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HODGE METRIC COMPLETION OF THE TEICHMULLER SPACE OF
CALABI-YAU MANIFOLDS

XIAOJING CHEN, FENG GUAN, AND KEFENG LIU

ABSTRACT. We prove that the Hodge metric completion of the Teichmiiller space of
polarized and marked Calabi—Yau manifolds is a complex affine manifold. We also show
that the extended period map from the completion space is injective into the period
domain, and that the completion space is a domain of holomorphy and admits a complete
Kahler-Einstein metric.
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1. INTRODUCTION

A compact projective manifold M of complex dimension n with n > 3 is called Calabi—
Yau in this paper, if it has a trivial canonical bundle and satisfies H*(M,Oy;) = 0 for
0 < 7 < n. A polarized and marked Calabi—Yau manifold is a triple consisting of a
Calabi-Yau manifold M, an ample line bundle L over M, and a basis of the integral
middle homology group modulo torsion, H,(M,Z)/Tor.

We will denote by T the Teichmiiller space for the deformation of the complex structure
on the polarized and marked Calabi—Yau manifold M. Actually the Teichmiiller space
is precisely the universal cover of the smooth moduli space Z,, of polarized Calabi—Yau
manifolds with level m structure with m > 3, which is constructed by Popp, Viehweg, and

Szendrdi, for example in Section 2 of [I3]. The versal family &/ — T of the polarized and
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marked Calabi-Yau manifolds is the pull-back of the versal family Xz, — Z,,, which is
also introduced in [13]. Therefore 7T is a connected and simply connected smooth complex
manifold with dim¢ 7 = h" "M (M) = N, where A"~ 11(M) = dime H"11(M).

Let D be the period domain of polarized Hodge structures of the n-th primitive coho-
mology of M. The period map ® : 7 — D is defined by assigning to each point in 7 the
Hodge structure of the corresponding fiber. Let us denote the period map on the smooth
moduli space by ®z_ : Z, — D/T', where I denotes the global monodromy group which
acts properly and discontinuously on D. Then ® : 7 — D is the lifting of &z o 7,
where 7, : T — Z,, is the universal covering map. There is Hodge metric A on D,
which is a complete homogeneous metric and is studied in [4]. By local Torelli theorem of
Calabi-Yau manifolds, both &z and & are locally injective. Thus the pull-backs of A on
Z,, and T are both well-defined Kéahler metrics, and they are still called Hodge metrics.

In this paper, one of our essential constructions is the global holomorphic affine struc-
ture on the Teichmiiller space, which can be outlined as follows: by using the local Ku-
ranishi deformation theory of Calabi—Yau manifolds, we construct Kuranishi coordinate
cover on 7. We then verify that the transition maps between any two local Kuranishi
coordinate charts are holomorphic affine maps. The computation of transition maps is
based the local Torelli theorem for Calabi—Yau manifolds and the Griffiths transversality
for variations of Hodge structures. We point out that the construction of the holomorphic
affine structure on the Teichmiiller space of Calabi-Yau type manifolds in [I] is similar
to this construction. However, one may notice that such construction is algebraically
using local Torelli Theorem for the Calabi—Yau manifolds and the Griffiths transversality,
while the construction of holomorphic affine structure on 7 in [5] is analytically using the
canonical (n,0)-forms on the local Kuranishi family of Calabi—Yau manifolds.

As a consequence, we get that ® is a map from 7 to N, N D, where N, is identified with
its unipotent orbit in D by fixing a base point ®(p) € D with p € T. Based on this result,
we first define a holomorphic map ¥ from 7 to CV by composing the period map with a
projection P : N, — CV and then show that ¥ is a holomorphic affine local embedding
with respect to the holomorphic affine structure on 7. One will see the property that ¥
is a local embedding is crucial in our further constructions.

Let Zf be the Hodge metric completion of the smooth moduli space Z,, and let ’Tf
be the universal cover of Z with the universal covering map 7 : TH — Z7 Tt is easy
to see that Zf is a connected and complete smooth complex manifold, and thus 7:nH is a
connected and simply connected complete smooth complex manifold. We also obtain the
following commutative diagram:

(1) T TH . D
Lﬂ’m lﬂg LWD

@H
Z, ——=Z" 22 DT,

where @fm is the continuous extension map of the period map ¢z, : 2, — D/I', i is
the inclusion map, i, is a lifting of i o m,,, and & is a lifting of ®Z o 71, We prove in
Lemma that there is a suitable choice of i,, and ® such that ® = & 04,,. It is not
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hard to see that (IDf is actually a holomorphic map from 7;H to Ny N D, where N, is also
identified with its unipotent orbit in D by fixing the base point ®(p) € D with p € T

Proposition 1.1. For any m > 3, the complete complexr manifold 7:nH 1S a complex
affine manifold, which can be embedded into CV. Moreover, the holomorphic map @g :
TH — Ny N D is a injection. As a consequence, the complex manifolds T and T are
biholomorphic to each other for any m,m’ > 3.

This proposition allows us to define the complete complex manifold 7% by T# = T,
the holomorphic map iy : 7 — T by i = 4,,, and the extended period map ®* :
TH — D by &7 = & for any m > 3. By these definitions, Proposition [T implies that
TH is a complex affine manifold and that ®7 : TH# — N_N D is a holomorphic injection.
The main result of this paper is the following.

Theorem 1.2. The complete complex affine manifold T is the completion space of T
with respect to the Hodge metric, and it can be embedded into CN. Moreover, the extended
period map ® . TH — N_ N D is a holomorphic injection.

Here we remark that one technical difficulty of our arguments is to directly prove that
TH is the smooth Hodge metric completion space of T, which is to prove that 79 is
smooth and that the map i7: 7 — T is an embedding.

To show the smoothness of 7, we need to show that the definition 7 = ’Tf{ does not
depend on the choice of the level structure m. Therefore, we first have to introduce the
smooth complete manifold 7;H . Then by realizing the fact that the image of the period
map in D is independent of the level structure and that the metric completion space is
unique, this independence of level structure can be reduced to show that <I>Z : 7;H —
N,ND is injective. To achieve this, we first define the map U* : T# — C by composing
the map @g with the projection P as above. Then by crucially using the property that
¥ is local embedding, we show that \Ilf is a local embedding as well. Thus we conclude
that there exists a holomorphic affine structure on ’Tf{ such that \Ifg is a holomorphic
affine map. Finally, the affineness of U and completeness of T gives the injectivity of
\IIZ , which implies the injectivity of (IDf .

To overcome the difficulty of showing i1 : 7 — T is embedding, we first note that
To = Tm = im(T) is also well-defined. Then it is not hard to show that ir : T — T
is a covering map. Moreover, we prove that i : T — 7Ty is actually one-to-one by
showing that the fundamental group of 7y is trivial. Here the markings of the Calabi—Yau
manifolds and the simply connectedness of 7 come into play substantially. Therefore,
we can conclude that i : 7 — T is an embedding. It would substantially simplify
our arguments if one can directly prove that the Hodge metric completion space of T is
smooth without using 7, and T,7.

As a direct corollary of this theorem, we easily deduce that the period map ® =
®H o ir: T — D is also injective since it is a composition of two injective maps. This is
the global Torelli theorem for the period map from the Teichmiiller space to the period
domain. In the case that the period domain D is Hermitian symmetric and that it has
the same dimension as 7, the above theorem implies that the extended period map ®# is
biholomorphic, in particular it is surjective. Moreover, we prove another important result
as follows.
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Theorem 1.3. The completion space TH is a domain of holomorphy in CV; thus there
exists a complete Kdihler-Einstein metric on TH.

To prove this theorem, we construct a plurisubharmonic exhaustion function on 7
by using Proposition [5.9], the completeness of 7%, and the injectivity of ®¥. This shows
that 7 is a domain of holomorphy in CV. The existence of the Kahler-Einstein metric
follows directly from the well-known theorem of Cheng—Yau in [2].

This paper is organized as follows. In Section [2, we review the definition of the pe-
riod domain of polarized Hodge structures and briefly describe the construction of the
Teichmiiller space of polarized and marked Calabi—Yau manifolds, the definition of the
period map and the Hodge metrics on the moduli space and the Teichmiiller space re-
spectively. In Section [3, we construct a holomorphic affine structure on the Teichmiiller
space and show that the image of the period map is in N, N D. Then we define the
map ¥ from 7 to CV and show it is a holomorphic affine local embedding. In Section
], we prove that there exists a global holomorphic affine structure on 7;H and that the
map ®7 : TH — D is an injective map. In Section [5, we define the completion space
TH and the extended period map ®. We then show our main result that 77 is the
Hodge metric completion space of 7, which is also a complex affine manifold, and that
®H is a holomorphic injection, which extends the period map ® : 7 — D. Therefore, the
global Torelli theorem for Calabi—Yau manifolds on the Teichmiiller space follows directly.
Finally, we prove 7 is a domain of holomorphy in C¥, and thus it admits a complete
Kahler-Einstein metric. In the appendix, we include two topological lemmas: a lemma
shows the existence of the choices of @ and i,, satisfying ® = ® 04,, and a lemma that
relates the fundamental group of the moduli space Z,, to that of its completion space Zf
with respect to the Hodge metric.

Acknowledgement: We would like to thank Professors Mark Green, Wilfried Schmid,
Andrey Todorov, Veeravalli Varadarajan and Shing-Tung Yau for sharing many of their
ideas.

2. TEICHMULLER SPACE AND THE PERIOD MAP OF CALABI-YAU MANIFOLDS

In Section 2.1], we recall the definition and some basic properties of the period domain.
In Section 2.2, we discuss the construction of the Teichmiilller space of Calabi—Yau man-
ifolds based on the works of Popp [10], Viehweg [14] and Szendréi [13] on the moduli
spaces of Calabi—Yau manifolds. In Section 2.3] we define the period map from the Te-
ichmiiller space to the period domain. We remark that most of the results in this section
are standard and can be found from the literature in the subjects.

2.1. Period domain of polarized Hodge structures. We first review the construction
of the period domain of polarized Hodge structures. We refer the reader to Section 3 in
[11] for more details.

A pair (M, L) consisting of a Calabi-Yau manifold M of complex dimension n with
n > 3 and an ample line bundle L over M is called a polarized Calabi—Yau manifold. By
abuse of notation, the Chern class of L will also be denoted by L and thus L € H*(M,Z).
Let {7, -, 7} be a basis of the integral homology group modulo torsion, H, (M, Z)/Tor
with dim H,,(M,Z)/Tor = h".
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Definition 2.1. Let the pair (M, L) be a polarized Calabi—Yau manifold, we call the triple
(M, L,{v1, -,y }) a polarized and marked Calabi—Yau manifold.

For a polarized and marked Calabi—Yau manifold M with background smooth manifold
X, we identify the basis of H,(M,Z)/Tor to a lattice A as in [13]. This gives us a
canonical identification of the middle dimensional de Rahm cohomology of M to that of
the background manifold X, that is,

H"(M) = H"(X)

where the coefficient ring can be Q, R or C. Since the polarization L is an integer class,
it defines a map

L: H'(X,Q) — H"(X,Q), A~ LAA
We denote by H},.(X) = ker(L) the primitive cohomology groups where, the coefficient
ring can also be Q, R or C. We let Hy"~*(M) = H*"*(M) N H}.(M, C) and denote its
dimension by "% We have the Hodge decomposition

(2) Hy, (M, C) = Hy'(M) @ -+ - & Hy" (M).

