arXiv:1207.1182v1 [math.DG] 5 Jul 2012

HODGE THEORY AND DEFORMATIONS OF KAHLER MANIFOLDS
KEFENG LIU, SHENG RAO, AND XIAOKUI YANG

ABSTRACT. We prove several formulas related to Hodge theory and the Kodaira-Spencer-
Kuranishi deformation theory of Kahler manifolds. As applications, we present a con-
struction of globally convergent power series of integrable Beltrami differentials on
Calabi-Yau manifolds, and use an iteration method to construct global canonical families
of holomorphic (n,0)-forms on the deformation spaces of Kéahler manifolds.

1. INTRODUCTION

In this paper, we will present several results about Hodge theory and the deformation
theory of Kodaira-Spencer-Kuranishi on compact Kahler manifolds. Our main observa-
tions include a simple L2-quasi-isometry result for bundle valued differential forms, an
explicit formula for the deformed d-operator, and an iteration method to construct global
Beltrami differentials on Calabi-Yau (CY) manifolds and holomorphic (n, 0)-forms on the
deformation of compact Kahler manifolds of dimension n. We will present an alternative
simple method to solve the d-equation, prove global convergence of the formal power
series of the Beltrami differentials and the holomorphic (n, 0)-forms constructed from the
Kodaira-Spencer-Kuranishi theory. These series previously were only proved to converge
in an arbitrarily small neighborhood. We will discuss more applications to the Torelli
problem and the extension of twisted pluricanonical sections in a sequel to this paper.

Let us first fix some notations to be used throughout this paper. All the manifolds in
this paper are assumed to be compact, though some results still hold for complete Kahler
manifolds. In this paper a Calabi-Yau, or CY manifold X, is a compact projective
manifold with trivial canonical line bundle. By Yau’s solution of Calabi conjecture, there
is a CY metric on X of dimension n such that the holomorphic (n,0)-form € on X
is parallel with respect to the metric connection. For a complex manifold (X, w) and a
Hermitian holomorphic vector bundle (F,h) on X, we denote by AP?(X) the space of
smooth (p, g)-forms on X and by AP?(E) = AP9(X, F) the space of smooth (p, ¢)-forms
on X with values in E. Similarly, let H”?(X) be the space of the harmonic (p, ¢)-forms
and let HP9( X, E') be the space of the harmonic (p, ¢)-forms with values in E. Let V be
the Chern connection on (E, k) with canonical decomposition V = V' + 9, where V' is
the (1,0) part of the Chern connection V. Let G and H denote the Green operator and
harmonic projection in the Hodge decomposition with respect to the operator 0, that is
I=H+ (99 + 8 0)G. A Beltrami differential is an element in A%!(X, T%°), where T%"
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denotes the holomorphic tangent bundle of X. The L*norm || - || = || - ||, is induced
by the metrics w and h. The Holder C**-norm || - ||z will be used on the Beltrami
differentials.

Now we briefly describe the main results in this paper. The following quasi-isometry
on compact Kéhler manifolds is obtained in Section 2L
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Theorem 1.1 (Quasi-isometry). Let (E,h) be a Hermitian holomorphic vector bundle
over the compact Kdhler manifold (X,w).

(1) For any g € A™*(X, E), we have the following estimate
19°Gyll* < (g, Gg)-

(2) If (E,h) is a strictly positive line bundle and w = /—10F, then for any g €
A" (X E), we obtain

16°GV'gll < llgll-
(3) If E is the trivial line bundle, for any smooth g € A**(X),
10°Gagll < llgll
In particular, if 00g = 0 and g is 0*-exact, we obtain the isometry
10°Gagll = llgll

Here the operator 8 G can be viewed as the “inverse operator” of 9. More precisely, we
can write down the explicit solutions of some d-equations by using 9 G, which can also be
considered as a bundle-valued version of the very useful 00-lemma in complex geometry.

Proposition 1.2. Let (E, h) be a Hermitian holomorphic vector bundle with semi-Nakano
positive curvature tensor OF over the compact Kdhler manifold (X,w). Then, for any
g € AV X E) with OV'g = 0, the d-equation 0s = V'g admits a solution

s=0 GV,
such that
Is|* < (V'g,GV'g).
Moreover, this solution is unique if we require H(s) = 0 and 9's=0.

Note that the proofs of the above results only need very basic properties of Hodge
theory, so they still hold on general Kéahler manifolds as long as Hodge theory can be
applied.

Next we let 4 and ¢ both denote the contraction operator with ¢ € A% (X, Ty).
The Lie derivative can be lifted to bundle valued forms by

The following theorem in Section [3] gives explicit formulas for the deformed differential
operators on the deformation spaces of complex structures.

Theorem 1.3. Let ¢ € A% (X, Ty°). Then on the space A>*(X, E), we have
i iy . . 10, .
evoVoet =V —Ly— lips =V =L+ 53160
In particular, if o € A»* (X, E) and ¢ is integrable, i.c., Op — slo, 0] =0, then
(e oV oe) (o) =00+ V' (pa0).

As an application of Theorem [Tl and Theorem [[.2] we develop a recursive method in
Section [ to construct Beltrami differentials in Kodaira-Spencer-Kuranishi deformation
theory, which are globally convergent in L?-norm. More precisely we will obtain the
following global convergence result on the deformation space of CY manifolds.
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Theorem 1.4. Let X be a CY manifold and ¢, € H* (X, Ty") with norm |pi| = L.
Then there exits a smooth globally convergent power series in L*-norm for |t| <1,

(1) = it 4+ pot? + -+ pptF 4+ - € AM(X, TR,

which satisﬁes:

(1) 0%(t) = 3[®(1), (1)),

(2) & ¢ =0 for each k > 1;

(3) @ruQy is O-ezact for each k > 2, where Qg is a holomorphic (n,0)-form on X;
(4) [|®(t) ]|z < 00 as long as |t] < 1.

