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Recent advances of variational model in medical imaging

and applications to computer aided surgery

PENG Jia-lin1 DONG Fang-fang2 KONG De-Xing3,∗

Abstract. In this paper, we review some mathematical models in medical image processing.

Due to the superiority in modeling and computation, variational methods have been proven

to be powerful techniques, which have been extremely popular and dramatically improved in

the past two decades. On one hand, many models have been proposed for nearly all kinds

of applications. On the other hand, a lot of models can be globally optimized and also many

computation tools have been introduced. Under the variational framework, we focus on two basic

problems in medical imaging: image restoration and segmentation, which are core components

for kinds of specific tasks. For image restoration, we discuss some models on both additive and

multiplicative noises. For image segmentation, we review some models on both whole image

segmentation and specific target delineation, with the later being a key step in computer aided

surgery. Additionally, we present some models on liver delineation and give their applications

to living donor liver transplantation.

§1 Introduction

With the advent of faster, more accurate, and less invasive imaging devices, diagnostic
imaging is revolutionizing medicine. Currently, many different imaging techniques have been
developed to infer both anatomical morphology and metabolism of the underlying tissues or
organs, such as radiography, ultrasonography, computed tomography (CT), magnetic resonance
imagery (MRI), functional magnetic resonance imagery (fMRI), positron emission tomography
(PET) and so on. While medical procedures seek to reveal, diagnose or examine disease, med-
ical imaging allows scientists and physicians to non-invasively infer pathologies and anatomy
of the individuals directly from the interior of human body rather than from symptoms. All
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kinds of imaging modalities can provide large amount of data with valuable information, how-
ever only a small part of them can be analyzed and utilized by doctors immediately. Large
amount of information can not be obtained without improving the image quality, quantitative
measurement, analysis or fusion of data in different modalities. Therapeutic processes such as
surgical planning and simulation, intra-operative navigation, radiotherapy planning, tracking
the progress of disease and so on require more advanced level of knowledge than raw data.
Taking the liver surgery for example, without postprocessing tools, doctors can only get a stack
of 2D slices with kinds of intensity information. Depending on imagination and experience, an
extremely experienced doctor may outline the general shape of the liver and even the inter-
twined vessels. However, this is too demanding for young doctors and generally only inexact
qualitative information can be obtained for diagnosing or guiding surgery.

Medical demands have driven the rapid development of medical image processing methods,
which in turn have greatly promoted the level of the therapeutic process. They have become
indispensable tools for diagnosis, treatment planning, and verification of administered treat-
ment. Up to now, many mathematical methods have been developed or adapted for medical
image processing, such as statistical methods, wavelets, learning based methods, graph based
method, PDE based methods. Among these methods, the variational energy method is not only
superior in modeling, allowing introducing wide range of photometric, geometric constraints the
incorporation of various priori knowledge on the solution but also allows global minimization
and fast computation which have attracted insensitive research. Under the variational frame-
work, most of the tasks in image processing including denoising, segmentation and so on, are
regarded as function recovery problems. With kinds of task specific constraints, solutions with
practical meaning can be obtained. Given an image I : Ω ⊂ Rm �→ Rn, these constraints can
be described by an energy functional with the following general formula P0,

P0 : min
u∈U

{
E(u) =

λ

2

∫
Ω

D(u, I)dx + R(u), s.t. F (Ω, u) = 0
}

, (1)

where U denotes the functional space of the solution u, D(u, I) encodes the photometric in-
formation from the input image I, R(u) enforces regularization on the solution u and F (Ω, u)
can encode constraints on the image domain and additional knowledge on u such as that from
users. It is a quite general model and has been extremely popular in many applications. This
model can be interpreted and deduced through probability estimations [80] and is also closely
related with PDE based methods [51]. In this paper, we mainly focus on variational models
on two key components of medical image processing — image restoration and segmentation.
Also we give some applications to image-guided liver surgery which is a representative task and
demands comprehensive image processing techniques.

The paper is organized as follows. In Section 2, we describe some mathematical models on
image restoration. Section 3 is devoted to the models on image segmentation, which plays an
important role in the computer aided surgery. In Section 4, we give some applications to living
donor liver transplantation. Section 5 includes some remarks and conclusions.
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§2 Image Restoration

With the extensive use of medical imaging in medicine today, good image quality has become
an important issue to achieve the best subsequent processing and possible diagnoses. Despite
of the improvement for image acquiring technologies, noise remains one of the major challenges
for the study of medical images. Image denoising is often implemented before segmentation,
registration, etc. and can obviously improve their results.

Because the inherent noise of the apparatus, it is common that most of medical images are
contaminated by kinds of noises. Generally, the types of the noise are divided into additive
noise and multiplicative noise. Mathematically, they can be respectively formulated to

I = u + η, (2)

and
I = uη, (3)

where I is the observed noisy image, u is the clean image and η denotes the noise. When the
noise variable η follows the different distribution, the different noise is obtained. In particular,
if the additive noise variable η follows the Gaussian distribution, we get the Gaussian white
noise; and if the multiplicative noise variable η follows the Gamma distribution, we have the
Gamma multiplicative noise. Besides, the additive noise is completely independent of the image
data, but the multiplicative noise is closely related with the image content. It is worth noting
that D(u, I) is denoted as data fidelity term in denoising models and it is often decided by the
noise type.

2.1 Models of additive noise removal

2.1.1 TV model

For the additive noise removal, there have been a lot of effective methods to get the clean
image. One of the most famous models is the total variation (TV) method [63]. The total
variation of a function u is defined as∫

Ω

|Du| = sup
{∫

Ω

udivϕdx : ϕ = (ϕ1, ϕ2) ∈ C1
0 (Ω)2, |ϕ|L∞(∞) ≤ 1

}
, (4)

where divϕ = ∂ϕ1
∂x1

+ ∂ϕ2
∂x2

. In particular, when u ∈ C1(Ω),
∫
Ω |Du| =

∫
Ω |∇u|dx. In the following,

we don’t discriminate the notation
∫
Ω
|Du| and

∫
Ω
|∇u| without specific explanation.

The TV model or Rudin-Osher-Fatemi(ROF) model introduced in [63] is described as

min
u∈BV (Ω)

{∫
Ω

|∇u|
}

subject to

∫
Ω

|u − I|2dx = |Ω|σ2, (5)

where σ is the standard deviation of the noise and |Ω| means the area of Ω. Using the Lagrangian
method, we have the following unconstrained minimization problem

min
u∈BV (Ω)

{
λ

2

∫
Ω

|u − I|2dx +
∫

Ω

|∇u|
}

, (6)

where λ > 0 is a Lagrange multiplier balancing the actions of the two terms. This model is
a specific one of problem P0 with D(u, I) = |u − I|2, R(u) =

∫
Ω
|∇u| and U being the BV
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space. Intensive studies have shown that the total variation better preserves edges, which are
the most important characteristic of an image. The numerical experiment tested on liver noisy
image is shown in Fig. 1. The total variation allows for sharper reconstructions and the edges
are well preserved.