It is easy to see that for a polarized Calabi—Yau manifold, since H*(M, Oy;) = 0, we have
n,0 _ n,0 n—1,1 _ n—1,1

The Poincaré bilinear form @ on H},.(X,Q) is defined by

Q(u,v) = (—1)71(7121)/ uAv
X

for any d-closed n-forms u,v on X. The bilinear form () is symmetric if n is even and
is skew-symmetric if n is odd. Furthermore, () is nondegenerate and can be extended to
H} (X, C) bilinearly. Moreover, it also satisfies the Hodge-Riemann relations

(3) Q (H;f,z"_k(M), H;,f_l(M)) =0 unless k+{=mn, and
(4) (V=D)*"Q(v,5) > 0 for ve HY" (M) \ {0}.

Let fF =57 k"l fO=m, and F* = F¥(M) = H;‘,ZO(M) SCRERNC H;f,ln_k(M), from
which we have the decreasing filtration H’,.(M,C) = F* D --- D F". We know that

(5) dime F* = f*,

(6) H}.(X,C) =Fr@ =t and HE'F(M) = FFn Frek,

In terms of the Hodge filtration, the Hodge-Riemann relations (3)) and (@) are
(7) Q(FF,F" "1 =0, and

(8) Q(Cv,7) >0 if v#0,

where C' is the Weil operator given by Cv = (\/—1)%_" v for v € Hy"=*(M). The period
domain D for polarized Hodge structures with data (B is the space of all such Hodge
filtrations

D={F"c---cF’=H}(X,C)| @), [ and ([®) hold} .
The compact dual D of D is

D={F"c---CF'=H}(X,C)| @) and () hold} .
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The period domain D C D is an open subset. We note that the conditions (7) and (8)
imply the identities in (@). From the definition of period domain we naturally get the
Hodge bundles on D by associating to each point in D the vector spaces {F*¥}7_, in the
Hodge filtration of that point. Without confusion we will also denote by F* the bundle
with F* as the fiber for each 0 < k < n.

Remark 2.2. We remark the notation change for the primitive cohomology groups. As
mentioned above that for a polarized Calabi—Yau manifold,

n,0 _ n,0 n—1,1 _ n—1,1

For the reason that we mainly consider these two types of primitive cohomology group of a
Calabi-Yau manifold, by abuse of notation, we will simply use H"(M,C) and H*"*(M)
to denote the primitive cohomology groups H.(M, C) and HE"*(M) respectively. More-
over, we will use cohomology to mean primitive cohomology in the rest of the paper.

2.2. Construction of the Teichmuller space. We first recall the concept of Kuranishi
family of compact complex manifolds. We refer to page 8-10 in [12], page 94 in [10] or
page 19 in [14] for equivalent definitions and more details.
A family of compact complex manifolds 7 : W — B is versal at a point p € B if it
satisfies the following conditions:
(1) If given a complex analytic family ¢ : ¥V — S of compact complex manifolds with
a point s € S and a biholomorphic map fy : V = 17(s) — U = 7 !(p), then
there exists a holomorphic map ¢ from a neighbourhood N/ C S of the point s
to 7 and a holomorphic map f : ¢™'(N) — W with .7(N) C V such that they
satisfy that g(s) = p and f|,-1(5) = fo, with the following commutative diagram

TN L

(2) For all g satisfying the above condition, the tangent map (dg)s is uniquely deter-
mined.

If a family 7 : W — B is versal at every point p € B, then it is a versal family on B.
If a complex analytic family satisfies the above condition (1), then the family is called
complete at p. If a complex analytic family 7 : W — B of compact complex manifolds is
complete at each point of B and versal at the point p € B, then the family 7 : W — B
is called the Kuranishi family of the complex manifold V' = 7=1(p). The base space B is
called the Kuranishi space. If the family is complete at each point in a neighbourhood of
p € B and versal at p, then the family is called a local Kuranishi family at p € B.

Let (M, L) be a polarized Calabi—Yau manifold. We call a basis of the quotient space
(H,(M,Z)/Tor)/m(H, (M, Z)/Tor) alevel m structure on the polarized Calabi—Yau man-
ifold with m > 3. For deformation of polarized Calabi—Yau manifold with level m struc-
ture, we have the following theorem, which is a reformulation of Theorem 2.2 in [13]. We
just take the statement we need in this paper. One can also look at [I0] and [14] for more
details about the construction of moduli spaces of Calabi—Yau manifolds.
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Theorem 2.3. Let m > 3 and M be a polarized Calabi—Yau manifold with level m
structure. Then there exists a connected quasi-projective complex manifold Z,, with a
versal family of Calabi—Yau manifolds,

(9) sz — Zma
containing M as a fiber, and polarized by an ample line bundle Lz, on Xz, .

We define the Teichmiiller space T to be the universal cover of Z,, with the covering
map m, : 7 — Z,,. We denote by the family ¢ : &/ — T the pull-back of the family (@)
via the projection 7,,.

Proposition 2.4. The Teichmiller space T is a connected and simply connected smooth
complex manifold and the family

(10) o:U—=T,
which contains M as a fiber, is local Kuranishi at each point of T .

Proof. For the first part, because Z,, is a connected and smooth complex manifold, its
universal cover 7T is thus a connected and simply connected smooth complex manifold.
For the second part, we know that the family (@) is a versal family at each point of Z,,
and that m,, is locally biholomorphic, therefore the pull-back family via m,, is also versal
at each point of 7. By the definition of local Kuranishi family, we get that U — T is
local Kuranishi at each point of T . O

Remark 2.5. We remark that the family ¢ : Y — T being local Kuranishi at each point
is essentially due to the local Torelli theorem for Calabi—Yau manifolds. In fact, we know
that for the family &/ — T, the Kodaira-Spencer map

K TOT — H* (M, TVM,),

is an isomorphism for each p € 7. Then by theorems in page 9 of [12], we conclude that
U — T is versal at each p € T. We refer the reader to Chapter 4 in [§] for more details
about deformation of complex structures and the Kodaira-Spencer map. In particular,
by Lemma B3] in the next section, it is easy to see that dim¢ 7 = dime H"V1(M,) = N.

We also remark that the Teichmiiller space 7 does not depend on the choice of m.
In fact, let m; and my be two different integers, and U; — T;, Us — T be two versal
families constructed via level m; and level msy structures respectively as above, and both
of which contain M as a fiber. By using the fact that 7; and 75 are simply connected and
the definition of versal family, we have a biholomorphic map f : 71 — 75, such that the
versal family U; — 77 is the pull back of the versal family U, — T3 by f. Thus these two
families are biholomorphic to each other.

In the rest of the paper, we will simply use “level m structure” to mean “level m
structure with m > 3”.

2.3. The period map and the Hodge metric on the Teichmiiller space. For any
point p € T, let M, be the fiber of family ¢ : & — T, which is a polarized and marked
Calabi-Yau manifold. Since the Teichmiiller space is simply connected and we have
fixed the basis of the middle homology group modulo torsions, we identify the basis of
H,(M,Z)/Tor to a lattice A as in [I3]. This gives us a canonical identification of the
middle dimensional cohomology of M to that of the background manifold X, that is,
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H™(M,C) ~ H"(X,C). Therefore, we can use this to identify H"(M,, C) for all fibers
on 7. Thus we get a canonical trivial bundle H"(M,,C) x T.

The period map from 7 to D is defined by assigning each point p € T the Hodge
structure on M, that is

®: T =D, p®p)={F"(M,)C---CF(M,)}

We denote F*(M,) by E} for simplicity.

The period map has several good properties, and we refer the reader to Chapter 10
n [I5] for details. Among them, one of the most important is the following Griffiths
transversality: the period map ® is a holomorphic map and its tangent map satisfies that

D, (v) € @Hom (Fy/FEy EFYJEY), forany pe T and ve T, T
k=1
with F"+! = 0, or equivalently, ®.(v) € @,_, Hom(FF, F}1).

In [4], Griffiths and Schmid studied the so-called Hodge metric on the period domain
D. We denote it by h. In particular, this Hodge metric is a complete homogeneous
metric. Let us denote the period map on the moduli space by ®z_: Z,, — D/T", where
I' denotes the global monodromy group which acts properly and discontinuously on the
period domain D. Since 7, : T — Z,, is the universal covering map, the period map
® : T — D is the lifting of &z, om,,. By local Torelli theorem for Calabi—Yau manifolds,
we know that @z, ,® are both locally injective. Thus it follows from [4] that the pull-
backs of h by ®z and ® on Z,, and T respectively are both well-defined Kéhler metrics.
By abuse of notation, we still call these pull-back metrics the Hodge metrics, and they
are both denoted by h.

3. HOLOMORPHIC AFFINE STRUCTURE ON THE TEICHMULLER SPACE

In Section 3.1l we will give a brief review on definitions and some basic properties of
affine manifolds and affine maps. In Section B.2] we construct the Kuranishi coordinate
cover on T and prove that this coordinate cover gives a global holomorphic affine structure
on 7. In Section B.3] we define the map ¥ from 7 to CV by composing the period map
with a projection map. We then show that ¥ is a holomorphic affine local embedding by
using the affine structure and simply connectedness of T as well as the local property of
the period map ®.

3.1. Affine manifolds and affine maps. We first review the definition of complex affine
manifolds. One may refer to page 215 of [9] for more details.

Definition 3.1. Let M be a complex manifold of complex dimension n. If there is a
coordinate cover {(U;, p;); 1 € I} of M such that pi = @; 0 gp,gl is a holomorphic affine
transformation on C" whenever U; N Uy is not empty, then {(U;, p;); i € 1} is called a
complex affine coordinate cover on M and it defines a holomorphic affine structure on M.

A differentiable map f : M — M’ between two holomorphic affine manifolds is called
holomorpic affine, if f is holomorphic affine when restricted to the complex affine coor-
dinate cover. We also recall an extension theorem of holomorphic affine maps on affine
manifolds, which is the holomorphic analogue of Theorem 6.1 in [7]. We refer the reader
to page 252-255 of [7] for more details.
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Theorem 3.2. Let M be a connected and simply connected complex affine manifold. Let
M’ be a complete complex affine manifold. Then any holomorphic affine map fy on a
connected open subset U of M to M' can be uniquely extended to a holomorphic affine
map f on M to M.

Proof. Because both M and M’ are complex affine manifolds, they are naturally real
affine manifolds. The map fy is automatically a real affine map. Then Theorem 6.1 in
[7] implies that there exists a global real affine map

f:M— M

which is an extension of f; on M. We know that f is real analytic on M and holomorphic
on U, so f is globally holomorphic on M. If there is another holomorphic affine extension
g: M — M’ of fy, then g is holomorphic and ¢ = f on U. This implies g = f on M. 0O

3.2. Holomorphic affine structure on the Teichmiiller space. We know that there
is the pull-back bundle of the Hodge bundle F™ — D on 7T via the period map ®. Notice
that as H™Y is isomorphic F™ as holomorphic bundles, we denote the restriction of the
pull-back bundle on U, by H™® — U,. Then there exists a local holomorphic section,

() : U, — H™, with [Q,)(q) € H}®, for each ¢ € U,.

