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NEW PROOFS OF THE TORELLI THEOREMS FOR RIEMANN
SURFACES

KEFENG LIU, QUANTING ZHAO, AND SHENG RAO

ABSTRACT. In this paper, by using the Kuranishi coordinates on the Teichmiiller space
and the explicit deformation formula of holomorphic one-forms on Riemann surface, we
give an explicit expression of the period map and derive new differential geometric proofs
of the Torelli theorems, both local and global, for Riemann surfaces.

1. INTRODUCTION

The theme of this paper is to present a new differential geometric understanding of
the Torelli problems of Riemann surfaces, which is a central topic in the study of the
complex structures of Riemann surface. The Torelli problems are usually divided into
two types: local Torelli and global Torelli. These two problems are about the immersion
and injectivity of the period map from the moduli space of Riemann surfaces to the moduli
space of principally polarized abelian varieties, respectively.

Two key points of this paper are the use of the Kuranishi coordinates on the Teichmiiler
space 7, of Riemann surface of genus g and the explicit deformation formula of holomor-
phic one-forms in Section 2l Roughly speaking, the Kuranishi coordinate chart of 7 is
given by

(B,bo) — 7;
t = (X [R]

where the triple (w, ¢, F) is the Kuranishi family of Riemann surface with the Teichmiiller
structure of (Xo, [Fp]). Let us write (B, by) as A, ., where p denotes the point [ Xy, [Fo]] €
T, Then, given a global holomorphic one-form 6 € HO(Xp,Q}(p) on X,, we have the
following deformation formula 0(t) of 6 for small ¢ on X:

t)=10+ Z t; (H(pi0) + df;) + Z t! (Z H (5 miy iy — 1,0 i) T dfj,(il,---,ijL---,z'n)) )
=1

1]>2 j=1
where 7, ... 1) is a sequence of (1,0)-forms on X, and fj ¢, .. i;~1,in) € C(X,). Here
and henceforth H denotes the harmonic projection on (X, w,), Where wp is the Poincare

metric on X, and n = 3g — 3. An application of this to the canonical basis {#5}7_; of
H°(X,, Q) with respect to the symplectic basis {A,, B,}J_; for A, . tells us that

= 9a+zt M’LJQ + dfa +Z tI <ZH ILL]JT,(Zh jij—1,e Zn)) + dfﬁ(il,'“,ij—l,“win)) .

[1]>2 j=1
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The ¢g x g matrix A(¢) is naturally defined as:

2" (Z H(“”<>> — A0
j=1

[]=1

Meanwhile, let 7, be the B period matrix of {6 }%_;. Then the period map IT: 7, — H,
to the Siegel upper half space can be written down explicitly:

1 = () o~ Acr”

g g

where the action ~ is given by

Cl 02 N [ = (ClZ + CQ)(CgZ + 04)_1;
Cg 04 2g%2g

The transition formula between II(¢) and II(7) of two adjacent Kuranishi coordinates is
I1(t) = Lpg ~ (1),

where L,, is defined at the end of the proof of Theorem

Let I'y be the mapping class group of Riemann surface of genus ¢, which has a natural
representation in the symplectic group Sp(g,Z) with integral coefficients, written as p :
I'y — Sp(g,Z). The moduli space M, of Riemann surfaces of genus g is the quotient space
of 7, by Iy, while A, = H,/Sp(g, Z) is known as the moduli space of principally polarized
abelian varieties. In Section [3] we first give a proof of the following two well-known local
Torelli theorems by our deformation method.

Theorem 1.1. a) (Local Torelli Theorem 1) The period map 11 : T, — H,, is an immer-
sion on the non-hyperelliptic locus and also when restricted to the hyperelliptic locus for
g > 3; while for g =2, Il is an immersion on the whole Ty .

b) (Local Torelli Theorem 2) For g > 2, the period map J : M, — A, is an immersion.

Write the quotient space of the Teichmiiller space 7T, by the Torelli group 7 as Tory,
which has a natural Z, action. Recall that the Torelli group Tj is the kernel of the
representation p : I'y — Sp(g,Z). Then we will present a new proof of the following
global Torelli theorem in Section [k

Theorem 1.2. J'" : Tor,/Zs — H, is an embedding for g > 3.

We also prove that the period map II maps the I'; orbit of A, . onto the Sp(g,Z) orbit
of its image in H,. More precisely, let A, be a Kuranishi coordinate chart on 7, and

APl — [g]A, . for [¢] € T,. Set

i) = (5 5) espla.2)

Then on AL?!, the period map II(¢) has the following relation with II(t):

fi(t) — (5 }U%) A TI(),

Based on these, we prove that two I'; orbits of M, if mapped to the same Sp(g, Z) orbit
by J, must coincide, and thus prove the main result of this paper:

Theorem 1.3 (Torelli Theorem). The period map J : M, — A, is injective for g > 2.
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The maps considered in this paper can be summarized in the following diagram:

M€

It is well-known that global Torelli theorem holds by R. Torelli’s result [22] and also
the modern proofs [1 23] while the local Torelli holds due to the work of [19]. A more
complete list of the history about Torelli problems are contained in the bibliographical
notes on Page 261 of [4].
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Fangyang Zheng, and Dr. Shengmao Zhu for many inspirational discussions at CMS of
Zhejiang University, and also to Prof. Richard Hain for communications.

2. KURANISHI COORDINATES ON 7,

We first recall some basics of the construction of Kuranishi coordinate charts, which is
based on [2]. Fix a compact topological surface ¥ of genus g with g > 2. The pair (C, [f])
is a Riemann surface C' with the Teichmiiller structure [f], where f is an orientation-
preserving homeomorphism from C' to ¥ and [f] denotes the isotopic class represented by
f. An isomorphism between Riemann surfaces with the Teichmiiller structures, (C,[f])
and (C", [f']), is a biholomorphic map ¢ from C to C” such that [f] = [f'¢]. The equiva-
lence classes of all compact Riemann surfaces of genus g with the Teichmiiller structure,
modulo the isomorphism equivalences, is actually 7;, the Teichmiiler space of Riemann
surfaces of genus g. Thus an isomorphism class of [C, [f]] is a point in 7.