The key point in the above result is that the convergent radius of the power series is
at least 1, which was previously proved to be sufficiently small. This power series thus
obtained is called an L2-global canonical family of Beltrami differentials on the CY man-
ifold.

In Section B, we obtain the following theorem to construct deformations of holomorphic
(n,0)-forms, which are globally convergent in L?norm for CY manifolds. Analogous
results for general compact Kahler manifolds are also proved in Section

Theorem 1.5. Let Xy = (Xy, Jow)) be the deformation of the CY manifold X induced by
O (t) as constructed in Theorem[14. Then for any holomorphic (n,0)-form Qy on X and
it < 1, QF == e®® Q0 defines an L?-global canonical family of holomorphic (n,0)-forms
on X;.

The proof of this theorem is based on the global construction of ®(¢) in Theorem [L4] and
an iteration procedure to construct holomorphic sections of the canonical line bundle Ky,
of the deformation X; of a Kéhler manifold. As a straightforward corollary of Theorem
L8 we have the following global expansion of the canonical family of (n,0)-forms on the
deformation space of CY manifolds in cohomology classes. This expansion has interesting
applications in studying the global Torelli problem.

Corollary 1.6. With the same notations as in Theorem [1.1, there holds the following
global expansion of [QF] in cohomology classes for |t| < 1

(1.1) [QF] =[] + Z[%JQo]tz‘ +O(|t]),

where O(|t]*) € @H”‘j’j(X) denotes the terms of orders at least 2 in t and N =
=2

dim HO' (X, 7).

Finally we briefly explain the backgrounds and motivations. The main motivation is
the classical Teichmiiller theory for Riemann surfaces in [I], where the main result is the
proof of the existence of a solution of the Beltrami differential equation in C

£w<7'; 2,Z) =71 (z,2) %w(T; 2,Z),
where 1(2,%Z) is a Beltrami differential with || (2,%)|; < ¢ < 1. The solution of
Beltrami differential equation is based on an iteration method due to Bojairski [2], while
it was Morrey [9] who first proved the existence of the solution of Beltrami equation. One
of the main ingredients in the proof of the convergence of the Bojairski iteration method
is the L?-isometry of the inverse 9" of the @ operator in one complex variable. The
iteration method of Bojairski was generalized by Kuranishi, who considered a compact
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Hermitian manifold (X, w) without global holomorphic vector fields and used an analogue
of the Bojairski method to construct the Kuranishi map

ko HO (X, Ty%) — H*? (X, Ty°)

as follows. Let {gbl}f\;l be a basis of H%! (X , T )1(’0) and let us consider a power series
¢x () with coefficients in A% (X,T°) defined by the recursive relations:

ox (1) = S i7"+ 50 0 G lox(r). ox(r).

Kuranishi showed that there exists ¢ > 0 such that ¢x(7) € A% (X, T)l(’o) for |7| < e,
and defined the map:

(1.2) K <Z¢’7—Z> =H ([px(7), ox(7)]) € H*? (X, T)l(vo) .

He proved that there exists a locally complete family of complex manifold 7 : X — x~1(0).
The Kuranishi map (I.2) is the most basic technical tool in various aspects of deformation
theory. For details see [10].

Acknowledgement This paper originated from many discussions with Prof. Andrey
Todorov, who unexpectedly passed away in March 2012 during his visit of Jerusalem.
We dedicate this paper to his memory. The second author would also like to express his
gratitude to Weijun Lu, Quanting Zhao and Shengmao Zhu for their interest and useful
comiments.

2. E—EQUATIONS ON NON-NEGATIVE VECTOR BUNDLES

In this section, we will prove a quasi-isometry result in L?-norm with respect to the
operator 9 oG ona compact Kéahler manifold. This gives a rather simple and explicit
way to solve vector bundle valued 0-equations with L?-estimate.

Let (E, h) be a Hermitian holomorphic vector bundle over the compact Kéahler manifold
(X,w) and V = V' + 0 be the Chern connection on it. With respect to metrics on E and
X, we set

O0=00 +90,
I:I/ — v/v/* + v/*v/'
Accordingly, we associate the Green operators and harmonic projections G, H and G/,
H' in Hodge decomposition to them, respectively. More precisely,

I=H+0O0G, I=H+00G.

Let {2'}", be the local holomorphic coordinates on X and {e,}"_; be a local frame
of E. The curvature tensor OF € I'(X, A°T*X ® E* ® E) has the form

(2.1) of = R%adzi NdZ ® e ® ey,

where sza — PR~ 5 and

ijoy

_ th@B + h'yg ahag ah’YB
02077 0zt 0z
Definition 2.1. A Hermitian vector bundle (E,h) is said to be semi-Nakano-positive

(resp. Nakano-positive), if for any nozero vector u = u™® a(zi ® €q,
(2.3) Z Rﬁagumﬂjﬁ >0, (resp.>0).
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For a line bundle, it is strictly positive if and only if it 1s Nakano-positive.

Theorem 2.2 (Quasi-isometry). Let (E,h) be a Hermitian holomorphic vector bundle
over the compact Kdhler manifold (X, w).

(1) For any g € A™*(X, E), we have the following estimate
10°Gygl* < {9, Gy).
(2) If (E, h) is a strictly positive line bundle and w = /—10F for any g € A"'*(X, F),
10°GV'gll < lg]l-
(3) If E is the trivial line bundle, for any smooth g € A**(X),
10°Gagl* = llg]l* — I[E(9)1* — (979, G(9"9)) — G(9dg)|* < llglI*.