Let us choose orthonormal bases {1y} and {ny,--- ,ny} of H"* and H}~"' respectively.
Without loss of generality we assume [€2,](p) = 19. As vector spaces, H"(M,,C) are the
same for all ¢ € U,. Therefore, using P;'7/ to denote projection

(11) P;_j’j : @H;L—k’k — H;L_j’j, forany 0<j <mn,
k=0
we then have the decomposition of the holomorphic section [€2,](q) for any ¢ € U,, and

Pr()(a)) = aolg)mo, By~ ([)(@) = as(@)m + -+ + an(@)nw,

with holomorphic coefficient functions {a;(q)}Y,. We may assume ag(q) # 0 for any
q € U, on a small enough neighborhood U, since qy is a continuous function with ag(p) = 1.
This gives us a collection of local holomorphic functions on U, as follows,

(12) 7, U, — C, 7(q) = ai(q)/ao(q), forl<i<N.

In particular, 7;(p) = 0 for 1 < ¢ < N. In order to show that (7,---,7x) gives a local
holomorphic coordinate system, we first show the following two lemmas.

Let us denote by (M, L) the corresponding polarized and marked Calabi-Yau manifold
as the fiber over p € 7. Yau’s solution of the Calabi conjecture implies that there exists
a unique Calabi-Yau metric h, on M,, and the imaginary part w, =Imh, € L is the
corresponding Kihler form. We denote by A% (M, TH°M) the space of TH°M-valued
smooth (0, 1)-forms, H%' (M, TH°M) the space of harmonic (0, 1)-forms with values in a
holomorphic tangent bundle T1°M, and A" 11(M) the space of smooth (n — 1, 1)-forms
on M. By using the Calabi—Yau metric we have the following lemma,

Lemma 3.3. Let €, be a nowhere vanishing holomorphic (n,0)-form on M, such that

vV=1\" n(n— _
<—) (—1)" 2 Q, AT, =W

(13) 5 P
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Then the map v : A% (M, T M) — A"~ BY (M) given by o(p) = 018, is an isometry with
respect to the natural Hermitian inner product on both spaces induced by w,. Furthermore,
L preserves the Hodge decomposition.

Recall that we can always pick local coordinates zy,- -, z, on M such that the (n,0)-

form , = dz; A+ -+ Adz, locally and w, = *5 gwdz, A dz], then the condition (I3]) implies
that det[g;] = 1. Then the lemma follows from direct computations.
Let us denote the following projection map for any point p € T,

n—1
P} @PHom(EY/FF Fi1/FF) — Hom(F]/F)™ FI™'/F)), forany 0<j<n
k=1

where Fg‘*l = 0. We then have the following lemma.
Lemma 3.4. For anyp € T and any generator (] of F}', the map

Byo®,: T,°T = H*(M,, T"°M,) — Hom(F;, F;~'/F}) = H ="
s an isomorphism, where ®, is the tangent map of .

Proof. The first isomorphism 7, °T = H%'(M,, T"°M,) follows from that Kodaira-Spencer
map is an isomorphism. The second isomorphism

Hom(F)', F =1 /Fr) = H' =

follows from the property that dim F' = 1 for Calabi-Yau manifolds, where this iso-
morphism is determined by the choice of the generator [€,]. It is clear now that the
map

Byo®,: H* (M, T"°M,) — Hy~ "'

is given by contraction P}’ o ®,(v) = [r(v)€2,]. This contraction map is an isomorphism
by Lemma O

Lemma 3.5. The holomorphic map (11,--- ,7n5) : U, = CV is a local embedding.
Proof. The proof follows directly from Lemma [B.4] which states that the map
n . 1,0 n—1,1
Blod,: T,”T — H)

is an isomorphism. Letting {t;,--- ,txy} be an arbitrary local holomorphic coordinate
system around p, then the Jacobian matrix [0a;/0t; ] _o 1s nonsingular at p. This means

that {aq,- -+ ,ax} gives alocal holomorphic coordlnate system around p. Since 7; = a;/aq,
we have

or _ [ O o) .
aT:_-((?;‘ao— “°a>/a0, forany 1<i<N.

As ap(p) = 1, and a;(p) = 0 for i > 0, we have gt” (p) = g?i( ). Thus the Jacobian matrix

[07; /0t ] _o is nonsingular at p. This proves that the map (71, -+ ,7n) : U, = C" is a
local embeddlng Therefore (11, , Tn) also gives a local holomorphic coordinate system
around p. O
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In general, for any point ¢ € 7, by choosing bases of H"* and H}~"', we can define
a local holomorphic coordinate (Uy, (o1, -+ ,0n)) around ¢ in the same way. Thus the
collection {(U,, (o1, -+ ,on)),q € T } forms a holomorphic coordinate system on 7, which
we call the Kuranishi coordinate cover over T. The local holomorphic coordinate system
(U, (01, -+ ,0on)) a local Kuranishi coordinate chart around g.

For any p € T, by using the coordinate chart (U, (71,---,7n)), We can express a
holomorphic class in H, g,o at each point ¢ € U, by the following Taylor expansion,

(14) [ (@) = [)(a)/ao(q) = 1o + Tu(@)m + - - -+ v (@)ny + 9(q).

with g(¢q) € D, Hg_k’k. This gives us a local holomorphic section of F™ on U,, and
thus a holomorphic section of I on U,

] U= F g [95,1(0)

We call [ ] the local canonical section of F™ around the point p in the local Kuranishi
coordinate chart (U, (11, ,7n)).

Let us introduce the notion of an adapted basis for the given Hodge decomposition.
For any p € T and f* = dim F} for any 0 < k < n, we call a basis

é-: {507517' e 7£N7 o 7£fk+17 o 7£fk—17' t 7£f27' te 7£f1—17£f0—1}
of H"(M,,C) an adapted basis for the given Hodge decomposition

H"(M,,C)=H"®oH " ®--- o HY" "o H)",

if it satisfies HI’,“"_’“ = Spang {gf;m, e ,gfk_l} with dim H]’f’"_k = fk— fRFL

Moreover, unless otherwise pointed out, the matrices in this paper are m x m matrices,
where m = fY. The blocks of the m x m matrix T is set in the following way: for each
0 < a, B <n, the (a, B)-th block T%” is

(15) TP = [T(T)] jmatnit igmatn_y, f-sintigjcs-sin_t

where Tj; is the entries of the matrix 7, and f™*! is defined to be zero. In particular,
T = [T*F] is called a block lower triangular matriz if T*? = 0 whenever o < 3.

Remark 3.6. Let Q% denote the sheaf of holomorphic k-forms on complex manifolds for
each 0 < k < n, especially Q0 is the sheaf of holomorphic functions. We use H"~*(M,, QF)
to denote the (n — k)-th sheaf cohomology group of Q¥ on the Calabi-Yau manifold M,.
For the local Kuranishi family ¢ : &4 — T introduced in Proposition 24, let QF 1 be
the sheaf of relative holomorphic k-forms on U. It is well-known that the push-forward
sheaf R”_kgo*QZ’j T which is a sheaf of free O7- modules of finite rank with fiber at ¢, is
isomorphic to H"~*(M,, Q). By abuse of notation, the holomorphic vector bundle over
T corresponding to R" %y, 718 also denoted by R" ", T

For any point p € T, each Dolbeault cohomology group HI’f’"—k is identified with the
sheaf cohomology group H" *(M,, Q%) for 0 < k < n, which is defined by H"*(M,,, QF) =
RFe, QO T See Chapter 8 in [15]. Globally, on the Teichmiiller space T, we can identify
each quotient F'*/F*! with R"‘kgo*ﬂzlj /T a8 holomorphic vector bundles. Therefore we
will be able to choose local holomorphic sections {&g, - -+, &n_1} of R"_kgo*QZ’j T such that,
when restricted to each point p, these holomorphic sections form an adapted basis of the
Hodge decomposition of ®(p).
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Lemma 3.7. For any p,q € T, suppose (o, -+ ,Nm—1) and (Co, - ,(m_1) are adapted
bases for the Hodge decompositions of the Hodge structures ®(p) and ®(q) respectively.
Then there exists a nonsingular block lower triangular matriz T such that

(o 2 Cnet) = (0 +7ns)T.

Proof. This lemma is a direct corollary of the Griffiths transversality for the period map.
Let (U, (11, ,7n)) be the local Kuranishi coordinate chart around the point p. We use
the same notation for a point 7 € U, and its coordinate in the coordinate chart.

We first consider the case when ¢ € U,. As U, is contractible, the holomorphic Hodge
bundles F" = Rogp*QZ’}/T, Frol/pn o~ Rlap*Q" L. FO/p R"ap*Qg/T are trivial

U/

bundles on U,. Therefore for each 7 € U,, there exist holomorphic frames {&(7)},
{&(r), - en(m)} o {&m1 (1)} of RO, 7 RYo. .-+ R,y vespectively,
that is,

Spanc{&; (1)} prrrcjepmy = H"F(M,,QF) foreach 0<k <n.
According to Remark 3.6, we have the linear space isomorphism
H" (M., Q%) = HF"* foreach 0<k<n andeach 7€U,,

and the evaluation (§(7),- - ,&n_1(7)) of the family at 7 forms an adapted basis for the
Hodge decomposition ®_,H*" ™" of ®(r). In particular, we can choose the family such
that {;(p) =njat pforall 0 < j <m —1.

Now for each 0 < k < n, we look at the holomorphic families {£;(7)} je+1<j<pry C
H"*(M,,QF). Using the Griffiths transversality, we have

T&i() € H'H(M,, Q) @ H" (M, Q).
More generally, by taking higher order derivatives, we get

o1l ) ) )
W&](’T) € Hn k(MT7 Qk) @ tee @ Hn k—HI‘(MTa Qk ‘I‘)a

with I = (i1, ,in),|I| =41 + - -+ +iy. Therefore, we can write

]
S—TI[Q(T) = Z JL(T)&(r)  for each |I| >0,

i phollli—1

where Jin(T) are holomorphic functions of 7. Let us look at the Taylor expansion of &;(7)
at p. For U, small enough, we get for each f**' < j < f¥ —1 that

Lo Lo T
)= qaabwr =3 > pAwEw |

11120 20 \ fr+i<icrhoio1
where & (1) € H" *(M,, Q" %) @ --- & H(M,, Q") and I! = 4;!---iy!. Thus, combining
the coefficients for each &;(p), we can write
(16) &(7) = Z Jij(T)&i(p) = Z Jij(T)ni, for each  fM* << fF—1.
FEHI<i<m—1 FEHI<i<m—1

By considering all 0 < k < n, (I6) gives us an m x m matrix J(7), such that
(€O(T)a U agm—l(T)) = (7709 e anm—l)J(T)‘
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From (I6), we also get that given any 0 < o < n and frofl < j < fro — 1, if
i < frm*1 —1 then J;;(7) = 0. Recalling the definition of matrix blocks given by (I3,
we may rephrase this as follows: if f*~ot! < f?=8f+1 then J*# = 0. As f* is decreasing
with respect to k, we then have that for a < 3, J%? = 0. Thus we conclude that J(7) is
a block lower triangular matrix. In particular, for the point ¢ € U, we have

(17) (&o(@) -+ &m—1(a)) = (o5 s Mm—1)J(q).

