
Algebra Qualifying Exam, Fall 1998: Part I

Directions: Work each problem in a separate bluebook. Give reasons for your answers,
and make clear which facts you are assuming. If you have any questions about notation,
terminology the meaning of a problem or the level of detail appropriate, please do not
hesitate to ask the proctor.

Notation:
Z: Integers
Q: Rational Field
R: Real Field
C: Complex Field
GL( ): Full linear group
Fq: Finite field with q elements

1. Classify groups of order 171 = 9 · 19.

2. Find all groups which can occur as the Galois group of the splitting field over F5 of a
polynomial of degree 9. (The polynomial is not assumed irreducible.)

3. (a) Let p be an odd prime. Explain why −1 ∈ Z/(p) is a square if and only if p ≡ 1
mod 4.

(b) You may assume the fact that the ring Z[i] of Gaussian integers is a principal ideal
domain. Show that an odd prime p ∈ Z is irreducible in Z[i] if and only if p ≡ 3 mod 4.
[Hint: Use (a).]

4. Suppose that V is a finite dimensional complex vector space and suppose that S1, · · · , Sn
are endomorphisms of V such that each Si is diagonalizable and SiSj = SjSi for all i, j.
Show that there is a basis of V consisting of vectors each of which is an eigenvector for
all Si.

5. Let F ⊂ K be subfields of the complex numbers such that K is a finite algebraic
extension of F . Let ζ ∈ C.

(a) If ζ is transcendental over K, prove that [K(ζ) : F (ζ)] = [K : F ].

(b) Give an example of F ⊂ K and ζ algebraic over K such that [K(ζ) : F (ζ)] does not
divide [K : F ].



Algebra Qualifying Exam, Fall 1998: Part II

Directions: Work each problem in a separate bluebook. Give reasons for your answers,
and make clear which facts you are assuming. If you have any questions about notation,
terminology the meaning of a problem or the level of detail appropriate, please do not
hesitate to ask the proctor.

Notation:
Z: Integers
Q: Rational Field
R: Real Field
C: Complex Field
GL( ): Full linear group
Fq: Finite field with q elements

1. Let A be an abelian group with generators x, y and z subject to the relations

2x+ 2y − 16z = 0,

8x+ 4y + 2z = 0,

2x+ y − 22z = 0.

What is the structure of A as a direct sum of cyclic groups?

2. Use linear algebra to prove that if F ⊂ E is a cyclic Galois field extension then there is
an F -vector space basis of E of the form {σ(x)|σ ∈ Gal(E/F )}, for some x ∈ E.

3. (a) Assume that A is a commutative Noetherian integral domain. Show that every
nonzero noninvertible element of A can be written as a finite product of irreducible ele-
ments. [Definition: a noninvertible element p 6= 0 of A is irreducible if whenever p = bc
with b, c ∈ A either b or c is invertible in A.]

(b) Give an example of a Noetherian integral domain which is not a unique factorization
domain.

4. Let G be the group of order 20 with generators σ and τ and relations σ4 = τ5 = 1,
στσ−1 = τ2. Determine the conjugacy classes of G and compute the character table of
the irreducible complex representations of G.

5. (a) Find the Galois group of x5 + 3x2 + 1 over the prime fields F2, F3, F5.

Hint: The only irreducible quadratic over F2 is x2 + x+ 1.

(b) Find the Galois group of x5 + 3x2 + 1 over Q.

Hint: Use part (a).



Algebra Qualifying Exam, Spring 1998: Part I

Directions: Work each problem in a separate bluebook. Give reasons for your answers,
and make clear which facts you are assuming. If you have any questions about notation,
terminology the meaning of a problem or the level of detail appropriate, please do not
hesitate to ask the proctor.

Notation:
Z: Integers
Q: Rational Field
R: Real Field
C: Complex Field
GL(, ): Full linear group
Fq: Finite field with q elements

1. Let G be a group of order pn where p is prime and n > 1. Show that G has an
automorphism of order p.

2. Let M be a 9 × 9 matrix over C with characteristic polynomial (x2 + 1)3(x + 1)3 and
with minimal polynomial (x2 + 1)2(x+ 1).

(a) Find trace(M) and det(M).
(b) How many distinct conjugacy classes of such matrices are there in GL(9,C)? Write

down the Jordan form over C for one such matrix M .
(c) Write down a 9× 9 matrix with rational coefficients with the above characteristic

and minimal polynomials.

3. Let F = C(z) be the field of rational functions in one variable over C, i.e. the field of
fractions of the polynomial ring A = C[z].

(a) Show that A = C[z] is integrally closed in F = C(z).
(b) Show that f(y) = y5 − (z + 1)(z + 2) ∈ F [y] is irreducible.
(c) Let E = F [y]/(f(y)) and let B = C[z, y] ⊂ E be the integral closure of A = C[z]

in E. Consider the prime ideals p0 = (z) and p1 = (z + 1) in A. How many prime
ideals in B lie above p0 and p1, respectively.

4. Suppose G is a finite group, N ⊂ G is a subgroup, and ρ : G → End(V ) is an
irreducible complex representation of G. Suppose there is a nonzero vector v0 ∈ V such
that ρ(x)v0 = v0 for all x ∈ N .

(a) If N is normal in G, prove that N is contained in the kernel of ρ.
(b) Give an example to show that the conclusion to (a) need not be true if N is not

normal in G.

5(a). Suppose that F is a field of characteristic p > 0. If α is algebraic over F , show that
α is separable over F if and only if F (α) = F (αp

n

) for all n ≥ 1.
(b). Suppose that k is a field of characteristic p > 0 and let F = k(x, y) by the field of

rational functions in two independent variables over k. Let E = F (x1/p, y1/p). Prove that
E is not primitively generated over F . In other words, prove for all θ ∈ E that F (θ) 6= E.



Algebra Qualifying Exam, Fall 1998: Part II

Directions: Work each problem in a separate bluebook. Give reasons for your answers,
and make clear which facts you are assuming. If you have any questions about notation,
terminology the meaning of a problem or the level of detail appropriate, please do not
hesitate to ask the proctor.