In particular, if 00g = 0 and g is 0" -exact, we obtain the isometry

10°Gag|| = g]-
Proof. (1). For g € A»*(X, E),
10°Gg|> = (99 Gg,Gy)
= (9,Gg) — (0 0Gg, Gg) — (Hg, Gg)
= (9,G) — (0Gy, 0Gg)
< (9,Gy)

since the Green operator is self-adjoint and zero on the kernel of Laplacian by definition.
_ (2). For any g € A" '*(X, E), by the well-known Bochner-Kodaira-Nakano identity
O=0+[/-16%,A,], we have

O(V'g) =0 (V'g) +a(V'g) = (@' + ) (V'g).

Hence H(V'g) = 0 and OG(V'g) = V'g = 'G/(V'g) since obviously H'(V'g) = 0 by

Hodge decomposition. Moreover,

(V'g.G(V'g)) = (Vig,0 ' (V'g)
= (V'g, (@ + 9 (V'g))
< (V'g,0"YV'g))
= (V'g.G'(V'g)).
Therefore,
10°GV'gll* < (V'g,GV'g)
< (Vg,G'V'g)
(g, V"*V'G'g)
= (9.9—H(g9) - V'V*Gy)
gl = IH'(9)[1* = (V"*9,G'V"g)
< |lgl*



3). If £ is the trivial line bundle, for an € A*(X), we have
(3) : y g (X),
15°Gag|? = <5*Gag,5*<@ag> - <%*Gag, Gag>
= <E(Gﬁg — §°9Gdy, G@g>
(99, Gdg) — <5*5Gag, Gag>
= (g,0"0Gg) — <G§8g, G589>
(9,0Gg — 09" Gyg) — [|G(9dyg)||”
(9,9 — H(g) — 80" Gyg) — ||G(09g)]*

= llgl* = [H(g)|I* = ("9, G(9"9)) — |G(00g)||*
< lgll*,

since the Green operator is nonnegative. In particular, if 589_ = 0 and g is 0*-exact, we
have H(g) = 0 and 9*g = 0. Hence, we obtain the isometry ||0° Gdg|| = ||g]|. O

Proposition 2.3 (O-Inverse formula). Let (E,h) be a Hermitian holomorphic vector
bundle with semi-Nakano positive curvature ©F over the compact Kihler manifold (X,w).
Then, for any g € A" V(X E),

s=0GV'yg
is a solution to the equation 0s = V'g with OV'g = 0, such that
Is|* < (V'g,GV'g).
This solution is unique as long as it satisfies H(s) = 0 and s =0.

It is worth noting that unlike Hérmander’s L?-estimate to solve O-equation, we do not
need the a priori L?-estimate condition here.

Proof. By the well-known Bochner-Kodaira-Nakano identity 0 = [’ + [v/—10%, A], one
can see that for any ¢ € A™*(X, E),

(V-1[0", Mg, ¢) > 0
if E is semi-Nakano positive (e.g. [4]). It implies that, for any ¢ € A™*(X, E),
T, 6) > (6, 6).
Thus, on the space A™*(X, F),
(2.4) ker OJ C ker [V
By Hodge decomposition, we have
9s=00GV'g=V'g—HV'g— 0 0GV'g=V'g—HV'g= Vg,

where the identity HV’g = 0 is used. Actually, we know V’gl ker I and obviously
V'gJ;kerE by 24). The uniqueness of this solution follows easily: If H(s) =0, 9 s = 0
and ds = 0, then

s =H(s) ®OG(s) = H(s) ® (99 + 8 9)G(s) = 0.



3. BELTRAMI DIFFERENTIALS AND DEFORMATION THEORY

In this section we prove several new formulas to construct explicit deformed differen-
tial operators for bundle valued differential forms on the deformation spaces of Kahler
manifolds. These formulas will be applied to the deformation space of CY manifolds in
later sections while more applications to the deformation theory of Kahler manifolds and
holomorphic line bundles will be discussed in the sequel to this paper. Throughout this
section, X is always assumed to be a complex manifold.

For X, € I'(X, Ty"), the contraction operator is defined as

ix, 1 APU(X) — APTHI(X)
by
(ixow) (X1, Xp1, Y1, -+, Yy) = w(Xo, X1, -+, X1, Y1, - -+ V)
for Xy, -+, X1 € I'(X, T)I(’O) and Yy, -+, Y, € I'(X, T)O(’l). We will also use the notation
‘4’ to represent the contraction operator in the sequel, that is, ix,(w) = Xow.
For ¢ € A%¥(X, T)l(’o), the contraction operator can be extended to

ig: API(X) — APTLOTS(X),
For example, if ¢ = n®Y withn € A%(X) and Y € I'(X, Ty°), then for any w € AP9(X),
(ig)(w) = n A (ivw).

The following result follows easily.

Lemma 3.1. Let ¢ € A%(X,T°) and o € A%(X,Ty"). Then

(3.1) ig0iy = (—1)@TETDG o4,
For Y € I'(X, Tx), the Lie derivative Ly is defined as
(3.2) Ly =doiy +iyod: A*(X) — A*(X).
For any ¢ € A% (X, Ty"), we can define i4 as (B) and thus extend L4 to be
(3.3) Ly = (~1)doiys+i4od.

According to the types, we can decompose

1,0 0,1
Lo=Ly"+ LY,

where

E;’O =(=1)%00iy+is00
and

,Cg;l = (=1)900iy+ig00.
Let

i1 i = - i1 i - -
Y = Z; Z @317...73pd2’]1 A---ANdz'* ® 0; and Y* = a Zwkl,---,l}qd'zkl A AdFR® 0,

Then, we write

n

(3.4) o] = 3 (¢ A B — (—1)P% A D) @ 0,

ij=1

where .
Y N I >
o’ = p! >0, 5,47 A N
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and similar for 9;17. In particular, if p,¢ € A% (X, T)I(’O),

n

o] = (6" A O + 0 A B @ 0.
ij=1
Let (E,h) be a Hermitian holomorphic vector bundle over X and V be the Chern
connection on (E,h). Then the operators i,, L,, [®, ®] can be extended to the E-valued
(p, q) forms in the canonical ways. For example, for any ¢ € A%*(X, T)l(’o), we can define

(3.5) L= (=1)"Voiyz+izoV.
Then we have the following general commutator formula.
Lemma 3.2 ([7]). For ¢ € A%*(X,Ty°), ¢’ € A% (X, Ty°) and a € A**(X, E),
(DN palya+ (=)L (pua) = [p, ¢]a,
or equivalently,
(Lo i) = iy’ o]
In particular, if o, € AYN (X, T"), then

(3.6) [0, ¢'laa = =V (" a(par)) — 0a(@'aV'a) + 0oV ('aa) + ¢/ 1V (0aa)
and
(3.7) 0= —0(¢ 2(paa)) — @a(p' 20a) + @10(¢ 1) + ¢’ 20(p).