From the construction of Hilbert scheme, the existence of the Kuranishi family of Rie-
mann surfaces follows. To be more precise, for every Riemann surface C', there exists a
holomorphic deformation (w, ¢)

w: X =B, p:C>X,,
of C' parametrized by a pointed base (B, by), a complex manifold with dim¢ B = 3g — 3,

and this deformation is universal at by, actually universal at every point b of B. The pair
(w, @) is called the Kuranishi family of C. For any other deformation (¢, )

L X = B, w:cix'6
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of C, there exists a unique map (¢, ®) in a small neighborhood of b, such that the following
diagram commutes

X’ X

| |=

¢
(Blv b6> - (Bv bO)?

where 90_1@1;61/1 = 1¢ and X’ is isomorphic to the pullback family ®*X on the small
neighborhood of bf. Accordingly, we also have a family of Riemann surfaces with the
Teichmiiller structure (X, [fy]), i.e., @ : X — B together with local topological trivial-
ization F'*: X[, — X x U,, where | J, U, is an open covering of B such that [Fi*] = [fy]
with b € U,. For any Riemann surface with the Teichmiiller structure (C, [f]), Kuranishi
family also exists and satisfies exactly analogous universal properties to the one without
the Teichmiiller structure above. Possibly shrinking B, we can describe the Kuranishi
family of (C,[f]) as a triple (w, ¢, F') given by

w: X =B, p:C>Cy, F:X—>YxB,

where F'is a topological trivialization such that Fp o = f.
A Kuranishi coordinate chart of 7, is given by

(Bvbo) — ,Tg
t = X4, [F]],

where the triple (w, ¢, F') is the Kuranishi family of (C,[f]). From the classical Ehres-
mann’s theorem, there is a natural diffeomorphism ¥ : X, x B — X; all the fibers of
w: X =B

Yx B

|

x—2.-X, xB

share the same differential structure as X;,,. From this point of view, for every b € B,
the map F,W, " can be deformed to F, ¥, ', ie., [V, '] = [F, ¥, ']. Let w: H (3, Z) X
H,(3,Z) — 7Z be the intersection pairing on ¥. The symplectic basis of H;(3,Z) on
(X, w) gives, from the map WF~! one such basis on Xj,, which is enjoyed by the whole
Kuranishi family X over the Kuranishi coordinate chart B. Later on we will write (B, by)
as A, where p denotes the point [C, [f]] in Ty, and A, = {t € C"[||t]| < ¢, t(p) = 0}
with n = 3g — 3.

Fix the representation p : I'y — Sp(g, Z), where I, is the mapping class group, namely
the isotopic classes of orientation preserving homeomorphisms of ¥ and Sp(g, Z) is actually
Aut(X,w). Now we have two Kuranishi coordinate charts A, . and A, with A, NA, o #
(. Let (X, F) and (Y, G) denote the two Kuranishi families with Teichmiiler structure over
A, and A, o, respectively. Let r € A, N A, . The definition of Kuranishi coordinates
tells us that [ Xy, Fyy] = [Yr), Gry)- Then we have a biholomorphic map ¢ : X,y —
Y. () such that [Fy,)] = [G-¢). It is described in the following picture

by by

Fo GQT

diffeo¥ ¢ diffeoW
X, —= Xy Yoy —> Y,
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that [GoUy ¢V x Fy '] gives us an element of I',, which is obtained by a matrix in Sp(g, Z)
from the representation p, linking the two symplectic bases of the two Kuranishi coordi-
nates.

2.1. Small Deformation Of Holomorphic One-Forms. Let A, be a Kuranishi co-
ordinate chart centered at p € 7, as above. Denote the corresponding Kuranishi family
on Ay, by @ X — A, with the central fiber w™!(p) = X,. Let 0 € H(X,, Q%))
be a global holomorphic one-form on X,. We will construct an explicit formula 6(¢t) €
H°(X,QY,), the holomorphic deformation of .

Denote the Poincaré metric on X, by w,. Fix {g;}I, as a basis of harmonic T )((11),0)_
valued (0, 1)-form on (X, w,), namely H%’l(Xp,T)((lp’o)). And let p(t) = > 0 tip; denote
the Beltrami differential of the Kuranishi family @w: X — A, .

Theorem 2.1. Given 0 € H°(X,, QY ), there exists a unique (1,0)-form n(t) on X,
which is holomorphic in t for sufficiently small t, satisfying

(1) H(n(t)) =0, where H is the harmonic projection on (X,,wy),

(2) 0(t) = (L+ pu(t)an(t) € H (X, Qy,)
and 6(t) is the desired deformation of 6.
Proof. The formal power series of 7(t) € A'°(X,) can be written out as

T](t) =0+ Z tmz + Z tIT][,
i=1 |1]>2
where [ = (iy,- - ,in), t' = 145 - -t and |[I] = 37 ;.
Condition (1) implies
H(r,) =
Then, one has
0(t) = (1 + p(t)an(t)

— <]1 +th‘ﬂi>—' 9+thnj + Z t'ny
i=1 J=1

[J]>2

=0+ Z ti(ni + ,MZ'JH) + Z tl ('f](il,---,in) —+ Z M’fJn(ilf--,ikl,---,in)) .
=1 k=1

[7]>2

Since 6(t) is a holomorphic one-form on X; from condition (2), i.e., df(t) = 0, which
implies

d(mi + pi20) = 0,

Ay, in) + 2hmt HE I i1, in)) = 0,
we see that

i + (i 10) = 0,

M e i) + Okt Hb iy o =1, ,i)) = 0
Combining with () and solving the d-equation, we get
(2.3) g (i),

iy sin) = —GO Oy PN i — 1, i) )-
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Here G denotes the Green operator in the Hodge decomposition with respect to the
operator 0, and 1 = H + (99" + & 0)G. Thus we have proved the uniqueness of 7(t),
which is fixed by conditions (1) and (2).

