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FORMAL PSEUDODIFFERENTIAL OPERATORS AND
WITTEN’S r-SPIN NUMBERS

KEFENG LIU, RAVI VAKIL, AND HAO XU

ABSTRACT. We derive an effective recursion for Witten’s r-spin intersection
numbers, using Witten’s conjecture relating r-spin numbers to the Gel’fand-
Dikii hierarchy (Theorem [I]). Consequences include closed-form descriptions
of the intersection numbers (for example, in terms of gamma functions: Propo-
sitions and [54] Corollary [£.5). We use these closed-form descriptions to
prove Harer-Zagier’s formula for the Euler characteristic of Mgy 1. Finally in
§6l we extend Witten’s series expansion formula for the Landau-Ginzburg po-
tential to study r-spin numbers in the small phase space in genus zero. Our
key tool is the calculus of formal pseudodifferential operators, and is partially
motivated by work of Brézin and Hikami.

CONTENTS

Introduction

Review: Witten’s r-spin intersection numbers
Formal pseudodifferential operators

An algorithm for computing Witten’s r-spin numbers
The Euler characteristic of Mg,

. Small phase space in genus zero

Appendix A. Combinatorial identities

Appendix B. The differential polynomial W,.(z)
Appendix C. An identity of Bernoulli numbers
References

XA S A

BIEERIEBIEElme=

1. INTRODUCTION

Motivated by two dimensional gravity, E. Witten proposed two influential con-
jectures relating integrable hierarchies to the intersection theory of moduli spaces
of curves, see [30) 31].

We begin by recalling Witten’s definition of r-spin intersection numbers. Wit-
ten’s original papers [31), [32] remain the best introduction to the mathematical and
physical background of this subject. Other excellent expositions can be found in
[13, 26]. For an introduction to relevant facts about the moduli spaces of curves,
see [29].

Let ¥ be a Riemann surface of genus g with marked points x1, zo, ..., zs. Fix
an integer 7 > 2. Label each marked point z; by an integer m;, 0 < m; < r — 1.
Consider the line bundle S = K @ O(=>_7_, m;z;) over ¥, where K as usual
denotes the canonical line bundle. If 29 —2 — "7 | m; is divisible by r, then there
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are 729 isomorphism classes of line bundles 7 such that 7®” = S. The choice of an
isomorphism class of 7 determines a finite étale cover ./\/lé/sr of M ,, the moduli

space of r-spin curves, which comes with a universal curve 7 : C;,/J — ./\/l;/ s, on
which lives a universal bundle, which we also sloppily denote T. A compactification

of ./\/l;/;, denoted by ﬂl/r

9,8
Let V be a vector bundle over ﬂ;/; whose fiber is the dual space to H!(X, T).
More precisely, V := R'm,T. The top Chern class ct,,()V) of this bundle has degree
(g —1)(r—2)/r+>°7_; m;/r. The algebro-geometric constructions of ¢;op(V) can
be found in [4, 24].

We associate with each marked point x; an integer n; > 0. Witten’s r-spin
intersection numbers are defined by

was constructed in [I} 12].

1 - .
1) (7o = 5 [ [0 )

g,8 1=

which is non-zero only if

(2) (T+1)(2g_2)+TS:Tan+ij.

j=1 j=1
Fix an integer r > 2. Consider the pseudodifferential operator
r—2 . /—_1 )

(3) Q=D —l—;%(x)D, where D = o

It is easy to see that there is a unique pseudodifferential operator L such that
L™ = @ (see Lemma [37]),which we denote

Q=D+ w D,
>0

where the coefficients {w_;} are universal differential polynomials in the {~;}.
The Gel’fand-Dikii equations read

. aQ n+(m-+1)/r
Zatn,m - [Q++( o/ ’Q] ’

Cn

N

3

where the constants ¢y, are given by

(_1)n,r,n+1
(m+1)(r+m+1)---(nr+m+1)

Cnym =

Consider the formal series F' in variables ¢, ;,, n > 0and 0 <m <r —1,

d
tn
F(too,t0,1,...) = E <| | Tff,%n> dn'm|.
n,m e

dn,nl n,m

Witten conjectured in [3I] that the above F' is the string solution of the 7-
Gel’fand-Dikii hierarchy, namely that F' satisfies

82F m+41
= —Cnm Ri T )
Dtoodtnm ™ es(@ )

(4)
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where @) satisfies the Gel'fand-Dikii equations and tg o is identified with z. In
addition, F satisfies the string equation

6F 1 r—2 oo r—2 aF
5 = — Oitir_otoito.q thalm——-:
(5) oo 2 ”z::O +j,r—2to,ito,j +;ng0 Hlm gy —

This should be regarded as a boundary condition for F.

When r = 2, the above assertion is the celebrated Witten-Kontsevich theorem
[15], to which there are a number of enlightening proofs. Witten’s conjecture for
any r > 2 has been proved by Faber, Shadrin and Zvonkine [8], building on work
of Givental and Lee [16]. In fact, Witten’s r-spin theory corresponds to A,_1
singularity in the Landau-Ginzburg theory. Fan, Javis and Ruan [9] have developed
a Gromov-Witten type quantum theory for all non-degenerate quasi-homogeneous
singularities and proved the ADE-integrable hierarchy conjecture of Witten. Chang
and Li [6] have initiated a program to give an algebro-geometric construction of
Landau-Ginzburg theory.

Witten’s constraints ([l (the r-Gel'fand-Dikii equation) and (&) (the string
equation) uniquely determine F. There is much interest in understanding the
structure of r-spin intersection numbers both in mathematics and physics (cf.
12, 3L Bl 14 21] 27]).

The paper is organized as follows. In §2l we recall useful identities of r-spin
numbers. In §3] we prove a structure theorem of formal pseudodifferential operators
and use it to derive/define “universal differential polynomials” W,.(z), which will
play a central role in the rest of the paper. In 4], we present a recursive algorithm for
computing Witten’s r-spin numbers for all genera. Consequences include closed-
form descriptions of the one-point r-spin numbers, which we use in §8l to prove
Harer-Zagier’s formula for the Euler characteristic of My 1. In §8 we study r-spin
numbers on small phase spaces in genus zero.

Acknowledgements. We thank J. Li, W. Luo, M. Mulase, Y.B. Ruan, and J.
Zhou for helpful conversations. The third author thanks Professor D. Zeilberger
for answering a question on computer proof of combinatorial identities.

2. REVIEW: WITTEN’S 7-SPIN INTERSECTION NUMBERS

In this section, we collect fundamental properties of r-spin intersection numbers
that we will use in this paper. The proof of the these identities can be found in
[31, 13]. The r-spin numbers satisfy the following:

i) If m; =r — 1, for some 1 < ¢ <'s, then
<Tn1,m1 o Tn31ms>g = O
ii) (string equation)

S S S
(6) <T070 H Tni;mi>9 = Z<Tnj_1;mj H Tni7mi>g'
i=1

j=1 i=1
1#]

This, along with <TO,OTO,iTO,j>O = 51'41’»‘]'17«727 is equivalent to @
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iii) (dilaton equation)

(7) (1,0 H Tnimi)g = (29 =2+ 5)<H Tnim.)g-

i=1

iv) (genus zero topological recursion relation)

(8)
s r—2
<Tn1+1,m17-n2,m27'n3,m3 H Tni,mi>0 = Z Z <Tn1,m1 H Tni,miTO,m/>O

i=d {4-s}=I[[J m',m" =0 iel
ml1m,,
<TO,m”7'n2,m2 Tng,ms H Tni,m; >0a
iedJ

"N

where nm’,m” = 5m/+m”,r72-
v) (WDVV equation in genus zero)