Notation:
Z: Integers
Q: Rational Field
R: Real Field
C: Complex Field
GL( ): Full linear group
Fq: Finite field with q elements

1. Classify groups of order 306 that have a cyclic 3-Sylow subgroup.

2(a). Find the order of GL(5,F2), the group of invertible 5× 5 matrices over the field F2.
(b). Show that the polynomial f(x) = x5 + x3 + x2 + x+ 1 ∈ F2[x] is irreducible. (Hint:

how many irreducible quadratics are there over F2?)
(c). Exhibit a matrix A of order 31 in GL(5,F2). (Hint: use (b) and some finite field
theory.)

3. Let R be a commutative ring and let E be an R-module spanned over R by elements
e1, . . . , en. Suppose that b : E ×E → R is an R-bilinear map such that det(B) ∈ R is not
a zero divisor, where B is the n× n matrix (b(ei, ej)). Prove that E is a free R-module.

4. Let G be the group of order 136 = 8 · 17 with presentation

〈x, y : y8 = x17 = 1, yxy−1 = x4〉.

(a) Find the center of G.
(b) Describe the number and dimensions of the irreducible complex representations of

G.
(c) Find the simple summands of the group ring Q[G].

5(a). Let ζ be a primitive 7th root of unity in C and let β = ζ + ζ2 + ζ4. Show that
[Q(β) : Q] = 2 and that

√
−7 ∈ Q(β). (Hint: find a linear relation between 1, β, and β2.)

(b). Let E be the splitting field of the polynomial x14 + 7 = f(x) over Q and let α be
a root of f(x) in C. Show that E = Q[ζ, α] and find the degrees [E : Q], [E : Q(ζ)], and
[E : Q(α)].
(c). Write down elements σ and τ of orders 6 and 7, respectively, in Gal(E/Q) by explicitly
giving the values σ(ζ), σ(α), and τ(ζ), τ(α).



Algebra Ph.D. Qualifying Exam
Fall, 1999
Part I

General Directions: Work all problems in separate bluebooks. Give reasons for your
assertions and state precisely any theorems that you quote.

Notation:
Z: the ring of ordinary integers
Q: the field of rational numbers
R: the field of real numbers
C: the field of complex numbers
Fq: the finite field with q elements
Mn(R): the ring of n× n matrices with entries in the ring R
GLn(R): the group of invertible n× n matrices in Mn(R)
R[t]: the ring of polynomials with coefficients in the ring R
Z/n: the ring of integers mod n. (Can also be thought of as the cyclic group of order n.)

1. If G is a simple group of order 60, determine, with proof, the number of elements of
order 3 in G. (You may not assume there is only one such group.)

2. Let G be the group given by generators and relations G = {x, y | x5 = xyx−1y−2 = 1}.
(a) Prove G is finite.
(b) What is |G|?
(c) How many 5-Sylow subgroups are there in G?

3. Let G be the finite group of order 21 defined by generators and relations:

〈x, y | x3 = y7 = 1, xyx−1 = y2〉.

Determine the conjugacy classes of G and construct its character table.

4. Let K be an arbitrary field and suppose that T ∈ Mn(K). Prove that there exists a
vector v ∈ Kn so that the vectors

{v, Tv, T 2v, . . . , Tn−1v}

form a basis for Kn if and only if the only matrices in Mn(K) which commute with T are
expressible as polynomials in T (i.e., A commutes with T if and only if A = a0I + a1T +
· · ·+ an−1T

n−1 where I ∈Mn(K) is the identity matrix).

5.

(a) Determine the Galois group of x3 − x+ 3 over Q.
(b) Determine the Galois group of x3 − x+ 3 over F5.
(c) Determine the Galois group of x4 + t over R[t].

1



Algebra Ph.D. Qualifying Exam
Fall, 1999
Part II

General Directions: Work all problems in separate bluebooks. Give reasons for your
assertions and state precisely any theorems that you quote.

Notation:
Z: the ring of ordinary integers
Q: the field of rational numbers
R: the field of real numbers
C: the field of complex numbers
Fq: the finite field with q elements
Mn(R): the ring of n× n matrices with entries in the ring R
GLn(R): the group of invertible n× n matrices in Mn(R)
R[t]: the ring of polynomials with coefficients in the ring R
Z/n: the ring of integers mod n. (Can also be thought of as the cyclic group of order n.)

1. Suppose that K is a non-Galois extension of Q of degree 5. Let L be the Galois closure
of K (the smallest Galois extension of Q containing K), and suppose L does not contain
any quadratic extensions of Q. Prove Gal(L/Q) = A5, the alternating group on 5 letters.

2. Determine all prime ideals of the ring Z[t]/(t2).

3. Suppose that A, B are elements of M2(C) such that A2 = B3 = I, ABA = B−1 with
A 6= I, B 6= I. If D ∈ M2(C) commutes with A and B, show that D is a scalar matrix,
i.e., a scalar multiple of I.

4. Let V be a valuation ring, i.e. a commutative ring (with unit) such that for all a, b ∈ V
either a|b or b|a. (Here, a|b means that b = ac for some c ∈ V .)

(i) Prove that if I and J are two ideals in V then I ⊂ J or J ⊂ I.
(ii) Prove that any finitely generated ideal of V is principal, that is, generated by a

single element.
(iii) Prove that if V is a Noetherian valuation ring, then there exists an element t ∈ V

such that any proper nonzero ideal of V is (tn) for some whole number n ≥ 1.

5. Let G be a finite simple group, and let ρ:G→ GLn(C) be an irreducible representation,
where n > 1. Let χ be its character. If |χ(g)| = n, prove that g is the identity element of
G.

2



QUALIFYING EXAM � ALGEBRA
SPRING 1999

MORNING SESSION

Do all problems. Use a separate blue book for each.

Notation: Z, Q, R, C, and Fq denote the ring of integers, and the fields of rational
numbers, real numbers, complex numbers, and q elements, respectively.

1. Classify all groups of order 24 containing a normal subgroup which is cyclic of order 4.

2. Describe all similarity classes (conjugacy classes) of 6× 6 matrices with minimal poly-
nomial x4 + x2:

(i) over Q,
(ii) over F5.

3. Find the Galois group of the splitting field of the polynomial x3 − x+ 1:

(i) over R,
(ii) over Q,
(iii) over F2.

4. Suppose K is a finite extension of Q. Prove that the integral closure of Z in K is a free
Z-module of rank [K : Q].

5. Suppose G is a nonabelian group of order pq, where p < q are primes.

(a) Describe the conjugacy classes in G.
(b) Describe all representations of G (over C).

