(2)| < (13 + 11k) n 03" + 2.507/%\/kn, (6.1)

where n = |J|.
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Note that in many cases x is bounded and 6 is of order of n=/2. In those cases rkn 3P +
or/2/rm = O(n~P=2/4) which is of the best possible order of n~1/? when p = 4. However, the
cost is the existence of fourth moments. To reduce the assumption on moments, we need the

stronger condition (LD3).

Theorem 6.2 Suppose that (LD3) is satisfied. Let 2 < p < 3. Assume that (LD3) is satisfied
with |N(C;)| < k, where N(C;) ={j € J : C;Bj # 0}. Then

sup |[P(W < z) — ®(2)| < 55271 > EI&IP. (6.2)
# €T
We now present a general non-uniform bound for locally dependent random fields {;,i € J}

under (LD4*).

Theorem 6.3 Assume that E|§|P < oo for 2 < p < 3 and that (LD4*) is satisfied. Let k =

max;ey max(|D]|,[{j :i € D;}[). Then

|P(W < 2) = ®(2)] < CRP(L+|2) 7> EI&P, (6.3)
ieJ

where C' is an absolute constant.

The above results can immediately be applied to m-dependent random fields. Let d > 1 and Z¢
denote the d-dimensional space of positive integers. The distance between two points i = (i1, - -, iq)
and j = (j1,+,j4) in Z% is defined by |i — j| = maxj<j<4|i; — ji| and the distance between two
subsets A and B of Z% is defined by p(A, B) = inf{|i — j| : i € A,j € B}. For a given subset J of
74 a set of random variables {£;,i € J} is said to be an m-dependent random field if {&;,i € A}
and {{;,j € B} are independent whenever p(A4, B) > m, for any subsets A and B of J.

Thus choosing A, ={j: [j—i|<m}nT, Bi={j: [j—il<2m}nJ, Ci={j: |j—i <
3ImINT,Bf ={j:|j—i <3m}NnJ,Cf={j: |j—i| <4dm}nJ,and D} = {j: |j—i| <5bm}NJT

in Theorems 12.3 and 6.3 yields a uniform and a non-uniform bound.

Theorem 6.4 Let {&;,i € J} be an m-dependent random fields with zero means and finite E|&;|P <
oo for 2 < p<3. Then

sup |[P(W < 2) — ®(2)| < 75(10m + 1)~ D4y " B¢ P (6.4)
# =N
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and
|P(W < 2) — ®(2)| < C(1L+ |2) 117 (m + 1)P=D9 Y " g P, (6.5)
eJ
where C is an absolute constant.

The main idea of the proof is similar to that in Sections 3 and 4, first deriving a Stein identity
and then uniform and non-uniform concentration inequalities. We outline some main steps in the
proof and refer to Chen and Shao (2002) for details.

Define

Ki(t) = &I(-Yi<t<0)-10<t<-Y)}, K(t)=EK(),
K@) = YiegKi(t), K(t) = EK(t) =) ;s Ki(D).
We first derive a Stein identity for W. Let f be a bounded absolutely continuous function.
Then

(6.6)

E{WW)} = Y B{&(f(W) = f(W =Y))}

i€J

- ZE{gi/_o_f’(WH)dt}
= ZE/ /W + ) Ky(t)d }

ieJ -

_ / POV + )R (t)dt (6.7)

and hence by the fact that [ K(t)dt = EW? =1,

Ef'(W)—-EWf(W) = E/ f'ow (t)dt—E/oo (W 4+ t)K (t)dt
_ E/ FW + D) K (t)dt
Hﬁ()[( ()= Ki)de+ B [ (£0V+0) = FOVIE® - Ko
= Ri1+ Re+ Rs.

Now let f = f, be the Stein solution (2.3). Then
Rl < B[ (W] K0
B / (Iwesy — T i< K (D

<0 5ZE W]+ 1)&]¥V2 + / Pz — max(t,0) < W < z — min(t, 0)) K (1)dt
=1
= Rl,l + RLQ
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Estimating R is not so difficult, while Ry » can be estimated via a concentration inequality given
below.

Observe that

n

= Ef'(W) Z(&Yi — B(&Y3)),

i=1
which can also be estimated easily. The main difficulty arises from estimating R3. The reader may

refer to Chen and Shao (2004) for details.
At the end this section, we give the simplest non-uniform concentration inequality in the pa-
per Chen and Shao (2004) and provide a detailed proof to illustrate the difficulty for dependent

variables.
Proposition 6.1 Assume (LD1). Then for any real numbers a < b,

Pla <W <b) <0.625(b — a) + 4r1 + 4ro, (6.8)
where r1 =Y, 7 E|&| Y2 and ry = [0 Var(K (t))dt.

Proof. Let a = r1 and define

—(b—a+a)/2 forw <a-—a«
s(w—a+a)?—(b—a+a)/2 fora—a<w<a

flw)y=< w—(a+b)/2 fora<w<b (6.9)
—(w—b—a)P+(b-—a+a)/2 forb<w<b+a
(b—a+a)/2 for w > b+«

Then f’ is a continuous function given by

1, fora<w<b
f(w) =1 0, forw<a—aorw>b+q,
linear, fora—a<w<aorb<w<b+a«a

Clearly |f(w)] < (b—a+ «)/2. With this f, ¥;, and K (t) and K (t) as defined in (6.6), we have by
(6.7)

(b—a+a)/2 > EWFW E/ F W +t)K (t)dt
= / K(t dt+E/ FIW +1) — fW)K(t)dt

+E/ POV + (K () — K(t))dt
= Hy+ Hy + Hs. (610)

Clearly,
=Ef'(W)>P(a <W <b). (6.11)
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By the Cauchy inequality,

| H3|

IN

(1/8) E/ /(W +1)] 2dt+2E/ (t) — K (t))dt
(b—a+2a)/8+ 2r;. (6.12)

A

To bound Ho, let

L(a) =sup P(z < W <z + a).
T€ER

Then by writing
00 t 0 0
Hy = E/ / f”(W+s)dsK(t)dt—E/ / " (W + s)dsK (t)dt
0 0 —oo Jit
o] t
— a—l/ /{p(a_agW+sga)—P(b§W+s§b+a)}dsK(t)dt
0 0
0 0
_a—l/ /{P(a—agW+s§a)—P(b§W+8§b+04)}d5K(t)dt,
—00 Jit
we have

| Ha|

IN

1// o)ds| K (8)[dt + o // o) ds|K ()| dt (6.13)

— o 'L(a) / LK (£)]dt < 0.50~1r L(a) = 0.5L(a).
It follows from (6.10) - (6.13) that
Pla < W <b) < 0.625(b—a) +0.75a + 2ry + 0.5L(cv). (6.14)
Substituting @ = z and b = x + « in (6.14), we obtain
L(a) < 1.375a + 2rs + 0.5L(a)

and hence

L(a) < 2.75a + 4ry. (6.15)