(9)
r—2
’ "
Z H <Tn1,m17-n2,m2 H Tni,miTO,m/>O77m o <TO,m”Tn3,m3Tn4,m4 H Tni,mi>0

m/m/ =0 {55} =1 ][ J icl icJ
-2
- m/ m//
= E H <Tn1,m17'n3,m3 H TniqmiTO,m/>077 ’ <TO,m”7'n2,m2 Trng,my H Tniymi>0
m’m! =0 {5--s}=I [ J iel icJ

Witten gives a detailed study of r-spin numbers in genus zero in [3I]. As he
points out, the genus zero topological recursion relation can be used to eliminate
all descendent indices (those 7; ; with ¢ > 0), so we only need to consider primary
intersection numbers (7om,, - To,m,) on the small phase space. Witten proves
that the WDVV equation uniquely determines primary r-spin intersection numbers
in genus zero. For the reader’s convenience, we record Witten’s work below in a
more explicit form. We will denote (79,5 ,70.a.)0 Dy either (rq,, -+ ,74,) or
(a1, ,as). Witten proves that

<Ta1 Tay Ta3> = 5111 +as+tasz,r—25

1

(Tay TasTasTas) = - min(a;,r — 1 — a;).

Theorem 2.1 (Witten, [31]). Lets >5, a1 > - > a5 and 325_, aj = r(s—2)—2.
Define z = a1,y = a2,z = ag and
m=xz+z—(r—1), mo=r—1—2 mg=y, my=2z.

Then Witten’s formula can be written as

(10) (a1, -+ ,as) = <x—|—y—|—z—(T—l),r—l—z,z,Hai>
i=4

r—2
+ Z<<j,m1,m3,Hai><r—2—j,m2,m4,Hai>

IT]J={4,...,s} =0 iel ieJ
1,040

—<j,m1,m2,Hai><r— 2 —j,m3,m4,Hai>> .

icl icJ
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This formula recursively computes all primary r-spin numbers.

Proof. The argument is due to Witten. From s > 5, and 0 < a; < r — 2, it is not
difficult to check that 0 < m; < r — 2. By the WDVV equation (@), we have

ORND SICHIEN | CHICRESRRANTN | O

IT]J={4,...,s} 5=0 i€l ic€J
= Z Z<]7m17m27Hal><r_ _]7m37m47Ha1>
IT]J={4,...,s} 5=0 i€l i€J

Then Witten’s formula follows from the inequalities mg+m4 > r—2 and mo+my4 >
r—2.

For the effectiveness of Witten’s formula (I0Q)), it is not difficult to prove that if
2! >y’ > 2’ are the three largest numbers in the index set {x +y+2z— (r—1),r —

1—2,2,a4,...,as}, then r — 1 — z is not one of 2/, y’, 2z’ as long as s > 5. On the
other hand, each bracket in the quadratic terms in the right hand side of (I0) has
strictly less than s points. g

3. FORMAL PSEUDODIFFERENTIAL OPERATORS
A formal pseudodifferential operator is an expression of the form
al )
L= ui(x)0" where 0 = —.
Z ’L( ) 9 830
1=—00
Its positive and negative parts are defined to be
N -1
L= Zui(x)al, L_= Z u;(z)0".
i=0 i=—o0

For k € Z, we define
L oif
k () gk— () = L
o" - f = E ()fjﬁ I, wherefj—axj.

720

We follow the usual convention that

()-Cir e

In particular, 9- f = f'+ f0. Note that we reserve the notation 9 f for the derivative
of f. It is straightforward to check that the set of all formal pseudodifferential
operators forms an associative algebra, denoted by ¥DO.

The idea of fractional powers appeared in the work of Gel’fand and Dikii [10].
It plays an important role in integrable systems (cf. [25]). The following lemma is
well-known.

Lemma 3.1. Recall the pseudodifferential operator Q defined in (3)
r—2

Q=D"+> %x)D'

=0
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There exists a unique pseudodifferential operator of the form
Q" =D+ D,
i>0
whose r-th power is Q; and wy = 0.
Proof. Let Q7 = D +wo+w_1D~' +---. Then (Q7)" = D" 4+ rwoD" "' + ---.
Since there is no D"~! term on @, we have wg = 0. Thus we may write
r(r —1)Dw_q

(Q%)T =D" +rw_ 1 D" 4 (rw_o + 5

) D3 ..
In general, we have

TW_; + pi(w_1, - W_ig1) = Yr—1—i,

where p; is a differential polynomial of its argument. So w_; can be uniquely
determined recursively as differential polynomials of ;. ([

Fix k£ > 1. Write
k—2 oo
QF/m =D+ > 4fDi+ Y 4k, D
=0 =1

Here we emphasize that throughout this paper, the superscript £ in 7{“ never denotes
a power. In particular, we have ] = ;.
Since QUHD/m = Q7 . QF/" for ¢ < k — 1 we have

k—2—¢ k—2 .
1) T =wek A DY A+ D wy Y (Z J )Di—j—fﬁ.
j=1 i=j+

This identity can be used to determine 75“ recursively as differential polynomials

of {U},Z}

Lemma 3.2. With the notation above, if we assign w(fl) = Diw_; the weight
i+j+1, then vF is homogeneous of weight k — (.

Proof. Since v} = wy is of weight 1 — ¢, the general statement follows from the

equation ([IT). O

Lemma 3.3. Let [w(j)héC denote the coefficient of w(fl) inyr. Ifk>1,0<k—2

—1i

and 1 <i<k—/{—1, then we have

i k
12 Dt = ().
‘ k_ k _ k(k—1)
In particular, [we_1]yy = k and [Dwe_pq2]y, = =5

Proof. When k = 1, by definition, v} = wy for £ < 0. The identity ([[Z) obviously
holds in this case. So we apply the recursive equation ([II) and use induction on k.
When i = k — ¢ — 1, we have
[wWe—rt1 78 = 1+ [We—p1]7e 71
=1+k-1
=k
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and similarly when ¢ < k — ¢ — 1, we have

[Dk_g_i_lwfi]"yf — [Dk_g_i_Qw,i]"yfil + [Dk—f—i—lwii],_yéc:ll
(k-1 k-1
B (k—ﬁ—i—l) * (k:—é—i)
B k
B <k —f— z>

as desired. O

Lemma 3.4 (Witten, [31]). With the above notation, v, = Res(QUTD/), we
can express coefficients v; of Q as differential polynomials in Wifll, 0<i<r—2.

Proof. By Lemmas and B3] we have

(13) ’yl_—iil = (z + 1)’LU_1_Z- —|—pi(w_17 - w—i)
7 + 1 Yr—2—i
= % +P;(%—2, CYr—1—d),
where p; and p, are differential polynomials of their arguments. Thus we can
recursively express «y; as differential polynomials in szll, 0<i<r-—2. O

Denote by P(yF) the sum of monomials in v} that does not contain derivatives
of w_;. Then we have

k
(14) P(yg) = [p*] (1 +> wz'p”l)

i>0
(1+ Zi>0 w*ipiﬂ)k
= ReSp:0 pk—f-‘rl
Fix an integer r > 2. From the Gel'fand-Dikii equation []), we have
m 1
"nyrl = Res(Q jl) :—%<<T0,07'0,m>>7 for0<m<r—2
=(m+Dw_pm_1+---
and
. 1 r+1
(15) Y = Res(Q17) = 5 ((70.0710))
1
= (r+1)w—r—l+¥Dw—r+"' .