Moreover, since (£0(q), -+ ,&m-1(q)) and (9o, - -+ , nm_1) are both bases for H"(M, C), the
matrix J(q) is nonsingular. As both (£o(q), -+ ,&n—1(¢)) and (o, -, (m-1) are adapted
bases of the Hodge decomposition ®}_,H, f’"_k of ®(q), they differ from each other by a
nonsingular block diagonal matrix A, that is,

(18) (COa T >Cm—l) = (§O(Q)> e >€m—l(Q))A'

Combining (m) and (DE), we get (C07"' 7<.m—1> = (7707"' 777m—1)J(Q>A Let T(q) =
J(q)A. Then T(q) is a nonsingular block lower triangular matrix such that

(G0, 5 Gm—1) = (10, =+, 1hm—1)T'(q).

For the general case, since T is a connected complex manifold, it is path-connected.
Therefore, for any ¢ € T, there exists a path v : [0,1] — T connecting p and ¢, that
is, 7(0) = p and (1) = ¢q. We choose a partition 0 = s9 < 57 < --- < s, = 1 of [0, 1]

so that y(sp41) € Uy(sy) With (Uys,, ) (Tl(k+l), e ,7'](\;3“))) a local Kuranishi coordinate
chart for each k. Therefore for any adapted bases (€, -+, €¥ ) and (£, ... ¢*tD)

and the Hodge decomposition of the Hodge decompositions of ®(v(sy)) and ®(y(sgs1)),
respectively, we can apply the argument above repeatedly to all 0 < k£ < [—1 to conclude
that there exists some nonsingular block lower triangular matrix 7} such that

(65 D) (6 e T for 0<k<io1

m—

In particular, we may assume (&()0)’ e 757(:__11)) = (o, s m—1) and (5((]1)7 e ’gr(rlb)_l) =
(Co,* s Cm-1). Thus we have

-1 -1
l l
(CO) e 7Cm—l) = ( (())a e 767(71)—1) = (6(()0)7 T aéu?(g)_l) HTk = (n()a e anm—l) HTk
k=0 k=0

Let T'(q) = 2_:10 T}, which is a product of nonsingular block lower triangular matrices.
Therefore T'(¢q) is a nonsingular block lower triangular matrix such that (o, -+, (mo1) =

(10, -+ Mm—-1)T'(q). O

Theorem 3.8. The Kuranishi coordinate cover gives a global holomorphic affine structure

onT.

Proof. Let p,q € T. Let (Up, (11,--- ,7n)) and (U, (01, - ,0n)) be the local Kuranishi
coordinate charts around p and g, respectively with U, N U, # (). To prove the theorem,
we need to show that given r € U, N U,, the transition map between (7i(r),---,7n(7))
and (o1(r), -+ ,on(r)) is holomorphic affine.

Suppose (U, (11,---,7n)) and (U, (01, ,0n)) are defined by choosing the bases
(10, - -+ »nn) of HM®H! " and (Co, - -+, () of HI'®H, 1" respectively. We then complete
them to adapted bases (19, ,Mm—1) and (o, - ,(n1) for the Hodge decompositions
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of the Hodge structures ®(p) and ®(q) respectively. Let [Qf |(r) € H? be the local
canonical (n, 0)-class defined by (I4) in the local coordinate Chart (Up, (11,--- ,7n)). Then

[ _770+ZTZ nz+ Zgl

I>N+1

Similarly, letting [Q¢ ,](r) € H,"* be the local canonical (n, 0) class in the local coordinate
chart (Uy, (01, ,0n)), we have

[ ,1(r) = o+ ZUz’(T)Q + Z fila(r)G

[>N+1

Since [QS_](r), [Q¢,](r) € HM, with dim H»® = 1, there exists A € C such that

1) a3 it (mzm ot S A )

I>N+1 I>N+1

On the other hand, by Lemma[3.7] there exists a nonsingular block lower triangular matrix
T such that

(20> (CO? o 7Cm—1) = (7707 e 7nm—1)T-
We can write (20)) explicitly as follows,

= Z Tymi for each f*1 <j< f*—1 andforeach 0<k<n.

ikaJfl

Substituting Cj in (I9) by using (20)), then we get

770"‘27—2 772"‘ Z gl

I>N+1
(z T+ ( >2Tﬁm) - 3 (o) 5 7m)).
3>0 j>1 I>N+1 J>N+1
By considering the coefficient of 7y, we get A = . Projecting both sides of the above

equation to H'~ b, we get
N N N
S = 2 (z (T S o—j(rmj) nz-) |
i=1 i>1 Jj=1

By considering the coefficient of each 7;, and substituting A\ = Tj,", we get
(21) Tooi(r) = Tio + ZOJ T;;, forany 1<i<N.

Since for each 0 < 4,57 < N, T;; is a constant depending only on p and ¢, the equality
(21I)) implies that the transition map between (71(7), -+ ,7n(r)) and (o1(r), - ,on(7)) is
a holomorphic affine map. O
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Remark 3.9. We can not expect the existence of such holomorphic affine structure on the
moduli space Z,,. In fact, we crucially used Lemma [3.7] in the computation of transition
maps in the proof of Theorem B.8. Let ({o, - (rn_1) and (1o, -+ ,nm—1) be adapted bases
for Hodge decomposition of ®(p) and ®(p'), respectively, which are both bases of the same
trivialized space H"(M,C). Then we can relate them by ((o, - Cm-1) = (Mo, -+, Nm-1)T
using a nonsingular block lower triangular matrix 7" as was proved in Lemmal3.7. However,
for any ¢,q € Z,,, the corresponding Hodge decompositions of ®z_(¢q) and ¢z _(¢') are
both in D/I". In this case, we don’t have the concepts adapted bases for the Hodge
decomposition of H"(M,C), as elements in D/I" can no longer be identified with Hodge
decompositions of H™"(M,C). Thus, we have neither the concept of adapted bases nor the
trivialization of space H"™(M, C). Therefore, our construction of the holomorphic affine
structure on 7 dose not apply to Z,,.

3.3. The local embedding ¥ on the Teichmiiller space. In this section, we first
give a general review about Hodge structures and period domain from Lie group point
of view. One may refer to [LI] for more details. In particular, we describe in detail the
identification of the unipotent group N, with its unipotent orbit in D.

The orthogonal group of the bilinear form () in the definition of Hodge structure is
a linear algebraic group, defined over Q. Let us simply denote He = H"(M,C) and
Hg = H"(M,R). The group of the C-rational points is

Gc ={g9 € GL(Hc)| Q(gu, gv) = Q(u,v) for all u,v € Hc},
which acts on D transitively. The group of real points in G¢ is
GR = {g S GL(HR)‘ Q(gu,gv) = Q(u7 U) for all u,v € HR}v

which acts transitively on D as well.

Consider the period map ® : 7 — D. Fix a point p € T, with the image o0 := ®(p) =
{Fpc---C Fpo} € D. The points p € T and o € D may be referred as the base points
or the reference points. A linear transformation g € G¢ preserves the base point if and
only if gFIf = sz for each k. Thus it gives the identification

D~ G¢/B, with B={gecG¢| gFIf = F;, for any k}.
Similarly, one obtains an analogous identification
D~ Gr/V < D, with V = Gg N B,

where the embedding corresponds to the inclusion Ggr/V = Ggr/Gr N B C G¢/B. The
Lie algebra g of the complex Lie group G¢ can be described as

g ={X € End(H¢)| Q(Xu,v) + Q(u, Xv) =0, for all u,v € Hc}.

It is a simple complex Lie algebra, which contains go = {X € g| XHr C Hg} as a real
form, i.e. g = go @ 1go. With the inclusion Gg C G¢, go becomes Lie algebra of Gg. One
observes that the reference Hodge structure {H;" *}_, of H"(M,C) induces a Hodge
structure of weight zero on End(H" (M, C)), namely,

g= @gk,—k’ with gk,—k _ {X c g|XH;,n—r C H;-i—km—r—k}.
kEZ
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Since the Lie algebra b of B consists of those X € g that preserves the reference Hodge
filtration {F}* C --- C F})}, one thus has

b= @ gk’_k.

k>0

The Lie algebra v of Vis v = goNb = goNbNb = goNg’°. With the above isomorphisms,
the holomorphic tangent space of D at the base point is naturally isomorphic to g/b.

Let us consider the nilpotent Lie subalgebra n; := @®;>197%*. Then one gets the
holomorphic isomorphism g/b = n,. We take the unipotent group N, = exp(n,).

As Ad(g)(g"7%) is in @, g~ for each g € B, the sub-Lie algebra b & g~ /b C g/b
defines an Ad(B)-invariant subspace. By left translation via G¢, b @ g~ 5! /b gives rise
to a Ge-invariant holomorphic subbundle of the holomorphic tangent bundle at the base
point. It will be denoted by T; ’,?D, and will be referred to as the holomorphic horizontal
tangent bundle at the base point. One can check that this construction does not depend
on the choice of the base point. The horizontal tangent subbundle at the base point o,
restricted to D, determines a subbundle 7} ! OD of the holomorphic tangent bundle 7°D

of D at the base point. The G¢-invariace of T D implies the Gr-invariance of 77 L 0D As
another interpretation of this holomorphlc horlzontal bundle at the base point, one has

T,'D~T DN @ Hom(E}F/Fitt FF/FF).
k=1
It is easy to see that the Griffiths transversality of the period map ® : 7 — D is equivalent
to ®.(T,°T) C T1 9D for any p € T. Since D is an open set in D, we have the following
relation:

(22) To0D=T,’D=b®g "' /b g/b=n,.

o,

We remark that the Lie algebras ny, g~'! are originally defined to be subsets in g, and

that the Lie group N, is defined to be a subgroup of G¢. However, by fixing a base point,
we can identify them with their orbits in the corresponding quotient Lie algebras or Lie
groups. For example, n; = g/b, g 2 b® g 1/b, and N, © N, B/B C D.

Remark 3.10. With a fixed base point, we can identify N, with its unipotent orbit in D
by dentifying an element ¢ € N, with [¢] = ¢B in D; that is, N, = N, ( base point ) =
N,B/B C D. In particular, when the base point o is in D, we have N, "D C D. In
the rest of the paper, the base point is always chosen to be in D; thus we can view
N,y N D = N,( base point ) N D as a subset of D.

Recall that we can identify a point ®(p) = {F} C F;”' C --- C FJ} € D with its Hodge
decomposition @, _, H]f’”_k, and thus with any fixed adapted basis of the corresponding
Hodge decomposition. With a fixed adapted basis for the base point, we will matrix
representations of elements in the above Lie groups and Lie algebras. Moreover, we have
the following remark regarding the forms of matrix representation of elements in some of
the Lie groups or Lie algebras mentioned above.

Remark 3.11. If we fix an adapted basis for the Hodge decomposition of the base point,
and we identify the following quotient Lie groups or quotient Lie algebras with their orbits,
then we have the following descriptions of matrix representation of elements: elements in



HODGE METRIC COMPLETION OF THE TEICHMULLER SPACE OF CALABI-YAU MANIFOLDS17

V' are nonsingular block diagonal matrix and elements in N, will be nonsingular block
lower triangular matrices whose diagonal blocks are all identity submatrix.