However, the total variation regularization favors piecewise constant functions. Thus this
model suffers from the staircase effect, which can give rise to false edges in smooth regions. Once
there exists false edges, the further processing such as segmentation would fail. Therefore, the
alleviation or removal of the staircase effect is not only for the visual purpose but also for the
further processing.

(a) (b) (c)

Figure 1: (a) Noisy image; (b) TV model (λ = 0); (c) TV model (λ is updated).

2.1.2 Models for alleviating the staircase effect

To remove the staircase effect, there have been amounts of effective methods. During the
last few years, higher order partial differential equations (PDEs), especially the fourth order
PDEs [11, 40, 76] have been of special interest. They have the stronger smoothing effect, and
it is impossible to produce the false edges. However they have two drawbacks. Firstly it is
easy to smooth the images too much and they tend to introduce some blurring in regions of
image edges. Secondly, they may lead to numerical instability during the computation. For
solving the first problem, hybrid models [37, 41] combining the respective advantages of the
fourth order PDEs and the second order PDEs are proposed. In [37], Li et al. introduced a
variational model integrating the fourth order filter and the TV filter adaptively. In the smooth
regions, the fourth order PDE plays an essential role; and near the edges, the TV filter works.
So it is able to preserve edges while avoiding the staircase effect in smooth regions.

Besides, to solve those problems of higher order PDEs, some two step methods were also
studied. Lysaker et al. [42] proposed a two step method called Lysaker-Osher-Tai(LOT) model.
In the first step, the unit normal vectors of the noisy image were smoothed by the ROF model
but at the same time the norm must be one, i.e.,

min
|n|=1

{∫
Ω

|∇n|dx +
α

2

∫
Ω

|n− n0|2dx
}

, (7)
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where α is a nonnegative parameter,

n0 :=
∇I

|∇I| =
(

Ix

|∇I| ,
Iy

|∇I|
)

denotes the unit normal of the gray-level of the noisy image. In the second step, they constructed
a new clean image such that its unit normal vectors fit the one got from the first step, the
minimization problem is

min
u

{∫
Ω

(|∇u| − ∇u · n)dx +
λ

2

∫
Ω

(u − I)2dx
}

. (8)

Later, Rahman et al. [58] suggested replacing to smooth the unit normal vectors with to
smooth the tangent vectors and proposed the TV-stokes model. This model is still a two step
model, but in the first step, the minimization energy is as follows

min
τ

{∫
Ω

|∇τ |dx +
δ

2

∫
Ω

|τ − τ0|dx, subject to ∇ · τ = 0
}

, (9)

where τ0 = (−Iy, Ix)T and δ is a constant which is used to balance between the smoothing
of the tangent field and the fidelity to the original tangent field. The gradient matrix and its
norm, of the tangent vector τ = (−uy, ux)T := (τ1, τ2)T , are defined as

∇τ =

(
∇τ1

∇τ2

)
, |∇τ | =

√
τ2
1x + τ2

1y + τ2
2x + τ2

2y . (10)

In the second step, they still reconstructed the clean image by fitting it to the normal field
through solving the following minimization problem

min
u

{∫
Ω

(
|∇u| − ∇u · n

|n|
)

dx, subject to

∫
Ω

|u − I|2dx = |Ω|σ2

}
, (11)

where n = (τ2,−τ1) was got from the first step, σ2 is the estimated noise variance.

Both the LOT model and the TV-stokes model solved two second order PDE-based min-
imization problems rather than the higher order PDEs, and thereby avoided the numerical
instability while alleviating the staircase effect simultaneously. But the LOT model and TV-
stokes model need to solve three difference equations respectively in the numerical computation,
and the computational speed is very slow because of the CourantCFriedrichsCLewy(CFL) con-
dition. For example, in the Fig. 2(c), the LOT model takes 10 seconds to remove the noise.

Recently, the LOT model was improved on both performance and computational time [18].
On one hand, the authors suggested smoothing the image orientation, i.e., the angle of the unit
normal vectors. And then it automatically satisfied that the norm of the unit normals is one.
On the other hand, they used the L1 data fitting term to enhance image contrast. This model
consists of two minimization problems, which are described as following

min
θ∈BV (Ω)

{∫
Ω

|∇θ| + α

2

∫
Ω

(θ − θ0)2dx
}

, (12)

and

min
u

{∫
Ω

g(x)(|∇u| − ∇u · n)dx + γ

∫
Ω

|u − I|dx
}

, (13)

where α and γ are positive parameters adjusting the functions of the corresponding terms;
n = (cos θ, sin θ), that is to say, θ is the polar angle of the unit normal vectors. Moreover,
they used Chambolle’s projective algorithm [8] to fast solve the two minimization problems
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and saved much time. The experimental results shown in Fig. 2 can illustrate the mentioned
improvements. The improved LOT model takes only about 1.5 seconds to remove noise, and
its computational speed is about ten faster than LOT model.

(a)

(b) (c) (d)

(e) (f) (g)

Figure 2: (a) Noisy image; (b) TV model; (c) LOT model; (d) improved LOT model; (e)
residual part I − u of TV model; (f) residual part I − u of LOT model; (g) residual part I − u
of improved LOT model.

As for the TV-stokes model, some fast algorithms were also put forward to speed up the
computation, for instance the dual formulation [21]. There are also a few improvements [39,67].
In [39], a new two step model was presented based on the TV-stokes denoising model. The
regularized tangential vector field with the zero divergence condition was still used in the first
step. But in the second step, instead of finding an image that fits the regularized normal
direction from the first step, they minimized the orientation between the image gradient and
the regularized normal direction. They obtained denoised images which have sharp edges and
smooth regions.

In the recent years, the gradient fidelity term has been proved to be a good method to
reduce the staircase effect. Because the norm of image gradient can describe image edges, the
variation of image gradient will be an important factor to discriminate the smooth regions and
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the edges. Zhu et al. [79] applied the gradient fidelity term

e(u) =
∫

Ω

α|∇u −∇(Gσ ∗ I)|2dx (14)

and introduced the corresponding Euler-Lagrange equation to some second order PDEs like TV
filter [63], mean curvature flow [22] and Perona-Malik(P-M) model [51] for avoiding the staircase
effect produced by these PDEs. They came up with the PDEs with the gradient fidelity.