For the first time, we use the fact that @ is a differential operator (i.e. Q_ = 0),
which implies that

(16) O0=A",=r-w_,+--- and

(17) 0:’)/12:7“-1077“71_'_..._

The leading coefficients of the above equations come from Lemma [3.3
We first substitute ([IT7)) and then (@) into ([I3) to eliminate w_,_1 and w_, re-

spectively. Next we substitute 71}1, 71}2, ...,7vL, consecutively into ([H) to elim-

inate w_,41,W_py2,...,w_; successively. Then it is easy to see that 71*1'1 is now

expressed in terms of differential polynomials of ;" 10 <m < r—2. From now we
"1 to denote this differential polynomial in 4™, 0 <m <r —2

on will use S(y o
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resulting from substitutions in "', We will keep the notation 4" for the differ-
ential polynomial ([I3)) in w_;.
If we use the notation
; r o’ ’YT1+ ' j+1
(18) 27(7{) = _m+1 ! oxi = <<Tg,0 T07m>>a
then we have the following structure theorem of formal pseudodifferential operators.

Theorem 3.5. (As discussed above, we may regard S(vﬂ'l) as a differential poly-

nomial in zy,.) We have
r—2

r2 . 1
m— 15(7:{1) =3 jgozjzr—z—j + Wi (2),

where W,.(z) represents the terms containing derivatives of some zp,.

Proof. Since (16) is used to eliminate w_,_; in 4"+, it is not difficult to see that
the identity of Theorem is equivalent to
r—2

r2 1 —r ; —r ;
P r+1y P(~" _ - P Jj+1 P r—1—j ]
1 (V) —rP(vl,) 2 ;:0 ]-—+ 1 (1Y )7r 1 ()

From equation ([I4)), this is precisely the combinatorial identity shown in the next
proposition. ([

Proposition 3.6. Let a; be formal variables and

fl@) =1+ a2’ € C[[a]]

j=2
f(0)=1 and f'(0) =0. Then for any n > 1,
ke VO s Vi

- - + ;
J n—1> n

be a formal series satisfyin,

g
[xn+2]fn+1 1
2

19 —_— =

(19) n+1 -
j=1

where [x™]f* denotes the coefficient of x™ in the series expansion of f*.

The proof of Proposition 3.6l along with other interesting equivalent formulations
can be found in Appendix A.

Example 3.7. We illustrate the above procedure explicitly for r = 4. Let Q/* =
D+3% . ow—;D7". Then

1
_Z<<TO’OTO’O>> = Res(QY*) = w_y,
1
_§<<TO,0T0,1>> = Res(Q2/4) = 2w_9 + Dw_q,
3
_Z<<TO’OTO’2>> = Res(Q%*) = 3w_3 + D*w_1 4+ 3Dw_y + 3w? .

We also have
0 =Res(Q) =4w_4 + D3w_1 +4D*w_5 + 6Dw_3 + 6w_1Dw_; + 12w_jw_s,
0=nr% =4w_ 5+ 6Dw_4 +4D*w_3 + D3*w_5 + 6w_1Dw_y — (Dw_1)?
+ 12w_qw_3 + 6w2,2 + 4w§1 + 2w,1D2w,1.
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Substituting the above two groups of identities into

2 {{roomo)) = Res(@”/)

=5w_5 + D*w_1 +5D%w_g + 10D*w_3 + 10Dw_4 + 5(Dw_1)* + 10w_; D*w_;
+ 10w? 5 4+ 10w | + 20w_1Dw_9 + 10w_sDw_1 + 20w_1w_3

’Yil

and using D = \/2_ 8‘1, we get

16 1 1 2 1 1 4

If we substitute the z,, using equation (I8]), we get exactly the recursion formula

@5).

The universal differential polynomial W,.(z) in 2, ..., z,—2 is particularly inter-
esting in view of Theorem B5 We present W,.(z) for 2 < r < 6 below:

2
1 (2) 1 (2) 1, (4)
W = — J—
12) = g2+ gz + 33550+ g5t
1 1 2 2 1 2 1 4
Ws(z) = Ez&z{ + 3OZOZ§ )—i— 30 ((J )z + - 3%3 ( ) + ﬁz£ ),
5 @, 1 A 02 1o, 1 @
W = — — - — _
6(2) = g7 20+ gygolz0)” + g%+ 24 PR ACRCS Y Real
1() 1 2 Woo@e, Yo, 1 o, 1 @, 5 @
toa tagmt T )R gaaT g+ pa
We now study their coefficients.
Proposition 3.8. We have [zﬁ)z]Wr(z) ==L
Proof. From equation ({I8)) and D = ‘7 5o, we have
azzr—2 _ T . 8277; _ T2 D2 r—1
0x? r—1 0x? r—17 11
So from Theorem B3] we get
2 r—1 r r
(20) (225 Wa(2) = = D™ 1S ().

Recall that in y" 1! = (r+1)w_,_1+ WDM_T—F- -+, we first substitute w_,_
using 7", and then substitute w_, using 4" ;, see equations (I6]), (I7). Then 7" **

becomes a differential polynomial in w_q,...,w_,41. We need to take care that
when substituting w_,_1 by 7”5, a new term of Dw_, will appear. With the above
substitutions in mind and note that 7"7' = (r — )w_,41 + ---, we may apply

Lemma [33] to get

r—1. 9 .1 r+1 1 r+1 1 AT
T+1[D'771 ]5(771) T_|_ Dwr-i-l (r+1)- T72

N 1 [D2wT+1]<<r+1[Dw Ty — (r+1)r >

r+1

S|
S
2
I
-
~——
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1 r+Dr(r—-1) r+1 rr—1)(r—2)
_T+1( 3! o 3! )

1 r+1 (r+1r\ 1
Dw_, ¥y — ——— | - = [Dw_, T
- (s - ) Dy

r—1 -1 r—1
= —|D —r Z - .
3 +2r[ wry1]74 2

From (20), we get the desired result. O

Corollary 3.9 (Witten, [31]). We have the following identity for r-spin numbers:
r—1

24
Proof. From the dilaton equation, (71,070,072,0)1 = 2(T1,0)1. On the other hand,
from Theorems (.1l and B.5] we have

(1,001 =

2
(T1,070,0T2,0)1 = [Zﬁjz]Wr (2) <7-03107-0,T727’2,O>0

r—1

12
In the right hand side of the first equation, all other terms vanish for dimensional
reason (see (22), [@3)). Hence (11,0)1 = 5. O

Proposition [3.8] generalizes as follows.
Proposition 3.10. Suppose 2 < i < r. Ifi is odd, then [zﬁl_)z]Wr(z) =0. Ifiis
even (2k, say), then

)R 41— r
20 Wi(2) = - Tk((r :11) & ( 2—21) Bats

where Bop, are Bernoulli numbers.

See Appendix B for a proof. By similar arguments, we have the following fact,
which means that the genera in the right-hand side of (21 are integers (see (23))).
We omit the details.

Proposition 3.11. The order of derivatives in each monomial of Wy.(z) is an even
number.

4. AN ALGORITHM FOR COMPUTING WITTEN’S r-SPIN NUMBERS

Let 7’]ij = 5i+j,7“72 and
0 0
atnl;"nl o atns/’ns

The main result of this paper is the following simple and effective recursion
formula for computing all r-spin intersection numbers.

Theorem 4.1. For fized r > 2, we have
1 7’ 1"
(21)  ({11,070,0))g = §<<7'0,07'0,m'>>g’77m "™ {{70,m"70,0)) g—g' + Lower(r),

where Lower(r) is a explicit sum of products of {({...)) with genera strictly lower
than g.

