PARTIAL GENERALIZATIONS OF SOME CONJECTURES IN LOCALLY
SYMMETRIC LORENTZ SPACES

ZHONGYANG SUN

AssTrACT. In this paper, first we give a notion for linear Weingarten spacelike hypersur-
faces with P + aH = b in a locally symmetric Lorentz space L’l”l. Furthermore, we
study complete or compact linear Weingarten spacelike hypersurfaces in locally symmet-
ric Lorentz spaces Lq’” satisfying some curvature conditions. By modifying Cheng-Yau’s
operator O given in [7], we introduce a modified operator L and give new estimates of
L(nH) and O(nH) of such spacelike hypersurfaces. Finally, we give partial generalizations
of some Conjectures in locally symmetric Lorentz spaces L'l’”.

1. INTRODUCTION

Let LZ+” be an (n + p)-dimensional connected semi-Riemannian manifold of index p (>
0). Itis called a semi-definite space of index p. In particular, L’l“rl is called a Lorentz space.
A hypersurface M" of a Lorentz space is said to be spacelike if the metric on M" induced
from that of the Lorentz space is positive definite. When the Lorentz space is of constant
curvature ¢, we call it Lorentz space form, denote by M'l”'(c). When ¢ > 0, M{’”(c) =
S'l'“(c) is called an (n + 1)-dimensional de Sitter space; when ¢ = 0, Mf”(c) = L’l'”(c) is
called an (n + 1)-dimensional Lorentz-Minkowski space; when ¢ < 0, M’l’”(c) = H’l’”(c)
is called an (n + 1)-dimensional anti-de Sitter space.

In 1981, it was pointed out by S. Stumbles [20]] that spacelike hypersurfaces with con-
stant mean curvature in arbitrary spacetime come from its relevance in general relativity.
In fact, constant mean curvature hypersurfaces are relevant for studying propagation of
gravitational radiation. Hence, many geometers studies the complete spacelike hypersur-
faces with constant mean curvature H in Lorentz space forms ]\717” (¢). For instance, A.J.
Goddard [8] proposed the following Conjecture:

Conjecture 1. If M" is a complete spacelike hypersurface of de Sitter space S’l’“(c) with
constant mean curvature H, then is M" totally umbilical ?

J. Ramanathan [19] proved Goddard’s conjecture for S?(l) and 0 < H < 1. Moreover,
when H > 1, he also showed that the conjecture is false. When H 2 < cifn =2 or when
n’H?* < 4(n — 1)c if n > 3, K. Akutagawa [[]] proved that Goddard’s conjecture is true. S.
Montiel [13]] solved Goddard’s problem without restriction over the range of H provided
that M" is compact. There are also many results such as [[10} [15].

On the other hand, concerning the study of spacelike hypersurfaces with constant scalar
curvature in a de Sitter space, H. Li [[L1] proposed an interseting problem:
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Conjecture 2. If M"(n > 3) is a complete spacelike hypersurface in de Sitter space S’l”l(l)
with constant normalized scalar curvature R satisfying % < R < 1, then is M" totally
umbilical ?

Recently, FE.C. Camargo et al. [4] proved that Li’s question is true if the mean curva-
ture H is bounded. There are also many results such as [3} 5] and [9]].

It is natural to study complete or compact spacelike hypersurfaces with constant mean
curvature or constant scalar curvature in the more general Lorentz spaces. In 2004, J. Ok
Baek, Q.M. Cheng and Y. Jin Suh [16]] studied the complete spacelike hypersurfaces with
constant mean curvature H and gave some rigidity theorems in locally symmetric Lorentz
spaces L’l‘“. Recently, J.C. Liu and Z.Y. Sun [12]] studied the complete spacelike hyper-
surfaces with constant normalized scalar curvature R and obtained some rigidity theorems
in locally symmetric Lorentz spaces L’l'“.

In this paper, firstly, we recall that Choi et al. [6} 21] introduced the class of (n + 1)-
dimensional Lorentz spaces L’l’+1 of index 1 which satisfy the following conditions for
some constants ¢; and c;:

(i) for any spacelike vector u and any timelike vector v

Ku,v) = —%, (1.1)

(ii) for any spacelike vectors u and v
K@u,v) > c, (1.2)

where K denotes the sectional curvature on L’l‘”.
When L’l’+1 satisfies conditions (1.1) and (1.2), we will say that L’l'+1 satisfies condition

().

Remark 1.1 The Lorentz space form M’l”l(c) satisfies condition (x), where —% =c=c

In order to present our theorems, we will introduce some basic facts and notations. Let
Rcp be the components of the Ricci tensor of L’f“ satisfying (), then the scalar curvautre
R of L*! is given by

n+l n n n
R= Z €aRan = _ZZR(n+l)ii(n+l) + Z Rijji = 2c1 + Z Rijji.
A=l i=1 i=1 ij=1

It is well known that R is constant when the Lorentz space L’f“ is locally symmetric, so

> j=1 Rijji 1s constant. From (2.3) in Section 2, we can define a P such that

nin—-1DP=nH*-S = ZR,»jj,-—n(n— DR. (1.3)

ij=1

Hence, when M" is a spacelike hypersurface in locally symmetric Lorentz spaces L’f“
satisfying (*), we conclude from (1.3) that the normalized scalar curvature R of M" is
constant if and only if P is constant.