The introduction of the gradient fidelity term is favorable to keep the correct variation of
the gradient and hence remove false edges produced by second order PDEs. As seen in the term
(14), the authors applied the Gaussian filter to smooth the noisy image in order to avoid the
ill-posed problem. However, because the Gaussian filter is uniform smoothing in all directions
of an image, it will smooth the image too much to preserve edges. Consequently, the gradient
fidelity term can not maintain the variation of intensities very well. As is well known, the TV
minimization can not cause excessive smoothing, so we use it to regularize. On the other hand,
considering the gradient fidelity, we can deal with the gradient directly. Thus, we have [19]

min
n∈BV (Ω,R2)

{∫
Ω

|∇n| + 1
2λ

∫
Ω

|n− n0|2
}

, (15)

where n = ∇u := (n1, n2), n0 = ∇I = (Ix, Iy) := (n10, n20), ∇n = (∇n1,∇n2)T , |∇n| =√|∇n1|2 + |∇n2|2. Then, the new gradient fidelity term combined with the data fidelity term
is given by

min
u

E(u), E(u) =
∫

Ω

α(|∇u − n|)2 + β(u − I)2dx, (16)

Using its corresponding Euler-Lagrange equation

α(Δu −∇ · n) = 0, (17)

these new second order PDEs can avoid the staircase effect
∂u

∂t
= div

( ∇u

|∇u|
)

+ α(Δu −∇ · n) + β(I − u), (18)

∂u

∂t
= div{g(|∇u|)∇u)} + α(Δu −∇ · n), (19)

∂u

∂t
= κ + α(Δu −∇ · n). (20)

Here g is an edge detector function and κ is the mean curvature of the image as a surface.
Using the finite difference scheme to discrete these second order PDEs, we obtain the de-

noising results shown in Fig. 3, Fig. 4 and Fig. 5. The staircase effect has been prevented in
the denoised images.

2.1.3 Bregman iteration for TV model

The main purpose of the image denoising is to remove noise while preserving more details
simultaneously. The task is very challenging. Although the TV model can preserve image
edges, but small details is easy to vanish during the denoising process.

Osher et al. [48] proposed the iterative ROF model, i.e., ROF model with the Bregman
iteration. The iteration is given by as follows:
Step 1. Let u0 = 0, v0 = 0.



386 Appl. Math. J. Chinese Univ. Vol. 27, No. 4

(a) (b) (c)

(d) (e) (f)

Figure 3: (a) Original image; (b) Noisy image; (c) TV filter; (d) residual part I − u of TV
filter; (e) TV filter with new gradient fidelity term; (f) residual part I −u of TV filter with new
gradient fidelity term.

Step 2. For k = 0, 1, 2, · · · , solve

uk+1 = arg min
u∈BV (Ω)

{∫
Ω

|∇u|dx +
λ

2

∫
Ω

|I + vk − u|2dx
}

,

Step 3. Update
vk+1 = vk + I − uk+1.

Note that when k = 0, v1 = I − u1 is the noise computed by the ROF procedure. In the
step 2, it is added back to I, the original noisy image, and then processed again by the ROF
minimization procedure. So this procedure can be explained that the remain noise is ”added
back to noisy image” repeatedly. It can preserve more details in the restored images.

As a matter of fact, the procedure is equivalent to the ROF model with the Bregman
iteration. We first recall some notations. Let J(u) be a nonnegative and convex functional, its
subgradient is defined as

∂J(u) = {p ∈ X∗|J(v) ≥ J(u) + 〈p, v − u〉}, (21)

where X∗ denotes the dual space of X . For p ∈ ∂J(u), we defined the (nonnegative) quantity

Dp
J(u, v) = J(u) − J(v) − 〈p, u − v〉, (22)

which is known as a generalized Bregman distance associated with J(·). Let J(u) =
∫
Ω
|∇u|
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(a) (b)

(c) (d) (e)

(f) (g) (h)

Figure 4: (a) Original image; (b) noisy image; (c) P-M model; (d) Zhu’s model; (e) P-M model
with new gradient fidelity term; (f) residual part I −u of P-M model; (g) difference image I −u
of Zhu’s model; (h) residual part I − u of P-M model with new gradient fidelity term.

and H(u, I) = λ
2

∫
Ω
|u − I|2. Then, using the Bregman distance, the ROF model becomes

uk+1 = arg min
u

{Dp
J(u, uk) + H(u, I)}

= arg min
u

{J(u) − J(uk) − 〈pk, u − uk〉 + H(u, I)}
= arg min

u
{J(u) − 〈pk, u〉 + H(u, I)}

= arg min
u

{
J(u) +

λ

2

∫
Ω

|u − I − pk

λ
|2

}
, (23)

where pk ∈ ∂J(uk). Let vk = pk

λ , then

uk+1 = argmin
u

{
J(u) +

λ

2

∫
Ω

|I + vk − u|2
}

,

and the update of v is given by vk+1 = vk + I − uk+1.

The Bregman iteration is good for preserving image details, which is validated by the nu-
merical experiments (see Fig. 6). Compared to the TV model, the Bregman iteration method
is able to keep more details in the restored image.
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(a) (b) (c)

(d) (e) (f)

Figure 5: (a) Original image; (b) noisy image; (c) mean curvature flow; (d) residual part I − u
of mean curvature flow; (e) mean curvature flow with new gradient fidelity term; (f) residual
part I − u of mean curvature flow with new gradient fidelity term.

2.1.4 A nonlocal variational model

Structure preservation is an challenging task in image denoising. Whether in natural images
or medical images, structures such as textures reflect the significant features of images. Recently,
nonlocal variational models are very popular for image denoising particularly texture image
denoising and produce state of art results. The nonlocal operator describes pixels with local
image patches and takes use of the self-similarities inherent to a large amount of images, which
is beneficial to preserve the textures and other structure information.

Assume w : Ω × Ω → R is a nonnegative symmetric weight function, then the nonlocal
gradient of an image u(x) is defined as

∇NLu(x, y) := (u(y) − u(x))
√

w(x, y),

where w(x, y) is associated with the intensities of the image patches centered in the pixels x
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(a) (b) (c)

(d) (e) (f)

Figure 6: (a) Original image; (b) noisy image; (c) TV model; (d) residual part I − u of TV
model; (e) TV model with Bregman iteration; (f) residual part I−u of TV model with Bregman
iteration.

and y, and is chosen as

w(x, y) = exp
{
−Ga ∗ (‖u(x + ·) − u(y + ·)‖2)(0)

2h2

}
, (24)

where Ga is a Gaussian kernel with the standard deviation a and h is a filtering parameter.
The norm of the nonlocal gradient of a function u : Ω → R at x ∈ Ω reads

|∇NLu|(x) =

√∫
Ω

(u(y) − u(x))2w(x, y)dy : Ω → R+.