<<Tn1,m1 ---Tns,ms>> = F(tO,OatO,lv---)-
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Proof. Since Til 7 = ((10,071,0)), from Theorem B we need only prove that

those monomials in W,.(z) must have genera strictly less than the left hand side.
Let us compare {{70,071,0))4 and
j jr+1
2 =TT o0
k k
Since the weight of *yi"{l is 7 + 2 and the weight of z,(,{) is m + 7 + 2, we have

(22) D ik 4k +2)=r+2
k

Combining with the dimensional constraints (2)), we have

(23) (2r +2) (g—ng> =(r+1))
k k

So g =), gk if and only if all j = 0. O

Remark 4.2. Following a suggestion of Witten [31, p.248], Shadrin [26] derived
an expansion of ((Tmng)O)) when r = 3 and used it to compute some special r-spin
numbers. Because of a lack of an elegant structural description, Shadrin’s formula
(and its generalization to higher 7) results in a much more complicated algorithm

than (2I)).

For example, when r = 3, [21]) gives

Q) (momods = (monoay (aley + gliremoa)s 1.

When r = 4, we have

(25)  ((11,070,0))g = {{T0,070.2)) ¢ {{T3.0))g—g" + %<<To,o7'o,1>>g'<<7'0,070,1>>g7g/

+ 1{Bamoaet + 25 (e (oo g + 35 o (fiole1-o

1
+ Fm“TgO»g‘?'

Now we show how to use Theorem 1.1 to compute intersection numbers. It
consists of three steps.

(i) When g = 0, these intersection numbers can be computed by WDVV equa-
tions, using Witten’s algorithm [31], as discussed in §21

(i1) Assume now that g > 1. For an intersection number containing a punc-
ture operator (70,0Tn,,my - - - Tn,m,)g, We have from Theorem 1.1 and the dilaton
equation

(26) (29 - 1 + §—= a’)<7-0707—n17m1 e Tns;ms>g
1 ~ ’ "
~ 3 Z {10,070,m/ H Tngmi)g M {To,m 70,0 H Tnimi)g—g + Lower(r)
s=I11J i€l i€J

where a = #{i | n; = 0}. Note that in the summation of the right-hand side, we
rule out the cases I = {i1} and n;;, = 0 or J = {i1} and n;, = 0. Then the right
hand side follows by induction on genera or numbers of marked points.
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(11i) For any intersection number (T, m, ... Tn, m.)g With n1 > ng > -+ > ng,
we apply the string equation first:

S

(Tnimy - Tngma)g = (T0,0Tni4+1,m, - - - Tns,ms>g_Z<Tn1+1,m1Tn]‘fl,mj H Tnimi)g
=2 i#1,

The first term in the right hand side follows from step (ii) and the second term
follows by induction on the maximum descendent index. This ends the algorithm.

The results of the above algorithm agree with the table of r-spin numbers when
r = 3 and 4 given in [I8]. Some r-spin numbers when r = 5 are presented in Table

M

TABLE 1. Witten’s r-spin numbers (r = 5)

<7’1,0>1 % <7'0 271, 3>1 % <7'0 170,172, 3>1 3—10
(T3,2)2 3555 (ro3m2)1 | a5 || (Toa70.2722)1 | 35
<7’8,1>4 % <7'0 174, 1>2 ﬁ <7'0 170,372, 1>1 2—10
(T10,3)5 % (T0,274,0)2 ﬁ (T0,270,272,1)1 %
(113,006 % (T1173.1)2 %(7)0 (70,270,3T2,0)1 3—10
(T15,2)7 % <7'1 273, 0>2 % <7'0 170,175, 0>2 %
(T20,1)9 % (T2,072,.2)2 % (T0,170,374,3)2 ﬁ
<7'22,3>10 % <7'2 172, 1>2 %0 <7'0 270,274, 3>2 ﬁ
(T25,0)11 % (T3,273.2)3 % (T0,270,37T4,2)2 %
<7'27,2>12 % <7'3 173, 3>3 7%%530 <7'0 370,374, 1>2 ﬁ
(T32,1)14 % (T2,174,3)3 % (T0,171,174,0)2 %
(T34,3)15 % (T2,2712)3 3254%700 (T1,171,173,0)2 %

The Boussinesq hierarchy (r = 3).

For the remainder of this section, let » = 3. The 3-KdV hierarchy is also called
the Boussinesq hierarchy. We see from ([24)), (25) that compared with the recursive
formula for 3-spin intersection numbers, the recursive formula for r-spin numbers
are much more complicated for r > 4.

The following closed formula holds for intersection numbers when r = 3. This
generalizes the special case k = 0 obtained by Brézin and Hikami in [2].

Proposition 4.3. Let k>0 and 0 < j < 1. Then

1 r(—ﬁ’;fl)
129g! T(232)

(7t Tansaes )y =

where T'(2) is the gamma function.

Proof. We first prove the identity in g = 0 by induction on k, namely
L)

<T§,17@,j>0 -
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When k = 3,4, 5 respectively, we readily verify

1 2
> (amoo =3 (am2)o =0
3 3
Note the last identity is consistent with the fact that I'(z) has a simple pole at
z=0.

Thus we may assume k > 6. We apply the genus zero topological recursion

relation (&) to obtain:

(16 170,1)0 =

k—2
k i 3 _k—2—i
<TO 1T2k 5 j . ( ) T%JTQQTOJ>Q<TO71TO71 >0

NM

—~

k — 2)<7’M jTo,oT(iI3>o<Tg’,1T0,1>o
—2 T(k2
3 (2
)

2

(%3
The second equation comes from dimensional constraints. Thus we have proved

Proposition when g = 0.
We next assume g > 1 and proceed by induction on g. We have

??.
OJ
\/

|
<.

)

ﬂ
1

—

1
(71,070,070,1 Tsusat2ms ;)g = k(70,0701 Tosarzoms ;)g(T0.0701)0+ 5

Applying the dilaton equation (7)) and the string equation (@) to the above iden-
tity and combining the first term in the right hand side with the left hand side, we
get

3 _k+1 .
<7’0707’071 T% )j>g71-

k k+1
<7'o,17’%7j>g = 12 <7'0J{ T8ot2k_11-; j>gfl

(g=D+(k+1)+1
1 1 N )
12g 129=1(g —1)! (34)
LI
12991 T(231)
as desired. O

We now show that the 3-spin numbers in genus zero in general do not have
clean closed formulas in contrast to the case of r = 2. We will compute intersection
numbers of the form <T&1T£10>0, which is nonzero only if K =1 mod 3 and 2k—3/( =
8.

We will use the temporary notation a,, = <T§T+1 22’61 %), for m > 1. By
applying (26]) to
(71,070 OTS’THTQ%S Do =(2m —1)(5m — 3)am

and using the dilaton and string equations, it is not difficult to obtain

(27) (2m —2)(2m — 1)(5m — 3)am

g (337?;1) <2m22— 1> 2i(2i—1)(5i—1)(5i—3) (2m—2i—1)(5m—5i—3) @it _;.



14 KEFENG LIU, RAVI VAKIL, AND HAO XU

For example, we recursively find a; = <7’6{1>0 = %, ag = 80 qg = 109200, —

1281280000 o °
Tg simplify the above equation, we substitute
(5m — 3)am,
(3m + 1)I(2m — 2)!"
by = =, b3 = =25, by = =2, Then ([@7) becomes

For example, b = =

36’ 126 792 52488
m—1
(28) (2m — 2)bym = > _ (5i — 1)(3m — 3i + 1)bibym ;.
i=1

In terms of the generating function y(z) = > ;2| b;a’, we can rewrite (28) as

dy 2 dy

2 2

15z (_dx> + (2zy — 2x)_dx —y“+2y=0,
from which we get a first order ODE

dy 1-—y—/14+16y>—32y
dr 15z '
Integrating both sides of

15dy dx

1—y—\/1+16y2—32y_?7

we get

r=e / Lody +C
= ex
P 1—y—+/1+16y%— 32y
2 992 3 4 5
=exp|(Ilny+1n36 — 8y — 32y~ — SV 4864y~ + O(y°)
= 36y — 288y* — 5760y* — 92160y° + O(y°).