Next we will introduce a notion for linear Weingarten spacelike hypersurfaces in a lo-
cally symmetric Lorentz space L’f“ satisfying (x) as follows:

Definition 1.2 Let M" be a spacelike hypersurface in a locally symmetric Lorentz space
L’l“rl satisfying (x). We call M" a linear Weingarten spacelike hypersurface If P defined
by (1.3) and the mean curvature H of M" satisfy the following conditions: eP + aH = b,
&2 +a*>+0,where e,a,b € R.
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Remark 1.3 Let ¢ = 0 and a # 0 in Definition 1.2, a linear Weingarten spacelike hy-
persurface M" reduces to a spacelike hypersurface with constant mean curvature H. Let
a = 0 and e # 0 in Definition 1.2, a linear Weingarten spacelike hypersurface M" re-
duces to a spacelike hypersurface with constant normalized scalar curvature R. Hence, the
linear Weingarten spacelike hypersurfaces can be regarded as a natural generalization of s-
pacelike hypersurfaces with constant mean curvature H or with constant normalized scalar
curvature R in a locally symmetric Lorentz space L’l“rl satisfying ().

In Section 3, by modifying Cheng-Yau’s operator O given in [7], we study complete
linear Weingarten spacelike hypersurfaces in a locally symmetric Lorentz space L’l“rl satis-
fying (x) and give generalizations of [12| Theorem 1.2(i)] and [4, Theorme 1.2]. Thus, we
get Theorems 3.6 and 3.9.

In Section 4, by using Cheng-Yau’s operator O given in [7]], we study compact linear
Weingarten spacelike hypersurfaces in a locally symmetric Lorentz space L’l'+1 satisfying
(*) and give generalizations of [11, Theorme 4.3] and [12, Theorem 1.1]. Then, we obtain
Theorems 4.4 and 4.8.

Remark 1.4 In this paper, the spacelike hypersurfaces M” in Theorems 3.6-3.9 and The-
orems 4.4-4.8 satisfying P + aH = b are linear Weingarten spacelike hypersurfaces in
Definition 1.2.

2. PRELIMINARIES

In this section, we will introduce some basic facts and give estimate the Laplacian AS
of the squared length S of the second fundamental form for spacelike hypersurfaces in
locally symmetric Lorentz spaces L’l“r1 satisfying (). We shall make use of the following
convention on the ranges of indices: 1 < A,B,C,...<n+1; 1 <1, jk,...<n.

We assume that M" is a spacelike hypersurface in Lorentz spaces L’l‘”. Choose a local

field of pseudo-Riemannian orthonormal frames {ey,...,e,+1} in L’l“r1 such that, restricted
to M", {ey,...,e,} are tangent to M" and e,;; is normal to M". That is, {e},...,e,} are
spacelike vectors and e, is a timelike vector. Let {w4} and {w,p} be the fields of dual
frames and the connection forms of L’]“', respectively. Let ¢ = 1,€,.1 = —1, then the
structure equations of L’l“r1 are given by

dwp = = Y €pwap A wp, wap + wps =0,

B
dwap = = Y, ecwac A wep — 3 Y, cepRapcpwe A wp.
c C.D

Here the components R¢p of the Ricci tensor and the scalar curvature R of Lorentz spaces
Li*! are given, respectively, by

RCD = Z EBRBCDB, R= Z GARAA~
B A

The components R4 scp:e of the covariant derivative of the Riemannian curvature tensor R
are defined by

Z €eRapcp:EwE = dRapcp — Z ee(RepcpwEa
E E
+ RuecpwEB + RaBEDWEC + RABCEWED).

‘We restrict these forms to M" in L’l”l, then w,.; = 0. Hence, we have }; W11y A w; = 0.
Using Cartan’s lemma, we know that there are h;; such that w41y = X ; hjjw; and hi; = hj;,
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where the h;; are the coefficients of the second fundamental form of M". This gives the
second fundamental form of M", h = 3 ; jhijwi ® w;.