Let us fix a base point ®(p) € D with p € 7. Then N, can be identified with its
unipotent orbit in D as in Remark 100 We also fix an adapted basis (Moy+++ , Mm—1) for
the Hodge decomposition at the base point ®(p) € D. Then according to Remark B.11]
we can identify elements in D with its matrix representation under the fixed adapted
basis of the base point. In particular, the base point ®(p) is identified with the identity
matrix and elements in N, N D can be represented by nonsingular block lower triangular
matrices whose diagonal blocks are all identity matrix. With these assumptions, we have
the following lemma.

Lemma 3.12. The image of the period map ® : T — D isin Ny N D.

Proof. For any ¢ € T, according to Lemma [B.7] there exists a nonsingular block lower
triangular matrix 7' such that (1o, 7m_1)T gives an adapted basis for the Hodge de-
composition of ®(¢). Thus the matrix T represents the point ®(q) € D. Let A be the
nonsingular block diagonal matrix which consists of the diagonal blocks of 7. Then T'A~*
is a nonsingular block lower triangular matrix with identies on the diagonal blocks. Thus
the matrix TA~! represents an element in Ny. As A~! is a matrix in V and D = Gg/V,
(Mo, ++ > Mm—1)T A~! still represents the point ®(q) € D. Therefore, the matrix TA~! rep-
resents the point ®(gq) as well as a point in N,. Thus we conclude that ®(¢) € N,. O

Let p be the fixed base point in 7, then the isomorphism Hom(H"*, H}~b') = H= b1 =
C¥ follows from dim H;}vo = 1. We now define the following projection map
(23) P:N,ND — Hom(H"° H'"") = Hr=bt = CV,
(24) Fs (g, ) FOY = Figm + -+ Fyonw,

where F(10 is the (1,0)-block of the unipotent matrix F, according to our convention
about block matrices in (IH]). Based on Lemma B.I2] we can define the map:

UV:=Pod: T —CV.

Therefore the map ¥ can also be describe as W(q) = Pr~ (P ((no, -, hm—1)TA™)),
for any ¢ € T, where ®(q) = (09, ,m_1)T A~ according to Lemma and Pyt
and Pq”’0 are the projections defined in ([III).

We recall that in Section B2, fixing the basis (1, --- ,nn) of H?* @ H)'~b! at the
reference point p, we defined the Kuranishi coordinate map in (I2)) as follows:

(1, 7w) 2 Up = €Y, g (i(a), -+, 7w (9))-
Moreover, we have the Taylor expansion of the local canonical section of Hodge bundle
F™ over U, as given in (I4)),
[2-1(a) = [](a)/aola) =m0 + (1, -~ ,on)(1i(a), - 7w ()" + 9(q),

where 7)o has constant coefficient 1 and g(q) € @,_, H} ™"
On the other hand, let us denote by [Q;T] (q) € H}" the first element of the adapted ba-
s18 (nOa e 777m—1)TA_1' Let us set (TA_l)(LO) = ((TA_1)107 (TA_1)207 T (TA_l)NO)T>
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which is the (1,0)-block of the matrix TA~!. Since all the diagonal blocks of TA™! are
identity submatrix, we have

(25) 195 0(@) =m0+ (m,- o) (TAT)) 4 f(q), with  f(q) € P H;™

k=2
However, the fact dim H* = 1 implies that there exists A € C such that [Q_](g) =
A@;A(Q) Then by comparing the coefficient of 7y in the expression of [Q25 ](¢) and
¢ 1(q), we get A = 1. Thus we have

(26) 22 1(q) = [Q5.1(a) = no + (- o) (1(@)s -+, v (@) + g(a),

with g(q) € ®}_,H)"*. Now by comparing the coefficients of (9, ,7y) in (25) and
([26]), we get that

(27) (TATHYY = (ri(q), -+, 7v(a)"

Let us denote the restriction map ¢ := ¥y, : U, — CV = Hom(H™°, H"~"') = HI~ b1,
Then ¢(q) = (m, -+ ,nn)(TAH)EO = 7(¢)m + - - - + 7n(g)nn. Therefore, with respect
to the affine structure on U, given by the Kuranishi coordinate cover, the restriction map
1 is a holomorphic affine map. In particular, the tangent map of ¢ at p

(u)p = Pl o®, : T)°U, = H*'(M,, T""M,) — Hom(F), F'~'/F") = H' 5

is an isomorphism, since P;'o®, is an isomorphism according to Lemma[3.3l In particular,
(¢«)p is nondegenerate. We now apply Theorem to prove the following proposition.

Proposition 3.13. The holomorphic map V : T — CV is an affine map with respect to
the affine structure on T given by the Kuranishi coordinate cover. Moreover, the map W
15 a local embedding.

Proof. As was shown above, we have that ¢ : U, — C" is a holomorphic affine map with
respect to the holomorphic affine structure on U, given by the Kuranishi coordinate cover.
Since 7T is a simply connected complex affine manifold and that C? is a complete manifold,
there exists a holomorphic affine extension map ¥’ : 7 — C¥ with respect to the affine
structure on 7 given by the Kuranishi coordinate cover such that ¥'|; =4 : U, — CV.
Since both ¥ and ¥’ are holomorphic maps from 7 to CV, and they agree on the open
set U, they must be the same map on the whole set of T, that is, ¥ = ¥': T — C".
Thus we conclude that ¥ is a holomorphic affine map.

We recall that the tangent map of the restriction ¢ : U, — C¥ is nondegenerate at
p € T. Then the tangent map of W is also nondegerate at p. Therefore, since ¥ : 7 — CV
is a holomorphic affine map, the tangent map of ¥ is actually nondegenerate at any point
of 7. This shows that ¥ is a local embedding. O

4. HODGE METRIC COMPLETION OF THE TEICHMULLER SPACE WITH LEVEL
STRUCTURE

In Section [4.1], we introduce the Hodge metric completion of the Teichmiiller space with
level m structure TH , which is the universal cover of ZH , where ZH is the completion
space of the smooth moduli space Z,, with respect to the Hodge metric. We denote the
lifting maps i, : T — T2 and @ : TH — D and take Ty, := i,,(T) and ®,, := ®7|7. .
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We prove that ® is a holomorphic map from T to Ny N D. In Section E2] we first
define the map \IIH from TH to CV and its restriction ¥,, on the submanifold 7,,. We
then use the local embeddedness of ¥ to show that v, is also a local embedding and
conclude that there is a holomorphic affine structure on 7, with ¥,, natually being affine
on 7,,. Then the affineness of ¥,, shows that the the extension map \Ilf is also a local
embedding. We then analogously conclude the affineness of Tff and \Ifg . In Section [4.3]
we prove that \Iff{ is an injection and it can be embedded into CV by using the Hodge
metric completeness and the global holomorphic affine structure on 7;H as well as the
affineness of \Ifg . As a corollary, we show that the holomorphic map (IDf is an injection.

4.1. Definitions and basic properties. Recall in Section2.2] Z,, is the smooth moduli
space of polarized Calabi—Yau manifolds with level m structure, which is introduced in
[13]. We then defined the Teichmiiller space T to be the universal cover of Z,,.

By the work of Viehweg in [14], we know that Z,, is quasi-projective and that we
can find a smooth projective compactification Z,, such that Z,, is open in Z,, and the
complement Z,,\Z,, is a divisor of normal crossing. Therefore, Z,, is dense and open in
Z,, with the complex codimension of the complement Z,,\Z,, at least one. Moreover, as
Z.,a compact space, it is a complete space.

Recall at the end of Section 2.3 we pointed out that there is induced Hodge metric on
Zn. Let us now take Zf to be the completion of Z,, with respect to the Hodge metric.
Then ZH is the smallest complete space with respect to the Hodge metric that contains
Z,,. Although the compact space Z,, may not be unique, the Hodge metric completion
space Zf is unique up to isometry. In particular, Zf C Z,, and thus the complex
codimension of the complement Zf \Z,, is at least one. Given a fixed base point p, then
any point in Zf that is of Hodge finite distance from p has a neighborhood U C Z,,,
which is also at finite Hodge distance from the reference point p. As Z,,\ Z,, is at least of
complex codimension one in Z,, and that any two points in U have finite Hodge distance,
we have U C Zf . This implies that Zf is an open submanifold of Z,,. In particular,
any two points in Zf are of Hodge finite distance. We summarize the above observations
in the following lemma.

Lemma 4.1. The Hodge metric completion Zf is a dense and open smooth submanifold
in Z, and the complex codimenison of ZH\Z,, is at least one.

Remark 4.2. We recall some basic properties about metric completion space we are using
in this paper. We know that the metric completion space of a connected space is still
connected. Therefore, ZH is connected since Z,, is connected. In particular, the universal
cover TH of the completlon space ZH TH is also connected.

Suppose (X, d) is a metric space Wlth the metric d. Then the metric completion space
of (X, d) is unique in the following sense: if X; and X, are complete metric spaces that
both contain X as a dense set, then there exists an isometry f : X; — X, such that
f|x is the identity map on X. Moreover, as mentioned above that the metric completion
space X of X is the smallest complete metric space containing X in the sense that any
other complete space that contains X as a subspace must also contains X as a subspace.
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Moreover, suppose X is the metric completion space of the metric space (X, d). If there
is a continuous map f : X — Y which is a local isometry with Y a complete space, then
there exists a continuous extension f : X — Y such that f|x = f.

In the rest of the paper, unless otherwise pointed out, when we mention a complete
space, the completeness is always with respect to the Hodge metric.

Let 7 be the universal cover of Z with the universal covering map 7 : TH — ZI.
Thus 7;H is a connected and simply connected complete smooth complex manifold with
respect to the Hodge metric. We will call 7;H the Hodge metric completion space with
level m structure of T. Since Z is the Hodge metric completion of Z,,, there exists
the continuous extension map @fm : ZH — D/T. Moreover, recall that the Teichmiiller
space T is the universal cover of the moduli space Z,, with the universal covering denoted
by 7, : T — Z,,. Thus we have the following commutative diagram

i o
(28) T TH D
‘/Wm lwz ‘/WD
H
Z, ——= 21 22 DT,

where ¢ is the inclusion map, ¢, is a lifting map of ¢ o 7,,, mp is the covering map and
@ is a lifting map of ®7 o« In particular, ' is a continuous map from 7 to D.
We notice that the lifting maps ¢ and (IDf are not unique, but Lemma [A.T] implies that
there exists a suitable choice of 7,, and @f such that ® = QDZ 01,,. We will fix the choice
of i,, and @/ such that ® = ® 04, in the rest of the paper. Let us denote Ty, := i,,(T)
and the restriction map ®,, = (IDf |7... Then we also have ® = ®,, 0 i,,.

Proposition 4.3. The image Ty, equals to the preimage (7)1 (Z,,).

Proof. Because of the commutativity of diagram (28), we have that 7 (i,,(T)) = i(m,n(T))
Z,,. Therefore, Ty, = i, (T) C (x7)71(2,,). For the other direction, we need to show
that for any point ¢ € (77)~1(Z,,) C T, then q € ip,(T) = Tp.