Finally combining (6.14) and (6.15), we obtain (6.8). O

7 Appendix 1

Proof of Lemma 2.2. Since f,(w) = f_.(—w), we need only consider the case z > 0. Note that

oo ) ©r 6—w2/2
/ e " /2d:c§/ Ze 2y = ,
w w W w
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which also yields
[e.e]
(1 +U}2)/ 6_I2/2dl‘ > we—w2/2
w

by comparing the derivatives of the two functions. Thus

_we P gy < ALl
(1+w?)v2or — — o) < wy/2m (AL1)
It follows from (2.3) that
b)) = V271[l — ®(z)] ((1 +w?)e? 28 (w) + \/%) if w< z,
\/27T<I>(z)<(1 +w?)ew?/2(1 — B(w)) — %) if w > 2
> 0
by (A1.1). This proves (2.6).
In view of the fact that
lim wf,(w)=®(z) —1and lim wf,(w) = ®(2), (A1.2)
w——00 w—00
(2.7) follows by (2.6).
By (2.2), we have
f;(w) = wfz(w) + I{wgz} - (I)(z)
wf,(w)+1—®(z) forw< z,
B wfy(w) — ®(2) for w > z.
(V2rwe?* 2 (w) +1)(1 — ®(2))  for w < z, (A13)
| (V2rwer 2(1 — ®(w)) — 1)®B(2)  for w > 2. '
Since w f,(w) is an increasing function of w, by (A1.1) and (A1.2)
0< fllw)<zfo(2)+1—-®(2) <1 for w<z (A1.4)
and
—1<z2f.(2) = ®(2) < fl(w) <0 for w> 2. (A1.5)

Hence for any w and v,
[f2(w) = fL(v)] < max(1,2f.(2) + 1 = () — (2f2(2) — ©(2)) = 1.

This proves (2.8).
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Observe that by (A1.4) and (A1.5), f, attains its maximum at z. Thus
0 < f2(w) < fa(2) = V2™ 20(2)(1 — (2)). (A1.6)

By (Al.1), f.(2) < 1/z. To finish the proof of (2.9), let

B~
)
ﬁe
N —~
O

g9(2) = ®(2)(1 - ®(2)) — e*/?/4 and g1(2) =

¥l -
)

Observe that ¢'(z) = e *"/2g,(z) and
<0 if0<z< 2,
gi(z) =—— e =0 if z = 2,
>0 if 2z > 2z,
where zp = (2In(4/7))"/2. Thus, gi(2) is decreasing on [0, z9) and increasing on (zp,00). Since
91(0) = 0 and g;1(00) = 00, there exists z; > 0 such that g;(z) < 0 for 0 < z < 21 and ¢1(z) > 0 for

z > z1. Therefore, g(z) attains maximum at either z = 0 or z = oo, that is

9(2) < max(g(0), g(0)) =0,

which is equivalent to f,(z) < v/27/4. This completes the proof of (2.9).
The last inequality (2.10) is a consequence of (2.8) and (2.9) by rewriting (w + u) f.(w + u)-
(w+v)fz(w+v) = w(fe(w+u) — fz(w+v) +ufz(w+ u) —vf;(w+ v) and using the Taylor

expansion. []

Proof of Lemma 2.3. Let h(w) = h(w)—FEh(Z) and put ¢g = sup,, |h(w)|, ¢ = sup,, |h/(w)|.
Since h and f), are unchanged when h is replaced by h — h(0), we may assume that h(0) = 0.
Therefore |h(t)| < c1t| and |ER(Z)| < 1 E|Z| = c1:/2/7.

First we verify (2.11). From the definition (2.5) of fj, it follows that

e /2 [V |h(x)|e " 2dx  if w <0,
[fn(w)] < 2o o s )
e /2 [ |h(z)le™ Pdx  ifw >0

e**/2 min (Co/ e_"”2/2)d9:701/ (|| + \/2/77)6_’”2/2d:c>
| |w]

w|

< min(\/7/2,2¢1),

IN

where in the last inequality we used the fact that

e“’2/2/ e " Py < V)2
|

w|
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Next we prove (2.12). By (2.4), for w > 0

f@)] < hw) — BA(Z)]+we [ n (D)2
< |h(w) — En(Z \+Cowew2/2 e~ 24z < 2¢

by (A1l.1). It follows from (2.5) again that

f(w) = wf(w) = f(w) = h'(w)

or equivalently
(e 2 (w)) = e 2(f(w) + B ().
Therefore

Fiw) = =<2 [ (7la) + W) s

w

and by (2.11)
|f/(w)]| < 3016“’2/2/ e "2y < 3c1v/ /2 < 4ey.

w

Thus we have

sup | f'(w)| < min (2co, 4¢1).
w>0

Similarly, the above bound holds for sup,,<q |f'(w)|. This proves (2.12).
Now we prove (2.13). Differentiating (2.4) gives

fiw) = wfi(w) + fa(w) + 1'(w)

= (1+uw))fu(w) +w(h(w) — EW(Z)) + b (w).

From

[ h(s)]e " 2ds

[
[/
_ /OO B (1) (8)dt — /:O B ()1 — B(t))dt,

it follows that

falw) = )2 /_w [h(x) — ER(Z)]e™ /2dx
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x) —
1 o S
W (z)dte > /?ds — r /x /w K (t)dte "2 ds
)

(AL1.7)

(ALS)



- ewz/Q/i(/x h’(t)(b(t)dt—/ooh’(t)(l—@(t))dt)ex2/2d:1;

— 00 x

— mew2/2(1q>(w))/w B (t)®(t)dt

—00

—\V27e" 2 ®(w) / h W ()1 — ®(¢)]dt.

w

From (A1.7) - (A1.9) and (Al.1) we obtain

/7 (w)]

as desired. OJ
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Part II. Self-normalized limit theorems

8 Introduction

Let X, X1, X5, - be independent and identically distributed random variables. Put

S, = ixi and V;? = ixf. (8.1)
i=1

i=1
It is well-known that moment conditions or other related conditions are necessary and sufficient for
many classical limit theorems. For example, the strong law of large numbers holds if and only if the
mean of X is finite; the central limit theorem holds if and only if EX2I(|X| < ) is slowing varying
as x — o0; and a necessary and sufficient condition for the large deviation is that the moment
generating function of X is finite in a neighborhood of zero. On the other hand, limit theorems
for self-normalized sums S,,/V,, put a totally new countenance upon the classical limit theorems.
In contrast to the well-known Hartman-Wintner law of the iterated logarithm and its converse by
Strassen (1966), Griffin and Kuelbs (1989) obtained a self-normalized law of the iterated logarithm
for all distributions in the domain of attraction of a normal or stable law. Shao (1997) showed that
no moment conditions are needed for a self-normalized large deviation result P(S,/V, > zy/n)
and that the tail probability of S, /V,, is Gaussian like when X is in the domain of attraction
of the normal law and sub-Gaussian like when X is in the domain of attraction of a stable law,
while Giné, Gotze and Mason (1997) proved that the tails of S,,/V;, are uniformly sub-Gaussian
when the sequence is stochastically bounded. Shao (1999) established a Cramér type result for
self-normalized sums only under a finite third moment condition. These results strongly show that
self-normalized partial sums preserve desirable properties much better than non-randomized partial
sums. Self-normalization is also commonly used in statistics. Many statistical inferences require
the use of classical limit theorems. However, these classical results often involve some unknown
parameters, one needs to first estimate the unknown parameters and then substitute the estimators
into the classical limit theorems. This commonly used practice is exactly the self-normalization.
A typical case is the Student t-statistic. The close relationship between the Student t-statistic 75,

and the self-normalized sum S,,/V,, can be seen below:

X Sh n—1 1/2
m= = v G ) &2

and



where X is the sample mean and s is the sample standard deviation. In the second part of lecture
series, we shall first give a brief survey on recent developments in the direction of self-normalized
limit theory and then focus on how to use Stein’s method to prove the Berry-Esseen inequality and

Cramér type large deviation for self-normalized sums. The following topics will be reviewed:

1. Self-normalized large deviations

2. Self-normalized saddlepoint approximations

3. Self-normalized moderate deviations

4. Cramér type large deviations for independent random variables

5. Self-normalized laws of the iterated logarithm

6. Limiting distributions of self-normalized sums

7. Weak invariance principle for self-normalized partial sum processes
8. Exponential inequalities for self-normalized processes

9. Applications to statistics

9 Self-normalized large deviations

Let X, X1, X9, -+ be a sequence of independent and identically distributed (iid) random variables.
The classical Chernoff large deviation [8] states that if

A) EeoX < oo for some tg > 0,

then for every © > E X,

lim P <S" > x> e o), (9.4)

n—oo n
where p(z) = inf;>g e @ EetX.

Roughly speaking, this type of large deviation shows that the convergence rate in the law of
large numbers is exponential if the moment generating function is finite in a right neighbourhood
of zero. The latter is also necessary for an exponential scale. Essentially built on condition A), the
area of large deviations in finite dimensional spaces, as well as in abstract spaces, has been well

developed, and various applications in statistics (c.f., e.g., Bahadur (1971)), engineering, statistical
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mechanics and applied probability have been found in recent years. We refer to de Acosta (1988),
Stroock (1984), Donsker and Varadhan (1987) and the book by Dembo and Zeitouni (1992), and
references therein, for more details.

On the other hand, the following result shows that a self-normalized large deviation remains

valid for arbitrary random variables without any moment conditions.

Theorem 9.1 [Shao (1997)] Assume that either E(X) >0 or E(X?) = co. Then

Sn l/TL 2 2¢X 2X2
lim P <1/2 > x> = sup inf e 717 Bel(2eX =2 X5) (9.5)
n—oo Vn n >0 t>0

for x> E(X)/(E(X?)Y2, where E(X)/(BE(X?)"/? =0 if E(X?) = co.

Remark 9.1 Note that for any random variable X, E(X?) is either finite or infinite. When E(X?)
is finite, of course, E(|X|) is finite. It is reasonable to assume E(X) > 0. In fact, when E(X) <0,

(9.5) remains true for x > 0.

A key observation of the proof of Theorem 9.1 is the following identity
Voxz>0y>0, z/2y%=(1/2) iI>1£(:L"/0+yc). (9.6)

Thus, one can write
z/nV, = (1/2) ing(Vnz/C + ca’n)
c>
and
P(Sa/Va = wv/n) = P(S, > (1/2) inf(a®n/c + Vic))
c>
n
= P(sup E(QCXZ' —AX3) > x2n>. (9.7)
c>0 i—1
Now for each fixed ¢ > 0, {2¢X; — chiz,i > 1} is a sequence of i.i.d. random variables with finite
moment generating function in a right neighborhood of zero. Applying the Chnorff large deviation

(9.4) yields

liminf P(S,,/V,, > m\/ﬁ)l/n > sup %Eg €_t$2E(et(20X_C2X2)).
n—00 >0 >

As to the upper bound, intuitively, the order of magnitude for the probability of the union of events
should be close to the maximum of the probability of the individual event. The detailed proof is
much more involved.

Theorem 9.1 has been extended to high dimension by Dembo and Shao (1998a) and to self-

normalized empirical processes by Bercu, Gassiat and Rio (2002).
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10 Self-normalized saddlepoint approximations

Let X, X1, Xo,--- be ii.d random variables and denote X the sample mean of {X;,1 < i < n}.
Large deviation result provides an exponential rate of convergence for tail probability. However,
a more fine-tuned approximation can be offered by saddlepoint approximations. Daniels (1954)
showed that the density function of X satisfies

n

27K (1)

(@) = e (2 P o),

where 7 is the saddlepoint satisfying x'(7) = z. Lugannani and Rice (1980) obtained the tail
probability of X:

P(X > x)=1-®(Vni) + W(i —~ % +0(n*1)>,

where &/(7) = z, w = {2[7x'(7) — k(7)]}/?sign{7}, & = 7[x"(7)]"/2, ® and ¢ denote the standard
normal distribution function and density function, respectively. So, the error incurred by the
saddlepoint approximation is O(n~!) as against the more usual O(n~'/2) associated with the normal
approximation. Another desirable feature of saddlepoint approximation is that the approximation
is quite satisfactory even when the sample size n is small. The book by Jensen (1995) gives a
detailed account of saddlepoint approximations and related techniques. However, a finite moment
generating function is an essential requirement for saddlepoint expansions. Daniels and Young
(1991) derived saddlepoint approximations for the tail probability of the Student t-statistic under
the assumption that the moment generating function of X? exists. Note that Theorem 9.1 holds
without any moment assumption. It is natural to ask whether the saddle point approximation is
still valid without any moment condition for the t statistic or equivalently, for the self-normalized
sum Sy, /V,,. Jing, Shao and Zhou (2004) recently give an affirmative answer to this question. Let
K(s,t) = In BesX+1X?

0?K (s,t)

0?K (s,t)
0s2 '

Kii(s,t) = “s0t (s,1) o2

aKIQ(Sa t) =

For 0 < = < 1, let ty and ag be solutions ¢ and @ to the equations

EX et(—2aX/2°+X?) E X 2et(—2aX/2%+X?) a2

Bot(—2ax/2+x%) Y T pot(—2aX/a?+X?) | 32

It is proved in [36] that o < 0. Put §9 = —2aofo/z? and define

Ao(z) = Spao + 7?[)@3/:1:2 — K (80, fo),

A(z) = 26/2% 4+ (1,2a0/2*) A1, 2a0 /22,
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where

Theorem 10.1 [Jing, Shao and Zhou (2004)]. Assume EX =0 or EX? = 0o and that

e o |EeisX+itX?|r dsdt < 0o for some r> 1. Then for 0 < z < 1

P(S,/Vy, > x/n) =1 — & nw)—M(l 1

Vn
where w = \/20o(z), and v = (—to/2)/2x3/2ag ! (det A)V/2 A4 (2)1/2.