The Gauss equation, components R;; of the Ricci tensor and the normalized scalar cur-
vature R of M" are given, respectively, by

Rijii = Rijis — (huhji — hichy), 2.1

Ri; = Z Ryiji — nHhj; + Z hixhij, (2.2)
% 3

nn— 1R = Z R,‘jﬁ - n2H2 +S, (2.3)

where H =1 ¥ hj;and S = 3, hlz] are the mean curvature and the squared length of the
second fundamental form of M", respectively.
Let h;jx and h;ji; be the first and the second covariant derivatives of &;;, respectively, so

that
Z hijewi = dhij — Z hixwyj — Z i jwii,
% 3 %
Z hijrwy = dhij — Z hyjrwy; — Z higwyj — Z hijiw.
7 7 7 7

Thus, we have the Codazzi equation and the Ricci identity

hijk = hixj = R 1ijes (2.4)

hiju — hije = — Z RimBRon jii = Z R Rkt (2.5)

m m

Let Rapcp:k be the covariant derivative of Rapcp. Thus, restricted on M”, R(41yijx; 1S given
by

Riuivyijis = Rovevyijit + Rovevicns )it + Ronsyijons 1y + Z Ry jichimts (2.6)
m

where I_?(,,+1)i k1 denotes the covariant derivative of R(,,+1),- jk as a tensor on M" so that

Z Risyijegwr = ARy — Z R nyjewii

- Z R vyinwsj — Z R 1yijiwik-

Next we compute the Laplacian Ah;; = 3 hjjix. From (2.4) and (2.5), we have
Ahjj = Z hikjk + Roweyijick
3
= Z (hkikj - Z(hklRlijk + hiRiji) + Ry jk;k) .
X 7

From Ay = higij + Rins1ykik;j» We get

Ahij = (nH);; + Z (R(n+1)ijk;k + R(n+1)kik;j) - Z(hklRlijk + hiRiji).- 2.7
T Tl
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From (2.1) and (2.6) and (2.7), we obtain

Ahi; =(nH);; + Z (R(nﬂ)ijk;k + R(nJrl)kik;j) - Z(hkkR(nH)ij(nH)
% %

+ iR ke 1K) — Z(thIRZi ik + hjRyix + huRuji)
Tl

- nHZhilhlj + S/’lij.
l

According to the above equation, the Laplacian AS of the squared length S of the second
fundamental form A;; of M" is obtained

%AS - Z iy + Z hijsh;;
0

ijk
= Z hl'zjk + Z(”H)ijhij + Z (R(n-*—l)ijk;k + R(n+l)kik;j) hi;
ijk i ik
(2.8)
— Z thin(n+l)ij(n+l) +S Z R(n+])k(n+l)k
i k
-2 Z (hwhijRiij + hihijRyci) — nH Z hahyjhij + S
ikl il
Choose a local orthonormal frame field {ey, ..., e,} such that h;; = 4;0;;, where 4;, 1 <

i < n, are principal curvatures of M". Estimating the right-hand side of (2.8) by using the
curvature conditions (x), the following lemma was obtained by J.C. Liu and Z.Y. Sun.

Lemma 2.1 ([12, Lemma 2.1]). Let M" be a spacelike hypersurface in a locally symmetric
Lorentz space L’l’+1 satisfying (x), then

1
548 > DR+ > AnH)i + ne(S - nH?) + [52 —nH )’ /l?), (2.9)
ik i i
where ¢ = 2¢p + %‘ and cy, c; are given as in ().
In the following, we will continue to calculate AS for spacelike hypersurfaces in locally
symmetry Lorentz spaces satisfying («). Thus, we need the following algebraic Lemma.

Lemma 2.2 ([2,[17]). Let y, ..., u, be real numbers such that ) ; u; = 0 and Z,-/,ti2 = B,
n—2 B

where B > 0 is constant. Then
3
2| < =
- nin—1)

and equality holds if and only if at least n — 1 of the u;'s are equal.

Let ¢ = 3, ; ¢ijw; ® w; be a symmetric tensor defined on M", where ¢;; = h;; — Ho;;.
It is easy to check that ¢ is traceless. Choose a local orthonormal frame field {ey, ..., e,}
such that h;; = A;6;; and ¢;; = p1;6;j. Let |¢|* = X; u?. A direct computation gets

1
6> =S — nH? = 5 Z(ai - )% (2.10)
ij

Hence, |¢|* = 0 if and only if M" is totally umbilical. We also get

Zﬂ?:nH3+3HZ,uiz+Zy?.
i i i
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By applying Lemma 2.2 to the real numbers y;, ..., u,, we obtain
—nHZ/li3 =-n*H* —3nH22,ui2 —nHZ,ui3
! ! an—2) ! 3 2.11)
>2n*H* - 3nS H* - —|H|(S nH?)2.

Vn(n—1)
Substituting (2.10) and (2.11) into (2.9), we obtain the following lemma.

ol ; L 1
Lemma 2.3 Let M" be a spacelike hypersurface in a locally symmetric Lorentz space L|*
satisfying (x), then

—AS Dt D Ay + 0P L (1), 2.12)

i,k

2 2 — B2 — =D 2 . :
where |¢I° = S —nH*, L (1¢]) = |¢I* — %Wﬂqﬁl +nc—nH* ¢ =2c+ % andcy, ¢

are given as in (x).