1



QUALIFYING EXAM � ALGEBRA
SPRING 1999

AFTERNOON SESSION

Do all problems. Use a separate blue book for each.

Notation: Z, Q, R, C, and Fq denote the ring of integers, and the fields of rational
numbers, real numbers, complex numbers, and q elements, respectively.

1. Describe all simple left modules over the matrix ring Mn(Z) (n × n matrices over Z).
Recall that a module is simple if it has no proper submodules.

2. Let G be a finite group. Prove that the following are equivalent:

(i) every element of G is conjugate to its inverse,
(ii) every character of G is real-valued.

3. Let R be the ring C[x, y]/(y4 − (x − 1)(x − 2)(x − 3)(x − 4)). (You may assume that
y4 − (x− 1)(x− 2)(x− 3)(x− 4) is irreducible.) Let K be the quotient field of R.

(a) Show that K is a Galois extension of C(x).
(b) Consider R as an extension of C[x]. For every prime p of C[x], find the primes of

R above p and describe the action of Gal(K/C(x)) on them.

4. Suppose G is a finite group, F is a field whose characteristic does not divide the order
of G, and V is a representation of G over F (i.e., an F -vector space on which G acts F -
linearly). Prove that if U is a subspace of V stable under G, then there is a complementary
subspace W of V , also stable under G, such that V = U ⊕W .

5. Suppose K is an extension of Q of degree n, and let σ1, . . . , σn : K ↪→ C be the
distinct embeddings of K into C. Let α ∈ K. Regarding K as a vector space over Q, let
φ : K → K be the linear transformation φ(x) = αx. Show that the eigenvalues of φ are
σ1(α), . . . , σn(α).

2



Algebra Qualifying Exam, Fall 2000: Part I

Directions: Work each problem in a separate bluebook. Give reasons for your answers,
and make clear which facts you are assuming.

Notation:
Z: Integers
Q: Rational Field
R: Real Field
C: Complex Field
GLn(R): Group of invertible n× n matrices with entries in the ring R
Fq: Finite field with q elements
Z/n: Ring of integers mod n (can also be regarded as the cyclic group of order n)

1. How many distinct isomorphism types are there for groups of order 2525?

2.(a) Suppose K is a field of characteristic zero which contains the p-th roots of 1, where
p is a fixed prime. If L/K is a Galois extension of degree p, explain why L = K[α] where
αp = a ∈ K.

(b) If p is odd, show that there is no β ∈ L with βp = α. (Hint: Use norms.)

(c) Give a counterexample to the assertion in part (b) if p = 2.

3. Suppose that W is an even-dimensional real vector space, T : W → W a linear
transformation with Tm = I (the identity transformation) with m odd. Show that there
exists a linear transformation S :W →W with S2 = −I and ST = TS.

4. Let A be a principal ideal domain, M a finitely generated free A-module.

(a) Show that the number of elements in a free basis for M over A is independent of
the choice of basis.

(b) Let N ⊂ Am be a submodule. Prove that N is free on n generators for some n ≤ m.
(c) Prove that n = m in part (b) if and only if there is an nonzero a ∈ A with aAm ⊂ N .

5. Suppose G is a finite group, K a normal subgroup of G, and that (ρ, V ) is an irreducible
complex representation of G. Consider the restriction (ρK , V ) of this representation to
K. Show that all K-invariant subspaces of V which are irreducible over K have the same
dimension and occur with the same multiplicity in V .



Algebra Qualifying Exam, Fall 2000: Part II

Directions: Work each problem in a separate bluebook. Give reasons for your answers,
and make clear which facts you are assuming.

Notation:
Z: Integers
Q: Rational Field
R: Real Field
C: Complex Field
GLn(R): Group of n× n invertible matrices with entries in the ring R
Fq: Finite field with q elements
Z/n: Ring of integers mod n (can also be regarded as the cyclic group of order n)

1. If G is a group, define subgroups G(n) recursively by G(1) = [G,G] (the commutator
subgroup) and G(n+1) = [G(n), G(n)]. The group G is solvable if G(n) = {e} for some n.

(a) If K is a normal subgroup of G such that both K and G/K are solvable, show that
G is solvable.

(b) Show that all groups of order pn with p prime are solvable.

2. Determine the number of conjugacy classes in the group GL2(Fq) for all finite fields Fq.
(Hint: Use linear algebra.)

3.(a) If A is a commutative ring with 1 show that the polynomial ring A[X] contains
infinitely many distinct maximal ideals.

(b) Describe all maximal ideals in the ring of formal power series Z[[X]].

4.(a) If G is a non-abelian group of order p3, show that G has a quotient group isomor-
phic to (Z/p) × (Z/p). What are the number and dimensions of the irreducible complex
representations of G?

(b) If the nonabelian group of order p3 contains an element x of order p2 show that G
has irreducible p-dimensional representations induced from suitable 1-dimensional repre-
sentations of 〈x〉 ∼= Z/p2.

5. Let Q[ζ] be the field extension of Q generated by a primitive 11-th root of unity ζ.
The integral closure of Z in Q[ζ] is the ring Z[ζ]. For each of the following primes p ∈ Z,
describe how the ideal pZ[ζ] factors in Z[ζ].

(a) p = 11; (b) p = 43; (c) p = 37.



Algebra Qualifying Exam, Spring 2000: Part I

Directions: Work each problem in a separate bluebook. Give reasons for your assertions
and state precisely any theorems that you quote.

Notation:
Z: Integers
Q: Rational Field
R: Real Field
C: Complex Field
GLn(R): Group of invertible n× n matrices with entries in the ring R
Fq: Finite field with q elements
Z/n: Ring of integers mod n (can also be regarded as the cyclic group of order n)
Sn: Symmetric group of degree n

1. How many distinct isomorphism types are there for groups of order 5555?

2. Find the Galois group of x4 − 2 over the fields Q, Q(
√
2), F3 and F27.

3. Prove the following generalization of Nakayama’s Lemma to noncommutative rings. Let
R be a ring with 1 (not necessarily commutative) and suppose that J ⊂ R is an ideal
contained in every maximal left ideal of R. If M is a finitely generated left R-module such
that JM =M , prove that M = 0.