11 Self-normalized moderate deviations

Let X, X1, Xo,- - be i.i.d random variables and let {x,, n > 1} be a sequence of positive numbers

with x,, — 0o as n — 0o. It is known that

nllrrgoxEQ In P <|\i7%| > xn> = —%
holds for any sequence {z,} with x,, — co and x, = o(y/n) if and only if EX = 0, EX? = 1
and Ee'l Xl < oo for some t; > 0. The sufficient part follows from the Cramér large deviation
(c.f. Petrov (1975) ). Following Shao (1989), the necessary part can be proved by studying the
increments of S,,. The next result shows again that the situation is quite different in the case of
self-normalized limit theorems. It tells us that the main term of the asymptotic probability of

P(S,, > x, V,2) is distribution free as long as X is in the domain of attraction of a normal law and

an = o(y/n).

Theorem 11.1 [Shao (1997)] Let {xy,, n > 1} be a sequence of positive numbers with x, — o0
and x, = o(x/n) asn — oo. If EX =0 and EX?I{|X| < z} is slowly varying as x — oo, then

n 1
lim z,2 In P (S > xn> =3

n—00 n,2

Similar results to that of Theorem 11.1 remain valid when X is in the domain of attraction of

a stable law.

Theorem 11.2 [Shao (1997)] Assume that there exist 0 < a <2, ¢1 >0, c2 >0, ¢1 +c2 >0 and

a slowly varying function h(x) such that

P(X>z) = LO(l)h(m) and P(X < —z) = LO(l)h(alf) as x — o00.

x x
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Moreover, assume that EX =0 if 1 < a < 2, X is symmetric if a =1 and that ¢c; > 0 if0 < a < 1.
Let {xn, n > 1} be a sequence of positive numbers with x, — co and z, = o(n'/?) as n — oco.

Then, we have

lim z,? In P (i,n > xn> = —B(a,c1,¢2),

n—oo n

where B(a, c1,c2) is the solution of T'(B, o, c1,c2) =0 and

1 4 9p — 2c—x2/3 1 _92r — —2z-2%/p
cl/ ter—c dx—|—62/ A dr ifl <a<2,
0 0

{L'CH_]‘ ma-&-l

© 9 _ 2c—x%/8 _ —2x—x%/8
(B, a,c1,c2) = 61/ c 5 c dx ifa=1,
O ‘T
o q _ 62957z2/ﬁ 1 _ 6*21*f2/ﬁ )
61/0 le“i‘CQ/o Tdﬂf ZfO<Oé<1.

In particular, if X is symmetric, then
. Sn,
lim z,"InP(— >z, | =—0F(«a),
n—oo Vn

_ e?x—xQ/,B o e—2x—x2/ﬂ

2
where (o) is the solution of/ o dx = 0.
0 x

12 Cramér type large deviations for independent random vari-
ables

Let X1, X9, -+ be a sequence of independent random variables with £X; = 0 and 0 < E’Xz-2 < 00
for : > 1. Set

n n n

Se=Y_Xi, B:=> EX}, VI=> X/

i=1 i=1 i=1
It is well-known that the central limit theorem holds if the Lindeberg condition is satisfied. There
are mainly two approaches for estimating the error of the normal approximation. One approach
is to study the absolute error in the central limit theorem via Berry-Esseen bounds or Edgeworth
expansions. Another approach is to estimate the relative error of P(S,, > xBy) to 1 — ®(z). One
of the typical results in this direction is the so-called Cramér large deviation. If Xi, Xo,--- are
a sequence of i.i.d. random variables with zero means and a finite moment-generating function

EetX1 < oo for t in a neighborhood of zero, then for > 0 and x = o(n'/?)
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where A(t) is the so-called Cramér’s series (see [Petrov (1975), Chapter VIII] for details). In

t|X1|1/2

particular, if Fe < oo for some t > 0, then

P(S, > zBy,)

T —1 (12.1)

holds uniformly for z € (0,0(n'/%)). Note that the moment condition EellX1l'? < oo is necessary.
Similar results are also available for independent but not necessarily identically distributed random
variables under a finite moment-generating function condition.

Shao (1999) established a (12.1) type result for self-normalized sums only under a finite third-
moment condition. More precisely, he showed that if E|X;|?T9 < oo for 0 < § < 1, then

P(S, > zV,)

50 (12.2)

holds uniformly for x € ((),0(71‘5/ (2(2+5)))). Recently, several papers have focused on the self-
normalized limit theorems for independent but not necessarily identically distributed random vari-

ables. Bentkus, Bloznelis and Gotze (1996) obtained the following Berry-Esseen bound:

|P(Sn/vn Z x) - (1 - (I)(x))‘

n n
< A<Bﬁ2 Y EXPIyxspa + B0 Y E\Xi!3f{|xi|g3n}>,
i1 i=1

where A is an absolute constant. Assuming only finite third moments, Wang and Jing (1999)
derived exponential non-uniform Berry-Esseen bounds. Chistyakov and Gotze (2003) refined Wang
and Jing’ results and obtained the following result among others: If X;, Xo,--- are symmetric

independent random variables with finite third moments, then
P(Su/Vi = &) = (1= ®()) (1+ O()(1 + 2)° B> 3 EIXi*) (12.3)
i=1

for 0 <z < B,/(321, E|X;|*)!/3, where O(1) is bounded by an absolute constant.
Result (12.3) is useful because it provides not only the relative error but also a Berry-Esseen

rate of convergence. It should be noted that if X; is symmetric, then
n
Sn/ Ve and (Y& X,)/Vn
i=1

have the same distribution, where {e;,i > 1} is a Rademacher sequence that is independent of
{Xi,i > 1}. Hence given {X;,1 < i < n}, the problem reduces to estimate the tail probability

of the partial sum of independent random variables ;X;/V,,,1 < i < n. So, the assumption of
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symmetry not only takes away the main difficulty in proving a self-normalized limit theorem but
also limits its potential applications. Jing, Shao and Wang (2003) recently obtained a Cramér-type
large deviation for general independent random variables. In particular, they show that (12.3)
remains valid for non-symmetric independent random variables. Let
(1+2)* (1+2)° ¢
Ana =" Y EXI{|Xi| > B,/(1+x)} + B > EBIXiPI{|X;| < B/(1+2)}
i=1 i=1

n

for x > 0.

Theorem 12.1 [Jing, Shao and Wang (2003)]. There is an absolute constant A (> 1) such that

P(Sp, > aV},) — (O A
1—®(z)

for all © > 0 satisfying

2? max EX? < B?
1<i<n

and

Apz < (1+ a:)Q/A,

where |O(1)] < A.

Theorem 18.1 provides a very general framework. The following result is a direct consequence

of the above general theorem.