Proof. Since the formulas are all local and C-linear, without loss of generality, we can
assume that

e=n0x, ¢ =1®X,
where n € A% (X), nf € A% (X), x,x' € I'(X,T3°) and dn = dif = 0. Since dn = dn’ =
0, we have x’(n) = x(') = 0. Hence, we obtain
[, @] =nAn'[x, ]
On the other hand, for any oo € A**(X, F),
Loa =N (xaVa)+ (=1)"V(n A (xaa))
= A (xaVa) + (=1)F(dn A (xae) + (1) A V(xaa))
=n A (xaVa + V(xia))
=nALya.
Now, we have
oLy =nAxa(n N Lya)
=(—1)’“'?7 A1 (XaLy )
(—1)¥n A (Lo (xoa) — [} x] o)
(=¥ (P A Ly (xoer) =n A0 A (X, x]o)
(=D)¥ [, ¢'Joa 4+ (=D)F TR L (1 A (xa0))
(=1)¥ [, @'Jua + (=D)L (o),

where we apply the formula
X X]aa = Ly (xaa) = xaLya,
which is proven in [7], and

Ly(paa) = (=1)Mn A Lo (xaa).
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In fact,
Ly (paa)
=Ly (n A (xoa))
=03V (0 A (xa)) + (=1)¥V 0 oa(n A (xaa))
=@ 3(dn A (xaa)) + (=1)F'2(n A V(xae)) + (=) HFEDT (A (' 2(xa))
=(=1)FFE 00 A (@' 5V (o)) 4 (= 1)FTHE DT AT (' S(yaa)
=(=1)**n A Ly (xa0).
0

As an easy corollary, we have the following result which was known as Tian-Todorov
lemma.

Lemma 3.3 ([16, 15]). If p,¢ € A% (X, Ty°) and Q € A™(X), then one has

(3.8) [0, ]2 = =0(pa(0202)) 4 ©0(p Q) + Y 10(p ).
In particular, if X is a C'Y manifold and @, € H*' (X, Ty"), then
(3.9) [0, Y] Q0 = —0(Y ().

Note that here p_Qy and ¥y are both harmonic.

Let ¢ € A%Y(X, Ty") and i, be the contraction operator. Define an operator
— 1
iy _ 2k
e = Z k!Z¢’
k=0

where z’; = 140 ---01,. Since the dimension of X is finite, the summation in the above

k copies
formulation is also finite.

The following theorem gives explicit formulas for the deformed differential operators on
the deformation spaces of complex structures. It also explains why it is relatively easy to
construct extension of sections of the bundle Kx + FE where Ky is the canonical bundle
of X. We remark that this result is motivated by [3] where a special case was proved.

Theorem 3.4. Let ¢ € A% (X, Ty"). Then on the space A**(E), we have

(3.10) e oVoe =V =Ly — 154
or equivalently

(3.11) eodoe =0— Ly

and

(3.12) e oV oe =V — L —iip
Moreover, if 0p = [0, @], then

(3.13) d—Ly=e"0(0—Ly)oe".

Proof. (3.11)) follows from (B.6]) and formula
[0,i5] = ki, 0 [0, i),
which can be proved by induction by using (B.6). Similarly, (8.12]) follows from (3.7) and

kk—1) 4o

(3.14) (V' ig) = kil ™" o [V, ig] — 55 Oipe, k=2



Now we prove (3.14]) by induction. It is obvious that (B8.14)) is equivalent to for any k > 2,
(3.15) Fyy = —kil oV oy + (k—1)if o V' + V' 0 i + w#; %ifp.9) = 0.
If k=2, it is (3.7). As for k =3,
0= i[g,6) © 1 = ig 0 T[p.q)
=3igo V' O% 4 o% 3Z¢OV oz¢+z¢ov
:3z¢oV oz¢—22¢0V’—V’oz¢—3z¢oz[¢7¢]
= — I3,

where Lemma B.1] is applied.
Now we assume that ([315) is right for all integers less than k& > 3. That is,

F=F;=---=F,;=0.
We will show F}, = 0. Now we set
Gk:Fk—i¢oFk 1
= YoV oiy+ifo V' + V' oil —igo V' oiy ™ + (k= 1)ih i 4)-
So, by induction, we have
G —ig0Gr

= V'oil —2igo V' oil ! +iloV ol +il oy

= (V/oii—i-iiovl—2i¢ov/oi¢)oz¢ + il 0 g g
= —ilpg O lg +Z¢> ’ Oi[w
= —igOilsg 0y +ig Oy
= —% ° % a0ts + % © U[p,0)
—Z¢ 3o U[p,¢) © Igp + Z¢ 3o ig O U[¢,4]
iy > 0 (i[g,9) © I — ig O o)

=0
since i[y 4]ty — igijp,¢) = 0. Alternatively, we can also approach this equality directly by

induction on the term G —is0Gjp_1,i.e., 0 = Gi_1 =10 Gr_2 = —i[g 4| oi’;73+i§’3oi[¢,¢}.
Now we finish the proof of ([B.14]). From (B.14), it follows that

, 4 |
V', 6] = € 0 [V ig] — €% 0 ifg

by comparing the degrees. Then, we have
e oVoed = e oV, e +V
= [V95ig]+ V' i g
= V=L i

Now we finish the proof of (8.12)) while the proof of (3.11]) is similar.
Finally, when 0¢ = 1[¢, ¢], we have [20 — L, iy] = 0 and thus

[25 - £¢, €i¢] = O,
which implies that
e o (d—Ly)oe? =20~ Ly—e ®o0doe =0-Ly"
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Corollary 3.5. If 0 € A™*(X, E), we have
(e®oVoe) (o) = 00— E;’O(o) + i5¢_%[¢7¢](0)

= 0o+ V'(¢u0) + (5¢ — %[gf), ¢]) o

In particular, if ¢ is integrable, i.e., Op — %[(;5, ¢] =0, then
(3.16) (e oVoe) (o) =00+ V' (pu0).