4. Let S be a set of n× n nilpotent matrices over a field K that pairwise commute. Show
that there is an invertible matrixM such that every matrixMAM−1 with A ∈ S is strictly
upper triangular, that is, all entries on or below the main diagonal are zero.

5.(a) Compute |GL3(F2)|, the number of invertible 3 × 3 matrices over the field F2. If
µ ∈ GL3(F2) has order 7 explain why µ must act transitively on the non-zero elements of
F32 = (Z/2)3.

(b) Using (a), show that there is a non-abelian group G of order 56 = 8 · 7 with a
normal 2-Sylow subgroup isomorphic to (Z/2)3. Find the number of irreducible complex
representations of G and their dimensions.

(c) Find the conjugacy classes of G and compute the character values for at least one
irreducible complex representation of G of dimension greater than one.



Algebra Qualifying Exam, Spring 2000: Part II

Directions: Work each problem in a separate bluebook. Give reasons for your assertions
and state precisely any theorems that you quote.

Notation:
Z: Integers
Q: Rational Field
R: Real Field
C: Complex Field
GLn(R): Group of invertible n× n matrices with entries in the ring R
Fq: Finite field with q elements
Z/n: Ring of integers mod n (can also be regarded as the cyclic group of order n)
Sn: Symmetric group of degree n

1. Suppose that A is a Noetherian local ring with maximal ideal m. If a ⊂ A is an ideal
such that the only prime ideal of A containing a is m, show that mk ⊂ a for some k ≥ 1.

2. A subgroup H ⊆ Sn is transitive if for all i, j with 1 ≤ i, j ≤ n, there exists some
σ ∈ H with σ(i) = j. An automorphism of a group G is called inner if it is of the form
x→ axa−1 for some a ∈ G.

(a) Show that S5 has six 5-Sylow subgroups.
(b) Show that S6 contains a transitive subgroup isomorphic to S5.
(c) The subgroupH ⊂ S6 from part b has six cosets. Show that there is an isomorphism

α : S6 → S6 such that α(H) ⊂ S6 is not a transitive subgroup of S6.
(d) Explain why the automorphism in part (c) is not inner.

3. How many similarity classes are there of 10 × 10 matrices with minimal polynomial
(x2 + 1)(x3 − 2) over the field Q? Over the field F5?

4. Let k be a field of characteristic zero.

(a) Suppose K and L are two finite extensions of k, in some fixed algebraic closure of
k, such that K is normal over k. Prove that |KL : L| divides |K : k|.

(b) Suppose that E is a Galois extension of k with Gal(E/k) = Sn, the symmetric
group. Show that for any integer j with 1 < j < n there are subfields K, L ⊂ E
with K ∩ L = k, |K : k| = n, |KL : L| = j and |L : k| = n!/j!. [Hint: Galois
correspondence.]

5. Let G be a group of odd order.

(a) Show that the only irreducible complex character of G which is real valued is the
trivial character χ1. [Hints: Assume χV is a counterexample and get a contradic-
tion from 0 = 〈χ1, χV 〉. Make use of algebraic integers and the fact that g 6= g−1

for g 6= 1.]



(b) Using (a), explain why the real group ring R[G] has structure

R×

s−1
2
∏

i=1

Matri(C),

where s is the number of conjugacy classes of G and Matri(C) is the ring of ri× ri
matrices with entries in C.



Fall 2001

Ph.D. Qualifying Examination

Algebra

Part I

General Directions: Work all problems in separate bluebooks. Give reasons for your
assertions and state precisely any theorems that you quote.

1. Determine the number of isomorphism classes of groups of order 1705 = 5 · 11 · 31.

2. If A is a commutative Noetherian ring with 1 prove that (0) = p1p2 · · · pk for some finite
collection of (not necessarily distinct) prime ideals pi ⊂ A.

[Hint: Consider the set of all ideals of A which do not contain a finite product of prime
ideals.]

3. Determine the number of similarity classes of matrices over C and which have charac-
teristic polynomial (X4 − 1)(X8 − 1). Do the same thing over Q.

4. Let F be a field. Consider the polynomial f(X) = X4 − a where a ∈ F . Determine
(with explanation) all possible Galois groups of f(X) as the field F and the element a ∈ F
vary. Give an example for every possible Galois group.

5. Let G be a finite group and let z ∈ G. Suppose for every irreducible complex character
χ of G we have |χ(z)| = |χ(1)|. Prove that z is in the center of G.



Fall 2001

Ph.D. Qualifying Examination

Algebra

Part II

General Directions: Work all problems in separate bluebooks. Give reasons for your
assertions and state precisely any theorems that you quote.

1. If A is a finite abelian group and m is a positive integer show that every automorphism
of the subgroup mA of A can be extended to an automorphism of A.

[Hint: Reduce to the case where m is prime. Then use the structure theorem for finite
abelian groups.]

2. Let k be a field and let A and B be k-algebras with unit having centers Z(A) and Z(B).
Prove that the center of the k-algebra A⊗k B is Z(A)⊗k Z(B).

[Hint: First express z ∈ A ⊗ B as
∑n
i=1 ai ⊗ bi where ai are linearly independent over k.

Show all bi ∈ Z(B).]

3. Suppose V is a finite dimensional vector space over a field k and T : V → V is a
linear tranformation. Let ∧2T : ∧2V → ∧2V be the induced endomorphism of the second
exterior power of V . Explain why the characteristic polynomial of ∧2T depends only on
the characteristic polynomial of T , and express the characteristic polynomial of ∧2T in
terms of the eigenvalues of T .

4. Let G be the group of matrices of the form





1 x y
0 1 z
0 0 1





in GL(3,F3). Find the conjugacy classes in G and compute it character table.

5. Suppose F is a field and K and E are finite extensions of F in some algebraic closure of
F . Suppose that E is Galois over F (normal and separable). Show that L = KE is Galois
over K with [L : K] = [E : E ∩K].



Spring 2001

Ph.D. Qualifying Examination

Algebra

Part I

General Directions: Work all problems in separate bluebooks. Give reasons for your
assertions and state precisely any theorems that you quote.

1. If p < q < r are primes and G is a group of order pqr, show that G contains a normal
subgroup of order r. [Hint: First show that G contains some normal Sylow subgroup.]