Now let us discuss the convergence of the power series constructed above. By the
standard estimates of elliptic operators G, 9" and 9, such as in [17], we easily have

nellmra < CH Gl

where the constant C' depends on m, o and X,,, and || - ||+« is the Holder norm. Conse-
quently the estimates of n(t) yield

1) llmsa < 10llmsa + 10llmra Y CMlel

I7]1=1

= [0llmsa + [Ollmsa D Y CHI

k>1||1)|>k

= [[0llmsa + [16llmia Y CHECE Ly

k>1

S HeHm—i—a + ||0||m+a Z Ckeknk,
k>1

where C* +x—1 1s the common combinatorial number. By taking € smaller than . we

2nC"”?
are done.
Corollary 2.2. The deformation formula of 6, with t small, is given by

¢9<t) = 9 + th (H(ul_n?) —+ dfl) + Z f;I (Z H(,uj_ﬂ](ih...7ij_1,...7in)) —+ dfj,(i1,~~~,ij—1,~~~,in)>
i=1 |1]>2 J=1

where [ iy ij—1,-in) € C%(Xp).

Proof. From Theorem .|, we can easily write out

0(t) = (1+p(t)n(t)

_ (11 + zn: tﬂh‘)—'(e — Zn:tj (GE*@(MJ@)) + Z tJTIJ)

|7]>2
= 0450 (1-69) (S v
[7|>1 j=1
= 0+ Z tI (]l — Gg*a) (Z ]HI(,ujJn(l-l,...,ij,17___7l-n)) + ng',(il,"',ijl,"',in))
[7|>1 j=1

= + Z tI (Z H(,ujjr](il,...7,‘1._17...72‘”)) + gfj7(i1,"',ij_1,"'7in) + 8@55]0]‘7(@'1’...7ij_17...7,‘n)
j=1

1>1
= 0+ Z t! (Z F (5 iy =1, i) + dfj,(il,---,ij—l,---,in)> :
17)>1 j=1
The convergence follows from Theorem 2.1 O

Remark 2.3. The iteration method to construct canonical forms on the deformation
space of Riemann surfaces is essentially contained in [16] and [24], Theorem 2.1]. For

)
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more generalization to Kdahler manifolds, see [15], while our proof emphasizes on the
uniqueness of the construction.

Denote the canonical basis[] of H 0(X,, Q}< ) by {05 }%—, with respect to the symplectic
basis {A,, B,}{_, on the Kuranishi coordinate chart A, .. Let 0, and 7, be the A and
B period matrices of {00‘ v _1, respectively, and M, = Im(m,). Applying the deformation
formula above, we get the holomorphic one-forms 5(¢) on X;, starting with 65, given by

(2.4)
t) = 92{ + Z t; ( NzJea + dfa Z t! <Z H #aﬂ?(“ ,in)) + dfﬁ{(ih..71‘]-—17...71‘”)) :
i=1 11]>2

Definition 2.4. Let A(t) be a g X g matriz and E(t) a g X 1 vector given by:

{E[Zl t! <Z;‘L:1 H(Mj—m&,...,ij_l,___M)) = A(t)%ég,
Pz ' i Wiy iy 1,0 i) = B ().
Also the homogeneous part of order N of A(t) is written as An(t) =3 —n tTAp,

n

Z (HWJ-”?&,---,ij—l,---,z‘n))> = A3 é,?.

j=1

In particular, H(p;002) = A5 05.

Set
0,(t) 0,
O,(t) = : and ©, = | :
09(t) 09
Thus by use of A(t) and E(t), we rewrite (2.4) as

(2.5) 0,(t) = (1, A1) (gz) +E®).

Since a holomorphic one-form on Riemann surfaces is uniquely determined by its inte-
gration on A cycles, it is clear that {65 (t)}Y—, being a frame of H°(X,,Q,) on X, is
equivalent to non-degeneration of the A period matrix o,5(t) on X; , i.e.,

(2.6) det (0us(t)) = det ( N eg(t)) £0 <= det (I, + A@)T) £0,

where A(t)" is the transpose of A(t). And when {65(t)}_, becomes a frame, we have
the Hodge-Riemann bilinear relations on X,

0= Y5 [y, 05(6) AG(2),
0< YL [ 02(t) NOE(L),

which and also (23] imply that
0= [y, (6 + WSO + E2(0) A (6] + AP + B(1))
0.< 457 [y, (65 + AW + () A (] + A0 + E°(1))

A canonical basis means the unique basis of H%(X,, Qﬁ(p) such that its A period matrix is 1,.
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and thus

o B
0 < Myp,ap —Mp,ay A(t)SA(D)y-
The matrix forms of these are given by

A(t)Mp = (A@)Mp)Ta
M, — A()M,A(T) > 0.

{O = Mp,ay A(t)f — My, A(t)»‘i‘,

(2.7)

As our deformation formula is local, {05(t)}/—, is always a frame when ¢ € A, with €

sufficiently small. Therefore, (2.6]) and (2.7)) hold.
2.2. Transition Formulas Between the Kuranishi Coordinates.

Theorem 2.5. Assume that the two Kuranishi coordinate charts A,. and A, have a
non-empty intersection containing those two centers p and q, and let t and T denote the
corresponding Kuranishi coordinates. Then A(t) and A(T) are related by the following
equality:

_ —1 _
2.5 0" = (7 7)) b (f 1) A

where Ly, € Sp(g,7Z) denotes the transition matriz between the symplectic bases of the
two Kuranishi coordinates in terms of transformations in Sp(g,Z) of H,, and the action
s given by

Cl CQ N L = (Clz + CQ)(CgZ -+ 04)_1.
Csy C4

Observe that the transition matrix linking A(¢) and A(7) depends only on p and ¢, but
not the coordinates ¢ and 7.