Then, the nonlocal regularization model [24] can be presented as follows

min
u

{
E(u) =

∫
Ω

|∇NLu|dx +
λ

2

∫
Ω

|u − I|2dx
}

. (25)

While local models such as the TV model denoise from local pixels, the nonlocal model
averages out noises among similar pixels from the whole image. The similarity of image patches
can determine how much the regularization term smoothes. When the image patches centered
in the pixels x and y are similar, the weight w(x, y) will be larger. The smoothness of the
regularization term in these locations is not strong. Therefore, the image structures can be
preserved. The numerical experiment (Fig. 7) demonstrates this point.

2.2 Models of multiplicative noise removal

The multiplicative noise often exists in medical image systems such as ultrasound, laser and
magnetic resonance imaging. For the multiplicative noise removal, most models [2,3,27,64,65]
still adopt the total variation as the regularization term, because it has good ability to pre-
serve image discontinues. Different from the additive noise removal, specific data fidelity terms
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i) (j)

Figure 7: (a) Original image; (b) noisy image; (c) TV model; (d) residual part I − u of TV
model; (e) nonlocal variational model; (f) residual part I − u of nonlocal variational model; (g)
zoom in of the original image; (h) zoom in of the noisy image; (i) zoom in of TV model; (j)
zoom in of nonlocal regularization model.
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D(u, I) need to be constructed in terms of the particularity of the multiplicative noise. In the
following, we mainly introduce some models based on total variation and nonlocal regularization
combining with different data fidelity terms.

2.2.1 Models based on total variation regularization

1. RLO model

Rudin, Lions and Osher [64] proposed a variational model for removing the multiplicative
noise. They assume that the mean and standard deviation of the multiplicative noise are 1 and
σ respectively, i.e., ∫

Ω

(
I

u
− 1

)
dx = 0, (26)

∫
Ω

(
I

u
− 1

)2

dx = |Ω|σ2. (27)

Using the total variation as the regularization, the RLO model is described as

u = arg min
u∈BV (Ω)

{∫
Ω

|∇u|dx + λ1

∫
Ω

(
I

u
− 1

)
dx + λ2

∫
Ω

(
I

u
− 1

)2

dx

}
. (28)

The model only uses the prior information about the mean and standard deviation of the noise.
If we have known the distribution that the multiplicative noise follows, other data fidelity terms
may be constructed.

2. AA model

Suppose that the multiplicative noise follows the Gamma distribution with mean value 1,
i.e.,

P (η) =
LL

Γ(L)
ηL−1e−Lη · 1{η ≥ 0},

where Γ(L) = (L − 1)!. Through maximizing the posterior (MAP) estimation, the AA model
[2, 3] introduced by Aubert and Aujol gives

min
u∈S(Ω)

{
λ

2

∫
Ω

(
log u +

I

u

)
dx +

∫
Ω

|∇u|dx
}

, (29)

where λ > 0 is a weighted parameter, S(Ω) = {u ∈ BV (Ω), u > 0}. It has good performance
for the Gamma multiplicative noise. But the objective functional is not convex with respect to
u.

3. Log-TV model

In [65], Shi and Osher suggested transforming the multiplicative noise model I = uη to be
the following form by the logarithm transformation

log I = log u + log η

Thus, the new variable log I can be seen as the noisy image with additive noise log η. Then,
using the TV model, we obtain the Log-TV model for multiplicative noise removal

min
z∈BV (Ω)

{∫
Ω

|∇z|dx +
λ

2

∫
Ω

|z − log I|2dx

}
, (30)

where z = log u. After we get the minimizer z, u = ez is the clean image.
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4. SO model
Shi and Osher presented another variational model in the literature [65]

min
u∈BV (Ω)

{∫
Ω

|∇u|dx + λ

∫
Ω

(
a

I

u
+

b

2
(
I

u
)2 + c log u

)
dx

}
, (31)

where λ, a, b, c are all nonnegative constants.

Remark 2.1. When c = 0, the model is equivalent to the RLO model except for some param-
eters.

Remark 2.2. When b = 0, a = c, the model becomes the AA model.

Let z = log u, replacing
∫
Ω |∇u|dx with

∫
Ω |∇z|dx, the above model becomes

min
z∈BV (Ω)

{∫
Ω

|∇z|dx + λ

∫
Ω

(
aIe−z +

b

2
I2e−2z + (a + b)z

)
dx

}
. (32)

Finally, when b = 0, a = 1, we have

min
z∈BV (Ω)

{∫
Ω

|∇z|dx + λ

∫
Ω

(z + Ie−z)dx

}
. (33)

The objective functional is convex with respect to the variable z.

2.2.2 Models based on nonlocal regularization

Nonlocal regularization is able to preserve respective structures in the restored image, so
in [20], the authors proposed the nonlocal total variation models for removing multiplicative
noise.

Let z = log u, z0 = log I, then the nonlocal version of the log-TV model is

min
z

{
E1(z) = J(z) +

λ

2
‖z − z0‖2

2

}
, (34)

where J(z) =
∫
Ω
|∇NLz|dx and λ > 0 is a weighted parameter balancing the regularization

term and fidelity term. Obviously, the objective functional is convex with respect to z.
Using the Bregman iteration, the improved version can be presented as

zk+1 = arg min
z

{
Dp

J(z, zk) +
λ

2
‖z − z0‖2

2

}

= arg min
z

{
‖∇NLz‖1 − 〈pk, z〉 +

λ

2
‖z − z0‖2

2

}

= arg min
z

{
‖∇NLz‖1 +

λ

2
‖z − z0 − ck‖2

2

}
,

where ck =
1
λ

pk is updated by

ck+1 = ck + z0 − zk+1.

The Bregman iteration will improve the performance of the nonlocal log-TV model such
that it has better ability to maintain the image details.

Suppose that the multiplicative noise follows the Gamma distribution with mean value 1,
then the data fidelity term should satisfy∫

Ω

(
log u +

I

u

)
dx.
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However, it is not convex with respect to u. Let z = log u, then u = ez. Thus the fidelity term
can be rewritten as ∫

Ω

(z + ez0−z).

Therefore, another nonlocal model introduced in [20] is

min
z

{
E2(z) = J(z) +

∫
Ω

(z + ez0−z)
}

. (35)

Note that the objective functional is strictly convex with respect to z. After getting the denoised
image z, by the transformation u = ez, we obtain the desired image u.

The numerical experiments tested on a medical image are shown in Fig. 8 and Fig. 9. It is
illuminated that the nonlocal regularization indeed favors the preservation of image structures.

(a) (b)

(c) (d)

Figure 8: Comparison results. (a) Original image; (b) noisy image; (c) log-TV model; (d)
nonlocal version of log-TV model.