2. (a) If I ⊂ A is an ideal in a commutative Noetherian ring and if ab ∈ I for some a, b
with a /∈ I and bn /∈ I for all n, show that I = (I, bm) ∩ (I, a) for some m. [Hint: first
show xbm+1 ∈ I implies that xbm ∈ I for some m.

(b) Let A be a commutative ring and E be a finitely generated A-module. If {e1, · · · , er} ⊂
E is a finite subset whose images span E/mE as an A/m vector space for all maximal
ideals m ⊂ A, show that {e1, · · · , er} generate E as an A-module.

3. (a) How many similarity classes of 10 × 10 matrices over Q are there with minimal
polynomial (x+ 1)2(x4 + 1) ?

(b) Give an example of a 10× 10 matrix over R with minimal polynomial (x+1)2(x4 +1)
which is not similar to a matrix with rational coefficients.

4. Let G be a finite group and H be a subgroup of index k. Let (π, V ) be an irreducible
complex representation of G, and let U be a nonzero H-invariant subspace. Prove that
the dimension of U is at least 1

k dim(V ). If its dimension is exactly 1
k dim(V ), prove U is

irreducible over H and that there is no other H-invariant subspace of V isomorphic to U
as an H-module.

5. (a) Find [E : Q] where E is the splitting field of x6 − 4x3 + 1 over Q.

(b) Show that Gal(E/Q) is nonabelian and contains an element of order 6.
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Spring 2001

Ph.D. Qualifying Examination

Algebra

Part II

General Directions: Work all problems in separate bluebooks. Give reasons for your
assertions and state precisely any theorems that you quote.

1. Determine the number of isomorphism classes of groups of order 273 = 3 · 7 · 13.

2. Suppose that E/F is an algebraic extension of fields of characteristic zero. Suppose
that every polynomial in F [x] has at least one root in E.

(a) Show that E/F is normal.

(b) Show that E is algebraically closed.

3. Suppose that E is the degree three field extension of the rational function field Q(x)
defined by E = Q(x)[Y ]/(Y 3 + x2 − 1). Let y be the image of Y in E and let B ⊂ E
denote the integral closure of A = Q[x] in E. It is known	and you may assume	that B
is the ring Q[x, y] generated by x and y over Q. For each of the prime ideals P of A below,
describe the factorization of the ideal PB of B.

(i) P = (x).

(ii) P = (x− 1).

(iii) P = (x2 + 3).

4. Suppose k is a field and V is a module over the polynomial ring k[T ] which is finite
dimensional as a vector space over k. Define a k[T ] module structure on the dual vector
space V ∗ by (Tα)v = α(Tv), α ∈ V ∗, v ∈ V . Show that V ∼= V ∗ as k[T ] modules.

5. Let G be the nonabelian group of order 39 with generators and relations

〈

x, y|x3 = y13 = 1, xyx−1 = y3
〉

.

Find its conjugacy classes and compute its character table.



Notation:

Q denotes the field of rational numbers,

Z denotes the ring of ordinary integers,

R denotes the field of real numbers,

C denotes the field of complex numbers,

Fq denotes the finite field with q elements.

If R is any ring then Matn(R) denotes the ring of n× n matrices with coefficients in R.

If R is any ring then GLn(R) denotes the group of invertible n× n matrices in Matn(R).

If A is any ring then A[t] denotes the ring of polynomials with coefficients in A.



Fall 2002

Ph.D. Qualifying Examination

Algebra

Part I

General Directions: Work all problems in separate bluebooks. Give reasons for your
assertions and state precisely any theorems that you quote.

1. (a) Let F be a field, V a finite-dimensional vector space over F and T : V → V a
linear transformation. Suppose that all roots of the characteristic polynomial of T are in
F . Show that with respect to some basis of V the matrix of T is upper triangular.

(b) Suppose that V is a four dimensional vector space over the field R of real numbers and
T : V → V a linear transformation. Show that with respect to some basis of V the matrix
of T has the form







a11 a12 a13 a14
a21 a22 a23 a24
0 0 a33 a34
0 0 a43 a44





 .

2. Classify those finite groups of order 351 = 33 ·13 that have an abelian 3-Sylow subgroup
containing no elements of order 9.

3. Let K be the splitting field of the polynomial x6 − 3 = 0 over Q. Compute Gal(K/Q).

4. (Chinese remainder theorem.) Let A be a commutative ring with unit and let I,
J be ideals of A such that A = I + J . Prove that IJ = I ∩ J and that there is a ring
isomorphism

A/IJ ∼= (A/I)× (A/J).

5. A nonabelian group G of order 36 has generators x, y and z subject to the relations:

x3 = y3 = 1, xy = yx, z4 = 1, zxz−1 = y, zyz−1 = x2.

Find the conjugacy classes of G and compute its character table.



Fall 2002

Ph.D. Qualifying Examination

Algebra, Part II

General Directions: Work all problems in separate bluebooks. Give reasons for your
assertions and state precisely any theorems that you quote.

1. Let p be a prime.

(a) Consider the action of GL(4,Fp) on the set of two-dimensional vector subspaces of
F4p. Let U = {(0, 0, x, y) |x, y ∈ Fp}. Describe the subgroup of g ∈ GL(4,Fp) such that
gU = U and compute its order.

(b) Compute the number of two dimensional vector subspaces of F4p.

2. Let p and q be primes with q ≥ p. Prove that there exists a nonabelian group of order
pq2 if and only if p divides one of q − 1, q or q + 1.

3. If A is a commutative ring with unit and I ⊂ A is a proper ideal, prove that there exists
a prime ideal P ⊂ A which is �minimal over I.� This means that I ⊆ P and if Q is prime
with I ⊆ Q ⊆ P then Q = P . [Hint: Zorn’s Lemma.]

4. Let p be a prime and let E/F be a cyclic Galois extension of degree p. Let σ be a
generator of Gal(E/F ).

(a) Suppose the characterisic of E and F is p. Show that there exists α ∈ E such that
α /∈ F but σ(α)− α ∈ F .

(b) Show that if the characteristic of E and F is not p then σ(α) − α ∈ F if and only if
α ∈ F .

Hint for both parts: It may help to think of E as a vector space over F , and σ as a
linear transformation.

5. Let R be a commutative ring containing C, and let M be a simple R-module. (Recall
that this means that M has no submodules except {0} and M itself.) Suppose that
dimC(M) <∞.