Proof. From (Z3), it yields

(2.9 (a1 = (1, Ao ((g7]).

where [0,(¢)] denotes the cohomology class represented by ©,(¢q). The frames given by
the deformation formula [©,(¢)] and the canonical one [©,] at ¢ are different by a multiple
of a nonsingular matrix C"

(2.10) [©4] = C'[6(g)]-

Let {A,, B,}]_, and {A!, B/ }Y_, be the symplectic bases on A, . and A, ., respectively.
Set

A, A
A |4, |
(5) = || =0 () - |5
B, B,

Denote the matrix linking these two bases by (}U% ‘5{) € Sp(g, Z), i.e.,

(2.11) (g) - (fU% g) <gi> |
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By (ZI1), we integrate over A cycles and B cycles on (ZI0) to get
U+Vr, = ( 1,+A (t(q))T> T,
R+ S, = ( T, + 7, A (t(q))T> or,

which imply that
-1

(2.12) {CT = ( I,+A (t(q))T) U +Vm,) 3
(7 + 5AW@)") (L + AM@)T) = (R+Sm) (U +Vr) ™"
By (2.9) and (2.10), we have

(2.13)

=t 40) (aragy o) ([6):

where the two frames [©,(r)] and [©,(r)] at the point r are related by a nonsingular
matrix C,. These give us the following identities:

1, = C,(C+ ANCAW) ),
Alt) = C, (CA (t(q)) + A(r)U).
Combine with (2.12)) to simplify the computation as follows:

T_ (T T ! (7 + mpA(t(q) T)CT (ﬂp—l-ﬁPA(t(q))T)CT) ~ AT
AW (]1g 19) ( (1g+A(t(q));)éT (1,4 A(t(g))")CT A

-1
(T T S R\ (7, m, T
_(119 ]1g) (V U) (119 ]1g) ~ A1)

where (5 5) also belongs to Sp(g,Z), denoted by L,,. O

On our Kuranishi coordinate chart A, ., the period map II : 7, — H, can be written
out quite explicitly:

Mt)os = [ (76300

[e3

= [ oty (63+ A3

@

= Tpray 0(1)7 + Tpras A(t)Jr (1),
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where o(t)* is the inverse matrix of o(t),s. (Z6) gives us

Tap(t) :/A 0,(t) = (L, +AM)T) 5 -
Now we can formulate these into the :natrix form:

I(t) = (m, + T AM)") (1, + A()")
(2.14) _ (Wp Wp) A AW

1, 1
Corollary 2.6. The period maps I1(t) and II(7) on the intersection of the two Kuranishi
coordinate charts A, . and A, have the following transition formula

(2.15) II(t) = Ly, ~ II(7).
Proof. By (2.14]) and Theorem 2.5, we have

TI(t) = Gp 71?) ~ AT

g g

_ _ —1 _ _ -1
_(Tp Tp Tp Tp Tq Tq Tq Tq
B (]19 19) <19 19) qu (]19 19) (]19 19) - H<T>

= Ly, ~ II(7).

-1

g g

3. LocAaL TORELLI THEOREMS AND MATRIX MODEL

Theorem 3.1. (Local Torelli Theorem 1) For g > 3, the period map I1: T, — H, is an
immersion on the non-hyperelliptic locus Ty — HET, and also on the hyperelliptic locus
HET,. In the case g = 2, 11 is an immersion on the whole Ty.

Proof. From (2.I4), the period map can be written as I1(¢) = (7,A(t)” + m,) (A(t)T + ]lg)*1

via Kuranishi coordinates. By use of A(t), we expand it to obtain the first order part
M (¢) of TI(t):

W () = T AL (8) — mp AL (1)
= 2V 1M, AT (t)

:_2\/_Zt pravy zwy

= Z / 0% A H(p;0607)
Xp

= Zt / ,ul_ngﬁ)

It is a well-known fact that the pairing ]HI(E’ )(Xp,T)%’O)) x H°(X,,2Kx,) — C is non-
degenerate. The matrices { [ x, O N (009}, are linearly dependent if and only if there
exists a nonzero vector t = (t1,--- ,t,) such that the matrix

/ 0% A <Z tzﬂz) 496 =0
Xp i=1
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This is equivalent to that the multiplication map H°(X,, Kx, )xH(X,, Kx,) = H*(X,,2Kx,)
is not surjective.

A well-known theorem by Max Noether in [4, P. 117] tells us the multiplication map
H°(X,, Kx,) x H'(X,,Kx,) — H°(X,,2Kx,) is always surjective when X, is non-
hyperelliptic. Thus the period map II is an immersion when restricted to 7, — HET,
for ¢ > 3. As to the hyperelliptic case which is described in [7, P. 104], the dimension of
the image of the multiplication map is exactly the vector space (H °(X,,2K Xp))J, namely,
the elements in H°(X), 2K x,) invariant under the action by the hyperelliptic involution .J

with dim¢ (HO(Xp, 2KXP))J = 2g—1. Also the tangent direction of the hyperelliptic locus

can be identified with (H WX, TXP))J. Hence these directions can not be degenerate and
thus H|H57‘g is still an immersion for g > 3. As we know, any Riemann surface of genus 2
is hyperelliptic and the above multiplication map is surjective since 2g — 1 = 39 — 3 when
g = 2. Consequently, II is an immersion on 7, for g = 2. O

Definition 3.2. T, Tg and Tory.

Ty, called the Torelli group, is the kernel of the representation p : I'y — Sp(g,Z) while
the extended Torelli group Tg is defined to be p~t((—1ay)) where (—1a,) is the subgroup
of Sp(g,Z) generated by —14,. The Torelli space Tory is the quotient space of the Te-
ichmiiller space Ty by T,.

Definition 3.3. I'j(n) and M.

Ly(n), the level n subgroup of the mapping class group Ty, is the kernel of the repre-
sentation Ty % Sp(g,Z) = Sp(g, Zy). M_E,”) is the moduli space of Riemann surfaces of
genus g with level n structure, which is defined as the quotient space of the Teichmuller
space Ty by the group action of I'y(n). And we identify I'y(1) with Tj,.