3. COMPLETE LINEAR WEINGARTEN SPACELIKE HYPERSURFACES IN A LOCALLY SYMMETRIC LORENTZ
SPACE L’f“ SATISFYING ()

In this section, according to Cheng and Yau O given in [7]], first we introduce a modified
operator L acting on any C>-function f by
(n—1a
2

L(f) = ) (nHoi; = hip)fij + af, (3.1)
ij

where a € R.

Cheng-Yau [7] gave a lower estimate of 3’; ;; hl]k which is very important in the proof
of their theorem. They proved that, for a hypersurface in a space form of constant sectional
curvature c, if the normalized scalar curvature R is constant and R > ¢, then }; ;; huk >
n?|VH|?, where hi}ks are components of the covariant differentiation of the second funda-
mental form.

For the spacelike hypersurfaces M" in a locally symmetric Lorentz space L’l‘+1 satisfying
(*), without assumption that the normalized scalar curvature R of M" is constant, we also
obtain the estimate Y; ;; h?jk > n?|VH? in the proof of Proposition 3.1.

Next we will prove Propositions 3.1 and 3.3 which will play a crucial role in the proofs
of Theorems 3.6 and 3.9.

Proposition 3.1 Let M"(n > 3) be a spacelike hypersurface in a locally symmetric Lorentz
space L"+1 satisfying (x). If P defined by (1.3) and the mean curvature H of M" satisfy the
following conditions: P+ aH = b and (n — 1)a*> + 4nb > 0, where a, b € R, then

L(nH) > |¢P* L (19)), (3.2)

where |p> = S — nH?, Lig(1¢]) = > — <( 2{ \H||¢| + nc — nH?, ¢ = 2c, + & > 0 and ¢4,
cy are given as in (x).
Proof Choose a local orthonormal frame field {ey,...,e,} such that #;; = A;6;;. Since

P + aH = b, it follows from (1.3) that

n’H* - S =n(n-1)P = —n(n - 1)(aH - b). (3.3)
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Noticing that nHA(nH) = %A(nH)2 — n?|VH?, it follows from (3.1) and (3.3) that

(n—1a
L(nH) = ;(nHa,- j = hi)nH)ij + === A(nH)
1
=nHA(nH) - Z LnH); + 5 |$ = n?H + n(n - D)b] (3.4)
_ 1 2 2
=348 ~ n’|VHF - Z Ai(nH);.
Thus, it follows from (2.12) and (3.4) that
LinH) > )" 1% = n?IVHP + gLy (1), (3.5)

i,k

where |¢ = S —nH” and Ly (I¢]) = 9" ~ =259 + ne — nH.

Differentiating formula (3.3) exteriorly yields 2 3; ; hjhij = 2n*HH, + n(n — DaHy,
then by using Cauchy-Schwarz inequality we have

48 Y Iy >4 Z [Z h,,huk] 2n*H + n(n — 1)a] IVHP. (3.6)

i,jk
Combining (n — 1)a® + 4nb > 0 and (3.3), we have
|[202H + n(n - 1)a]2 —4n%S =4n*H? + 4n’(n — V)aH + n*(n — 1°d?
— 4n? [n*H? + n(n — 1)(aH - b)|

(3.7)
=n”[(n - 1)’a® + 4n(n - )b
>0.
Thus, we conclude from (3.6) and (3.7) that
Z 1%, > \VHP. (3.8)

i,k

Consequently, (3.2) follows from (3.5) and (3.8). Finally, the Proposition 3.1 is proved. O
We also need the following lemma in the proof of Proposition 3.3.

Lemma 3.2 ([18]]). Let M" be an n-dimensional complete Riemannion manifold whose
sectional curvature is bounded from below and F : M" — R be a smooth function which
is bounded from above on M". Then there exists a sequence of points {x;;} € M" such that

klim F(xy) =supF,
klim IVF(x) =0
lim sup max{(VzF(xk)) X, X): 1X]=1}<0.
Proposition 3.3 Let M"(n > 3) be a complete spacelike hypersurface in a locally sym-

metric Lorentz space L'l”r1 satisfying (x). Suppose that M" has bounded mean curvature
H. If P defined by (1.3) and the mean curvature H of M" satisfy the following conditions:
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P+aH =b, (n—1)a®> +4nb > 0 and a > 0, where a,b € R, then there is a sequence of
points {x;} € M" such that
lim nH(x,) = sup(uH),
]}i_{go [V(nH)(x)l = 0, (3.9)
]}Lrgo sup (L(nH)(x;)) <0

Proof Choose a local orthonormal frame field {ey, ..., e,} such that a;; = 24;6;;. If H =0,
the proposition is obvious. Let us suppose that H is not identically zero. By changing the
orientation of M" if necessary, we may assume sup H > 0. In view of (3.1), L(nH) is given
by

L(nH) = Y (nH - X)(nH); + (n _21)“ > (3.10)