(a) Prove that if r ∈ R there exists α ∈ C such that rm = αm for all m ∈M . (Remark:
If you use some version of Schur’s Lemma, you must prove it.)

(b) Prove that dimC(M) = 1.



Spring 2002

Ph.D. Qualifying Examination

Algebra

Part I

General Directions: Work all problems in separate bluebooks. Give reasons for your
assertions and state precisely any theorems that you quote.

1. Let p and q be primes, q > 2. Let G = SL(2,Fp). (Here Fp is the finite field with p
elements.) Suppose that q divides |G| = p(p2 − 1). Show that a q-Sylow subgroup of G is
cyclic. (Hint: first show that G has cyclic subgroups of orders p, p− 1 and p+ 1.)

2. Let R be a commutative ring with unit.

(i) Let S be a saturated multiplicative set of R. This means that 1 ∈ S, 0 /∈ S, and xy ∈ S
if and only if x ∈ S and y ∈ S. Show that R − S is a union of prime ideals. [Hint: If
a ∈ R− S consider ideals J with a ∈ J ⊂ R− S.]

(ii) An element a ∈ R is a zero divisor if ab = 0 for some b 6= 0. Apply (i) to show that
the set of zero divisors is a union of prime ideals of R.

3. Let p be prime. Show that there exists α ∈ C such that K = Q(α) is a Galois extension
of Q and that Gal(K/Q) is cyclic of order p. Exhibit such an α when p = 5.

4. Let G be a finite group and let H ⊂ G be an abelian subgroup of prime index p. Let χ
be an irreducible character of G such that χ(1) = p. Prove that there exists a character ψ
of H such that χ is the character of G induced from ψ.

5. (i) Let R be a principal ideal domain, and let f, g ∈ R be coprime elements. Show that

R/(fg) ∼= R/(f)⊕R/(g)

as R-modules.

(ii) Let F be a field, and let f(X) = X2 + aX + b, g(X) = X2 + cX + d be distinct
irreducible polynomials over F . Let fg = X4 + tX3 + uX2 + vX + w. Show that the
matrices







0 1 0 0
−b −a 0 0
0 0 0 1
0 0 −d −c





 ,







0 1 0 0
0 0 1 0
0 0 0 1
−w −v −u −t







are conjugate in GL(4, F ), the group of 4× 4 invertible matrices with coefficients in F .



Spring 2002

Ph.D. Qualifying Examination

Algebra

Part II

General Directions: Work all problems in separate bluebooks. Give reasons for your
assertions and state precisely any theorems that you quote.

Notation: Here Fp denotes the finite field with p elements, and Sn denotes the symmetric
group of degree n.

1. Let H be the subgroup of S6 generated by (16425) and (16)(25)(34). Let H act on S6
by conjugation. Show that the set

Σ = {(12)(35)(46), (13)(24)(56), (14)(25)(36), (15)(26)(34), (16)(23)(45)}

is invariant under H. Hence obtain a homomorphism φ : H → S5. Show that φ is an
isomorphism.

2. Let Q be the group of order 8 having generators x and y such that x4 = y4 = 1, x2 = y2

and xyx−1 = y3. Find the conjugacy classes of Q and compute its character table.

3. Let p and q be distinct primes. Show that the polynomial

Φ(X) = Xp−1 +Xp−2 + . . .+ 1

has a root in Fq2 if and only if q ≡ ±1 modulo p.

4. Let V be a finite dimensional complex vector space endowed with an inner product,
that is, a positive definite Hermitian form 〈 , 〉. Let T : V → V be a linear transformation
which commutes with its adjoint T ∗, defined by

〈Tx, y〉 = 〈x, T ∗y〉 .

Prove that V has a basis consisting of eigenvectors of T .

5. Let A be a commutative Noetherian ring with unit. An ideal J ⊂ A is called a radical
ideal if xn ∈ J implies that x ∈ J . Show that every proper radical ideal is a finite
intersection of prime ideals. [Hint: Among counterexamples, a maximal one couldn’t be
prime.]



Stanford University Mathematics Department
Algebra Qualifying Exam, Fall 2003

Part I

1. Classify finite groups of order 2p2 up to isomorphism, where p is an odd prime.

2. Let A ∈ M(n,K) be an n × n matrix over a field K such that the minimal
polynomial of A has degree n. Show that every matrix in M(n,K) that commutes
with A is a K-linear combination of the identity matrix and powers of A.

3(a). Suppose ρ : G → GL(V ) is an irreducible complex representation of a finite
group G. Show that if Z(G) ⊂ G is the center of G, then there is a homomorphism
χ : Z(G) → C∗ such that ρ(g)v = χ(g)v for all g ∈ Z(G) and v ∈ V .

(b). Conversely, show that for any homomorphism χ : Z(G) → C∗, there exists an
irreducible ρ : G → GL(V ) such that ρ(g)v = χ(g)v for all g ∈ Z(G) and v ∈ V .

4. Suppose g(T ) ∈ Z[T ] is a monic polynomial with roots α1, α2, . . . , αn ∈ C. If
|αj | = 1 for all j, show that each αj is a root of unity. Show by example that this
conclusion may fail to hold if g(T ) is not assumed monic.

5. Let R be a ring with identity, and let M be a left R-module. Prove there exist
submodules M = M0 ⊃ M2 ⊃ · · · ⊃ Mn = (0) so that Mj/Mj+1 is a simple R-
module (for all j) if and only if M satisfies both the ascending chain condition and
the descending chain condition for submodules. [Hints: For the “if” direction, begin
by using one chain condition to get a maximal or a minimal proper submodule. For
the “only if” direction, use an induction on n.]



Stanford University Mathematics Department
Algebra Qualifying Exam, Fall 2003

Part II

1. If p < q < r are primes and G is a finite group with |G| = pqr, prove that the
Sylow-r subgroup of G is normal. [Hint: First get some normal Sylow subgroup.]

2. Suppose V is a vector space of dimension 20 over the field Q, and A : V → V is
a linear transformation with minimal polynomial (T 2 + 1)2(T 3 + 2)2.

(a). How many distinct similarity classes of such A exist?

(b). If V is generated by two elements as a Q[T ] module, where T acts on V as
the linear transformation A, and if p(T ) ∈ Q[T ], what integers can occur as the
dimension of the kernel of p(T ) : V → V as a rational vector space?