§3 Image Segmentation

Image segmentation is to partition the domain Ω of an image I into pairwise disjoint regions.
One application is the accurate segmentation of tissue structures from medical images, which
amounts to segment Ω in to two regions, i.e., the objective tissue and backgrounds. Tissue
segmentation is necessary for doctors to follow and quantify their geometric, appearance and
evolution characters. Currently manual segmentation is still the most widely used approach.
However, due to the large amount of data and the complexity of tissue structures such as
vessels, brain structures, manual segmentation is extremely inaccurate, time-consuming and
labor intensive. So minimal human interaction, reproducibility and the processing time are
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(a) (b)

(c) (d) (e)

(f) (g) (h)

Figure 9: (a) original image; (b) noisy image; (c) AA model; (e) the second nonlocal model;
(d) SO model; (f) residual part I − u of AA model; (g) residual part I − u of SO model; (h)
difference image I − u of the second nonlocal model.
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important considerations for clinical usage oriented image processing tools. There are some
general difficulties arising due to kinds of image imperfection such as sampling artifacts, noise,
low contrast, partial volume effect, the complexity and variability of tissue shapes, cluttered
and varying backgrounds. Besides, there are more challenging difficulties arisen from specific
applications. Here, under the variational framework we will review some representative advances
in image segmentation through three different perspectives, i.e., modeling, computation and user
interaction.

3.1 Modeling

From the perspective of modeling, we discuss two classes of models according to the definition
of image segmentation and application requirements. We will further take the liver segmentation
as an example to show the application of segmentation in image-guided surgery.

3.1.1 Whole image segmentation

The first class of tasks is to divide an image into N disjoint homogeneous regions P (Ω) =
{Ωi : ∪Ωi = Ω, Ωi ∩ Ωj = ∅, 1 ≤ i, j ≤ N, i �= j} that are anatomically meaningful. One
important application in medical imaging is the segmentation of brain image into Gray Mat-
ter, White Matter, Cerebrospinal Fluid and backgrounds. From the perspective of variational
model, problems in this class can be regarded as a discontinuous function recovery problem.
The discontinuity interfaces are along the partition boundaries of P (Ω). For the function re-
stricted inside Ωi, two assumptions, i.e., piecewise homogeneity and local homogeneity are often
made up to now. One of the seminal work in this line is the Mumford-Shah (MS) [46] model,
which will be discussed in detail later.

Other than directly starting from the general variational model P0, we deduce variational
models from the perspective of posteriori probability estimation. In statistical image modeling,
an image is generally considered the observation of a random variable at different locations.
Hereafter, we can build model by deriving a statistical criterion from the maximization of the
posterior probability of the segmentation. Following the pioneered work Mumford et al. (1989)
[46], Leclerc (1989) [33], Zhu and Yuille (1996) [80], Paragios and Deriche (2002) [50] and Tsai
et al. (2001) [71], an optimal partition P (Ω) of a given image I is described by a probabilistic
model and computed by maximizing the posteriori probability p(P (Ω)|I). Following this, each
region is modeled by a probability distribution.

p(P (Ω)|I) ∝ p(I|P (Ω))p(P (Ω)), p(I|P (Ω)) = p(I|{Ωi}N
i=1) =

N∏
i=1

p(I|Ωi), (36)

in which the likelihood p(I|P (Ω)) captures the observed image information and, specifically,
the conditional probability p(I|Ωi) models the probability of observing an image I given the
region Ωi. The prior information on region, segmentation boundaries and so on are encoded by
p(P (Ω)). One commonly used prior for segmentation boundaries is

p(P (Ω)) ∝ exp(−v|C|),
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which favors short and therefore smooth partition boundary C.

Under the Bayesian and Minimum Description Length (MDL) rules [33,80], the whole energy
functional is

min

{
E({Ωi}, {pi}, N) = −

N∑
i=1

log p({f(x)|x, x ∈ Ωi}) + v|C| + λN

}
, (37)

where f(x) denotes the feature at x and pi(x) = p({f(x)|x, x ∈ Ωi}. Parameters v and λ are
the balancing weights. The ownership of a pixel x is the result of competition of the different
region models {pi : i = 1, ..., N}. In fact, mostly models in the first class can also be built
through the idea of region competition [80]. There are many works following this line [17].
While most works have discarded the penalty of partition number N and fixed it beforehand,
recent works such as [77] have developed algorithms to fast compute the full model. Given the
proper local features f(x), the variational model can encode kinds of information [17] such as
intensity, motion, textures, local intensity distribution and so on. In this way, the model can
be applied on diverse image modalities in medical applications.

Under the assumption that values of f at different locations of the same region are inde-
pendent distributed probabilistic realizations,

p({f(x)|x, x ∈ Ωi}) =
∏

x∈Ωi

pi(f(x)|x)dx,

where dx is the local bin volume. Two assumptions are often further made, leading to global
and local models. When assuming that intensities of all points within a region are identically
distributed, we can get models suitable for images with piecewise homogeneous regions.

p({f(x)|x, x ∈ Ωi}) = p({f(x)|x ∈ Ωi}) =
∏

x∈Ωi

pi(f(x))dx.

However, representing each region statistically by a single global distribution is too simple for
many situations. When taking the spatial position into account, i.e., p({f(x)|x, x ∈ Ωi}), we
can get local models [28, 38, 45], where only local homogeneity is needed. These models can
capture local variations of the regions of interest. However, they are usually not stable enough.
Local information might be insufficient to make meaningful segmentation, as local decisions in
neighboring regions may be contradictory. Several works such as [54] have attempted to deliver
this problem.

In both local and global cases, these works can be classified as parametric and non-parametric
approaches according to the choices of {pi}. Parametric models [10, 36, 38, 43, 66, 80] require
knowledge about the distribution models, which restricts the applicability to a limited set of
images. For instance, a Rician distribution is known to be suitable for MRI [25]. Given the type
of distributions, the segmentation falls into parameter estimation problem. When a Gaussian
distribution pi(x) ∝ exp{− (x−μi)

2

σ } is assumed but with fixed variance σ and unknown constant
mean μi, the general model (Eq. 37 ) boils down the Chen-Vese (CV) model [10]. Therefore
piecewise constant condition about the image must be fulfilled.

min

{
ECV ({μi},C) =

∑
i

σ

∫
Ωi

(I − μi)2dΩ + v|C|
}

. (38)
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Both the parameter μi and the partition boundary C need to be optimized. Nonparametric
models [26,45,47,60,78] make few assumptions on the type of the distributions and information-
theoretic measures are often utilized to compare these nonparametric distributions [31]. Typical
measures between distributions include entropy, mutual information, wasserstein distance or
Kullback-Leibler distance. These nonparametric models possess more flexibility and can be
applied in images with complex intensity distributions. For matrix valued images such as
Diffusion Tensor Imaging (DTI) [35], the model (37) can be adapted with statistical tools on
matrix manifolds.