Theorem 12.2 [Jing, Shao and Wang (2003)]. Let {an,n > 1} be a sequence of positive numbers.

Assume that

2 2 2
a, < B;/ 121%)%EXi (12.4)
and
n
Ve>0, B,>Y EX]I{|Xi|>eBn/(14an)} -0 asn— oo (12.5)
=1
Then

In P(S,,/Vy, > x)
In(1 — ®(x))

—1 (12.6)

holds uniformly for x € (0,ay).

When the X;’s have a finite (2+ 0)th moment for 0 < § < 1, we obtain (12.3) without assuming

any symmetric condition.
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Theorem 12.3 [Jing, Shao and Wang (2003)]. Let 0 < 6 <1 and set

n
6
Ln,5 = ZE|Xi|2+67 dn,(s = Bn/LrlL{(g2+ )
i=1
Then,
P(Sn/VnZZ‘) 1—|—x)2+5

T :1+O(1)(%

for 0 <z < d, 5, where O(1) is bounded by an absolute constant. In particular, if dys — 00 as

(12.7)

n — oo, we have
P(S, > zV,)

e L (12.8)

uniformly in 0 <z < o(dy,s).

By the fact that 1 — ®(z) < 2¢~%"/2/(1 4 z) for = > 0, it follows from (12.7) that the following

exponential non-uniform Berry-Esseen bound
[P(Sn/ Vo = ) — (1= ®(x))] < AL+ 2)'H0e"/2 /a2 (12.9)
holds for 0 <z < d,, 5.

The original proof of Theorem 18.1 is quite complicated. We shall use Stein’s method to give
a new proof.

Theorem 18.1 has been successfully applied to study the studentized bootstrap and the self-
normalized law of the iterated logarithm. The proof of Theorem 18.1 is quite complicated. Shao

(2004) refined Theorem 12.2 which only requires condition (12.5).

Theorem 12.4 [Shao (2004)] Let z,, be a sequence of real numbers such that x, — oo and x, =
o(By,). Assume

Ve>0, B> EX?I{|X;| > eBn/an} — 0. (12.10)
=1
Then we have
In P(S,,/ Vi > x) ~ —22 /2. (12.11)

13 Self-normalized laws of the iterated logarithm

Let X, X4, Xo,- - bei.i.d. random variables. It is well-known that the Hartman-Wintner law of the
iterated logarithm holds if and only if the second moment of X is finite. In contrast to this classical
result, Griffin and Kuelbs (1989) established a self-normalized law of the iterated logarithm for all

distributions in the domain of attraction of a normal or stable law:
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Theorem 13.1 [Griffin and Kuelbs (1989)]

(a) If EX =0 and EX?I{|X| < 2} is slowly varying as x* — oo, then

li S 1
im su =1 a.s.
P Vo (2loglogn)t/2

(b) Under the conditions of Theorem 11.2, there is a positive constant C such that

lim su Sn =C as
ey Vi (2loglogn)t/2 o

By applying the self-normalized moderate deviation result of Theorem 11.2 and the subsequence

method, the precise constant C' in Griffin and Kuelbs’s LIL can be determined.

Theorem 13.2 [Shao (1997)] Under the conditions of Theorem 11.2, we have

lim sup Sn = (,3(0[,01,62))1/2 a.s.

n—oo (loglogn)/2V,

For non-identically distributed independent random variables, as a direct consequence of The-

orem 12.4, we have

Theorem 13.3 [Shao(2004)] Let X1, Xs, - - - be independent random variables with E(X;) = 0 and
E(X?) < co. Assume that B2 := 3" | EX? — 00 as n — oo and that

n
Ve>0,B,2Y EXI{|X;| > eB,/(loglog By)'/?} — 0,
=1

then

S,
lim sup = =1 a.s.

n—oo Vp(2loglog By)l/2

14 Limiting distributions of self-normalized sums

Let X, Xy, Xo, - - be i.i.d random variables. It is well-known that S,, /b, — a,, has a non-degenerate
limiting distribution for some suitably chosen real constants a, and b, > 0 if and only if X is in
the domain of attraction of a stable law with index a (0 < av < 2). When «a = 2, it is equivalent to
EX2I(|X| < z) is slowly varying as  — oo, while for 0 < a < 2, it is equivalent to

(c1 +0(1))h(x)

xa

(c2 + o(1))h(x)

1:04

P(X >x)= , P(X < —2)=
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as * — 00, where ¢; > 0,c2 > 0,¢1 + ¢ > 0 and h(z) is slowly varying at co. It is also known that
the normalizing constants a,, and b,, are complicatedly determined by the slowly varying function .
On the other hand, self-normalization shows again its neatness. Logan, Mallows, Rice and Shepp
(LMRS)(1973) proved that all limit laws of S,,/V, 2 for X in the domain of attraction of a stable
law with index a € (0, 2) have a subgaussian tail which depends in a complicated way on the

parameter «, and posed a conjecture which was solved in [47].

Theorem 14.1 [Logan, Mallows, Rice and Shepp (1973) and Shao (1997)]
Under the conditions of Theorem 11.2, the limiting density function p(x) of Sy /Vy2 exists and

satisfies as x — o0

s~ o (2) T VEBa e e e,

™

Logan, Mallows, Rice and Shepp (1973) also stated that S,,/V}, is asymptotically normal if [and
perhaps only if] X is in the domain of attraction of the normal law and that it seems worthy of
conjecture that the only possible nontrivial limiting distributions of S, /V;, are those obtained when
X follows a stable law. The first conjecture of LMRS was proved by Giné, Gotze and Mason (1997)
and the second conjecture was recently confirmed by Chistyakov and G&tze (2004).

Theorem 14.2 [Gine, Gdotze and Mason (1997)]
S/ Vi 25 N(0,1)

if and only if EX =0 and EX?I{|X| < x} is slowly varying.

Theorem 14.3 [Chistyakov and Gdétze (2004)]. S, /V, converges weakly to a random variable Z
such that P(|Z| =1) < 1 if and only if

(i) X is in the domain of attraction of a stable law with index o € (0,2];
(i) EX =0if 1 <a<2;

(iii) if « = 1, then X is in the domain of attraction of the Cauchy law and Feller’s condition
holds, that is, lim, ..o nEsin(X/a,) exists and is finite, where a,, = inf{x > 0 : nz=2(1 +

EX?I{|X| <z}) <1},
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Chistyakov and Gé&tze (2004) also proved that S, /V;, converges weakly to Z with P(|Z] = 1) if
and only if P(|X| > x) is a slowly varying function at +oc.
For the asymptotic distribution of self-normalized censored sums and trimmed sums, we refer

to Hahn, Kuelbs and Weiner (1990) and Griffin and Pruitt (1991).