Since (n — 1)a? + 4nb > 0, it follows from (3.3) that

(A)* < 24 n(n — 1)(aH — b)
B (n—1a (n - 1%a?
—[nH+ > ] - 1 —n(n—1)b 3.11)
(n-al
<|nH .
i+ "= ]
Thus, it follows from (3.11) that
-1
il < |nrr + @ . al (3.12)
From (1.2) and (2.2), we have
R; = Z Rkllk thll + Z(htk)
k
= Rknk - Zhu + (hll)2
(3.13)

2

k
2172
=Zk:Rkiik+(hii_ @)2 - n:l

Since H is bounded, it follows from (3.13) that the sectional curvatures of M" are bounded
from below. Therefore, we may apply Lemma 3.2 to the function nH, obtaining a sequence
of points {x;} € M" such that

klim nH(x;) = sup(nH), klim [V(nH)(x)| =0, klim sup (nH;;(xx)) < 0. (3.14)

Since H is bounded, taking subsequences if necessary, we can obtain a sequence of points
{x;} € M" which satisfies (3.14) and such that H(x;) > 0 (by changing the orientation of
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M" if necessary). Since a > 0, it follows from (3.12) that
(n-1a (n-1a
2 2

0 < nH(xp) + — |Gl <nH(xp) + = A;(x)

(n—1a
2

<nH(x;) + + [ 2i(x)l (3.15)

(n—1a
> .

<2 |(nH(x) +

Using once more the fact that H is bounded, we can conclude from (3.15) that {nH(x;) +
w — A;(x;)} is non-negative and bounded. By applying L(nH) at x;, taking the limit and
using (3.14) and (3.15), we obtain

(n—1a

klim sup (L(nH)(xp)) < Z klim sup (nH + - /li) (xe)nH;i(xy)

<0.

Finally, the Proposition 3.3 is proved. O

In 2010, J.C. Liu and Z.Y. Sun [[12]] studied the complete spacelike hypersurfaces with
constant normalized scalar curvature R in locally symmetric Lorentz spaces Lﬁ‘“ satisfying
(*) and obtained the following result.

Theorem 3.4 Let M"(n > 3) be a complete spacelike hypersurface with constant normal-
ized scalar curvature R in a locally symmetric Lorentz space L’l1+l satisfying (x). Sup-
pose that M" has bounded mean curvature H. If the constant P defined by (1.3) satisfies
0<P<L Zn—‘ and ¢ > 0, where ¢ = 2¢y + ‘7‘ and cy, ¢y are given as in (x), then M" is totally
umbilical.

In 2008, FE.C. Camargo, R.M.B. Chaves and L.A .M. Sousa Jr. [4] studied the complete
spacelike hypersurfaces with constant normalized scalar curvature R in de Sitter spaces
S’l’“ (c) and proved the following result.

Theorem 3.5 Let M"(n > 3) be a complete spacelike hypersurface with constant normal-
ized scalar curvature R in a de Sitter space S’l‘” (¢). If the squared length S of the second
fundamental form of M" satisfies

supS <2Vn-lc

and R < ¢, then M" is totally umbilical.

In this Section, we study complete linear Weingarten spacelike hypersurfaces in a lo-
cally symmetric Lorentz space L’l‘“. Furthermore, we give generalizations of Theorems
3.4-3.5 and obtain the following results.

Theorem 3.6 Let M"(n > 3) be a complete spacelike hypersurface in a locally symmetric
Lorentz space L’]“' satisfying (x). Suppose that M" has bounded mean curvature H. If P
defined by (1.3) and the mean curvature H of M" satisfy the following conditions: P+aH =
b(n-1)a?2+4nb>0,a>0,b < %andc>0, where a,b € R, c=2cz+cn—‘andc1, cy are
given as in (x), then M" is totally umbilical.

Remark 3.7 When we take a = 0 in Theorem 3.6, we obtain that P = b is constant and
0<P< % Hence, Theorem 3.6 is a generalization of Theorem 3.4. If a = 0 and L’l’+1 is
the de Sitter space S’lz“(c) in Theorem 3.6, then —Cn—‘ =¢p=cand0<KP=b=c—R< 2,—1‘
following from (1.3). At the same time, 0 < P = ¢ — R < % becomes ”;—zc <R<c
and R is constant. Hence, Theorem 3.6 is also a generalization of the result due to F.E.C.
Camargo et al. in [4], saying that a complete spacelike hypersurface M" (n > 3) in a de
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Sitter space S’l‘“(c) with constant normalized scalar curvature R satisfying %c <R<c
must be totally umbilical provided that M" has bounded mean curvature H.