The Mumford-Shah (MS) [46] model with finite regular regions can also be interpreted in
this framework. A Gaussian distribution is also assumed but with the mean μi = fi(x) being
a smooth function.

min

{
EMS({fi},C) =

∑
i

σ

∫
Ωi

{(I − fi)2 + |∇fi|2}dΩ + v|C|
}

. (39)

Therefore, piecewise smoothness is assumed through an additional regularization of fi(x) inside
Ωi. This model can tackle images with intensity inhomogeneity which is often the case in MR
images of human brain. Let u being the piecewise smooth function defined by {{fi},C}. This
model is a special case of problem P0 with λ = 2σ,

∫
Ω D(u, I)dx =

∑
i

∫
Ωi
{(I − fi)2dx and

R(u) = σ
∑

i

∫
Ωi

|∇fi|dΩ + v|C|. A more rigorous interpretation is proposed in [6]. Similarly,
most variational models have their counterparts under the MAP framework.

3.1.2 Specific object Segmentation

Another task in medical application is to delineate specific organs or tissues. For example,
the treatment of malignant liver diseases targets at the complete destruction or removal of all
tumors together with a sufficient safety free margin. Accurately delineating livers, tumors and
vessels would substantially increase the safety and success rates of surgery. This task amounts
to segment the image into the target organ and uninterested backgrounds Ω = Ωin∪Ωout. With
heterogeneous backgrounds, the difficulties are highly task specific.

While models in the region competition framework suit for whole image segmentation, they
perform poorly on other tasks such as abdominal organ segmentation and tumor segmenta-
tion. As the piecewise homogeneity condition is not valid in these images and the cluttered
background is often too complex to be modeled with a small number of both homogenous and
anatomically meaningful regions. Here we will review some basic models and then a hybrid
model for liver segmentation.

Without statistical assumption on regions, the active contour/snake model [29] and Geodesic
Active Contours (GAC) [7] model have been applied on medical images.

min
C

{
EGAC(C) =

∮
g(|∇I(C(s))|)ds

}
. (40)

The function g is an edge indicator such as g = 1
1+β|∇I|2 that vanishes at object boundaries. The

advantage of this model is its local property. It only requires partial homogeneity of the image,
i.e., the homogeneity of regions enclosed by the initial contour and the desired object boundaries.
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Thus, the foreground and background can be heterogeneous. However, this model is only edge
based and sensitive to various image artifacts, e.g., spurious edges and noises. Broken edges and
weak boundaries adversely affect the contour evolvement and cause leakage problem. It is also
sensitive to the initial position and close boundary initialization is crucial. More generalized
Conformal Active Contours [30] are also proposed through conformally changing the standard
Euclidean metric to an image dependent Riemannian metric. Due to the smoothing property,
these edge based models are often utilized as regularization terms in complex models.

Due to the complexity of medical images, only edge information is insufficient and thus
results in instable segmentations. Compared to these localized edge based models [7,30], region
statistic based models are robust against initial curve placement and offer a higher level of
robustness to noise. So region based information has also been incorporated to enhance these
edges based models but at the cost of making restrictions on regions. For example, Paragios
[50] integrated edge based models with the first class models under piecewise homogenous
assumption. However, For problems separating specific organs from complex backgrounds, this
assumption is seldom meaningful.

To tackle tissue location problems, there are models making only partial regional assump-
tions but often having superior performance in specific tasks. Kinds of region statistical pri-
ors are usually incorporated. Freedman et al. [23] incorporated statistical distribution priors
learned beforehand, which are firstly used in distribution tracking in image sequences. While
most works assume that the discrepancy between the distributions of image data within the
object and its background has to be maximal or the sample distribution most closely matches
a prior model distribution. Further in [4], Ayed et al. proposed statistical overlap prior, which
measures the conformity of overlap between the nonparametric distributions within the object
and the background to a learned statistical description.

min
C

{
E(C) = λ

√
−log G(B(Pout, Min), μ, σ) + α

∮
C

ds + ν

∫
Ωin

dx

}
, (41)

where G is the Gaussian distribution and B is the Bhattacharyya distance which measures the
discrepancy between the background distribution Pout and model distribution Min. Parame-
ters μ and σ are learned beforehand over a set of relevant training images and segmentation
examples. This model makes two implicit assumptions. The first is that the distributions of
the foreground objects vary little among different images. Therefore a model distribution can
be trained. The second is that the background distributions should have stable overlap with
the foreground distributions. When the two assumptions are fulfilled, this model can tackle
complex backgrounds. It has been applied in segmenting and tracking left ventricle and the
heart Cavity.

While distribution prior performs well in some tasks, for others they are less meaningful
due to large variance in the organ appearances of different patients. Thus the appearances of
training examples can not faithfully represent the expected intensity variation of regions. One
important example is the liver segmentation, which has attracted many works in these years
[70]. Moreover, large but unstable intensity overlap exists between the liver and background
and the boundaries between them are often ambiguous. Despite of the importance of liver
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segmentation, it is a difficult task. In the variational framework, the authors [52] proposed a
region appearance propagation(RAP) model which integrate both edge and region information.
Adaptive appearance constraints learned from initialization and its updating at the beginning
is enforced.

min
C

{
ERAP (C) =

∮
g(|∇I(C(s))|)ds +

∫
Ωin

w(x)
[
(I − μ)(I − η)

(η − μ)2
+ γP(x)

]
dΩ

}
, (42)

where μ and η are the estimated liver intensity bounds, g is an edge detector as that in GAC
model.

The RAP model addresses three difficulties for the liver segmentation. First, due to the
complex background and large amount of sharp edges of other tissues in backgrounds, models
neither with global piecewise homogeneity nor with local homogeneity assumption in region
competition framework, can be applied to single out the liver. The term (I−μ)(I−η)

(η−μ)2 in the RAP
model captures the rough intensity liver range, which can greatly reduce the negative effects of
the complex backgrounds. It results in a flexible bidirectional force in the corresponding gradient
flow. Second, due to large intensity overlapping and tissue adhesion, blurred edges and complex
context, oversegmentation is a challenge. To address weak or ambiguous edges, we employed
a joint of three features, i.e.,FI = (I(x), LBP, V AR), where LBP, V AR denote Local Binary
Pattern and local variance. Local distributions of FI are adopted to describe local appearance,
which can encode context information well. To control the appearance of the whole liver
region, global mean distributions {P i

0}3
i=1 and variances {σi

0}3
i=1 for the three feature channels

are estimated from initialization and its subsequent updating. Integrating both global and local
regional statistics information, an additional potential field P(x) = Σ3

i=1W
1(P i

0, P
i
x)/σi

0 is built
to capture ambiguous edges and constrain the segmentation. Wasserstein Distance W 1 which
is a robust metric is used as a distance measure. Third, one problem of hybrid models is the
proper balance of different terms and kinds of image cues, which are often not uniformly strongly
distributed and cause contradictory effects. To overcome these defects, a spatial adaptive weight
w(x) is introduced to balance the multi-cues and control their advantages and disadvantages.
This is especially favorable for segmenting medical images where features are not uniformly
distributed. Fig. 10 shows some segmentation results of this model. This model can be also
used to segment other organs or tissues such as liver vessels, cholecyst, spleen and kidney.