3. Find the Galois groups of the polynomials X6 + 3 and X6 + X3 + 1 over the
fields Q and F7.

4. Suppose k is a field of characteristic 6= 2, and let R denote the polynomial ring
k[x1, x2, . . . , xn]. Suppose f(x1, x2, . . . , xn) ∈ R is a non-constant polynomial that
is not divisible by the square of any non-constant polynomial in R. Show that the
ring S = R[T ]/(T 2f) is the integral closure of R in the field of fractions of S.

5. Suppose G is the group of order 12 with presentation

G =
〈
x, y | x4 = y3 = 1, xyx−1 = y2

〉
.

Find the complex character table of G.



Algebra Qualifying Exam, Spring 2003: Part I

Directions: Work each problem in a separate bluebook. Give reasons for your
answers, and make clear which facts you are assuming.

Notation:
Z: Integers
Q: Rational Field
R: Real Field
C: Complex Field
GLn(R): Group of invertible n× n matrices with entries in the ring R
Fq: Finite field with q elements
Z/n: Ring of integers mod n (can also be regarded as the cyclic group of order n)

1. Classify all finite groups of order 140 up to isomorphism.

2. Find the degree |E : Q| if E is the splitting field of the polynomial X10−5 ∈ Q[X].
How many distinct intermediate fields K exist with Q ( K ( E?

3(a). Find all positive integers that can occur as the order of some element of
GL(2,R). Exhibit an element of order 5.

(b). Find all positive integers that can occur as the order of some element of
GL(3,F7).

(c). Find all positive integers that can occur as the order of some element of
GL(4,Q). Exhibit an element of order 6= 1 or 2.

4(a). Find the integral closure B of the integers Z in the field Q
[√−39

]
.

(b). Show that there are two distinct prime ideals of B that contain the ideal
5B ⊂ B. Give generators for these two prime ideals and show that neither is
principal.

(c). How does the ideal 3B ⊂ B factor as a product of prime ideals?

5. Let ρ : G → GL(3,C) be a 3-dimensional complex representation of a finite
group G. Let V be the vector space of all 3× 3 matrices over C. Define the adjoint
representation ρ̂ : G → GL(V ) by

ρ̂(g)A = ρ(g)Aρ(g−1)

for g ∈ G and A ∈ V . Which integers can occur as the multiplicity of the trivial
one dimensional representation in ρ̂ ?



Algebra Qualifying Exam, Spring 2003: Part II

Directions: Work each problem in a separate bluebook. Give reasons for your
answers, and make clear which facts you are assuming.

Notation:
Z: Integers
Q, R, C: Fields of rational, real, and complex numbers, respectively
GLn(R): Group of n× n invertible matrices with entries in the ring R
Fq: Finite field with q elements
Z/n: Ring of integers mod n (can also be regarded as the cyclic group of order n)

1(a). Find all abelian groups G that contain a subgroup H isomorphic to Z/72Z
for which the quotient group G/H is also isomorphic to Z/72Z.

(b). Find the invariant factors of the abelian group (Z/44, 000Z)∗, i.e., the multi-
plicative group of invertible elements in the ring Z/44, 000Z.

2. Suppose I ⊂ Q[x1, x2, . . . , xn] is an ideal such that the set of zeroes

V (I) = {x ∈ Cn : f(x) = 0 for all f ∈ I}

is a finite set. Show that the ring Q[x1, x2, . . . , xn]/I is a finite dimensional vector
space over Q.

[Hint: first show that Q[x1, x2, . . . , xn]/J is finite dimensional, where J =
√

I is
the radical of I. Then consider powers J ⊃ J2 ⊃ . . . .]

3(a). Factor X5 + 7X3 + 6X2 + X + 5 over the fields F2, F3, and F5.

[You may assume the (true) result that this polynomial has no irreducible quadratic
factors over F3.]

(b). What are the Galois groups of X5 + 7X3 + 6X2 + X + 5 over F2, F3, and F5?

(c). What are the Galois groups of X5 + 7X3 + 6X2 + X + 5 over Q?

4. Suppose V is a finite dimensional vector space over a field k and suppose A :
V → V is a k-linear endomorphism whose minimal polynomial is not equal to its
characteristic polynomial. Show that there exist k-linear endomorphisms B, C :
V → V such that AB = BA, AC = CA, but BC 6= CB.

5(a). Produce a complex character table for the symmetric group S4.

(b). The rotation group of the cube is isomorphic to S4 as a permutation group
of the four diagonals of the cube. Let ρ : S4 → GL(8,C) be the permutation
representation of S4 defined by the action of the rotation group on the eight vertices
of the cube. Find the character of ρ.

(c). Decompose ρ as a direct sum of irreducible representations of S4.



Stanford PhD Qualifying Exam in Algebra
Fall 2004 (Morning Session)

General Instructions: Work all problems in separate bluebooks. Give reasons for
your assertions and state precisely any theorems that you quote.

1. Classify all finite groups of order 147 = 3 · 72.

2. Let A, B ∈ Matn(R) be a pair of commuting matrices.

(a) Suppose that A and B are both nilpotent. Show that they have a nonzero
common nullvector.

(b) Suppose that n is odd. Show that A and B have a common eigenvector. (It is
no longer assumed that they are nilpotent.)

3. (a) Find the minimal polynomial of
√

4 +
√

7 over Q.

(b) Find the Galois group of that polynomial’s splitting field over Q.

Hint: Check that
√

4 +
√

7 = 1
2
(
√

2 +
√

14).

4. Recall the following definitions: If R is a commutative ring and a is an ideal, then
the radical r(a) = {x ∈ R |xn ∈ a}. An ideal q is primary if xy ∈ q implies that
either x ∈ q or y ∈ r(q). Prove that if r(q) is a maximal ideal, then q is primary.

5. Let G be a nonabelian group of order pq where p and q are distinct primes such
that p < q.

(a) Show that p divides q − 1, and show that the number of conjugacy classes of G
is exactly p + q−1

p
.

(b) Determine the number and degrees of the irreducible complex characters of G.

1



Stanford PhD Qualifying Exam in Algebra
Fall 2004 (Afternoon Session)

General Instructions: Work all problems in separate bluebooks. Give reasons for
your assertions and state precisely any theorems that you quote.