Let p = 77(q) € i(Z,), Let ; € 7,,'(i"*(p)) € T be an arbitrary point, then
7 (i (1)) = (1)) = p a0 () € (7)1 (p) C T,

As TH is a connected smooth complex manifold, 7 is path connected. Therefore, for
im(21),q € T, there exists a curve v : [0,1] — T with y(0) = i,,(z1) and v(1) = ¢.
Then the composition 7 o~ gives a loop on Z with 7 0~4(0) = 77 04(1) = p. Lemma
[A2 implies that there is a loop I' on Z,, with I'(0) = I'(1) = i~!(p) such that

[iol] = [7?5 on] € Wl(Zf),

where m; (Z%) denotes the fundamental group of Z¥. Because 7T is universal cover of Z,,,

there is a unique lifting map I : [0,1] — T with ['(0) = z; and 7, o' = I'. Again since
7 04, =iom,, we have

m

ﬂfoimof:iOWmof:ioF: 0,1] = Z,,.
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H

Therefore [77 0, 0 ] = [iol] € m(Z,,), and the two curves i,, oI and ~ have the same

starting points i, o f(O) = ~(0) = im(z1). Then the homotopy lifting property of the
covering map 7% implies that i, oI'(1) = y(1) = ¢. Therefore, ¢ € i,,(T), as needed. [

Since Z,, is an open submanifold of Zf and ﬂf is a holomorphic covering map, the
preimage 7,, = (72)7!(Z,,) is a connected open submanifold of 7. Furthermore, be-
cause the complex codimension of Z%\ Z,, is as least one in Zf , the complex codimension
of TH\T,, is also as least one in TH

We recall in Remark B.I0 that we fix a base point ®(p) € D with p € T and identify
the affine group N, with its unipotent orbit in D. In the following proposition, let us
still view N, in this way by fixing the base point. First, it is not hard to see that the
restriction map ®,, is holomorphic. Indeed, we know that i,, : T — 7T, is the lifting of
10m,, and wf |7, © Tm — Zm is a holomorphic covering map, thus 4,, is also holomorphic.
Since & = ®,, o4, with both ®, 7,, holomorphic and i,, locally invertible, we can conclude
that @, : 7, — D is a holomorphic map. Moreover, we have ®,,(7,,) = @, (i (T)) =
O(T)C N.ND as & =i,,0P,,. Therefore, ®,, is a holomorphic map from 7, to N, ND.
Then by applying the Riemann extension theorem to ®,, : 7,, — N, , we conclude the
following result.

Proposition 4.4. The map (IDf s a holomorphic map from 7‘7{{ to N.ND.

Proof. According to the above discussion, we know that the complex codimension of
the complement 7\7;, is at least one, and ®,, : T, — Ny N D is a locally bounded
holomorphic map. Therefore, simply applying the Riemman extension theorem to the
holomorphic map ®,, : 7,, — N. N D, we conclude that there exists a holomorphic
map @, : TH — N, N D such that @, |7, = ®,,. We know that both ®¥ and @/, are
continuous maps defined on TH that agree on the dense subset 7,,. Therefore, they must
agree on the whole T, that is, @ = @/ on T. Therefore, & is a holomorphic map
from T to Ny N D. O

4.2. Holomorphic affine structure on the Hodge metric completion space. In
this section, we fix the base point ®(p) € D with p € T and an adapted basis (19, -+ , m—1)
for the Hodge decomposition of ®(p). Based on Proposition 4.4l we can analogously define
the holomorphic map

(29) vl =poot. TH 5 CV,

where P is the projection map given by (23)) in Section 3.3 with the same the fixed base
point ®(p) € D and the fixed adapted basis (1o, -+ ,7m—1) for the Hodge decomposition
of ®(p). Moreover, we also have ¥ = Po® = Po ®H 04, = ¥ 0i,. Let us denote
the restriction map ¥,, = |- . 7, — C" in the following context. Then W is the

continuous extension of ¥,, and ¥ = ¥,, o ¢,,. By the definition of \Iff , we can easily
conclude the following lemma.

Lemma 4.5. If the holomorphic map V! is injective, then ® . TH — N. N D is also
mjective.

In the following lemma, we will crucially use the fact that the holomorphic map W :
T — CN = H~Ylis alocal embedding, which is based on the holomorphic affine structure

on 7.
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Lemma 4.6. For any m > 3, the holomorphic map V,, : T — CV is a local embedding.
Therefore, there exists a holomorphic affine structure on T,, and that the holomorphic
map V,, is an affine map with respect to this holomorphic affine structure on T,,.

Proof. Since 1 o m,, = Wf o, withi: Z, — Zf the natural inclusion map and 7,,,

wf both universal covering maps, i,, is a lifting of the inclusion map. Thus %, is locally
biholomorphic. On the other hand, we showed in Proposition that ¥ is a local
embedding. We may choose an open cover {U, }aea of T, such that for each U, C T, i
is biholomorphic on U, and thus the inverse (i,,) ! is also an embedding on U,. Obviously
we may also assume that ¥ is an embedding on (i,,) "' (U,). In particular, the relation
U = ,, o1, implies that ¥,,,|;. = ¥o (i,,) |y, is also an embedding on U,. In this way,
we showed V,, is a local embedding on 7,,.

Let 2 = (21, -+, zy) be the standard linear coordinate functions on CV. Since ¥,, is an
embedding on each U, and dim 7, = N, the composition map (z10W¥,,,- -, zyoWV,,) gives
a bijection from each U, onto an open subset of CV. Thus this gives a local coordinate
chart on each U,. Therefore, we obtain a coordinate cover on 7, with trivial transition
maps and this coordinate cover determines the desired holomorphic affine structure on 7,,.
In particular, with respect to this holomorphic affine structure on 7,,, the holomorphic
map V,, : T,, — C¥ is naturally an affine map. O

Lemma 4.7. The holomorphic map W : TH — CN = H'=1 s a local embedding.

Proof. The proof uses mainly the affineness of ¥,,, : T, — CY = H"1! where p € T is
the base point in the definition of the projection map P. By Proposition[4.3], we know that
T is dense and open in 7. Thus for any point ¢ € T, there exists {g,};2, C Ty, such
that lim_,o gx = ¢. Because U7 (q) € H}~"', we can take a neighborhood W C H}~"!
of U (q) with W C WH(TH).

Consider the projection map P : N, — CV with P(F) = F19 the (1,0) block of the
matrix F', and the decomposition of the holomorphic tangent bundle

T1’0N+ _ @ Hom(F/Lz/F/LcH7 Fl/Fl—l—l)'

0<I<k<n

In particular, the subtangent bundle Hom(F™, F"~!/F™) over N, is isomorphic to the pull-
back bundle P*(T*°C¥) of the holomorphic tangent bundle of CV through the projection
P. On the other hand, the holomorphic tangent bundle of 7, is also isomorphic to the
holomorphic bundle Hom(F", F*~1/F™), where F™ and F"~! are pull-back bundles on
T via @, from N, N D. Since the holomorphic map ¥,, = P o ®,, is a composition of
P and ®,,, the pull-back bundle of T*°W through ¥,, is also isomorphic to the tangent
bundle of 7,,.
Now with the fixed adapted basis {7y, - - - , nn}, one has a standard coordinate (zy, - - - , zy)

on CV = H»~"! such that each point in CV = H~b!is of the form zm1 + - - - + 2y
Let us choose one special trivialization of

TYW = Hom(F), F) = JF') x W
by the standard global holomorphic frame (Ay, -+, Ay) = (9/0zy,- -+ ,0/0zyx) on THOW.

Under this trivialization, we can identify 7,)°W with Hom(F, F*~'/E") for any o € W.
Then (Ay,---,Ay) are parallel sections with respect to the trivial affine connection on
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TYW. Let U, C (¥¥)~"}(W) be a neighborhood of ¢ and let U = U, N Ty,. Then the
pull back sections (UH)*(Ay, -+, Ay) : U, = TU, are tangent vectors of U, we denote
them by (uf?,---  u&) for convenience.

According to the proof of Lemma [4.6] we know that the restriction map V,, is a local
embedding. Therefore the tangent map (¥,,). : qu,’OU — THW is an isomorphism,
for any ¢ € U and o = V¥,,(¢'). Moreover, since ¥,, is a holomorphic affine map,
the holomorphic sections (uy, -, uyn) = (uf,---, p)|, form a holomorphic parallel
frame for T1°U. Under the parallel frames (py,-- -, uy) and (Aq,- -+, Ay), there exists
a nonsingular matrix function A(¢") = (a;;(¢’))1<i<n1<j<n, such that the tangent map
(V). is given by

(Wi )u(pir, -+ v )(d) = (Aa(0), -+, An(0))A(d),  with ¢’ € U and 0 = W, (q') € D.

Moreover, since (Ay,---,Ay) and (u1,- -+, un) are parallel frames for THOW and THOU
respectively and W, is a holomorphic affine map, the matrix A(¢’) = A is actually a
constant nonsingular matrix for all ¢ € U. In particular, for each ¢, € U, we have

(Vo) aptry o5 (Un)spen)(gr) = (A1(og), -+, An(ok))A, where op = ¥, (qx). Because the
tangent map (0¥), : T'OU, — T"°W is a continuous map, we have that

(W), (), i) = i () ), () = Jim (Ao, - An(o)) 4
= (A(D),--- ,An(0))A, where op = ¥, (qx) and o= ¥ (q).

As (A1(0),- -+, An(D)) forms a basis for T2 = Hom(F), FJ~'/F}) and A is nonsingu-
lar, we can conclude that (), is an isomorphism from T,°U, to T2°W. This shows
that ¥ TH — CVN =~ H;‘_l’l is a local embedding. OJ

Theorem 4.8. There exists a holomorphic affine structure on 7:nH Moreover, the holo-
morphic map \Iff : 7:nH — CV is a holomorphic affine map with respect to this holomorphic
affine structure on ’Tf

Proof. Since W . TH — CV is a local embedding and dim 7”7 = N, thus the same
arguments as the proof of Lemma can be applied to conclude that there exists an
induced holomorphic affine structure on 7 from the affine structure on C" via the local
embedding \Ifg . In particular, with respect to this affine structure on Tff , the holomorphic
map \Iff is also an affine map. O

It is important to note that the flat connections which correspond to the global holo-
morphic affine structures on 7, on 7, or on 7;H are in general not compatible with respect
to the corresponding Hodge metric on them.

4.3. Injectivity of the period map on the Hodge metric completion space.

Theorem 4.9. For any m > 3, the holomorphic map \Iff : 7:nH — CV is an injection.
In particular, the completion space 7;H can be embedded into CV wvia \Ifg

To prove this theorem, we will first prove the following lemma, where we mainly use the
completeness and the holomorphic affine structure on 7:nH as well as the affineness of \Iff )

Lemma 4.10. For any two points in T, there is a straight line in T connecting them.
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We remark that as 7 is a complex affine manifold, we have the notion of straight lines
in it with respect to the affine structure.

Proof. Let p be an arbitrary point in 7, and let S C T be the collection of points that
can be connected to p by straight hnes in TH We need to show that S = TH

We first show that S is a closed set. Let {ql}z 1 € S be a Cauchy sequence “with respect
to the Hodge metric. Then for each ¢ we have the straight line [; connecting p and ¢; such
that £;(0) = p, l;(T;) = ¢; for some T; > 0 and v; := %li(O) a unit vector. We can view
these straight lines [; : [0,T;] — T as the solutions of the affine geodesic equations
I/ (t) = 0 with initial conditions v; := 21;(0) and [;(0) = p. It is well-known that solutions
of these geodesic equations analytically depend on their initial data.