As we know, the action of the mapping class group I'y on the Teichmiiller space 7, is
properly discontinuous. From the construction of the Kuranishi coordinate of 7, in [2],
we know that the isotropy group I') of I'y at p = [ X, [f,]] on Ty is Aut(X,) if we fix the
injective homomorphism

Aut(X,) — L,
B o k).
Moreover, we can choose € and € sufficiently small such that the points p and p’ in different
', orbits have disjoint Kuranishi coordinates, i.e., A, N Ay o =0, and

{yelyvApcNA, #0} =17
Proposition 3.4. The action of T, and I'y(n) with n >3 on T, is fized point free.

This proposition implies that 7or, and M§"> with n > 3 are complex manifolds of
complex dimension 3g — 3.

Proof. We just need to show that T, N T'» = {1} and Ty(n) NI'h = {1}. But we can
identify I'" with Aut(X,). It follows from the theory of automorphism groups of Rie-
mann surfaces in [7, Chapter V] that the representation of Aut(X,) in H;(X,,Z) and
H(X,,Z,) with n > 3 are faithful, i.e., the homomorphisms Aut(X,) — Sp(g,Z) and
Aut(X,) — Sp(g,Z,) are injective. Now the isotropy group I') embeds into Sp(g,Z) by
the representation p : I'y — Sp(g, Z) if we view I') as flleut(Xp)fp while T}, is the kernel
of p. Thus T, NT'? = {1}. Similarly, I’ embeds into Sp(g,Z,) by the representation

Iy, % Splg,Z) = Sp(g, Zy,), and I',(n) is the kernel of the representation mp. Finally we
have I'y(n) NT% = {1}. O
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From the discussion above, we can shrink our Kuranishi coordinate chart A, . on 7,
such that yA, N A, = 0 for any v € T, and v # 1. Naturally, the Kuranishi coordinate

chart A, . descends to Tor,. Let Zy = T,/T, and then Tor, has a natural Z, action.

There is a commutative diagram
A

TOTg W Hg.

Lemma 3.5. Let X be a compact Riemann surface with genus g > 2 and J an involution
on X, which does not fiz any element of H*(X, Kx). Then X is hyperelliptic and J must
be a hyperelliptic involution.

Proof. Since J? = 1, the automorphism J* : H°(X, Kx) — H°(X, Kx) has two eigen-
value £1. As J* fixes no element of H*(X, Kx), J* = =1, on H*(X, Kx). Consider the
quotient map 7 : X — X/J, a 2 : 1 branched covering map, and 7 = Jw. We claim
that g(X/J) = 0. If not, there exists a nonzero holomorphic one-form 0 € H°(X/J, Kx).
Pulling it back, we derive a nonzero holomorphic one-form 7*0 € H°(X, Kx). But 7*0 is
invariant under J*, which is a contradiction. Thus X/J is the Riemann sphere and 7 is
a degree 2 meromorphic function on X, which implies that X is hyperelliptic and J is a
hyperelliptic involution. 0

Proposition 3.6. Z, acts freely on the non-hyperelliptic locus Tory — HET ory of Tor,
and fizes every point in the hyperelliptic locus HET ory for g > 3. In the case g = 2, Zsy
acts trivially on Tor,.

Proof. Let {[¢]} be the non-unit element in Z,, where [¢] € I'; is a representative of
the class {[¢]} and p([¢]) = —1o,. Then that {[¢]} fixes a point {[X,,[f,]]} in Tor, is
equivalent to that there exists some element [¢p] € T, such that [X,, [¢f,]] = [X,, [V 1]l
We have a commutative diagram up to isotopy

2 ,
X, h X,

where h is an automorphism of X,. Hence h ~ f '~ ¢ f,. As p([1)]) = 1oy and p([¢]) =
—14g, by : H1(X,,Z) — Hy(X,,Z) is nothing but —15,. Since a holomorphic one-form is
uniquely determined by its integration on A cycles and

/h*e:/ 9:—/ 6,
N haeAa o

. H°(X, Kx,) — H%X, Kx,) is —1,. Also the representation of Aut(X,) to
H,(X,,Z) is faithful and hence h is an involution. From Lemma [3.5] h is a hyperel-
liptic involution and X, is hyperelliptic. O

It is easy to check that the Zy orbit of Tor, has the same image under J'"", since
we also have Kuranishi coordinate on Tor, by using (2ZI4). Consequently, J"" factors
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through T or,/Zs:
Jtor

H

Tory/Zsy

From Proposition B.6l Tor, — Tory/Zs is a 2 : 1 branched covering map branching over
the hyperelliptic locus HE T or, for g > 3. Meanwhile, the Kuranishi coordinate chart A, ,
p € Tory — HET ory, also descends to Tor,/Zy,. When p € HET or,, we can view the
Kuranishi coordinate A, . on Tor, as follows: A%~3 decomposes into A?9~! x A9~2 where
A?9~1 indicates the direction of T,(HETor,) and A9~? is the normal direction in which
the period map J!°" vanishes. The Z, action fixes A?9~! but acts as the multiplication of
—1 on A972. Thus Tor,/Zs locally looks like A%~ x (A972/Z,) around the hyperelliptic
locus.

Tor,

Theorem 3.7. (Local Torelli Theorem 2) J : M, — A, is an immersion for g > 2.

This local Torelli Theorem was first proved by F. Oort and J. Steenbrink [19] and then
by Y. Karpishpan [I3] under his framework of understanding higher order derivatives of
period map in terms of Cech cohomology. We approach it by our deformation method.