For example, we consider the spacelike hypersurface immersed into S’f“(l) defined by
Ty, = {x € S™(1)| = x% + 2 +...+x2 = —sinh’ r} , where r is a positive real number and
1 < k<n-1. T, is complete and isometric to the Riemannian product HF(1 - coth? r) X
§"7*(1 — tanh? r) of a k-dimensional hyperbolic space and an (n — k)-dimensional sphere of
constant sectional curvatures 1 — coth® 7 and 1 — tanh?® r, respectively. It follows from [9]
that if kK = 1, then R satisfies0 < R = %(1 — tanh® r) < "7_2; similarly, if k =n—-1 > 2,
we see that R = ”n;z(l — coth? r) < 0. Thus, for any R satisfying 0 < R < ”;—2 and for
any R < 0, we can choose r such that the hypersurfaces 71, and T),_ ,, respectively, are
complete, non-totally umbilical and have constant normalized scalar curvature R. Hence,
when M"(n > 3) is a complete spacelike hyperusrface, the hypothesis that 0 < P < 2”—‘
is essential to umbilicity of M" in Theorems 3.4. Without assumption that P defined by
(1.3) is constant in Theorem 3.6. we generalizes the assumption condition 0 < P < % in
Theorem 3.4 to more general situations.

Proof of Theorem 3.6 If M" is maximal, i.e., H = 0, according to Nishikawa’s result [14],
we know that M" is totally geodesic. We can assume that H is not identically zero. Hence,
by Proposition 3.3 we can obtain a sequence of points {x;} € M" such that

klgf)lo sup (L(nH)(x)) < 0, ]}Lr?o(nH)(xk) = sup(nH) > 0. (3.16)
From (2.10) and (3.3), we have
¢ = n(n — 1)(H?* + aH — b). (3.17)
In view of limy_,.o(nH)(x;) = sup(nH) > 0 and a > 0, it follows from (3.17) that
Jim ¢ (xi) = sup ¢l (3.18)
Next, we will consider the following polynomial given by

nn-2)
Vn(n—1)

Loupi(%) = x° — sup |H|x + nc — nsup H*.

We claim that
Lgyp m1(sup |¢]) > 0. (3.19)
4(n-1)

Indeed, if sup H? < 2220 ¢ then the discriminant of Lgup (%) is negative. Therefore, we
have Ly, (sup |¢) > 0. Suppose that sup H? > %c. Let £ be the biggest root of the
equation Lgp g (x) = 0, which is positive. We know that ¢ is the only one root of Ly (x)
if sup H? = @c.

If we can prove that (sup|¢])> = sup|g> > &2, then we have sup|p| > £ Hence,
Lgup i (sup gl) > 0. Since a > 0, b < % and ¢ > 0, it follows from (3.17) that

sup|p]* = n(n — 1)(sup H> + asup H — b) > (n — 1)(nsup H* — 2¢). (3.20)
By virtue of (3.20), it is straightforward to verify that
suplg|® — £
n—2

> ——— |n?sup H* — nsup H y/n? sup H? — 4(n — 1)c — 2(n — 1)c|.
2(n-1)

Thus, sup |¢]> — € > 0 if and only if

n? sup H> — nsup H \[n2 sup H? — 4(n — 1)c — 2(n — 1)c > 0. (3.21)
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Taking into account that the inequality (3.21) is equivalent to 4(n— 1)?c? > 0, which is true
because of ¢ > 0. Hence, sup |¢|> — £ > 0, which proves our claim.

Evaluating (3.2) at the points x; of the sequence, taking the limit and using (3.16) and
(3.18), we obtain that

0> klim sup (L(nH)(xi))

-2)
> sup | [ su 2—n(n—su H|su + nc — nsup H? (3.22)
plél” (sup ¢l oD p|H|sup|¢| P
= Sup |p|* Laup a1 (sup ),
where
n(n—2)

Lyup i (suplgl) = suplgl* — sup |H| sup |¢| + nc — nsup H*.

Vn(n—1)
Therefore, we can conclude from (3.19) and (3.22) that sup |¢|> = 0. That is, |¢]> = 0
which shows M" is totally umbilical. This completes the proof of Theorem 3.6. O
If L’l'+1 is a de Sitter space S’l’”(c) in Theorem 3.5, then —<t = ¢; = cand P = ¢ — R
following from (1.3). Hence, we obtain the following corollary.

Corollary 3.8 Let M"(n > 3) be a complete spacelike hypersurface in a de Sitter space
S'l'”(c). Suppose that M" has bounded mean curvature H. If the normalized scalar curva-
ture R and the mean curvature H of M" satisfy the following conditions: R — aH = ¢ — b,
(n—Da*>+4nb>0,a>0and b < %, where a,b € R, then M" is totally umbilical.
Theorem 3.9 Let M"(n > 3) be a complete spacelike hypersurface in a locally symmetric
Lorentz space L’1’+1 satisfying (). Suppose that the squared length S of the second funda-
mental form of M" satisfies sup S < 2Vn — 1c, where ¢ = 2¢c2+ <t and ¢y, ¢; are given as in
(). If P defined by (1.3) and the mean curvature H of M" satisfy the following conditions:
P+aH =b, (n- l)a2 +4nb > 0 and a > 0, where a,b € R, then M" is totally umbilical.
Proof of Theorem 3.9 First we consider the quadratic form

n
D(u,v) = u* - uy —v? (3.23)
Vn—1

and the orthogonal transformation

= 12 [(1+ Vi = Du+ (1 - \/n—l)v],
n

5

1 (3.24)
b= ——[(Vn=1-Du+(Vn—1+1py]|.
| |
Using (3.24), we can rewrite (3.23) as follows
n
D(u,v) = D(it, V) = ———(*> — 7°)
2Vn-1
n (3.25)
= (@ + ) + .