Besides of appearance priors, shape models are also usually learned to constraint the seg-
mentation process, especially for organs with regular shapes. By matching a model which
contains information about the expected shape and shape variance, these models are more sta-
ble against the presence of noise, clutter, or occlusion [12, 14, 17, 36, 57]. The challenge is how
to construct a statistical shape model, and then incorporate such information into the segmen-
tation process. The quality of the training seriously affects the final results of segmentation.
For model construction, one fundamental problem is shape representation. Popular methods
includes landmark or mesh representation, B-Spline [68] and their variants [73,74], medial rep-
resentation [55] and level set representation [36], which are usually closely related to the energy
model and model computation. As level set has been a firmly established method for variational
model computation, level set shape presentation is popular in the last decade [17]. It is worth
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(a) (b) (c)

Figure 10: Comparison of liver segmentation results with ground truth; Segmentation results
of the proposed RAP model (green) and ground truth (red)

noting that the signed distance level set maps do not form a linear space, thus leading to invalid
shapes if training samples vary too much. In [36], Leventon et al. first combined the variational
model with an additional term which deforms the contour towards a previously learned level
set based shape model. Following this, a lot of works have been proposed. Tsai et al. [69]
performed principal components analysis on level set based training shapes and incorporated it
into a region-based energy functional. Chen et al. [14] integrated the GAC model with shape
priors and shape pose, location and scale are also determined simultaneously with the segmen-
tation process. While Rousson et al. [62] proposed a Gaussian distribution for shape space
constraint, a nonparametric model [16] is introduced to model arbitrary shape distributions.
The nonparametric model can encode multiple fairly distinct training shapes. Other priors in-
clude dynamical statistical shape priors [15], nonlinear priors [57,61], perspective prior [59] and
so on. To incorporate prior into the segmentation process, shape metric [12, 16] and balancing
image energy and shape energy [13] are also key issues .

3.2 Model computation and user interaction

Before designing the specific computational scheme, one core problem in segmentation prob-
lem is the representation of the segmentation shape C. Explicitly representing a shape with
control points would generally cause numerical calculation difficulties. Currently most works
utilize the level set method [49] for stable representation of the region membership and bound-
aries. The basic idea is to embed the segmentation boundary C to an one dimensional higher
function φ, i.e., C = {x : φ(x) = 0, x ∈ Ω}, in which φ is often restricted to be sign distance
function. C is tracked through the 0-level set of φ. For example, the RAP model can be
reformulated as

min
φ

{
ERAP (φ) =

∫
Ω

g(|∇H(φ)|)dΩ +
∫

Ω

H(φ)w(x)[
(I − μ)(I − η)

(η − μ)2
+ γP(x)]dΩ

}
, (43)

where H(x) is the heaviside function. The optimal segmentation is represented as the binary
image H(φ). The main advantages of level set are that one is independent of the specific choice
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of parameterizations and also one can handle topological changes implicitly.

For kinds of variational models in restoration, segmentation and other problems, generally
there are mainly two computational methods for minimizing these variational energies, i.e., the
Partial Differential Equation(PDE) based method and direct optimization with relaxation. Due
to the complexity and ambiguity of images in medical application problems, user knowledge
is necessary and often need to be incorporated properly. Often users can specify serval seed
points/regions which will help easily recognize the target organ and also pose additional con-
straint on the solution space of the energy functional. While this will result in a domain with
complex boundaries on PDE based methods, methods based on direct optimization can address
them with ease.

PDE based methods. This is a well-studied method. The calculus of variations and the
shape gradient [1] provide us the Euler-Lagrange(E-L) equation of the energy functional or the
gradient descent method gives us the flow that minimizes the functional energy. The resulting
PDEs can be computed with finite difference and finite elements. For the proposed model
RAP, we used finite difference. However the higher dimension property naturally causes heavy
computational load, which impedes fast 3D segmentation on medical volumes. Several fast
operator splitting schemes such as Additive Operator Splitting (AOS) [75] scheme have been
developed for a class of models. The AOS is unconditional stable and allows the decomposition
of the multidimensional problem into several one-dimensional ones. Combined with multigrid
method, it can compute large scale problems quickly.

Beyond the straightforward and simple implementation of PDE methods, they have two
drawbacks. Firstly, for the non-convexity of most energy functionals especially the models
for segmentation, the PDE methods can only compute local minima and thus is sensitive to
initializations. For degenerate PDEs such as TV [63] based models, approximations must be
utilized. Secondly, for general models, small time steps have to be used for finite difference to
avoid the instability, and thus the convergency is very slow.

Direct optimization methods with relaxations. While a great number of fast algo-
rithms [48] have been introduced to solve the convex models in restoration problems, segmenta-
tion problems are harder to address. As the segmentation is generally represented by a binary
function H(φ), the solution space is non-convex. Recently, convex relaxation and threshold-
ing techniques [9] which allow to compute global optimal binary segmentation are emerging as
powerful tools. The general idea for two phase segmentation is to relax the binary function
H(φ) to a smooth function u : Ω → [0, 1]. Under certain conditions, almost every level line of u

is a global minimizer of the original functional [9]. Thus to compute the original problem, we
just need to compute the relaxed problem with a constraint, which is convex and can be fast
solved by convex optimization methods. For multiphase segmentation problems, more complex
relaxation must be made, which is now an intensively researched topic such as [34, 56].

Despite of the mathematical correctness, the global minimizers of some nonconvex models
often lack practical meaning. For instance, the GAC model [7] can be relaxed into a convex
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functional

min
u∈[0,1]

{
ER

GAC(u) =
∫

Ω

g|∇u|dΩ
}

(44)

u = constant is always a global minimizer of original GAC model. Loosely speaking for the
first class of models in region competition framework, the global minimizers of shapes are
meaningful when other parameters that need to be estimated are fixed. However, for models
in the second class, careful inspection must be performed. To address this problem, Unger et
al. [72] combined ER

GAC model with user specified local constraints which have been widely used
in the last decade, that is,

min
u∈[0,1]

{
EC

GAC =
∫

Ω

g|∇u|dΩ +
∫

Ω

λ(x) | u − f | dΩ
}

, (45)

where f is a function provided by the user. f = 1 means the user specified foreground and
f = 0 background. λ(x) is used to define the weight of the information in f . For λ(x) = ∞
the information in f is a hard constraint; for λ(x) = 0, the information in f is unused. As
this model mainly relies on gradients, the lowest energy would be achieved when the segmented
boundaries are with the strongest gradients in the whole image. As a result, the ability of
this model is limited. When segmenting medical organs such as the liver, the target organ is
often surrounded by many organs and soft tissues. Thus even strong boundaries of the target
organ are weaker relative to the boundaries between neighbor tissues and dark backgrounds(see
11(b)). A lot of local constraints must be enforced, as shown in Fig. 11 (d).