The constant of integration C' is uniquely determined by the initial value b; = %.
Thus b; can also be computed using the Lagrange inversion formula (see Lemma

AT).
1 1
b =-Resy—o| —— ), 1>1
Ao <w(y)l> -
We note that the above derivation becomes more difficult if we instead use the
genus zero topological recursion relation () to compute (75,75 ;)o-

5. THE EULER CHARACTERISTIC OF M, ;

We now give a proof for Harer and Zagier’s formula of the Euler characteristic
of the moduli space of curves:

Theorem 5.1 (Harer-Zagier [11], see also [3] [15] 20, 22 23]). Let g > 1. Then
X(Mg1) = ===

For example, x(M1,1) = —%,X(MQJ) = 1Lm,x(./\/l&l) = _%,
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The early proofs of Harer-Zagier’s formula [15, 20, 22, 23] all exploit the cell
decomposition of decorated moduli space in terms of Ribbon graphs. There is
an intriguing fact from Witten’s construction [32] that the » — —1 limit of r-spin
numbers actually gives x (M, 1). The main difficulty is to derive an explicit formula
for the one-point r-spin numbers. This was obtained recently by Brezin and Hikami
[3] using rather complicated techniques from matrix integrals. We will give a proof
using only properties of $DO. The proof will conclude just after Lemma

We will use the case s = 1, and general . Our discussion so far has assumed
r > 2. However, for any r, there is a generalized Kontsevich (Airy) matrix model,
and under the limit » — —1, the model gives a logarithmic potential corresponding
to the Penner matrix model, whose asymptotic expansion gives the generating
function of the Euler characteristic of Mg 1, [23]. (We do not understand how to
make [32 (3.55-3.57)] precise, so we instead refer the reader to |2} §6] or [19] for
a complete discussion.) Thus by taking » = —1 in our formulas (interpreted as
analytic continuation), we may compute x (M, 1), as follows. Setting s = 1 in (),
we have

(29) lm (7.m)g =x(Mg1),

r——1 m=0

where x(M, 1) is the orbifold Euler characteristic of Mg 1. We now proceed to
compute the left side of ([29)), thereby computing x (M, 1).

By the Gel’fand-Dikii equation (), in order to compute (70,07n,m)g, We need to
compute the coefficient of (Dy"7%)29 in Res(Q"(™+1)/7). Note that

_ r—2
(30) ”Yi11:— , <<7’0,07'0,r72>>-

By Lemma B.4] and (I3, we know that when expressing v; (0 < i <7 —2) in
terms of 71_";1 (0 < <r—2), only 79 contains the term 71}1, with
r

1 -
(31) 0=

where p is a differential polynomial in its arguments.
If we replace 7y by = and denote by L = D" 4 z, it is not difficult to see from

B0) and (BI) that

(32) (T0,0Tn,m)g =

There exists a pseudodifferential operator K € WDO of the form

Yt (i, Y,

(_1)gcn,m

7 X the constant term in Res(L"+(m+1/m),
r

K =1+ bi(x)D7",
=1

such that KLK~! = D".
We can determine K by comparing the coefficients at both sides of

(33) KL=D"K.
The first few terms are
2 4 3
T (r—1 -rax . = —(2r—2 1=z’ (9p-1
(34) K_5D< )+TD +@D< )—i—TD( )
n (r=1)(1r — 3)x2D72T n (1—7)(10r% — 3r — 1>xD7(2T+1) e

8r2 2472
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In general, we have
oo 2u
K=1+Y > bupjui D=,
u=1 i=1
where bypqqy—; = amxi with a,; rational functions of r. In particular, from (34,

we have
1—r 1
, Q1o = —.
2r L2 o
Given u > 1 and 1 < i < 2u, if we equate the coefficient of D~

), we get
2u—1 r k
(35)  ay—1,i-2+ (Z —u—(u— 1)7‘)%_171-_1 = Z (k n 1) H(z +37) - Quitk-

k=0 =0

ail =

uti—1—(u—1)r in

By a tedious but straightforward calculation, we find the recursion
2u—2
(36) aw; =Y au-1;((+ D! sjyami+ (G — (w—1)(r+ 1) sj41-4),
j=0
where s, is the coefficient of z* in
T 1

(I+z) =1 r+ o+ (a2 +-

For convenience, let e, ; = il ay ;. Then ([B0) becomes

2u—2
(37) Cui = Z eu1,;((G+)sjp2—i+ (G — (u—=1)(r+1))sj11-4),
j=1
with initial values
1—r 1
€1,1 =81 = ; €12 =580 = —.
2r r

From the recursion, we see e, ; is nonzero only when 1 <14 < 2u.

Proposition 5.2. Let g > 0. We have the following formula for one-point r-spin
numbers

(—1)9T (=29 — 22=2)
r9T(1 — L)

B i (u(r +i1) - 1)%_

=1

(38) (Tn,m)g =

where

Proof. Since L = K~'D"K, we have L*H1+(m+0/r — =1 pntlr+mtl g from
(Tnm)g = (T0,0Tn+1,m)g and (n + 1)r +m+ 1 = 2g(r + 1) — 1, it is not difficult
to see that the constant term in Res(L™+!*+(m+1)/7) equals the constant term in
Res DU +m+1 ¢ which is Es,. Finally (38) follows from (32) and
(_1)n+1,,,n+2
m+D(r+m+1)---(n+Dr+m+1)
P(on—1-mil) oy 2l

O e )

Cn+l,m =
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Setting m = 0 and taking r — —1 in the right-hand side of (38]), we get

29— 1
lim T <—2g— g )EQQ,
1 r b

r——
which is computed by applying L’Hopital’s Rule to the following Lemma.

Lemma 5.3. For any integer u > 1, we have

-1 B,
lim D(—u— Y ), = — 2%,
r——1 r u
Proof. Since the residue of I'(z) at z = —1 is —1, we have
. d 1
(39) Jm, =22 (m) =1-u

We also have

(40) 2

7

T__l(u(r+_1> - 1) e

where H; = Z1§k§z‘ % is the ¢th harmonic number.
Setting ¢ = 1 in (B3)), we get

2u
0= Z <]:> Cu,k,

k=1

which, after taking derivative with respect to r, becomes

2u
(41) 0= (=D Hieur(=1) + (~1)*e) 1(-1)).
k=1
From ({@Q) and [&Il), we have
2u
(42) lim B, =3 ((~1)  uHrewr(=1) + (~1)"] 1 (-1))
r—-—1 1 ’
2u
= (u—1)> (=) uHge, 1(-1).
k=1
By B9) and ([@2), we see that Lemma [53]is equivalent to
2u B
43 —1)"* Heyn(—1) = — > 2.
(43) ;( ) Hreun(=1) ==, w2

Setting r = —1 in (B1), we get

(44) euyi(—l) = (1 — ’L')euflyifg(—l) + (1 - Qi)euflﬁifl(—l) - ieuflﬁi(—l).

Here we use so(—1) = s1(—1) = =1 and sx(—1) =0, k > 1.
If we substitute (@4 into [@3)), we get

2u—2
(45) ; meu_Lk(—l) = 7, u Z 2.