15 Weak invariance principle for self-normalized partial sum pro-
cesses

Let X, X1, Xo,--- be i.i.d. random variables. As a generalization of the central limit theorem, the
classical weak invariance principle states that on an appropriate probability space,

sup \LSW] - LVV(mf)\ = o(1) in probability

0<t<1 V/no Vn
if and only if EX = 0 and Var(X) = o2, where {W(t),t > 0} is a standard Wiener process.
The weak invariance principle is a stronger version of Donsker’s classical functional central limit
theorem. In view of the self-normalized central limit theorem, Csorgs, Szyszkowicz and Wang

(2003) proved a self-normalized version of the weak invariance principle.

Theorem 15.1 [Csdrgd, Szyszkowicz and Wang (2003)]. As n — oo, the following statements are

equivalent:

(a) EX =0 and X is in the domain of attraction of the normal law;

(b) Siny/Vn — W(t) weakly on (D[0,1],p), where p is the sup-norm metric for functions in
DI0,1], and {W(t),0 <t <1} is a standard Wiener process;

(¢c) On an appropriate probability space, we can construct a standard Wiener process {W(t),t > 0}
such that

sup [Spng/ Ve — W (nt)/v/n| = o(1) in probability.
0<t<1

The following are immediate corollaries of the above weak invariance principle. If EX = 0 and

X is in the domain of attraction of the normal law, then

P(max S;/V, <z) — P(sup W(t) <uz),
1<i<n 0<t<1

P(max |S;|/V, < x) — P(sup [W(t)| < ),
1<i<n 0<t<1
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_1252/V2<x —>P/W2 dt<:r>

=1
1
(nliz;\si|/vn < 1) —>P(/0 \W(t)|dt§a:).

When X is in the domain of attraction of a stable law, Hu and Shao (2005) obtained a similar
invariance principle.

Let Ny, Ny be two independent poisson random measures with intensity L on o-finite measure
space (R2?, 82, L), where B? is the Borel g-algebra of R? and L is the Lebesgue measure on R2. For
1=1,2 put

N;(t,y) := N;([0,¢] x [0,y]) for ¢t >0, y>0

and define the following processes:

a~! fo y 1 Vedy ifo<a<l1
Anilt) = q [JTO(Ni(t y — ty) “2dy+ [y Ni(t,y)y dy  ifa=1
a~ ! fo (ty) —ty)y 1 Vedy ifl<a<?2

Theorem 15.2 [Hu and Shao (2005)] Assume that there ezists o € (0,2), ¢1 > 0,¢9 > 0,¢1+c2 >

0 and a slowly varying function h(z) such that
c1 + 0(1)

:LAOL

h(z) and P(X < —z) = LO(l)h(gc)

‘,EOL

P(X >z) =
as T — oo Moreover, assume that EX =0 if 1 < a <2 and X is symmetric if « = 1. Write

Aa (t) = _WlAa,l(t) + WQAoc,Q (t),
Aa(t) = W%AQ/Q,I(t) + W%Aa/2,2(t)7 0<t<lI,

Q=
QI+~

where wy = <le62) ,Wo = (Cl‘i@) , then in DI0,1],
S[nt]/Vn = Aa(t)/ Aa(l)'

Theorem 15.2 can be applied to obtain the limiting distribution of a unit-root test statistic

when the data is in the domain of attraction of a stable law.

16 Exponential inequalities for self-normalized processes

We have focused on limit theorems for self-normalized sums so far. Several papers have recently
discussed moment inequalities for self-normalized processes. de la Pena, Klass and Lai (2004)

established very interesting exponential inequalities for general self-normalized processes.
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Theorem 16.1 [de la Pena, Klass and Lai (2004)]. Let S andV be two variables with V' > 0 such
that
)\2
Eexp{\S — 71/2} <1 (16.1)

for all A\ € R. Then for all y > 0,

2
i <1 (16.2)

E
VVZ 42 T

Consequently, if EV > 0, then

SQ
pew (s cavyy) < V2

and
xS
E exp [ ——————) < V2 exp(z?
» v2+(Ev>2)— P
for x > 0. Moreover, for all p > 0,
|S]| P 1
EBl———————) <2PT2pT(p/2).
(@) ¥ 7hren

Condition (16.1) is satisfied for a large classes of random variables (S, V). Important examples
include: (i) S = Wy, V = /T, where W; is a standard Brownian motion, and T is a stopping time
with T < oo a.s.; (ii) S = My, V = \/(M;), where M, is a continuous square-integrable martingale
with Mo = 0; (iii) S = Y1 di, V = /> i d?, where {d;} is a sequence of variables adapted to an
increasing sequence of o-fields { F';} and the d;’s are conditionally symmetric. They also developed

maximal inequalities and iterated logarithm bounds for self-normalized martingales.

17 Application to statistics

The idea of self-normalization is by no means new. Self-normalized statistics have been used, out
of necessity, for quite some time by now. The celebrated “Student t-statistic” t,, a classical object

familiar to virtually everyone who does data analysis, is closely related to S, /V; 2 via the following
. Sh < n—1 ) 1/2
" Vn,2 n— (Sn/Vm?)Z

s, n 1/2
> =L — > _— .
{tn 2 1} Vn72_t(n—|—t2—1>

identities

and
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Thus, appropriate properties of self-normalized partial sums can be easily transformed to the t-

statistic. For example, under the conditions of Theorem 11.1,

1
lim x;Q InP(ty, > xp) = —=

n—oo 2

for any xz,, — oo with z, = o(y/n).

The above result enables one to evaluate the exact Bahadur slope of all score tests for any
univariate model. He and Shao (1996) derived the exact Bahadur slopes of studentized score tests
and showed that under mild conditions the likelihood score is locally optimal in Bahadur efficiency.
The self-normalized technique was successfully applied in Chen and Shao (1997) to study the
performance of Monte Carlo methods for estimating ratios of normalizing constants.

Cao (2005) recently studied the moderate deviations for two-sample t-statistics.

Let Xi,---,X,, be a random sample from a population with mean p; and variance U%, and

2

Yy, -+, Yy, be a random sample from another population with mean 2 and variance o5. Define

the two sample t-statistic o
o XY (1 —p)

\/s%/m + 8%/712 ’

where

1 _ 1 _
e DI P S (¥ - V).
=1 i=

Theorem 17.1 [Cao(2005)] Let n = ny + ng. Assume that there are 0 < ¢; < ca < 00 such that

c1 < ni/ny < cg. Then for any © := x(ny1,n2) satisfying x — oo, x = o(n'/?)
InP(T > z) ~—22/2

as n1,ny — oo. If in addition, E|X1|> < 0o and E|Y1|® < oo, then

P(T > x)

T a() —ToMa+ x)*n = 2d

for 0 < 2 < n'/8/d, where &* = (E|X1 — u|® + E[Y1 — p2]?)/ (0% + 03)%/? and O(1) is a finite

constant depending only on c1 and co. In particular,

P(T > x)
1-o(z)

uniformly in x € (0,0(n'/%)).
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18 An explicit Berry-Esseen bound for Student’s t-statistic via
Stein’s method