The above formula gives an explicit recursive formula to construct deformed cohomol-
ogy classes for deformation of Kahler manifolds. When F is a trivial bundle, the above
formula was used in [6] to prove the global Torelli theorem.

4. GLOBAL CANONICAL FAMILY OF BELTRAMI DIFFERENTIALS

In this section, based on the techniques developed in Sections[2land [l we shall construct
the following globally convergent power series of Beltrami differentials in L?-norm on a
CY manifold. To avoid the bewildering notations, we just present the details on the
one-parameter case and only give a sketch of the multi-parameter case.

The convergence of the power series in the following lemma is crucial in our proof of
the global convergence and regularity results.

Lemma 4.1. Let {xz} be a semes given by xj = sz | Ti - Tp—; with real initial value

x1. Then the power series S(7) Zx 7' converges as long as || <
i=1

\4c:vl|

Proof. Setting S := S(7 Z z;7', we have

+oo
(4.1) eS? =c¢ (Z xﬂl) <Z l’jTj> = mek -7 =5 — 117.
i=1 j=1

It follows from (@.1]) that
14+ 1 —4dcry7
2¢ '
Here we take S(7) = 177”2;4“”, since we have S(0) = 0 according to the assumption.
We therefore have the following expansion for S

5= 210 (1 - (1 i Z (_ AR (—403717)”))

S =

which implies that

-] (-D-

S (4dexq)".

This is the explicit expression for each z,. Now it is easy to check that the convergence
o

Tp =

radius of the power series S = Z x;7" is 4|cxy|, and that this power series still converges
i=1
when 7 = 4+ 1. U

4lcx1 |
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Lemma 4.2. Let {x;} % be a series given by

1 1 1 =
(4.2) 1= 5 $2=§9€1'$1,"',wk:§;$i'$k—i,'“

Then the power series S(T) = Zﬂ?ﬂ'i converges as long as |T| < 1.
i=1
Now we prove the global convergence of the Beltrami differential from the Kodaira-
Spencer-Kuranishi theory. All sub-indices of the Beltrami differentials are at least 1.
The following result is contained in [16] [I5], we briefly recall here for reader’s conve-
nience.

Lemma 4.3. Assume that for o, € A%Y(X,Ty°), v=2,--- | K

)

_ 1 _
(4.3) 0o, = 5 Z [0ass] and  Jgp; = 0.
a+pB=v

Y

Then one has

(4.4) 5( > [s%%]) = 0.
v+y=K+1

Proof. By definition formula (34]), one has

(4.5) [0, ¢l = —[¢', D¢).
Then we have

%5( S [%,sw) LY (B - enBe)

v+y=K+1 v+y=K+1

= Y [Ben.e)]

v+y=K+1

:% > [Z [%,wﬁ],%]
1
2

v+vy=K+1 La+p8=v
> lasesl 0],
a+p+y=K+1
where the second equality is implied by (4.5) and the third one follows from the assump-
tion (A3]). When oo = = =, by Jacobi identity one has

3[[as vl 2] = 0.
Otherwise, Jacobi identity implies that

[[0as @8], 04] + [[8, 0] Pal + [[©7, al s 5] = 0.

Theorem 4.4. Let X be a CY manifold and o, € H*' (X, Ty°) with norm |j¢y| =
Then there exits a smooth globally convergent power series in L*-norm for |t| <1,
(4.6) D(t) = it + oot + -+ pptt + - € AVN(X, TYY),
which satisfies:

@) 99(1) = L [B(1), &(0)];

b) 0 ¢r =0 for each k > 1;

N[
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¢) i€ 1s O-exact for each k > 2;
d) || ®(t) Q0|2 < 00 as long as |t] < 1.

Proof. Let us first review the construction of the power series ®(¢) by induction from [15]
and [I6]. Suppose that we have constructed ¢y, for 2 < k < j such that:

a) Do, = 5 Si2, ok il
b) 0 ¢ = 0;
¢) pr€) is 0-exact and thus 0(yx 1) = 0.
Then we need to construct ¢;; such that:
@) Opjun =5 i [pirrin o
V) 0 pjp1 =0;
) pj+180 is O-exact and thus 0(p;41.Q0) = 0.
Actually, it follows from Lemma B3] and the assumption c¢) that

J
(4.7) > i1t i) 20 = —0 ( > %J@kJ%) :
i=1 itk=j+1
Then, Lemma [£3] and the assumption a) imply
. N
(48) 00 ( Z (piJ(kaQ()> =0 (Z[%“—“ QOJ) JQO =0.
itk=j+1 i=1
So formula (A.8)) and Proposition [[.2 tell us that the equation
5‘I’jﬂ = -0 ( Z <Pz‘—l<Pk-lQo>
i+k=j+1

has a solution ¥, ; = —9 Go (Zi+kzj+1 cpiJckaQO>. Hence, we define

1 *
pi+1 = 518,
where Qf := % ARERWA a% in local coordinates is the dual of €)y. It is easy to check that