Let d; denote the distance between ¢; and p, for each i. As {¢;}22, is a Cauchy sequence,
lim; ., d; = ds for some d... Since [; is a straight line and v; is a unit vector, we know
that d; = T; for each i. Indeed, since I;(t) = l}(0) = v;, we have

di= [ = [l de =T
0 0

where the norm is the Hodge norm. Thus, as the set {d;}32; is bounded, the set {7;}32,
is also bounded. Passing to a subsequence, we may therefore assume that {7;} and {v;}
converge, with lim; ., T; = Ty, and lim; ., v; = Vo, respectively. Let [ (t) be the local
solution of the affine geodesic equation with initial conditions 2/ (0) = ve and ls(0) = p.
We claim that the solution [, (t) exists for ¢t € [0,T,,]. Consider the set

Es:={a: l(t) exists for te€[0,a)}.

If E, is unbounded above, then the claim clearly holds. Otherwise, we let a., = sup F,
and our goal is to show a., > T,. Suppose towards a contradiction that a, < T.
We then define the sequence {ax}32, so that ay/Ty = Goo/Tno. We have ap < T and
limy_,o0 Gr = as. Using the continuous dependence of solutions of the geodesic equation
on initial data, we conclude that the sequence {l;(ay)}72; is a Cauchy sequence. As T
is a complete space, the sequence {lj(ay)}72, converges to some ¢’ € T. Let us define
loo(ass) = ¢'. Then the solution l..(t) exists for ¢ € [0, ac). On the other hand, as T
is a smooth manifold, we have that ¢’ is an inner point of ’Tf{ . Thus the affine geodesic
equation has a local solution at ¢’ which extends the geodesic l,,. That is, there exists
€ > 0 such that the solution l(t) exists for t € [0, ax + €). This contradicts the fact that
s is an upper bound of E.,. We have therefore proven that [ () exists for ¢ € [0, Ty].

Using the continuous dependence of solutions of the affine geodesic equations on the
initial data again, we get

This means the limit point ¢, € S, and hence S is a closed set.

Let us now show that S is an open set. Let ¢ € S. Then there exists a straight line
[ connecting p and q. For each point x € [ there exists an open neighborhood U, C 7:nH
with diameter 2r,. The collection of {U, },¢; forms an open cover of [. But [ is a compact
set, so there is a finite subcover {U,,}X, of I. Then the straight line [ is covered by a
cylinder C, in 7;H of radius r = min{r,, : 1 <i < K}. As C, is a convex set, each



HODGE METRIC COMPLETION OF THE TEICHMULLER SPACE OF CALABI-YAU MANIFOLDS25

point in C, can be connected to p by a straight line. Therefore we have found an open
neighborhood C, of ¢ € S such that C. C S, which implies that S is an open set.

As S is a non-empty, open and closed subset in the connected space 7;H , we conclude
that S = T", as we desired. O

Proof of Theorem[{.9 Let p,q € T be two different points. Then Lemma implies
that there is a straight line [ C 7;H connecting p and ¢. Since \115 : 7;H — CV is affine, the
restriction W|; is a linear map. Suppose towards a contradiction that ¥ (p) = U¥(q) €
CV. Then the restriction of W to the straight line [ is a constant map as U], is linear.
By Lemma BT, we know that W : 7# — CV is locally injective. Therefore, we may
take U, to be a neighborhood of p in T such that ¥ : U, — C" is injective. However,
the intersection of U, and [ contains infinitely many points, but the restriction of \IIZ to
U, Nl is a constant map. This contradicts the fact that when we restrict U to U, N1,

U is an injective map. Thus W7 (p) £ W (q) if p #q € TH. O
By Lemma 5] Theorem 9] implies the following corollary.

Corollary 4.11. The holomorphic map CI)S : 7;H — N, N D s also an injection.

5. DOMAIN OF HOLOMORPHY

In this section, we define the completion space T# by T# = TH and the extended
period map @7 by ®7 = & for any m > 3 after proving that 7" doesn’t depend on the
choice of the level structure. Therefore 7 is a complex affine manifold and that ®¥ is a
holomorphic injection. We then prove the main result, which is Theorem TH is the
completion space of T with respect to the Hodge metric and it is a domain of holomorphy
in CV. As a direct corollary, we get the global Torelli theorem of the period map from
the Teichmiiller space to the period domain.

For any two integers m, m’ > 3, let Z,, and Z,,, be the smooth quasi-projective man-
ifolds as in Theorem [2.3] and Zf and Z, their completions with respect to the Hodge
metric. Let 7:nH and T2 be the universal cover spaces of Zf and ZH, respectively, then
we have the following.

Proposition 5.1. The complete complex manifolds T2 and T2 are biholomorphic to
each other.

Proof. By defintion, Ty, = iy (T ), Tow = i (T) and @, = 7|7 &, = O |7 . Because
@ and O, are embeddings, T, = ®¥(7,,) and T, = ®(T;,). Since the composition
maps ¢ o4, = @ and ®/, 0 i,y = @, we get ®7(i,(T)) = O(T) = P (i, (T)).
Since ® and T are both independent of the choice of the level structures, so is the image
O(T). Then T, = &(T) = T,y biholomorphically, and they don’t depend on the choice
of the level structures. Moreover, Proposition implies that 7,7 and T# are Hodge
metric completion spaces of 7, and 7, , respectively. Thus the uniqueness of the metric
completion spaces implies that 7,2 is biholomorphic to 7. O

Proposition [5.1] shows that 7:nH is independent of the choice of the level m structure,
and it allows us to give the following definitions.
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Definition 5.2. We define the complete complex manifold TH = 7:nH, the holomorphic
map ir . T — T by iz = iy, and the extended period map @7 . TH — D by o = ¥
for any m > 3. In particular, with these new notations, we have the commutative diagram

Tt 2 p

Tm l 7'('5 D
) o

Z, ——=zZH 2 DT

Theorem 5.3. The complex manifold T, which is a complex affine manifold and can
be embedded into CV, is the completion space of T with respect to the Hodge metric.
Moreover, the extended period map ®7 : TH — N_ N D is a holomorphic injection.

Proof. By the definition of 7" and Theorem EL8] it is easy to see that T is a complex
affine manifold, which can be embedded into CV. It is also not hard to see that the
injectivity of ® follows from Corollary .11l by the definition of ®. Now we only need
to show that 7 is the Hodge metric completion space of 7. This suffices to prove the
following lemma. OJ

Lemma 5.4. The map it : T — T is an embedding.

Proof. On one hand, define 7y to be 7y = 7T, for any m > 3, as 7, doesn’t depend on
the choice of level m structure according to the proof of Proposition (.1l Since 7y =
(7)Y Z,,), © © To — Z, is a covering map. Thus the fundamental group of 7 is
a subgroup of the fundamental group of Z,,, that is, m(7y) C 71 (Z,,), for any m > 3.
Moreover, the universal property of the universal covering map =w,, : 7 — Z,, with
Tm = T |7, 0 i implies that i7: T — Tp is also a covering map.

On the other hand, let {my}?2; be a sequence of positive integers such that my < mgi;
and mg|mygyy for each & > 1. Then there is a natural covering map from Z,,, ., to
Zm, for each k. In fact, because each point in Z,, ., is a polarized Calabi-Yau mani-
fold with a basis Vi1 for the space (H,(M,Z)/Tor)/my1(H,(M,Z)/Tor) and my|m,1,
then the basis v,, ~ induces a basis for the space (H,(M,Z)/Tor)/my(H,(M,Z)/Tor).
Therefore we get a well-defined map Z,,, ., — Z,,, by assigning to a polarized Calabi—
Yau manifold with the basis 7, ,, the same polarized Calabi-Yau manifold with the
basis (Ym,,,(mod my)) € (H,(M,Z)/Tor)/my(H,(M,Z)/Tor). Moreover, using the ver-
sal properties of both the families X, ,, — 2, ,, and &;,,, — Z,,,, we can conclude that
the map Z,, ., — Z,, is locally biholomorphic. Therefore, Z,, ., — Z,, is actually a
covering map. Thus the fundamental group 71(Z,,,,,) is a subgroup of m (2, ) for each
k. Hence, the inverse system of fundamental groups

Wl(Zm1)<—7T1(Zm2)<— ...... <—771(ka)<_

has an inverse limit, which is the fundamental group of 7. Because m(75) C m1(Z2,,,) for
any k, we have the inclusion m (7o) C 71 (7). But m1(7) is a trivial group since T is simply
connected, thus 71(7p) is also a trivial group. Therefore the covering map iy : T — Ty is
a one-to-one covering. This shows that i7: 7 — T is an embedding. O

Remark 5.5. There is another approach to Lemma [5.4] which is a proof by contradiction.
Suppose towards a contradiction that there were two points p # g € T such that i7(p) =
ir(q) € TH.
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On one hand, since each point in 7 represents a polarized and marked Calabi—Yau
manifold, p and ¢ are actually triples (M, L,,v,) and (M, L,,7,) respectively, where v,
and ~, are two bases of H, (M,Z)/Tor. On the one hand, each point in Z,, represents
a triple (M, L, ~,,) with v, a basis of (H,(M,Z)/Tor)/m(H,(M,Z)Tor) for any m > 3.
By the assumption that ir(p) = i7(g) and the relation that i o m,, = 71 0 i7, we have
iomm(p) = iomn(q) € Z, for any m > 3. In particular, for any m > 3, the image of
(M,, Ly, ,) and (M,, L,,~,) under 7, are the same in Z,,. This implies that there exists
a biholomorphic map f,, : M, — M, such that f, (L,) = L, and f; (7) = 7, - A, where
A is an integer matrix satisfying

(30) A= (4;) =1d (mod m) for any m > 3.

Let |A;;| be the absolute value of the ij-th entry of the matrix (A4;;). Since (30) holds for
any m > 3, we can choose an integer mg greater than any |A;;| such that

A= (4;)=1d (mod my).

Since each A;; < mog and A = (4;;) = Id (mod my), we have A = Id. Therefore, we
found a biholomorphic map f,, : M, — M, such that f (L,) = L, and [} (v,) = 7p.
This implies that the two triples (M,, L,,,) and (M,, L,,7,) are equivalent to each other.
Therefore, p and ¢ in 7 are actually the same point. This contradicts with our assumption

that p # q.

Since ® = & o i with both ® and i7 embeddings, we get the global Torelli theorem
for the period map from the Teichmiiller space to the period domain as follows.

Corollary 5.6 (Global Torelli theorem). The period map ® : T — D is injective.
As another important result of this paper, we prove the following property of 7.

Theorem 5.7. The completion space T is a domain of holomorphy in CV; thus there
exists a complete Kdhler-Einstein metric on TH.

We recall that a C? function p : Q — R on a domain Q C C" is plurisubharmornic
if and only if its Levi form is positive definite at each point in €). Given a domain
Q C C", a function f: Q2 — R is called an exhaustion function if for any ¢ € R, the set
{z € Q| f(2) < ¢} is relatively compact in §2. The following well-known theorem provides
a definition for domains of holomorphy. For example, one may refer to [6] for details.