Let X1, Xo, ..., X, be a sequence of independent random variables with £X; = 0 and EXZ-2 < 00.
Put

n n n
Sn=> X, V;=> X}, B.=) EX}.
=1 i=1 i=1

Define the Student t-statistic by
Sn
vn s’

where s2 = L3 (X; — S, /n)2. The study of Berry-Esseen bound for Student’s statistic has

n—1

T, =

a long history (see, e.g., Bentkus and Gotze (1996) and references therein) and the first optimal
result is due to Bentkus and Gotze (1996) for i.i.d case, which is extended to the non-i.i.d case by

Bentkus, Bloznelis and Gotze (1996). In particular, they show that

sup | P(T, < 2) — ®(2)| < C1B,> Y EX7Ix, 55,2y + CoB* Y EIXiP I x,1<p, /2y, (18.1)

i=1 i=1
where C7 and C5 are absolute constants. The bound coincides the classical Berry-Esseen bound for
the standardized mean S,/ B;, up to an absolute constant. Their proof is based on the characteristic
function approach. Her we give a direct proof of (18.1) with explicit values of C1 and Cy via Stein’s
method. As we mentioned before, the Student t-statistic is closely related to the self-normalized

sum Sy, /V,, via the following identity

{Tnzx}_{%szH_Zz_l)lm}.

Hence we state our main result in terms of the self-normalized sum.

Theorem 18.1 We have

sup |P(Sy,/ Vi < z) — ®(z)| < 10.23; + 2504, (18.2)
where . .
By = B> EXIx, 058, and B3 = B,* Y E|Xi|*I{x,<058,)- (18.3)
=1 =1
In particular, we have
sup |P(S,/Vn < 2) — ®(2)] < 25B;piE|Xi\p (18.4)
N i=1

for2 <p<3.
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Remark. For i.i.d case, Nagaev (2002) also obtained an explicit bound similar to (18.4) but

with a bigger value of the constant.

Proof. We assume that {X;,1 <i < n} are independent with £X; = 0 and finite second moments.
Without loss of generality, assume B,, = 1 and z > 0. The proof is carried out via (i) truncation
and (ii) applying the Stein’s method to the truncated variables. The main difficulty arises from
the variable V;, in the denominator which can not be simply replaced by (E(V,2))/2.

(18.2) is obviously true if B2 > 0.1 or B3 > 0.04. So we can assume that
B2 <0.1 and f3 < 0.04. (18.5)

Recall a Hoeffding (1963) type inequality for non-negative independent random variables (see

(4.6))

Let {Y;,1 < i < n} be independent non-negative random variables with pn = Y ;' | EY; and
0?2 =" EY? <oo. Then for0 <z < p
- (=)
P> Y <a) < exp ( - “7) (18.6)
i=1

A direct corollary of (18.6) is: for ¢ <1 — 3y

P(Y  X?Ijx<05) < &)

PV, <¢) <
=1
< exp ( B (Z?:l inQI{\iQ\gO.S} - 02)2>
23 i EX{ ix,<0.5)
(1—fa—c?)?
< B S A _
< exp( ) (18.7)
Hence for z > 0
(1—0.1—0.49)? 1
< _
< e o)t +(0.72)2
< .01 _—
s 0O+ gy
and
sup(P(Sn/Vy > 2) — (1 — @(2)))
2>0
1

< 0.01 - (1-9d

< 0015+sup (5 07 ¢ (-)))

< 0.015 + 0.585 = 0.6. (18.8)
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Thus, (18.2) holds if §2 > 0.6/10 = 0.06 or B3 > 0.6/25 = 0.024. Therefore we can further assume

By < 0.06 and B < 0.024. (18.9)
Let B B B
Xi = Xiljyjx, <05}, Sn = > i1 Xi,
V2 =" X2 VF=max(V,,0.8), (18.10)
=Xi/V, W=3T" 16 =5,/Vy,
wi(t) = &ili_g,<i<oy — Silfoci<—ey, K(t) = D0, Rilt).
Note that

[P(Sn/Vi < 2) = P(W < 2]

< P(max | X;| > 0.5) + P(V,, < 0.8)

1<i<n
1—0.06 — 0.64)2
< 4B+ exp (- 5) oy sy
B33
1 0.09
< 48>+ B3 sup *eXp(— 7)
0<x<0.024 T €T
< 485 + 0.985. (18.11)

Now we use the Stein method to bound P(W < z) — ®(z). Observe that for any absolute

continuous function f
- Z&f(W—&) (18.12)
= Zgz W gz Z‘fl f W+t)d
i=1 &

= Zéi/lf/(w+t)[j{_§i<t<0} — Toci<—gyldt
=1 -

- ;/lf (W+t)mi(t)dt=/1f (W + t)m(t)dt

Noting that

/ t)dt = Zg, V2V =1—(1-V2/0.64) Iy, o8},
we have
f'(wW) —=wfw) (18.13)
n 1
= [W)(1 =V /0.64) L1y, o5y — Y Gf (W — &) + /1[f’(W) — f'(W +t)]m(t)dt.
i=1 -
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Now we let f := f, be the solution of the following Stein equation:

fllw) —wf(w) =I(w < 2) - &(2). (18.14)

Then
P(W < z)—®(z) = Ry — Ry + Ry, (18.15)

where
Ry = Ef{(W)1-V;2/0.64)Iy, o, (18.16)
Ry = zn;Efifz(W — &), (18.17)
R [ B - 20V + o (15.15)

Recall
0 < f.(w) < V2r/4 < 0.627, (18.19)
[fi(w)] <1, (18.20)
wfz(w) = (w+ ) fo(w+ )| < (Jw| +0.627)[t]. (18.21)

It follows from (18.20), (18.7) and the proof of (18.11) that
|R1| < P(V, <0.8) <0.988s. (18.22)
Now by Lemmas 18.1 and 18.2 below,
|R2| < 1.56805 + 1.85033 and |R3| < 4.5905 + 21.92/35.

This proves (18.2) by combining the inequalities above. [J

We now present two lemmas used in the main proof.
Lemma 18.1 Under (18.9), we have
|Ra| < 1.568032 + 1.85035. (18.23)

Proof. Note that & and W — &; are almost independent and the dependence is mainly because of

the denominator V) in & and W — &;. To eliminate the dependence, we introduce

_ _o\ 1/2 B S _X.
E 2 * * n 7
1<j<n,j#i (i)
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Since E(X;) =0,
|E(Sn — Xl = 1) B(X;I(x, 1505 < 282.