* =k

5 (\I’jJrlJQS) = 6 <\I/j+1)JQS + \I[jJrng*Qa - 0,

since () is parallel, and also Jp;,, = %Zgzl[gojﬂ_i,goi]. See Lemma 1.2.2 and the
argument on pp. 336 of [16] for more details. Now we have completed the construction of
@jr1 = W;1120, which is shown to satisfy Properties a’), &) and ¢). To complete this
induction, it suffices to work out the case j = 2. It is obvious that (5 can be constructed
as

11— N
Y2 = 53 Go (901J901-IQO)J907

which satisfies a), b) and ¢). Moreover, one has the following equality for each k > 2,

1=«
(49) (kaQQ = 58 Go Z QOZ‘JQOJ‘JQ().

itj=k>2
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Next, let us prove the L?-convergence and regularity. In fact, without loss of generality
we can assume that ||p;2Q0]| = [¢1]] = 3 and thus have for || <1,

1D(t)2Q0]|22 = [|(120)t + (92000)t* + - - - + ()" + - - ||

1w A
(L12Q0)t+ ) 59°Go < > QOiJQOkJQO> #
j=2

itk=j
< L @i 10k 0+ e
— 2 \ . 2
j=2 i+k=j
=1 !
<> 3 > lgill - llor=0ll) £ + §|t\
§=2 " itk=j
<) st +
j=2
< 00,

by Lemma and quasi-isometry Theorem [Tl Here we use the same notations for the
series z; as in Lemma

As for the regularity of ®(t), we can obtain it directly by the elliptic regularity the-
orem, which tells us that every fundamental solution of an elliptic operator is infinitely
differentiable in any neighborhood not containing 0. Then it is obvious that 0®(¢) = 0
by the 0-exactness of ¢, €Yy for each k > 2 and the harmonicity of ;1)y, and that the
operator 0 is elliptic. For more details, see pp. 8 of [13]. O

In fact we have a more intrinsic approach to obtain the regularity by Garding’s inequal-
ity and Sobolev lemma. Garding’s inequality states that for w € AP9(X) on a compact
n-dimensional Hermitian manifold X, there holds ||lw||? < C(||lw| + |[0w||? + |0 w]?),
where || - ||2 denotes the Sobolev s-norm and C' > 0 (always) denotes the constants. Note
that the Garding’s inequality also holds on Sobolev space of complex differential forms.

Let ®; = %E*Ga (ZiJrk:j QOiJQOkJQQ) for j > 2. Then by Garding’s inequality, one has

15117 < C0" ;| + (825 + [1;11)

1
=C|3[2 2 e +H<I>j|!>
i+k=j
2
<C Z i 18
i+k=j 1

Here we also apply Lemma and quasi-isometry Theorem [[I] and the definition of
Sobolev norm. By the iteration construction of ®,’s and also ¢,’s, we know that

> piapra

ith=j

2
<O leillf - lenaQoll; < €Y 1®1T - 1Rkl

1 i+k=j i+k=j

From these and Lemma [4.1], it follows that for some large valued t,
1 () 2]I; < oo.

This argument still works for all the Sobolev norms. Here we only need a generalized
Garding’s inequality such as Theorem 1.1 in Chapter IV of the book [13]. It is easy
to choose the constant C' to work uniformly for all norms and thus obtain an identical

14



convergence radius for all ||®(¢).]|?. Then from the classical global Sobolev lemma,
the completion of C*°(X) in Sobolev s-norm H,/9414s(X) C C*(X) and NH(X) =
C*(X), it follows that
O ()10 € C(X).
See Section 6 of Chapter 0 in [5] for more details.
Now we state the following multi-parameter result, while we just sketch its proof since
it is essentially the same as the one-parameter case.

Theorem 4.5. Let X be a CY manifold and {py,--- ,on} € HOY(X, T°) be a basis with

norm ||p;|| = 5% Then for |t| < 1, we can construct a smooth power series of Beltrami
differentials on X as follows
(41()) (I)<t> - Z gpltl - Z 901’1"'111\/1%1 o 't]VVN € AOJ(Xv T)1(70>7

[7]>1 vi++un>1,

eachv; > 0,i=1,2,---
where ©g...,,..0 = @;. This power series has the following properties:
a) OB(t) = 1[®(t), ®(t)], the integrability condition;
b) 9 o =0 for each multi-index I with |I| > 1;
c) w18 is 0-exact for each I with |I| > 2. Here Qq is a holomorphic (n,0)-form on
X; and more importantly,
d) global convergence: || ®(t)2Q0| < 32, llproQ0]| - |t < oo as long as [t| < 1.

Proof. Let us construct the power series ®(¢) in multi-parameters by induction. Write
BEK = {0y € AY (M, T]b’o) | each integer v; > 0 and vy + -+ - + vy % K, K >1}.

It is easy to see that ®(t) should satisfy:

a’) 590111---1/N = % %: [90041---0!1\77 9051“-5N] for Purvy € 822;
ai+Pi=v;

b) 8*g0,,1...,,N =0 for @,,...y € B>1;

) oy I8 1s O-exact and thus 0(p,,...y 182) = 0 for each ..., € B>o.