17
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By substituting {4 successively into [@Hl), we get

2(u—j)

B, ,
(46) > D R)engr(-1) = —F 1<i<u,
k=0
where f;, j > 1 are given by the recursion
(47) fivr1(k) = =(k + 1) f5(k +2) + (2k + 1) f;(k + 1) — kf;(k)
starting with f; (k) = m

Let ep; = do;, which is compatible with the recursion ([#4). Then (5] (hence
([@3)) is equivalent to

(48) fu(0) = , U2

We leave the proof to the Appendix C. (|

From (29), (38) and Lemma [E3] we recover the Harer-Zagier formula (Theo-
rem [5.1]).

Now we make a connection to the matrix integral approach of Brézin and Hikami
[B]. First we note that a refined argument in the proof of Lemma will give the
following identity of generating functions.

(49) T (%) + iEuF <—u - UT_1> Y
[T (i [+ D) (- 1))

The integral expression of the right-hand side appeared in [3].
Consider the semigroup N*° of sequences d = (dy,ds,...) where d; are nonneg-
ative integers and d; = 0 for sufficiently large i. For d € N*°, we define

(50) d| = idi, [|d||:=> d;, dl:=]]di"

i>1 i>1 i>1

In the following exposition, we set t; = —(5,)/((2i + 1)4%), i > 1.

Proposition 5.4. Let g > 0. We have the following closed formula for one-point
r-spin numbers

s

B (_l)g 29—1 Hizl [
s = i 37 o (- 21)

T/ |dl=g
Proof. By expanding the right-hand side of (9]

1 AN y)TH r 2 r—2i
- L _ _ 4 — T t;
r+ Ly <($+2) (m 2 ) o =)ty

i>1

and using
I'(z) = r/ " L exp(—a")dx,
0

we see that Proposition [£.4] follows from (38]). O
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Corollary 5.5. Let k > 0 and g > 0. We have the following closed formula for
r-spin numbers

tdi

X B (—1)9 29—k —1\ I[is: &
(101 Tnm)g = PoT (L= 1m) Ic; r <||d|| - TR
=9

This follows from the same inductive argument as in the proof of Proposition
4.3

Remark 5.6. For r-spin numbers, we do not have the analogue of the divisor
equation as in Gromov-Witten theory. But the identity of Proposition 5.4 suggests
that some form of the “divisor equation” may still exist for r-spin numbers.

Corollary 5.7. Let g > 1. Setting r = —1, m = 0 in the right-hand side of
Proposition [0, we get
(_1)|IdH By,
T(||d 29 — 1 — = ——=7
>_ T(lidll +2g )dHL§«%+U¥Vi 2

|d|=g

Proof. We follow the method used [3] §3].
Letting 7 — —1 in the right-hand of ([@9) and applying L’Hopital’s Rule, we get

e3¢} T — y 1/1/
0o \Z+3
which is the generating function of the left-hand side of Corollary 5.7
Making the change of variables

_ Y 1 z
2 — 7, ie. x:g< +e>.

T+ 5 2 \1-—e*
we have
51 RHS = — [ v ¥4
(51) /0 € 1—e2)2 <
52 = — e *Y 1 dz
(52) —
0 1 —e %

(53) - —y/ etdt—
0
[ee) Bk .
4 = — —_— .
(54) E Y

Here (52)) follows from
d [ e ?/v —e /Y —e—Ze—2/Y
dz <1 —e_z) B y(l—e7?) + (1—e%)2
and (B4) follows from

1 x tk_l
T—et ZBk Kk
k=0

This completes the proof. (I
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6. SMALL PHASE SPACE IN GENUS ZERO

In this section, we extend Witten’s exposition in [3I]. We first reorganize Wit-
ten’s argument and highlight important relevant results of Witten for the reader’s
convenience. We then prove a full series expansion formula for the Landau-Ginzburg
potential W (p, x) in the small phase space (¢, = 0,n > 0) of genus zero.

For dimensional reasons (equation (2])), a primary intersection number (79 m, - * * To,m, g
can be nonzero only when g = 0. Furthermore, for each r, there are only finite
number of nonzero primary intersection numbers (7o, - - 'T07ms>0, since we have
r(s—2)—2=my+---+ms < (r—2)s (so in particular s < r + 1).

As observed by Witten, the genus zero Gel’fand-Dikii equation is obtained by
replacing the differential operator @@ by a function

r—2
W(p,z)=p"+ > ui(z)p’
=0

and replacing commutators by Poisson brackets
0A0B 0AO0B
Op 0w Dx Ip’
So in genus zero, the Gel’fand-Dikii equations reduce to
ow
Otn.m

where ¢, 1, is the same constant defined in {I]

{AvB} =

Cn,m n+(m+1)/r
= S )y,

Lemma 6.1 (Witten, [31]). On the small phase space, we have

aF T2 1+
OF _ (m+1)/r
o~ e rmyn W )

Proof. A special case of Witten’s conjecture is
ki = - Res(WitHm+h/m),
Oto00t1,m (m+1)(r+m+1)
The string equation implies that on small phase space, we actually have
0?F oF
Dto00t1m  Otom
The desired equation follows. ([

Below, all of our computations will be done entirely on the small phase space
(tn.m = 0,n > 0) and we set t,, = to,m and Tm = To.m-
Lemma 6.2 (Witten, [31]). For 0 < m <r — 2, we have
ow 10 (m+1)/r
_ W( +1)/ .

m T om+1 ap
Proof. A special case of Witten’s conjecture is
0*F —r
= Res(W (m+1)/ry.
Stodty, 1l )
By ([@3)) in the proof of Lemma 34l (the differential polynomials p, p’ there should

be replaced by plain polynomials of their arguments), we can use equation (53] to
express the coefficients u; of W as differential polynomials in 9?F/dt0t,,. Hence

(55)
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W can be regarded as a function in p, tg, ..., tm. If we set all ¢,,, = 0, then the left

hand side of (B5)) is obviously zero for dimensional reasons, so all u; = 0 by Lemma

B4 Thus W = p” when all t,,, = 0. We then get the constant term of W.
Differentiating (55]) with respect to z = to, we get

r 0

(m+1)/r
m+10z Res(W )

(56) Om,r—2 =

Since OW/0z is a polynomial in p of degree at most r — 2, if this polynomial is of
degree k, then from (I3)) in the proof of Lemma [34] the right hand side of (B8] is
non-zero for m =r — 2 — k. Thus £k = 0 and

oW  Oug r 0 re1
_— = —_— r = —1
Or Ox r—10x Res(W™)
From this and du;/0z =0 when 1 <i <7 — 2, we have for 0 <m <r —2,

9 o (m41)/r
8_$W+ = O,

since the coefficients of Wimﬂ)/ " do not contain ug. This follows from a weight

count, since by our convention (see Lemmal[3.2)), WJ(rmH)/ " is homogeneous of weight
m+ 1 <r — 1, while the weight of w; is r — 1. O

Theorem 6.3 (Witten, [31]). For 0 <m <r —2, define ¢, = gg/v Then

83F — r - Res ¢j¢m¢s
Ot Ot Ot s oW J

Now we can state our new results: the full series expansion for W in tg, ..., tm,
extending Witten’s computation up to linear terms [31].