JFi
Thus, under (18.9), we have
E|S, — X;| < (E(S, - X)H)Y?
LI _ _ 1/2
< (X BRI+ (BGS. - X)?)
j=1
< (14483HY2% <1.008. (18.25)

Noting that by (18.19) and (18.20)
d
|%(a:cfz(bx))| = |af.(bx) + abz f.(bz)| < 0.627|a| + |ab|/0.8
for |z| < 1/0.8 and for constants a and b, and

11 V2=V

< * P *Y/* * *
Vi Vi Vv (G VR)
X2 X?

d < L < (0.98X72 18.26
(Vi + V() ~ 2(08)° = “ (18.26)

n 7 (4)

we have

| R

IN

Se{n ()} - B ()

(4) (4)
> e{ ()}
0.8

H(E)

IN

zn:E{(o.627|Xiy +

=1

)0.98)23}

£ 1B B ‘%
=1 1

0.615) " E|X;|* + (0.98/0.8) Y  E|X,;[*E|S, — X;|
=1 1=1

IN

+0.627(0.8) ¢ Zn: |EX;| [by (18.19)]
i=1
(0.615 + (1.008)(0.98)/0.8)33 + 0.627/0.43, [by (18.25)]

IN

IN

1.5680; + 1.850s, (18.27)

as desired. OJ

Next lemma provides an estimate for Rs.
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Lemma 18.2 Under (18.9), we have

|Rs| < 4.598, + 21.060s. (18.28)

Proof. First we prove

Rs < 4.59835 + 21.9205. (18.29)

The proof of —R3 < 4.59085 4+ 21.92033 is similar and hence will be omitted.
By (18.14) and (18.21),

Ry < E / (W] + 0.627)|t]dt + B / DTy <sy — Twsreny)dt

< O.5E<(|W| +o.627)z |§i|3) +ZE/ m(t) I, ew<.ydt

< 0.5(0.8)7° ZE(]X 13151 /0.8 + 0.627) ) + ZE (1o e cwesei<op)
=1 =1
< 098 B(IXiP(0.627 4 18./0.8)) + 3 B(E1 (., joscwesy)
=1 i=1
= Rzi1+ Rsp. (18.30)
By (18.25),
Rsy < 098 {(0.627 +0.5/0.8)E| X + E|X:|PE|S, — X',-y/o.s}
=1
< 0.98(0.627 + 1/1.6 4 1.008/0.8) 33 < 2.47033. (18.31)
To bound R332, let
§=0.75)_|&I%, ni = |X:|/0.8
=1
and define
-6 —1n;/2 forx<z-—mn—20
h;s(x) x—2z—mn)/2 forz—m—d<ax<z49§ (18.32)
d+mi/2 forz>z2446

Then, by (18.12)
W hi s (W) — Z&-hi,s(W - &)

_ / m(O),5(W + t)dt > / _ Temnzwzgmii
<

= I{z—mﬁWﬁz} Z |§]| min(67 |£]|)

J=1
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> Topewesy Y1618 — €/ (46))

j=1
= Iiop<w<y(V;}/max(V,,0.8%) —1/3)
> (2/3)I{zfn¢§W§z} - I{Vn<0.8}7 (1833)

where in the last but second inequality, we used the fact that:
min(a,b) > a — a?/(4b) for any a > 0,b > 0.
Hence

(2/3) Z EE?I{Z—mgVVSz}

=1
< Bl s 3 &+ EEWhis(W) =" BeZeihis(W - &)
=1 =1 7j=1 =1
< P(Vn<08)+ R33+ R34+ Rss
< 0.9803 + R373 + R374 + R3’5 (18.34)

by (18.22), where

Ry = Y E(&IWI0+m/2)),
i=1

Ryq = =Y E&his(W—&),
=1

Rys = — Y > B&&his(W —¢)).
i=1 j#i

From (18.25) we obtain that

E([W[6) + 0.5 E(&m|W])
=1

| R3 3]

IN

(0.5+0.75)0.87* > " E[X}S,|
=1
1.25(0.8)~4(0.5 + 1.008) 33 < 4.603 3 (18.35)

IN

IN

and

A

[Rsal < ) EIE|(5+0.5m)
=1

0.75E( Zn: I&F’)Q +0.5(0.8)7% Zn: E|X;*
i=1

=1

IN
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IA

n n
(0.75/1.6)E<Z |§iy3) +0.6104 3 B X
=1 =1
< 153637

where we used the fact that Y1 [&]® < (0.5/0.8) > 1, &2 < 1/1.6.

To bound Rg 5, we define V7 as in (18.24) and h; s, as in (18.32) with
5 =075 X[V
1<I<n,l#j
Observe that

*3 3
1 I A

0 < — =
— *3 *3 *31/7%3
Vo Vet VRV
V;Q
1.5 Vitdt B
_ V& L.5X;]?
- V*?’V*.?’ — V*ZV*.?’ :
no () no ()

Clearly for any x

his(x) = hig; (z)] < [0 — 4

0.75| X3 , . .
< 7‘/*3] +0.75 ) X P/ - 1/V)
" 1]
0.75|X;3  1.5(0.75)|X;|? o3
< 1/ *3 + V*QV*;)’ Z |Xl|
n no () 1#§
0.375|X;]?  1.125|X,|? o
= 0.8 V+20.83 ZMXZ
I#j
< 1.832X7.

Write R3,5 = R376 + R377, where

Rsg = Y > E{&¢&(his,(W — &) — his(W — &)},
i=1 j#i
Ryz = =Y > E&&his, (W —¢).

i=1 j#i

By (18.37),

|Rsel < 1.832) > E{&|¢|X7}

i=1 j#i
< 1.832)  E{|§|X}}

j=1
< (1.832/0.8)33 = 2.290s.
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Notice that
|hi75].| < d; +1;/2 <0.75(0.5/0.8) + 0.5/1.6 = 0.782.

Since X; and {V("]‘.), S, — X, X;} are independent for j # i, we have

Rosl < 13050 IB(G) BXAVhis (50 - )V

1=1 j#i

+ZZ|E(X2 (L/VPhis, ((Sn = X3)/ Vi) = XEX5(1/V(5)) his, (S

=1 j#i
< 0.782(0.8) Y " " BIX;|Ix, 505y EX]
i=1 ji
3 S IB(RER (V™ = Vi his, ((Sn = X)/V)|
i=1 ji
5 Y IB(REEV T i, (S = X3)/Vir) = hig, (S = X3)/V(3))|
i=1 j#i
15X2|X,
<
< 30652+0782ZZE( 3 )
i=1 j#i @)
" X%5 - X, 1 1
+ZZE — *3 ](T_ﬁ)
i=1 j#i ( Vi V(j) Vi )
0.782(1.5)
< .
< 3.068 + —o 5B
= X2 X218, — X
+ZZE( | J’V|*3 J‘) by (18.26)]
=1 j#i n
l & o 3ems o
< 3.060; + 229263 + o > E|X;PE|S, - X [by (18.25)]
8

< 3.060; + 3.560.

Now combining (18.34), (18.35), (18.36), (18.38) and (18.39) yields

R32 < 1.5(0.9803 + 4.603033 + 1.5303 + 2.2903 + 3.0652 + 3.5633) < 4.5902 + 19.45035.

This proves (18.29) by (18.30), (18.31) and (18.40). O
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