In [53], we proposed a modified convex model for liver segmentation, which can utilize the
information from the region and user interaction. So the model can automatically capture
ambiguous structures with extremely loose and less constraints.

min
u1≤u≤u2

{
E =

∫
Ω

�(x)|∇u|dΩ + γ

∫
Ω

∑
i

Pi(x)udΩ

}
, (46)

in which �(x) = g(x)w(x) is a modified weight,

w(x) =

{
1, 0 < w̃(x) < θ,

eκw̃(x), otherwise,
where κ is a constant, θ controls the length of the dubious part of the intensity range and is
based on off-line training, and w̃(x) is given by

w̃(x) =
(I − ζ)(η − I)

(η − ζ)2
.

Except that the intensity is in the dubious range, the gradient edge map g(x) will be reshaped
and strong background edges will be suppressed. Thus, we can reduce the meaningless global
minimum caused by strong non-liver boundaries. We encode the hard constraints through two
functions u1 and u2 defined on Ω, as that introduced in [5] for max-flow/ min-cut problem.
Constraint function u1 = 1 in the user specified foreground and on the rest of image is 0;
u2 = 0 in the user specified background and otherwise 1. {Pi(x) : i = 1, 2} are the potential
fields, controlling the region appearance consistency and enhancing weak edges by local context.
When the local window O(x) is a mixture of different tissues, Pi will increase and force u → 0
in these regions. The third term which encode appearances can force u → 0 quickly in regions
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(a) (b) (c)

(d) (e)

Figure 11: Liver segmentation. (a) Foreground initialization in blue and background in yellow;
(b) gradient magnitude |∇I| map; (c) region appearance potential field P; (d) the result of
EC

GAC in purple; (e) the result of our model in green and ground truth in red.
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with high Pi (see Fig.11(d)). On the other hand, the intensity model boosts u → 1 quickly
in regions with strong positive confidence regardless of false edges and noises. The final binary
segmentation can be recovered by thresholding the smooth solution u, as shown in Fig.11(e).
This model achieves sound results with total score of 80.6 on the MICCAI Challenge 2007
website challenge [70]. The manual segmentation of average quality is 75.

§4 Applications to Living Donor Liver Transplantation

Living donor liver transplantation (LDLT) is to replace a diseased liver with a part of
healthy one. The most commonly used technique is orthotopic transplantation, in which the
native liver is removed and replaced by the donor organ in the same anatomic location. While
liver disease is a common internal malignancy and also one of the primary causes of death,
liver transplant has been a well accepted treatment for end-stage liver disease and acute liver
failure. However the surgical procedure is very demanding and depending on outcome, it
usually takes about ten hours . The assessment and selection of a proper donor with similar
or bigger liver size than the recipient is necessary. A preoperative planning depending on the
liver volume and the distribution of vessels is vital for the success of the operation. Based on
the works [52, 53], we developed a software named “Liver Surgery Aider” which can finishes
tedious image processing tasks for surgery planning and improve diagnosis quality and efficiency.
A palette of intuitive tools provides the doctors with the opportunity to model and compare
various, alternative surgery strategies. The doctors can also make a detailed analysis and
visualization the anatomical structure of the patients liver. Thus they can evaluate the graft
and patient outcomes after liver transplantation.

Figure 12: The flowchart of the whole processing.

To build the digitized virtual liver, the processing flowchart is illustrated in Fig. 12. The
patient or donor is scanned through CT. The scanning is performed three times with contrast
media to highlight the liver and its veins, arteries systems. After some preprocessing steps such
as denoising of the stack of CT slices, the liver and vessels are segmented. The segmentation



PENG Jia-lin, et al. Medical Image processing and applications 405

process of the liver is outlined in Fig. 13. We utilize our model (46) which can integrate
anatomical knowledge and kinds of low level information. With the help of this model, nearly
all the cases can be treated and minimal interaction is needed. In our software, several con-
tour and surface refinement tools including both automatic and interactive ones are built for
high-precision segmentation. After the segmentation, the livers and vessels are extracted and
transformed into meshes for further processing and visualization. Thereafter the liver, artery,
hepatic vein and portal vein are fused with registration, as during the three times of successive
scanning the liver and vessels often deforms. Fig. 14 illustrates the 3D visualized liver and
vessels of one donor. With liver and vessels reconstructed and fused, the doctors can also make
visual resection and kinds of measurement such as the whole and partial volumes of the liver. In
Fig. 15, we illustrate one of the surgery simulation results. The left and right parts of the liver
and vessels are shown with different colors. With the aid of software, the doctors can visually
inspect the resection surface and the effect of the resection on the liver vessels. Also they can
qualitatively investigate the clinical choice on graft size and the type of donor’s hepatectomy.

Figure 13: The algorithm outline of our proposed liver segmentation model, i.e., Eq. (46).The
regions inside the blue and yellow contours are user specified foreground and background re-
gions. The green and red contours represent our segmentation and the standard segmentation
respectively.

In the living donor liver transplant carried out on December 13-17, 2010 at Puri Indah
Hospital in cooperation with the liver transplant team of First Affiliated Hospital, Zhejiang
University, doctors used our software. Our software rapidly provided an exact and detailed
preoperative assessment with anatomical information on liver by 2D/3D visualization and a
complete and exact geometric structure of the liver and the inner blood vessels by 3D registra-
tion, which provides detailed dissection information of living donor liver transplant (see Fig.14).
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Based on these, Doctors could perform surgery simulation and accurately measure the volume
of the whole liver, the volumes of the left/right liver after the surgery simulation, the diameters
of blood vessels and other important quantitative information. These successful living donor
liver transplants show that our theory and software are efficient and reliable.

(a) (b) (c)

Figure 14: The 3D visual liver and vessels of one donor; the arteries (red), hepatic vein (dark
red) and portal vein (blue) are septated and painted with three colors; the liver is showed with
translucence.

(a) (b) (c)

Figure 15: The 3D visual resection of the liver. Part of the liver will be transplanted.

§5 Conclusions and Remarks

In this paper, we sketched some of the fundamental mathematical models for medical image
processing, for which the difficulties are highly task specific. Variational functional is an excel-
lent tool for a number of image processing tasks and has definitely had a major impact. With
a particular emphasis on variational models, we have focused on medical image restoration and
segmentation, which are essential steps for kinds of high level tasks and are also the core com-
ponents of relevant software packages. Also we have reviewed some task specific models with
application to living donor liver transplantation.
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