Theorem 6.4. We have the following series expansion for W:

W= pr +ZP Z Tznl T th

n= v+ Fvn=(n—1)r+k
1
=p —I—Zp ( b+ o > (k+ Dtuty
u+'u:7‘+k

1
—31 % S (k+ 1)k + 2tutoty + - )

ut+vt+tw=2r+k

Proof. We can compute the degree n term of W (MAD/T from terms of W up to

degree n. Then we use Lemma [6.2] to compute the degree n + 1 term of W from

the degree n term of W(mH)/T

m+u—r—+1

m - m m+1
WJ(r +1)/ = pmtl _ Z

r

tup

u>r—m—1

m+1 )
* 2072 Z (m+ w4042 = 2r)t, t,pmTerv=2r Tl o
u+v>2r—m—1
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> (_1)n (m+ > v;+n—nr)
:pm+1+(m+1)zn'.rn > =l
n=1 v+ v >nr—m—1 (m —+ E Vi + 1-— nr)'
=1

X t'Ui ...tvnp

m—+vi+---+v, —nr+1
Thus the theorem can be proved inductively. (I
Corollary 6.5. Let 0 < m < r — 2. The series expansion for ¢., is

ow m m+tu+l—r
O = =p" - Yt

Otm i r
1 _
+W Z (w+v+m+1—=2r)(u+v+m+2—2r)t,t,p o2 ...
utv>2r—m

n
(m+ > vi+n—nr)

)
-1 :
- pm+z ( | )n Z Ziln 2 'tvnpervlJr.“Jrvninr
n=1 n.-r v+ Fvg 2>nr—m (m =+ Z v, — nr)'
=1

1=

S

Proof. This follows from the definition of ¢,, and a direct computation. O

In [7], Dijkgraaf, Verlinde and Verlinde give a closed formula of ¢, in terms
of the determinant of matrices. Presumably their formula is equivalent to ours,
although we have not checked the details.

In view of Lemma [G.1] it would also be interesting to have a series expansion for
W™ Here we write out terms up to degree 3. Let 0(z) be the Heaviside function
that is 1 for x > 0 and 0 for z < 0.

m+1

m—+1
57 W T = m+1 "'~ tu m—+14+u—r
(57) . Sy
1
7;—4_2 (m+1=7)+ u+v—r4+1)0u+v—7))t,t,pmTerori=2r
l.r
(m+1)

Z((m—|—1—T)(m—l—1—27")—|—(m—|—1—T)(u—|—v—|—1—r)9(u—|—v—r)

UV, W

33
+(m+l1-r(utw+l-r)blut+w—r)+(m+l-r)v+w+1—r)flv+w—r)
+utv+w—2r+1)(u+v+w—2r+2)0(u+v+w—2r))t,tyt,pm eV

+...

By Lemma [6.T] we can use the degree 3 term of the above expansion to get a
formula for 4-point correlation functions.

Corollary 6.6.
<TmTuTva>: 1(’]"—’]’n—1_(u—"’u_r—i—1)9(“/—’_’0_7‘)
T
—(ut+w—r+D)0u+w—-—r)—(v+w—r+1)00+w-—r)).

Proof. Replace m by m + r in the expansion of W™ and take the coeficient of
p~!. We get the desired result from Lemma O
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The formula in Corollary is slightly different with Witten’s formula [31]
(3.3.36)]

(m—(m+u—r+1)f(m+u—r)

<TmTuTva> =

—(m4+v—r+1)0m+v—r)—(m+w—r+1)0(m+w—r)),

S =

but it is not difficult to prove that they are both equivalent to (7o, TasTasTay) =
1. min(a;,r — 1 — a).

Our motivation in studying r-spin numbers on the small phase space is to prove
the following conjectural properties of these numbers.

Conjecture 6.7. In the small phase space, we have
i) (Integrality) %(Tml e Tm.) € Z.
ii) (Vanishing) If m; < s — 3 for some 1 <i <'s, then (T, -+ - Tm.) = 0.
iii) (Multinomial distribution) If m1 > ma, then (Tm,—1Tms+1Tms *** Tma) >
(Trma Tma = T )-

We have verified this conjecture in low genus or when s is small. One can
even prove r* (7, -+ Tp,) € Z by extending (57). However, the combinatorial
difficulty for the general case is still considerable, even though we can write down
explicit formulae for general s-point correlation functions (7., - - - 7, ) via Theorem
6.4 Corollary and Witten’s Theorem

See [I7] for more on denominators and multinomial-type properties of intersec-
tion numbers.

Part of our motivation comes from Gromov-Witten invariants of CP™ on the
small phase space. For fixed n > 1 and d > 0, consider Gromov-Witten invariants
of CP" on the small phase space in genus zero

<m17 e 7ms> = <7_0,m17 e 77'0,m3>g}5n7

which is nonzero (for dimensional reasons) only when

(58) Zmizn—i—(n—i-l)d—i—s—?).
i=1
The following properties are analogues of corresponding statements in Conjec-
ture 6.7
i) (Integrality) (mq,---,ms) € N>o.
ii) (Vanishing) If d > 1 and s = d + 2, then (mq,--- ,ms) = 0.
iii) (Multinomial distribution) If m; > mg, then

<m1 _17m2+17m37"' 7ms> 2 <m17m27"' 7ms>'

The integrality (i) is clear, since genus zero Gromov-Witten invariants of CP"
are intersections on a scheme, and hence integral. We conjecture the multinomial
distribution (iii), based on numerical evidence. We now prove (ii).

Proposition 6.8. With the notation above, we have the vanishing (my, - ,mg) =
0 of degree d genus 0 invariants in P", where s = d + 2, with any m;, and d > 1.

Proof. We show that for any choice of m;, the intersection theory problem (mq, - -, ms),
interpreted as counting stable maps “meeting” generally chosen linear spaces of
codimension my, ..., mg, corresponds to the empty intersection. Let ¢; = n —m;
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be the dimension of these linear spaces for convenience; > ¢; = n — 2d + 1 from

ES).

As m; < n, we have

n(d+2) zimi =n+n+1)d+(d+2)-3 (using (),
i=1

from which d < (n 4+ 1)/2 < n. The image of any degree d stable map lies inside
a P4, We show that there isn’t even a P? inside P™ meeting the (generally chosen)
linear spaces of dimension ¢;. The codimension of the condition (on G(d,n)) that
a P? in P” meet a P% is max(0,n —d — ¢;). Then

Zmax(O,n—d—ci) > Z(n—d—ci)
) — (- d)d+2)— (n—2d+1)
> (d+1)(n—d) (usingd>1)

= dimG(d,n)

so there is no P? in P™ meeting the desired linear spaces, and thus no degree d
stable map meeting these linear spaces. O

APPENDIX A. COMBINATORIAL IDENTITIES

We prove Proposition B.6] using the Lagrange inversion formula. The following
form of Lagrange inversion formula can be found in [28, p. 38].

Lemma A.1 (Lagrange inversion formula). Let F(x) = ayz + agx?® + - -+ € C[[z]]
be a power series with a; # 0 and F~1(x) € Cl[z]] be its inverse (defined by
F~Y(F(z)) = x). For k,n € Z we have

(59) L (i) = )

We now prove Proposition
Let f(z) = 14372, a;2’ € C[[z]] be as in PropositionB.6l Then F(z) = z/f(x)
is a power series with a; # 0, so we can apply Lemmal[AJl Taking k = 1 in equation

E3), we see that [z%]F~!(z) = 1[z]f(z)? = 0, so we have

1 1
60 =
(60) F-1(z) z+c3zd+eqzt+---
1

:——CgI—C4IE2—~-~.
T

Taking k = 1 and k& = 2 in equation (B9) respectively, we get

e 1
n [;E]F*17
E ) 1 1

n 2
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Substituting the above two identities into equation (I9) and then applying equation
(60) to the summation term on the right hand side, equation (I9) becomes

n—1
1 1 1 1 1 1
_n+1___§ J1_ " [n=J1_—  _ Z[em
1 1 1 1 1
_ [ Zr1,m n+1 Z e
- (2[1’ P ]F—1> 2y
" 1
=—[z +1]—F*1
So we have proved Proposition 3.0 O

We now present equivalent formulations of Proposition that may be useful
elsewhere. We use the notation introduced in (G0).