Proposition 5.8. An open set Q2 € C" is a domain of holomorphy if and only if there
exists a continuous plurisubharmonic function f : Q@ — R such that f is also an exhaustion
function.

The following theorem from [4] gives us the basic ingredients to construct a plurisub-
harmoic exhaustion function on 7%,

Proposition 5.9. On every manifold D, which is dual to a Kdhler C-space, there exists
an exhaustion function f : D — R, whose Levi form, restricted to TJ’O(D), 1S positive
definite at every point of D.

We remark that in this proposition, in order to show f is an exhaustion function on D,
Griffiths and Schmid showed that the set f~'(—o0, c] is compact in D for any ¢ € R.
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Lemma 5.10. The estended period map ®7 . TH — D still satisfies the Griffiths
transversality.

Proof. Let us consider TH9TH and T'9D as two differential manifolds, and the tangent
map

(@) : THTH - TD

as a continuous map. We only need to show that the image of (®), is contained in the
horizontal tangent bundle T,i D.

The horizontal subbundle T; }} D is a close set in 7D, so the preimage of T, }} YD under
(®H), is a close set in THOTH. On the other hand, because the period map ® satisfies
the Griffiths transversality, the image of ®, is in the horizontal subbundle TJ’OD. This
means that the preimage of 7D under (), contains both T"°7 and the closure of
THOT, which is TVOT# . This finishes the proof. O

Proof of Theorem[5.7. By Theorem[5.3], we can view the completion space T# as a domain
in CV. Hence, in order to show that 7 is a domain of holomorphy in CV, it is enough
to construct a plurisubharmonic exhaustion function on 7.

Let f be the exhaustion function on D constructed in Proposition 5.9, whose Levi form,
when restricted to the horizontal tangent bundle T;’OD of D, is positive definite at each
point of D. By the Griffiths transversality of ®¥, the composition function f o ®# :
TH — R is a plurisubharmonic function on 7. We claim that the composition function
f o ®H is the demanded plurisubharmonic exhaustion function on 7#. Thus it suffices
to show that the function f o ® is an exhaustion function on 7%, and this is enough to
show that to that for any constant ¢ € R, (f o ®7)~}(—o0,c] = (&)~ (f~1(—o00,]) is a
compact set in 7.

Indeed, it has already been shown in [4] that the set f~!(—o0, | is a compact set in D.
Now for any sequence {p;}2°, C (f o ®#)~1(—o00, ¢|, we have {® (p;)}22, C f~1(—o0,c].
Since f~1(—o00,¢] is compact in D, the sequence {® (p;)}°, has a convergent subse-
quence. We denote this convergent subsequence by {®(py,)}22, C {® (py)}2°, with
kn < kpy1, and denote limy_,oo @7 (py) = 0o € D. On the other hand, since the map
®H is injective and the Hodge metric on 7# is induced from the Hodge metric on D,
the extended period map ®¥ is actually a global isometry onto its image. Therefore the
sequence {py, }°2, is also a Cauchy sequence that converges to (®)~!(0,,) with respect
to the Hodge metric in (f o ®7)7!(—o0,c] C TH. In this way, we showed that any se-
quence in (f o ®#)~1(—o0, | has a convergent subsequence. Therefore (f o ®)~!(—oo0, ]
is compact in 7, as was needed to show.

Because 7 is a domain of holomorphy in CV, the existence of a complete Kihler-
Einstein metric on T# follows directly from [2], which asserts the existence of such metric
on any pseudo-convex domain. 0

APPENDIX A. TWO TOPOLOGICAL LEMMAS

In this appendix we first prove the existence of the choice of i,, and @f in diagram
(28) such that ® = ®% o4,,. Then we show a lemma that relates the fundamental group
of the moduli space of Calabi-Yau manifolds to that of completion space with respect to
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the Hodge metric on Z,,. The arguments only use elementary topology and the results
may be well-known. We include their proofs here for the sake of completeness.

Lemma A.1. There exists a suitable choice of 1,, and @g such that (IDf 01, =o.

Proof. Recall the following commutative diagram:

H

Tt O p

Tm l ﬂz D
. oH

Z, ——=2zH 2 DT

H H

Fix a reference point p € 7. The relations iom,, = 7" oi,, and @gm ol = po® imply
that 7p o @ 04,, = ®¥ oiom, = Oz, om,. Therefore ¥ o4y, is a lifting map of z,,.
On the other hand ® : 7 — D is also a lifting of ®z_ . In order to make (I)f 0y = P,
one only needs to choose the suitable i,, and @f such that these two maps agree on the
reference point, i.e. ®7 0i,,(p) = ®(p).

For an arbitrary choice of i,,, we have i,,(p) € T, and 7 (i,,(p)) = i(mm(p)). Con-
sidering the point é,,(p) as a reference point in 7.}, we can choose ®(i,,(p)) to be any
point from 75 (@4 (i(mu(p)))) = 75 (P2, (mm(p))). Moreover the relation 7p(®(p)) =
Dz, (mm(p)) implies that ®(p) € 75" (P, (mm(p))). Therefore we can choose @ such
that @ (i,,,(p)) = ®(p). With this choice, we have ¥ o4, = ®. O

Lemma A.2. Let my(Z2,,) and 7 (Z) be the fundamental groups of Z,, and Z respec-
tively, and suppose the group morphism

iyt T(Zm) — m(ZH)
is induced by the inclusion i : Z, — ZI. Then i, is surjective.

Proof. First notice that Z,, and Z are both smooth manifolds, and Z,, C Z¥ is open.
Thus for each point ¢ € ZX \ Z,, there is a disc D, C Z¥ with ¢ € D,. Then the union
of these discs

U 2

quf,{\Zm

m

forms a manifold with open cover {D, : ¢ € U,D,}. Because both Z,, and Z} are second

countable spaces, there is a countable subcover {D;}%°; such that Z¥ = 2, U | D;,
i=1
where the D; are open discs in ZZ for each i. Therefore, we have m(D;) = 0 for all i > 1.

k
Letting Z,,,x = Z,, U U D;, we get
i=1
7T1(Zm7k) X 7T1(Dk+1) = 7T1(Zm7k) = 7T1(Zm7k_1 U Dk), for any k.
We know that codimg(Z2\Z,,) > 1. Therefore since Diy1\Zmir C Diy1\Zm, we have
codime [Dg41\(Dr+1\Zmx)] > 1 for any k. As a consequence we can conclude that Dy 1N

Zy i 1s path-connected. Hence we can apply the Van Kampen Theorem on X = Dy U
Zm 1k to conclude that for every k, the following group homomorphism is surjective:

T (Zmp) = T1(Zmi) * T1(Dig1) —= T1(Zmp U Diy1) = T1(Zmpr1)-
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Thus we get the directed system:

71'1 (Zm) — s 7T1 (Zm71) eSS i e e e — s 7T1 (Zm,k) eSS i e e e
By taking the direct limit of this directed system, we get the surjectivity of the group
homomorphism 7(Z,,) — m (Z1). O
REFERENCES

[1] X. Chen, F. Guan and K. Liu, Global Torelli theorem for projective manifolds of Calabi-Yau Type,
arXiv:1205.4207

[2] S. Y. Cheng and S. T. Yau, On the existence of a complete Kéhler metric on noncompact complex
manifolds and the regularity of Fefferman’s equation. Comm. Pure Appl. Math., 33(4):507-544, 1980.

[3] F. Forstnerié, Stein manifolds and holomorphic mappings: The homotopy principle in complex anal-
ysis, Ergebnisse der Mathematik und threr Grenzgebiete 3, 56, Springer-Verlag, Berlin-Heidelberg
(2011).

[4] P. Griffiths, W. Schmid, Locally homogeneous complex manifolds. Acta Math. 123 (1969), pp. 253-
302.

[5] F. Guan, K. Liu and A. Todorov, A global Torelli Theorem for Calabi-Yau manifolds,
arXiv:1112.1163v2.

[6] L. Hormander, An introduction to complex analysis in several variables, Van Nostrand, Princeton,
NJ, (1973).

[7] S. Kobayashi and K. Nomizu, Foundations of differential geometry I, Wiley-Interscience, New York-
London, (1963).

[8] K. Kodaira and J. Morrow, Complex Manifolds, AMS Chelsea Publishing, Porvindence, RI, (2006),
Reprint of the 1971edition with errata.

[9] Y. Matsushima, Affine structure on complex manifold. Osaka J. Math., Vol 5, No. 2 (1986), pp. 215—
222.

[10] H. Popp, Moduli Theory and Classification Theory of Algebraic Varieties, Volume 620 of Lecture
Notes in Mathemathics, Springer-Verlag, Berlin-New York, (1977).

[11] W. Schmid, Variation of Hodge structure: the singularities of the period mapping. Invent. Math.,
Vol. 22, No. 3-4 (1973), pp. 211-319.

[12] Y. Shimizu and K. Ueno, Advances in moduli theory, Volume 206 of Translation of Mathematical
Monographs, American Mathematics Society, Providence, Rhode Island, (2002).

[13] B. Szendroi, Some finiteness results for Calabi-Yau threefolds. Journal of the London Mathematical
Society, Second series, Vol. 60, No. 3 (1999), pp. 689-699.

[14] E. Viehweg, Quasi-projective moduli for polarized manifolds, Volume 30 of Ergebnisse der Mathematik
und ihrer Grenzgebiete (3) [Results in Mathematics and Related Areas (3)], Springer-Verlag, Berlin,
(1995).

[15] C. Voisin, Hodge theory and complex algebraic geometry I, Cambridge Universigy Press, New York,
(2002).

DEPARTMENT OF MATHEMATICS,UNIVERSITY OF CALIFORNIA AT LOS ANGELES, LOS ANGELES,
CA 90095-1555, USA
E-mail address: xjchen@math.ucla.edu

DEPARTMENT OF MATHEMATICS,UNIVERSITY OF CALIFORNIA AT LOS ANGELES, LOS ANGELES,
CA 90095-1555, USA

E-mail address: fguan@math.ucla.edu

CENTER OF MATHEMATICAL SCIENCES, ZHEJIANG UNIVERSITY, HANGZHOU, ZHEJIANG 310027,
CHINA; DEPARTMENT OF MATHEMATICS, UNIVERSITY OF CALIFORNIA AT LOS ANGELES, LOS ANGE-
LES, CA 90095-1555, USA

E-mail address: 1iu@math.ucla.edu, liu@cms.zju.edu.cn


http://arxiv.org/abs/1205.4207
http://arxiv.org/abs/1112.1163

	1. Introduction
	2.  Teichmüller space and the period map of Calabi–Yau manifolds
	2.1. Period domain of polarized Hodge structures
	2.2. Construction of the Teichmuller space
	2.3. The period map and the Hodge metric on the Teichmüller space

	3. Holomorphic affine structure on the Teichmüller space
	3.1. Affine manifolds and affine maps
	3.2. Holomorphic affine structure on the Teichmüller space
	3.3. The local embedding  on the Teichmüller space

	4. Hodge metric completion of the Teichmüller space with level structure
	4.1. Definitions and basic properties
	4.2. Holomorphic affine structure on the Hodge metric completion space 
	4.3. Injectivity of the period map on the Hodge metric completion space

	5. Domain of holomorphy
	Appendix A. Two topological lemmas
	References