From (3.24), we have

W+ =i+ (3.26)
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Take u = |¢| and v = +/n|H|. Substituting u and v into (3.23) and using (3.25), we have

-2
0P — %IHII@ +ne = nH* = nc + D(¢l, VnlH|)
n )
_ " @ 2
nc+2\/m(u ) (3.27)
T = =

From (3.26), we have u? +v? = @i> + 7> = |¢|> + nH? = S. Hence, it follows from (3.27)
that

2
" =2) g+ ne - nHE > ne — ——s. (3.28)

Vi —1) 2vn—1

If M" is maximal, i.e., H = 0, according to Nishikawa’s result [14], we know that M" is
totally geodesic. We can assume that H is not identically zero. By changing the orientation
of M" if necessary, we may assume sup H > 0. Since P + aH = b, it follows from (1.3)
that § = n*H? + n(n — 1)(aH — b). Together with the assumption supS < 2 Vn — Ic and
a > 0, so we know that H is bounded. Hence, by Proposition 3.3 we can obtain a sequence
of points {x;} € M" such that

lpI* -

I}im sup (L(nH)(x)) < 0, klim (nH)(x) = sup(nH) > 0. (3.29)
From (2.10), (3.18) and (3.29), we have
klim S(x;) =supS. (3.30)

Combining (3.22), (3.28) and (3.30), we obtain

0> klim sup (L(nH)(xi))

S ) ) nn—2) 2
> sup |@|” | sup |¢|” — \/ﬁ sup |H|sup |¢| + nc — nsup H (3.31)
n
> sup |4’ (”C - ———supS|.
2Vn -1

Since sup S < 2 Vn — lc, we conclude from (3.31) that sup |¢|> = 0. That is, |¢|> = 0 which
shows M" is totally umbilical. This completes the proof of Theorem 3.9. O

If L*! is a de Sitter space S}*!(c) in Theorem 3.9, then =<t = ¢; = cand P = ¢ — R
following from (1.3). Thus, we obtain the following corollary.

Corollary 3.10 Let M"(n > 3) be a complete spacelike hypersurface in a de Sitter space
S’]’” (¢). Suppose that the squared length S of the second fundamental form of M" satisfies
supS < 2Vn — lc. If the normalized scalar curvature R and the mean curvature H of M"
satisfy the following conditions: R — aH = ¢ — b, (n — )a*> + 4nb > 0 and a > 0, where
a,b e R, then M" is totally umbilical.

Remark 3.11 Let a = 0 in Corollary 3.10, we know that R = ¢ — b is constant and R < c.
Hence, Corollary 3.10 is a generalization of Theorem 3.5.
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4. CoMPACT LINEAR WEINGARTEN SPACELIKE HYPERSURFACES IN A LOCALLY SYMMETRIC LORENTZ
SPACE L’l“r1 SATISFYING ()

According to Cheng and Yau O given in [7], we introduce a self-adjoint operator O
acting on any C2-function f by
0(f) = ) (nH6y; = hip fi. @.1)
iJ
In order to prove Theorems 4.4 and 4.8, we need the following proposition.

Proposition 4.1 Let M"(n > 3) be a spacelike hypersurface in a locally symmetric Lorentz
space Lﬁ‘“ satisfying (x). If P defined by (1.3) and the mean curvature H of M" satisfy the
following conditions: P+ aH = b and (n — 1)(12 +4nb > 0, where a,b € R, then

1
O(nH) > =54 (n(n = DR) + 61> Ly (1), 4.2)

where |p]> = S — nH?, Ly (1)) = 6> - ";'('n 21 \H||p| + nc — nH?, ¢ = 2c, + < > 0 and ¢y,
cy are given as in (x).

Proof Choose a local orthonormal frame field {ey, ..., e,} such that #;; = 14;6;;. Noticing
that nHA(nH) = S A(nH)* — n?|VH[?, it follows from (2.3) and (4.1) that

o(nH) = Z(nHéij = hij)(nH);;
i
1
=3 8(H)’ — " |VHP - Z Ai(nH); (4.3)

1 1
=~ 34~ DR) + 748 - n|VH| - Z Ai(nH);;.

Thus, we conclude from (2 12) and (4.3) that

O(nH) > ——A (n(n = DR+ »" iy = 2 IVHP + |6 L (), 4.4)
i,k
where [¢|> = S — nH? and Ly (|¢]) = |6* - \’;}%wnm + nc — nH>.

Hence, (4.2) follows from (3.8) and (4.4). Finally, the Proposition 4.1 is proved. O
In 1997, H. Li [[L1] studied the compact spacelike hypersurfaces with constant normal-
ized scalar curvature in de Sitter spaces S"” (c) and obtained the following result.