Proof. From the local Torelli Theorem [3.1] the tangent map I, restricted to 7, — HET,,
is injective for g > 3 and everywhere injective for g = 2. Thus it suffices to show that the
tangent map of J : M, — A, at hyperelliptic locus HE, is injective for g > 3. To this
end, we lift the period map to J*" : Tory/Zs — H,. Fix p € HET or, which descends to
p in Tor,/Zy. From Proposition 3.7, p is a double point. Moreover, the dimension of the

Zariski tangent space at p is @. In fact, as Tory is a complex manifold of complex
dimension 3g—3 and p is a smooth point, we can choose local parameters (¢,ts,- - ,t35_3)
such that Oro, , = C[[t1, 2, - - , t35-3]] and Z, action is given by

Zit; = —t;, 29 <i<3g—3,

where {t;}797" indicates the tangent directions of HET or, and {tl}f’igj is the normal
directions in which J!" vanishes. Clearly,

~ ~ Lo
OTm"g/Z%ﬁ = (OTOT97P> = C[[tla e 7t29—17 t%ga tthQg—l—la T 7t121,g_3]]~

It is exactly the £ —) parameters that give the basis of the Zariski tangent space at p.
We denote these dlrectlons by {Dy, D;j}1<k<2g-124<i<j<3g—3, respectively. Also by (214,

we know that J%" can also be written as (m,A(t)" + m,) (A1) + ]lg)fl. The first and
second order parts of J'" are given by

(jtor)(l) + (jtor)@)
— — 2/ IM A ()T + 2V/=TM, (Ay()T)” — 2V/=TM, Ay (t)"
_Z / 0% N H(1;005) — Z Fu O AH (i) M, / 07 A H(p;67)

i,j=1 Xp Xp

+ Ztt / HQAH(uimf),

i,7=1
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where 7" = —GE*O(MJQ;“) and MS‘B is the inverse matrix of M, .. From the choice of ¢;
above, for any 1 < a, 8 < g, we have

/X 0% AH(p005) = 0,

where 2g <i < 3¢g—3. Hence we can write out the image of { Dy, D;; 11<k<2g-1,29<i<j<3g—3
under J°" by using the expansion formula of J":

jtor fX 904 A H(ukﬁﬁ) 1<Ek< 29 - 17
T (Dyg) = [, 05 NH 11 20GO (MJJ05)> 29<1=7<39-3,
Tl (Dig) = [y, 05 NH (100G (11;20%) + 11;10GD (u@ﬁﬁ)) , 29<1<j<39-3

Finally we need to show that {7/ (Dy,), J"(D;;)} are linearly independent. Since X, is a
hyperelliptic Riemann surface, these Cech cohomology groups, such as H O(Q}(p), HY(O X,)
and H '(Tx,), have explicit bases just as described in [I3, 19]. Moreover, these papers
have showed that these directions are linearly independent in terms of Cech cohomology.
We give a proof in Appendix [Bl that our directions are actually the same as theirs, which
completes the proof of this theorem. O

Local Torelli Theorems [3.1] and 3.7 tell us that the period map gives a local embedding
of the Kuranishi coordinate chart A, . when p lies in the nonhyperelliptic locus, and of
A, /Zy when p lies in the hyperelliptic locus. This local embedding induces a matrix
model for the local Kuranishi coordinates.

Definition 3.8. Matriz Model for the Kuranishi coordinate charts.
The image of the Kuranishi coordinate chart under the period map is called the matriz

model when the local Torelli theorems hold. Here we identify the Kuranishi coordinate
chart with its matriz model, which lies in Hy C c?%5

4. PROOF OF THE GLOBAL TORELLI THEOREMS

This section is devoted to the proof of global Torelli theorem for Riemann surfaces.
Theorem 4.1. J'" : Tor,/Zy — H, is an embedding for g > 3.

Proof. From the discussion of Section B, Tor,/Z, is a complex orbifold of complex di-
mension 3g — 3. For every point p in the non-hyperelliptic locus, we have the Kuranishi
coordinate chart A, . centered at p, which descends from 7Tor,. As to the hyperelliptic
locus, we denote by A,./Zy the local coordinate chart around the hyperelliptic point
according to the local behavior of the hyperelliptic locus. From the local Torelli theorems
BIand B2 J%" gives a local embedding on both of these two kinds of coordinate charts.
All we need to show is that J'" is injective. It is easy to see that Tor,/Zs = T,/T,.

Thus the proof of the one-to-one correspondence between fg orbit and its Jacobian is our
ultimate, which is equivalent to say that two points in 7, with the same Jacobian must

be related by some element in Tj,.

According to [I1] and [12], H, can be viewed as the isomorphism classes of principally
polarized abelian varieties together with a symplectic basis (A, ), where v : Hy(X,7Z) —
H,(A,Z) preserves the intersection paring on ¥ and the principally polarized form on
A. And the identification is given from (A,~) to its period matrix with respect to this
symplectic basis. By changing the symplectic basis, we have the natural Sp(g,Z) action
on H,. However, the kernel of the Sp(g,Z) action is £1,,. That is to say

(A7 ’7) = (Av _’7)'
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Also Tor, can be identified with the isomorphism classes of Riemann surfaces together
with a symplectic basis (C,~), where v : H{(X,Z) — H1(C,Z) preserves the intersection
paring on ¥ and C, since I'y /T, = Sp(g, Z). Moreover, the period map J*" : Tor, — H,
is given by

Tor, — H,

(C,7) — (JacC,9),

where we have the natural isomorphism H,(C,Z) = H,(JacC,Z).

Now assume that two points [C, [f]] and [C”, [f']] on T, are mapped to the same Jaco-
bian, namely (A,~). Write (C,~) and (C’,7') on Tor, as the corresponding two points
descended from [C,[f]] and [C’, [f']], respectively. As (C,~v) and (C’,7') are mapped to
the same Jacobian (A,~), their symplectic bases will be the same up to a change of
the sign. Without loss of generality, we may assume that (C,v) and (C’,+’) share the
same symplectic basis after changing the sign (If 7 and ~" are different by a sign, pick
[¥] € p~t(—14,) where p: T'y — Sp(g,Z) is surjective. Then [C,[f]] and [C”, [¢f']] have
the same symplectic basis). Going back to the two corresponding points on 7, the fol-
lowing picture appears since we can see the construction of Kuranishi coordinate charts
of 7T, from deformation theoretic point of view:

> o
fT f’T
o2 ¢

where ¢ is a diffeomorphism obtained from the deformation of the complex structures
between C' and C’. What is more, we have [f¢~!f'~!] € T,. Denote F by f¢~'f~'. Then

the commutative diagram follows
)
N
¢

C c’

In fact we will prove that ¢ is holomorphic and thus obviously biholomorphic. Hence
[C, [f]] and [C", [f']] are related by Tj,.