Assuming that the above three assumptions hold for ¢, ..., € B2 N B<k, then one
can construct ¢,,..,, € Bx11 such that it also satisfies these three assumptions. In fact,
Lemma and the assumption c) for ¢,,...,, € B>o N B<k imply that

(4'11) [90041---041\77 @Bl"'ﬁN]JQO = -0 (onzr"ozNJQOﬁl--ﬂNJQO) )

where >, a; + >, 8; = K + 1. Then, by multi-index Lemma .3 and the assumption a)
for w,,...y € B>2 N B<k, we have

(4.12) 80 < > goal...aNJg%...BNJQO> = 5( > [goal___aN,goﬁl...ﬁN]> 100 =0,

a;+Bi=vi ait+Bi=v;

for any ¢,,...,, € Bx4+1. Therefore, one can construct ¥,,...,,, directly by O-Inverse formula

2.3 and ([AI12) as

\I/VI...VN = —5*(6}8 ( Z (pal...aNJQOm...gNJQQ> .

a;+Bi=vi
Hence we define

1 *
Puvyevy = 5\1’1,1...1,]\,_!90 € BK+1,

where (Qf := % ARERWA % is the dual of €y. Then it is easy to check that

* =~

O (W dU) = 8 (U )2+ Wy 10 Q=0
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1

since () is parallel, and also dpy,.0y = 3 O [Parans Ppi-py]- To complete this

a;+Bi=vi
induction, we construct Py € By as

9GO (piop; )%, ify=v=1,0%# ],

4.13 vi-UN a* . .
(413)  Prray {—%3 GO (piap; 1€0) 225, if v; = 2, for some i € {1,--- | N},

which obviously satisfies a), b) and c).

Up to now we have completed the construction of the power series ®(t) satisfying a),
b) and ¢) as in Theorem 4l It now suffices to check the global convergence in L?-norm
and regularity of ®(t).

We may choose ||p;2Q0|| = [|¢i|| = 5. Thus by Lemma and our quasi-isometry,
we have the following estimates for || < 1,
19 (2) 82| 22
- 1
=D (pia0)t; + 5 > 0G0 > (P oy J0 8wy I 0) B - - -
i=1 Ki=%0,>2 J+L=K,J,L>1
<Pa1---aNeBJy<P,6’1---BNEBL
= 1
=S NRE D RN N oy o Y T
i=1 J+L=K>2,J,[>1

Paq-an 68‘7730/31"'5N €By,

oo

< xS + Y
K=2

<+ o0,

where the series {x;}, is just the one as in the Lemma &2
As for the regularity of ®(¢), we can follow the argument in the proof of Theorem [4.4]
word by word. Hence the proof of this theorem is completed. U

5. GLOBAL CANONICAL FAMILY OF HOLOMORPHIC (7, 0)-FORMS

Based on the construction of L?-global canonical family ®(¢) of Beltrami differentials
of Theorem [£.4]in Subsection 5.1 we obtain an L?-global canonical family of holomorphic
(n,0)-forms on the deformation space of CY manifold in Subsection

5.1. Iteration on Kahler manifold. The iteration procedure is to construct holomor-
phic sections of the canonical line bundle Ky, of the deformation X; of a Kahler man-
ifold X induced by the Beltrami differential ®(¢) satisfying the integrability condition.
More precisely, our goal is to find a convergent power series for any holomorphic section
O € H'(X, Kx),

Q=+ >t
[]=1
such that e®®_Q, € H°(X;, Kx,) is holomorphic with respect to the induced com-
plex structure Jpy by ®(t). It is easy to check that the map e®®, : A%(X,Kx) —
A% Xy, Kx,) is a well-defined linear isomorphism. Then Proposition [5.1]is used to deter-
mine the holomorphy of the section e®®_Q,, and our goal of the iteration procedure is

thus reduced to solving the d-equation (5.I) by O-Inverse Lemma 2.3l See also Lemma
10.2 of [§].
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Proposition 5.1. For any Q € A™(X), the section e*® .0 € A™0(X,) is holomorphic
with respect to the complex structure Joguy induced by ®(t) on Xy if and only if

(5.1) 0Q + 0(®(t) Q) = 0.
Proof. This is a direct consequence of Corollary In fact,
(e7® odoe™) (Q) =00+ 9(PQ),

if the vector bundle E is trivial and ®(t) satisfies the integrability condition. The operator
d, which is independent of the complex structures, can be decomposed as d = 0; + 0,
where 9; and 0; denote the (0, 1)-part and (1,0)-part of d, with respect to the complex
structure Jp() induced by ®(t) on X;. Notice that e®® _,Q € A™9(X;) and thus, comparing
types, we get

(e7 00, 0€™) (Q) = 00+ (PQ),
which implies the assertion. O

Let X be an n-dimensional compact Kéhler manifold and {¢1, - - - , on} € HON(X, ")
a basis with the norm [|;|| = C(N), N = dim H*' (X, T") for each i = 1,2, ---. A power
series of Beltrami differentials in the following form

N
)= ittt = D gt € V(X TR
=1

|1]>2 vitetvn>1

with ©g....,..0 = ¢, is called an L?-global canonical family of Beltrami differentials on the
Kahler manifold X if it satisfies:

i) the integrability condition: 9®(t) = 1[®(t), ®(t)];

i1) global convergence in the sense that

1©() 20|z < > ller Qo] - 71 < o0
|1]>1
as long as |t| < R, where the convergence radius R is a constant only dependent on C'(N)

and g is a non-vanishing (n, 0)-form.

Proposition 5.2. If there erists an L*-global canonical family ®(t) of Beltrami differ-
entials on the Kdhler manifold X with convergence radius R, let X; = (X, Jq;(t)) be the
deformation of X induced by ®(t). Then for any holomorphic (n,0)-form Q € A™°(X),
we can construct a smooth power series

(5.2) Q=+ Y th € AM(X)

[]>1

such that Qg = Q) with the following properties:
a) QF == e®® 0, € H'(Xy, Kx,) is holomorphic with respect to Jo;
b) Q; € A™(X) is D-ezact and also O -exact for all |I] > 1;
c) it converges in L*-norm with convergence radius R.

We call Q¢ an L2-global canonical family of holomorphic (n, 0)-forms on the deforma-
tion space of Kahler manifold X and R as its convergence radius.