Proposition A.2. Let a,b € N*°, ¢ € N* and ||c|| > 2. Then the following
identity holds

(el + llell =8 01 ¢ \ (jal + jall = 2)! - (Jb] + bl - 2)!
Gej—ny (el = 2C§b<a,b> (a— Dl (b1
a,b#0

where (a?b) is defined as [[;5, L= [lis1 (acb) (cf. @0)).

Proof. Take any ¢ = (c1,c2,...) € N*, compare the coefficient [] -, a;j’l in both
sides of equation ([I9). We have

(le[+ e[| =2)! 1 T (la] + [lall = 2)! ([b| +[[bll = 2)  (le] + [le[l = 3)!

CEENEE (Ja|— Dlal  (|b] - 1)Ib! (lc] — 2)te!

c=a-+b
a,b#0

By moving the last term in the right hand side to the left, we get the desired
identity. ([

A partition is a sequence of integers p1 > g > -+ > ug > 0. We write

| = pa + -+ p, () = k.
Define m;(p1) to be the number of j’s among g, ..., pk, 2, = [ ()™ (W)
and p,, = H_j p;ﬁj(u).
Proposition A.3.

2

T (el + () = 3)NE(p) = Vpp 1 3 (pl + €)= 2)!pu

1) 9 Y
e (el = D2y = =1z

Proof. Take ¢ = (mi(p), ma(p),...) € N*°. Then the identity in the proposition is
just a reformulation of Proposition O
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APPENDIX B. THE DIFFERENTIAL POLYNOMIAL W,.(z)

From §3] 71! can be expressed as a differential polynomial in v ,,...,7"7*. If
2 < i < r, denote by p;(r) the coefficient of Divf{lﬂ' in the resulting differential
polynomial S(y"1!). From the proof of Proposition B8] it is straightforward to
obtain the following recursive formula for p;(r),

1

. r4+1 T+1 r T+1
41—

[Diw—(r+1—i)](771 =27 g

pi(r) Dy"y)

i—1

(61) - ﬁz (:ii:j)pj(r)

; i1 ,
r+1\1 i—1 1 r+1—j
_< ¢ >;2(i+1)_r+1—iz(i+1_j>pg(7°)~

=2

We have proved ps(r) = %t in Proposition The relation of p;(r) to the

coefficients of W,.(z) is given by

VT —i+1)

LD 1 (5 ,
(62) (222 (2) 1)

pi(r).
For i > 2, define quantities C; by

(63) pi(r) = 1(”. 1)ci.

r 7

We will see shortly that C; are in fact constants independent of r.
Substituting (G3)) into the recursion formula (61), we get

Lty _(rH1y1liz1 1 i L=\
T\ 1 i Jr26+1) r+l-ig\i+l—j/)r\ j

. i-1 .

i—1 i+1\ C;
64 Cizi—g J_
(64) 2(i+1) j_2( j >i+1

Hence by induction (starting from Cy = —%, Cy = 0), we see that the C; are
constants. Using the values of Cy and C1, we may simplify (64) as

(65) Z(”.l)oj_lf, P>

i=o N/

Proposition B.1. Let i > 2. Then C; = B; the Bernoulli numbers. In particular,
Cor41 =0.

Proof. We define a new sequence C; by Cjy = 1,07 = —1 and Ch=0Cj,j > 2
From (G8), we have

Z<Z+,1>c;_o, i>1,

=0~ 7

which is the usual recursion for Bernoulli numbers. Since C} = By, C] = By, we
must have C; = C} = B for all j > 2. O

From (62) and (G3]), we thus proved Proposition 310
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APPENDIX C. AN IDENTITY OF BERNOULLI NUMBERS

Let f,(k), n > 1 be given by the recursion

(66) fog1(k) = =(k+ 1) fu(k+2)+ 2k + 1) fu(k+ 1) — kfn(k)
starting with fi(k) = m

Proposition C.1. Let n > 2. We have f,(0) = —B,/n.

The rest of the appendix is devoted to proving the above proposition. First we
record the following combinatorial identities.

" /n N 1 n!(i —1)!
(67) () e = TR
1;3<k> n+i—k (n+1)!
"L (i —1)! n!
(68) :Z ((i—w>)! - (n—w)lw
et —1\"Y Kt & w -
w )RR

Consider the generating function F,(z) = Y po fau(k)z¥, then we have Fi(z) =
=1 + 221 n(1 — z) and (G6) implies

F,(z) = —% (Fn_Tl(x)> + Q%Fn_l(x) - éFn_l(x) - x%Fn_l(a@)
—(z —1)? 1

— X
= 7Fn_l($) + I2 Fn_l(x).

x
More precisely, F,(z) from the above recursion differs from the true generating
function by a finite sum of negative powers of . Thus Proposition[C.1lis equivalent
to prove that the constant term of —nF, (z) equals B,,.

It is not difficult to see that F,(z) decomposes as

(70) F.(z) =Gn(z) + Ry(x)In(l —z), n>1,
where G, (x) and R, (x) are rational functions in z satisfying the recursions
—(z—-1)2% 0 1—x 1—x
(71) Gn(x) = T%Gnil(z) + ?anl(w) + Rnfl(a:),
—(z—-1)% 0 11—z
We may solve ([72)) to get
(73) Rae) = (x = )" S (-1 a(n, i)e~"",
i=1

where a(n, i) is given by
a(n,?) = i _1)i—w n+l - _ S(w_s)ner
(n,7) 1;3( b <i—w> g( 2 slw—s)! -

From ([7T]), we may prove that [2*]G,,(z) = 0, Yk > 0. By using (67), (65), (69),
the constant term of —nF, (x) equals
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i=1 k=0
- nl(i—1)!
= (— —11 s -
() Yo et )
& w) (w — s)¥T" n! " (i —1)!
—(_ —1)8 1w
3 Y () S e G L
2 wY (w— )t n! n!
= (- -1)° 1Hv
( n);;( )<S> w! ( ) (w+n)|(n_w)'w
- n\ n! et —1\"
— (_ 1w g
S () e ()
- n et =1\ d (et —1
= — —1)w 1[¢n—1 il
S (e (5 5 ()
- E_1\" tet —et +1 tet —et 4+ 1
_ |tn—1 —1)w n e !tn—l
nll ](wz_:o( )(w>< t -y ) T ISy
E_1\" tet —et +1 tel —et +1
— _ |tn71 1 € |tn
) (1- ) e ) RS
tet —et +1
= nlt"
L
where the last equation follows by noting
-1 -1, 1,
l— =t
tet—et—i—lil_'_ 1t—|—
tlet —1) 2 12 '
Finally, Proposition follows from
tet —et +1 t t = Bpt"
75 1 = =14+= .
(75) + et —1 1—et +2+n§2 n!

Remark C.2. Another way of proving Proposition [C.Ilis by studying the function
hj(k) =172, (k +14)f;(k). Then (68) becomes

(76)  hjp1(k) = —(k+ 1)*(k +2)h;(k +2)
+(k+1)(2k+1)(k+2j +2)h;(k+1) — k(k+2j + 1)(k + 25 + 2)h;(k)

starting with by (k) = —1, ho(k) = 4k — 2, hs(k) = —36k> + 84k.

We may prove from the recursion (76) (although more difficult) that h;(k) is a
degree j — 1 polynomial whose leading term equals (—1)7(5!)?k7~! and the constant
term equals —(27)!B;/j when j > 2, as claimed in Proposition [C.I]
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