To see ¢ is holomorphic, we first recall the definition of the Jacobian. The Jacobian of
a Riemann surface X is nothing but CY / A and

0! 0! o 0!
A=7Z / 7"'7/ 7/ 7"'7/ ;

A \0Y A, \09/) B \¢’ B, \¢

where {6°}Y_, is a basis of H*(X, Kx). [C,[f]] and [C",[f']] are mapped to the same
Jacobian by the period map, then their symplectic basis (A,, B,) and (A, B.,) are related
by ¢ together with

01 9'1 91 0/1
(4.1) / L] = / ar / C ] = / :
Ao \OY A \09/) B, \¢ B, \0"
Let
01 8/1
O=1|:], 0=

99 o9



- 16 - New proof of Torelli Theorems on the moduli space of Riemann surfaces

Set ¢*0"* = 3% wapt’ + 30, Yap0’®. Thus
(4.2) o0 = (x v) (9
. 6/

Put (1) and (£2) together to get

o for- [ fou-i 0] (2)
Aq Al P+ Aa Aa

fo- - [ o [

Ba B, ¢« Ba Ba

Reformulating these two equalities into matrix form, we get
e e
(43) A{B{ _),(}f f@ f@
' Joe Je| \Y XJ\i\8) 5 \9/)
(e} Ba

Je e

Observe that det Af" o Bf" o # 0. In fact, it is well-known that (A, B) period matrix

OO

OlO)

B
of canonical basis ©, is (1, M) with ImM > 0. This matrix can be written as

D DM
D DM)’

where nonsingular matrix D is given by the equality © = DO,. Also it is easy to check

that
D DMY_ (1, 0\ (D 0 (1, M
D DM) \0 D 0 1, 1, M)’

and then its determinant is nonzero since

1, MY\ 1, M
det (19 M) = det (0 9 ’_—HmM) # 0.
These imply that
X=1, Y =0.

Hence the diffeomorphism ¢ preserves holomorphic one-forms. Now choose coordinates
centered at p and ¢(p), which are denoted by (z,p) and (w, ¢(p)), respectively. Pick
Qe H(C', Ker) with Q(é(p)) # 0. Locally © can be written as

Q= g(w)dw.
Pulling €2 back by ¢, we get a holomorphic one-form on C. However,
Oy 9¢ 99
RVES g((b(z))gdz + g((b(z))%dz.

Then g((b(z))% = 0. At the point p, g(¢(p)) # 0, we have %L:O = 0. Hence, ¢ is
holomorphic, finishing the proof of the theorem.
OJ

Corollary 4.2. For the case of g =2, J"" : Tory, — H, is an open embedding.
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Proof. Theorem Bl tells us that J*" : Tor, — H, is an immersion everywhere when
g = 2. Besides, J"" is an open map from dim¢ Tor, = dim¢cH, = 3. Moreover,
Proposition [3.6limplies that Z, is a trivial action on 7T or, since any Riemann surface with

g = 2 is hyperelliptic, indicating that Tg orbit is the same as T}, orbit on 7,. The proof of
Theorem 1] implies that J'" is an open embedding. O

Corollary 4.3. J"" : Tor, — H, is a 2 : 1 branched covering map branched over
HET or, onto its image for g > 3.

Proof. This is a direct consequence of Theorem 1] O

Proposition 4.4. Let A, . be the Kuranishi coordinate chart on T,. The period map I1
maps the Ty orbit of A, . onto the Sp(g,Z) orbit of its image in H,.

Proof. Recall that the Kuranishi coordinate chart A, is given by

Bpe = Ty
t — [Xt7 [Ft]]7

where (X, F') is the Kuranishi family with the Teichmiiller structure of (X, [Fp]) over
A, ., while the coordinate map of Agﬂ can be written as

M
t — [Xt7[¢FtH7

where A = [6]Ape. Now the Kuranishi family becomes (X, (¢ x 1)F'), where ¢ x 1 :
> X AL‘?! — 2 X AL‘?!, the same family as (X, F') up to a different symplectic basis. Two

bases are linked by p([¢]), denoted by <}U% ‘5{) € Sp(g,2), i.e

A\ (U V\[A
B) \R S)\B)’
where (g) and (é) are the symplectic bases on AL‘?! and A, ., respectively. As we have

seen, the matrix model of A, . is

mw:qﬁ?)mmWi

g g

While on AL‘?!, one has

vﬁgv

q

e

o(t ‘/5 9”’+A( )'ygg)

m\m\

[e3

_ / G (07 + A(1)28)
RoxAx+SaxBa
= (Raﬂ/ + Sa)\ﬂ'pa)m/ +RQ5A(t)g + Sa)ﬁ'p,)\(; A(t)g) 5(1&)76,
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where 7 (¢)* is the inverse matrix of 7(t),5. And 7(t).s is given by
#(thos = [ 300

_ B Bp
= / «9p + A(t)yﬁ;/
UaxAx+Var By
= Uap + Varyp,s ""UavA(t)g + VoyTpiny A(t)f-
Then we formulate all these into the matrix form:

I(t) = (R(L,+A®)") + S(mp + T A)T)) (U( L, + AWW)T) + V(7 + TRAM)T))

“( ) (1)
_ (5 5) ~ TI(1),

Thus the I'; orbit of A, is mapped, by the period map, onto the Sp(g,Z) orbit of its
matrix model II(¢) in H,, since the representation p : I' = Sp(g, Z) is surjective. O

-1

Denote by v the transformation of Sp(g, Z)
Sp(g,Z) — Splg,Z)

(e 5) = (7 0)

Theorem 4.5. (Global Torelli Theorem on moduli space) J : M, — A, is injective for
g=2.

and it is obvious that »2 = 1.