Theorem 4.2 Let M"(n > 3) be a compact spacelike hypersurface with constant normal-
ized scalar curvature R in a de Sitter space S’f“(c). If ”nzc < R < ¢, then M" is totally
umbilical.

In 2010, J.C. Liu and Z.Y. Sun [12] gave a generalization of Theorem 4.2 in a locally
symmetric Lorentz space L’”1 satisfying (*) and obtained the Theorem 4.3.

Theorem 4.3 Let M"(n > 3) be a compact spacelike hypersurface with constant normal-
ized scalar curvature R in a locally symmetrlc Lorentz space L’“f1 satlsfymg (). If the
constant P defined by (1.3) satisfies 0 < P < =< and ¢ > 0, where c=2c+ 4 and c1, ¢
are given as in (x), then M" is totally umbtltcal

In this Section, we give generalizations of Theorems 4.2-4.3 and get the following re-
sults.

Theorem 4.4 Let M"(n > 3) be a compact spacelike hypersurface in a locally symmetric
Lorentz space L’l“r1 satisfying (x). If P defined by (1.3) and the mean curvature H of M"
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satisfy the following conditions: P+ aH = b, (n— 1)a* +4nb > 0, b < % and ¢ > 0, where
a,beR c=2c, + %‘ and cy, ¢ are given as in (x), then M" is totally umbilical.

Remark 4.5 When we take a = 0 in Theorem 4.4, we obtain P is constant and 0 < P < %
Thus, Theorem 4.4 is a generalization of Theorem 4.3.

Proof of Theorem 4.4 By using the similar processing as in the proof of Theorem 3.6 on
the inequality Lupz(sup [¢]) > 0, we obtain

n(n—2)
Vnn—1)

Since M" is compact and O is self-adjoint operator, we get

Lim(19)) = Ig* - |H||¢| + nc — nH* > 0. (4.5)

f SH)dvyy = 0. (4.6)
M/!

From (4.2) and (4.6), we get

0> f (0P L (6Ddvae, @.7)
MVI

where | = S — nH? and L (16]) = |¢]> — 3%|Hl|¢| + nc — nH2.

Hence, we can conclude from (4.5) and (4.7) that |g1§|2 = 0 which shows M" is totally
umbilical. This completes the proof of Theorem 4.4. O
When L{’” is a de Sitter space S’l’”(c) in Theorem 4.4, we know that —%‘ = ¢, =cand

P = ¢ — R following from (1.3). Thus, we obtain the following corollary.

Corollary 4.6 Let M"(n > 3) be a compact spacelike hypersurface in a de Sitter space
S’l'”(c). If the normalized scalar curvature R and the mean curvature H of M" satisfy the
following conditions: R—aH = c—b, (n—1)a* +4nb > 0 and b < %, where a,b € R, then
M" is totally umbilical.

Remark 4.7 When we take a = 0 in Corollary 4.6, we obtain that R = ¢ — b is constant and

%c < R < c¢. Thus, Corollary 4.6 is a generalization of Theorem 4.2.

Theorem 4.8 Let M"(n > 3) be a compact spacelike hypersurface in a locally symmetric
Lorentz space L'l”r1 satisfying (x). Suppose that the squared length S of the second funda-
mental form of M" satisfies S < 2Nn - 1c, where ¢ = 2c, + - and c1, ¢, are given as in
(x). If P defined by (1.3) and the mean curvature H of M" satisfy the following conditions:
P+aH = band (n — 1)a*> + 4nb > 0, where a,b € R, then M" is totally umbilical.

Proof of Theorem 4.8 From (3.28) and (4.7), we obtain

0> 2( —Ls)d .. 48
>L/x|¢| nc Ve Vu (4.8)

Since S < 2Vn — 1¢, we can conclude from (4.8) that |¢|2 = 0 which shows M" is totally
umbilical. This completes the proof of Theorem 4.8. O
When L’f” is a de Sitter space S’f“(c) in Theorem 4.8, we know that —Cn—‘ = ¢, = cand

P = ¢ — R following from (1.3). Thus, we obtain the following corollary.

Corollary 4.9 Let M"(n > 3) be a compact spacelike hypersurface in a de Sitter space
S;’”(c). Suppose that the squared length S of the second fundamental form of M" satisfies
S < 2Vn-lc. If the normalized scalar curvature R and the mean curvature H of M"
satisfy the following conditions: R — aH = ¢ — b and (n — 1)a®> + 4nb > 0, where a,b € R,
then M" is totally umbilical.
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When we take a = 0 in Corollary 4.9, we obtain that R = ¢ — b is constant and R < c.
Thus, we obtain the following corollary.

Corollary 4.10 Let M"(n > 3) be a compact spacelike hypersurface in a de Sitter space
S’l”l(c) with constant normalized scalar curvature R, R < c. If the squared length S of the

second fundamental form of M" satisfies S < 2Vn — lc, then M" is totally umbilical.
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