Proof. By Proposition 5., we know that €2, must satisfy the equation
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By comparing the coefficients of ¢;* - - - t\ of both sides of (5.3)), one knows that Equation
(B53) is equivalent to

EQO - 0,
591/1---1/1\7 = -0 ( Z ()Oal---aN—'Qﬁl--ﬂN> ,

a;+fi=vi,a; =0

(5.4)

where each v; > 0 and Xv; > 1.
We first prove that the equation (5.4]) has a 0-exact solution by induction. Set

Moyeowy = —0 ( Z ¢a1---aN4951---ﬁN> )

a;+Bi=v;,a; >0

which is clearly d-exact and thus Hg(n) = 0 by the Kahler identity [y = . So by
O-Inverse Lemma it suffices to show that 0n,,...,, = 0.
For the initial case ¥Xr; = 1, one has

577111---VN = _Ea(chl"'VNJQO) = a<590V1---VN—'QO + (pvl---VN—'gQ(J) =0
since Egoyl...VN = 0 and 99y = 0. Thus we have
(5.5) Qo = 0 Gy = —0 OG(@yyon 2) = 00 G(Ppy.orpy 1)

by O-Inverse Lemma and Kéahler identity.
Supposing that the (n,0)-forms 2 with X1v; = K are constructed, we can also
prove

V1 UN

Doy = 0

for Yv; = K + 1 by induction and the commutator formula Lemma [3.3] This calculation
is routine and left to the interested readers. Similar to the initial case, we can construct
the (n,0)-forms Q,,...,, with ¥v; = K 4+ 1 as

Qs = —0 0G < > @al___aNJQm_ﬂN> =90 G < > %I___QNJQ&___/}N> .

a;+Bi=vi,a; >0 a;+pi=v;,a; >0

Hence we have completed the construction of the power series €, of (n,0)-forms.

Finally, let us prove the global convergence of the formal power series. By the global
convergence of the canonical family of Beltrami differentials, we know that there exists a
small constant £ > 0 and a constant Ry € (0, R] such that

Z il Ry < €
=

for all large + > 0. We may assume that this fact holds for all + > 0. Then we have the
following estimate for each ¢ > 0

(5.6) Sl <&+ Ry

[|=i

which follows by induction and implies the convergence of power series (5.2)) as long as

|t < Ry. We set ||| = 1 for convenience. First for the initial case ¢ = 1, one has
Dol < 19l ) llerll < Ry,
1]=1 1]=1
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where the quasi-isometry Theorem [L.1] is applied. Then, we assume that the estimate
(56) is true for l = 1,--- ;i — 1 and try to prove the case [ =i as follows.

Yol < D 1l llewl

|I|=i [I|=1,|I2|>1,

I1+1x=1
< ERTYE(E+ )RV 4 1 ERyE + €RYY
] = 1 i—1 .
N e

=E(E+ 1R,
where the first inequality is also due to Theorem [Tl Yet it is easy to check that the
convergence domain for [t of >°,_, £(€ + 1) LR "|t|* is obviously [0, Ry).
The regularity of €2, follows directly by the argument in the proof of Theorem [£.4l This
completes our proof. O

5.2. Global canonical family. Now let us state our main result of this section in the
CY case, i.e., the central fiber of the family is a CY manifold. In our case, all the fibers
of this family are CY; while in infinitesimal deformation theory this is a standard result.
See Lemma 1.4 of [14].

Theorem 5.3. Let X; = (X, Jow)) be the deformation of the CY manifold X induced
by the L*-global canonical family ®(t) of Beltrami differentials on X as constructed in
Theorem[{-8. Then for any holomorphic (n,0)-form Qy on X and [t| < 1, QF = e®®)
defines an L?-global canonical family of holomorphic (n,0)-forms on X; and depends on
t holomorphically.

Proof. We first construct the so-called canonical family of holomorphic (n,0)-forms on
the deformation space of CY manifolds. Actually according to the construction of the
power series €2, we have Q; = 0 for each || > 1 by Equality (5.3]) and ¢) of Theorem [£.4]
that is, €2, has only one term €)y. The holomorphic dependence of ®(¢) on ¢ implies that
QF depends on ¢ holomorphically. Now the proof of Theorem [5.3is a direct corollary of
Proposition and Theorem O

The local version of this theorem is just Proposition 3.4 in [6], first proved in [16], which
states that if furthermore, Qy is nowhere vanishing, then Q¢ gives rise to a well-defined
nowhere vanishing holomorphic (n,0)-form on X; as t is small.

Moreover, we can also obtain a global expansion formula of the canonical family of of
holomorphic (n,0)-forms for general Kéhler manifold case.

Proposition 5.4. Let QF := e®®_Q; be the L*-global canonical family of holomorphic
(n,0)-forms as constructed in Proposition[5.2. Then for |t| < R, there holds the following
global expansion of the de Rham cohomology classes of it

Q7] =[] + D [H(r2Q0)}t" + O(It]),

11]>1
where O(|t|*) denotes the terms in @ H"73(X) of orders at least 2 in t. In particular,

Jj=2
if X is a CY manifold, then for |t| <1,
N

[QF] = [©0] + Z[%Jﬁo]ti +O(t).

i=1
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Proof. This corollary can be regarded as a global version of Theorem 3.5 in [6]. Here
note that QY converges in L2-norm as a formal power series, and is a holomorphic (and
thus harmonic) (n,0)-form on X; as long as |t| < R. Then from Theorem [5.3] and Hodge
theory we can see that for |t| < R,

[QF] = [2] +Z (1))t + > [H(sps120)]t" +Zk, (/\ ()JQO)]

17]>2 k>2

= [Q] +Z[ (piaQ0)]t; + Z (r2Q)Jt" + O([t]?).

[]>2

Note that the facts that ¢; £} is harmonic and that ;i€ is d-exact for each |[I| > 2
may not hold here. While for CY case we know that ¢; 1)y is harmonic and that @)
is O-exact for each |I| > 2. For the first fact, see Lemma or the proof of Proposition
3.4 of [6]. The remaining terms in the right-hand side of the expression formula are all

of orders at least 2 in ¢ and belong to O([t|?) € @ H" 71 (X). O
j=2
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