Proof. As we have seen from Corollary L3, J*" : Tor, — H,is a 2 : 1 branched covering

map onto its image, branching over HE T or, for g > 3. That is to say that the Tg orbits
on 7,4 have one-to-one correspondence to their Jacobian given by the period map II. This
is also true for ¢ = 2, from the proof of Corollary From Proposition 4] the T,
orbits are mapped onto Sp(g,Z) orbits. Assume that two I'; orbits [p] and [q] of M, are
mapped to the same Sp(g,Z) orbit by J. We lift these to Il : 7, — H, and thus have
II(p) = L ~ 1I(q) for some L € Sp(g,Z). There is the following exact sequence
1—T,—T,%Sp(g,Z) — 1.
Pick [¢] € p~'(v(L)). Then II([¢]q) = L ~ T(q) by Proposition L4l Hence p and [¢]q

are in the same T} orbit, which implies that p and ¢ are in the same I'; orbit. 0

5. APPENDIX

Recall that the natural isomorphism between the Cech cohomology H'(Tx) and the
Dolbeault cohomology Hg’l(T %), and isomorphism between H'(Ox) and Hg’l follows
similarly. Assume that there is an open covering |J, U, on X and then the natural
isomorphism W is given by

V: HY(Tx) — Hy'(Tx) |
bop]  — 067
where £* € A%0(U,, Tx) and &% — €% = 0,5.

Now we return to the proof of the Theorem [B.7], that is, X is a hyperelliptic Riemann

surface, covered by two affine charts Uy and U as described in [I3, P. 568]. The first
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derivative of the period map in the direction Dy, 1 < k < 2g — 1 in terms of Cech
cohomology is given by

HY(X, QY — HYX,0x)
w — [0k ow]
where [0;] € H'(Tx) corresponds to [] € Hg’l(TX). It is obvious that [f;_w] is mapped
to [urow] by the natural isomorphism from H'(Ox) to Hg’l. The second derivative of
period map in the direction of D;;,2g < ¢ < j < 3¢9 — 3 in terms of Cech cohomology is
given by
HY(X, Q) — HY(X,0x)
w — [Q]J,Cgiw] ’
where Ly, denotes Lie derivative along 6; and [f;] € H'(Tx) corresponds to [u;] €
Hg’l(TX). It is easy to see that 0; Lpw = 60;10(6;ow). Hence we need to show that
[0;20(6;2w)] is mapped to [11;00G (11 .w) + 11;00Gd (p;1w)] by the natural isomorphism
from H'(Ox) to Hg’l. The ¢ = j case follows from almost the same method as below. By
the natural isomorphism between H'(X,Ty) and Hg’l(X, Tx), we get &} € A®O(Uy, Tx)
and &) € A*(Uy, Tx) such that

(5:1) {5@1 = p; + 0f;,

where f; € A%°(X,Ty). As p; can change in the Dolbeault cohomology class, we can

assume that 'ui’UoﬂUl = 0. In fact, y; is O-closed and thus locally 0-exact, i.e., i = Oh; on

Uy N U;. The desired representative can be chosen as ji; — O(ph;), where p is the suitable
cut-off function. Moreover we can choose f; such that f; = £ on Uy N Uy, for example

fi= pgﬂUOmUl. By use of (5], on Uj, we have
120G (115 w) + 120G (130
=3(e! — £:)00( (&) = )w) + (e} — £)00( (€] — fi)ww).

Similarly, we have an analogous equality on Uj.

Now we shall identify the Cech and Dolbeault cohomology classes above. This ques-
tion is equivalent to finding gb}j and gb% belonging to A%°(U;) and A%°(Uy), respectively,
satisfying the following equations

90y = 0(&; — [:)20( (& — f3)-w ) + 0§ — f3)-0( (6] — fi)w),

(5.2) 9¢Y = 0(&) — £,)20( (€9 — f1)aw ) + (& — £;)20( (€2 — fi)w),
L g0 = 0,,0(0;w).

v] (]

It is obvious that the solutions of the first two equalities of (5.2) always exist since the
right hand sides of these two equalities are (0, 1)-forms and clearly 0-closed. As

mg_ﬂﬁ«g_mwg+ag<mﬁ«$—mM)
=€~ 120 (€]~ f)w) ) — (& — F)20(3EL — f)w)
(g - f)Ja(@- — f)w) ) = (€ = £,)20(0(e! - f)w),
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we can write ¢;; as

(& = £)20((& = fi)ow) + (& — £3)-0( (g = fi)ww)
~97 (g = 120 BE — f)w) ) =8 () = £)20 Ble) — f)w) )
where 8 ((g} — £)20 (AL — f;) aw) ) stands for some solution g satisfying
09 = (& = 1:)20 (9(& — fi)w).
This notation is reasonable as the solution always exists. Thus
o~ o
(¢! = £00((€} = F)ow) — (& = £)0(() - i) ww)
+ (5 = £)50((& = f)w) = (€ = f)0( (€0 = f)w)
07 (€l - €0 (Bt — ) w) ) — (6 - )00 (B(E! -~ f)w) )
(¢! = &N0((6) = fi)ow) + (€ = f)o0( (€] - ) w)
+ (& — €0 ( (€l — fiw) + (€0 = £)-0(( — €D ww)
~7 (@ -0 (A - ) ) =B (6 - €)0 (BLe - i) w) )
(¢! = €0)00( (€] = fi)w) + (€0 = £)00( (€] - &) w)
+ (5 — €020( (6 = €0)w) + (& —€00( (60 = f)w) + (€8 = £)0((6! — &) w)
—07 (€ = €020 (O] — fi)w) ) =0 (6 — €00 (BE! = fi)w) )
=&} - &)-0((el - & w)
+(& = 1)) ﬁ( & - &) M) + (&~ f) Ja( (€l - gO)M>
+(E -9 Ja( (€& = 1)) =7 (€ - )0 @Ae! - f)w) )
e - e00((€ - f)aw) — (€ - )20 (0] - £)w) )
e

0,00 0) + (& — £)0((€} - &) w) + (€0 = £)-0( (€} — &) w)
=0,.0(0; _w).

The penultimate equality results from

o6 - (@~ 0)) - ¢ - o0 - 1))

5((&3 - ¢n0((¢ - fj)Jw)> = (& = €20 (] — f;) )

and the last step stems from our choice of f;.
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