1. Let G = 〈x〉 be a cyclic group of order 2n, and let R = F2[G] be the group algebra.

(a) Show that

J =

{
2n−1∑
i=0

aix
i |

∑
ai = 0

}
is a nilpotent ideal in the commutative ring R, and deduce that

Γ = 1 + J =

{
2n−1∑
i=0

aix
i |

∑
ai = 1

}

is an abelian group of order 22n−1.

(b) Consider Γ2k
= {u2k |u ∈ Γ}. Show that

|Γ2k | =

{
22n−k−1 if k 6 n;
1 if k > n.

(c) There is enough information in this fact to determine the structure of Γ. Illustrate
this by determining the structure of Γ when n = 4.

2. Let r > 0, and let q be a prime power. If a ∈ Fqr let T (a) : Fqr −→ Fqr be the
map T (a)x = ax. Regarding Fqr as a r-dimensional vector space over Fq, we may
think of T (a) as an element of GL(r,Fq).

(a) Show that the composite det ◦T coincides with the norm map Fqr −→ Fq.

(b) Show that if b ∈ F×q , then there exists a ∈ F×qr such that det T (a) = b.

3. Let G be a finite group and H a subgroup. Let ρ : H −→ GLn(C) be an irreducible
representation. Show that if ρ1 and ρ2 are extensions of ρ to G, and if the characters
χ1 and χ2 of ρ1 and ρ2 are the same, then ρ1(g) = ρ2(g) for all g ∈ G.

2



4. Let A be a Noetherian local commutative ring with maximal ideal m. Assume
that m is principal. Show that every nonzero ideal of A is of the form mk for some k.

5. Let ζ = e2πi/40 and let K = Q(ζ). (a) Determine the Galois group Gal(K/Q).

(b) Find all quadratic extensions of Q contained in K. Express them in the form
Q(

√
D) for D ∈ Z.

3



Stanford Math PhD Qualifying Exam, Part I
Spring, 2004

General Directions: Work all problems in separate bluebooks. Give rea-
sons for your assertions and state precisely any theorems that you quote.

1. Classify the finite groups of order 333 = 32 · 37.

2. (a) If Fq is the finite field with q elements, show that Xqr − X ∈ Fq[X]
is exactly the product of all irreducible polynomials f(X) ∈ Fq[X] whose
degree divides r.

(b) Prove that the nmber of irreducible polynomials of degree r in Fq[X] is

1

r

∑
d|r

µ
(r

d

)
qd,

where µ is the Moebius function:

µ(d) =

{
(−1)k if d is a product of k distinct primes;

0 otherwise .

3. Let A be an integral domain with field of fractions F . Assume that for
every prime ideal p ⊂ A the localization Ap is integrally closed (in F ). Prove
that A is integrally closed (in F ).

4. Let A and B be nilpotent complex n × n matrices. Suppose that
rank(Ak) = rank(Bk) for all k. Prove that A = MBM−1 for some M ∈
GL(n, C).

5. Here is a partial character table of A5.

1 (123) (12)(34) (12345) (13524)
χ1 1 1 1 1 1
χ2 4 1 0 −1 −1
χ3 5 −1 1 0 0
χ4 3
χ5 3

Complete this character table by constructing χ4 and χ5.

1



Stanford Math PhD Qualifying Exam, Part II
Spring, 2004

General Directions: Work all problems in separate bluebooks. Give rea-
sons for your assertions and state precisely any theorems that you quote.

1. An abelian group G (written additively) is called divisible if the homo-
morphism x 7−→ nx = x + . . . + x (n terms) is surjective for all n > 1. The
abelian group G is called injective if whenever A and B are abelian groups
with A ⊂ B, a homomorphism ϕ : A −→ G can be extended to a homomor-
phism Φ : B −→ G. Assume that G is divisible. Prove that G is injective.
[Hint: Use Zorn’s Lemma.]

2. Show that if G is a finite abelian group, then there exists a finite extension
F of Q such that Gal(F/Q) ∼= G. [Hint: Think about roots of unity.]

3. Suppose that A is a commutative Noetherian ring.

(a) Prove that every ideal I ⊂ A contains a finite product of prime ideals.

(b) Prove that A has only finitely many minimal prime ideals. [Hint: Think
about the zero ideal.]

(c) Prove that if A has no nilpotent elements then the set of zero divisors in
A is exactly the union of the minimal prime ideals of A.

4. Let (π, V ) be a nontrivial irreducible complex representation of the finite
group G with character χ. Suppose that 1 6= g ∈ G is such that |χ(g)| = χ(1).
Show that π(g) is a scalar endomorphism of V and deduce that G is not a
nonabelian simple group.

5. Determine the number of conjugacy classes of elements of orders 3, 5 and
11 in GL(2, F11).

2



Stanford Mathematics PhD Qualifying ExamAlgebra � Fall 2005Morning Session1. Let p and q be primes with p; q � 2 and suppose that p divides q+1.(a) Show that there exists a nonabelian group G of order pq2 whose Sylow q-subgroup isnot cyclic.(b) Show that if G is a nonabelian group of order pq2 then it has a normal q-Sylow sub-group Q, and if Q is not cyclic then a p-Sylow subgroup of Aut(Q) is cyclic.(c) Show that any two nonabelian groups of order pq2 with noncyclic Sylow q-subgroupsare isomorphic.2. Suppose that f(t) 2 Q[t] is an irreducible polynomial of degree 5 with exactly 3 realroots. Let K be the splitting �eld of f over Q. Show that Gal(K/Q) < S5. Prove anynonobvious facts you use about S5.3. Let A be a commutative ring. The ring A is called Artinian if it satis�es thedecreasing chain condition: if I1� I2� I3�� is a sequence of ideals then for some N wehave IN = IN+1= IN+2=� :(a) If A is an Artinian integral domain show that A is a �eld.(b) If A is an Artinian commutative ring, show that every prime ideal in A is maximal.4. Let G be a group of odd order. Prove that if � is a complex irreducible character ofG and �(g) is real for all g 2 G then � = 1. (Hint: Consider the value of Pg� 1 �(g)and the fact that g� g�1 when g � 1. Think about algebraic integers.)5. Let T ; U 2 Matn(F ) where F is any �eld. Prove that if T and U are nilpotentmatrices and rank(T k)= rank(Uk) for all k, then T =AUA�1 for some A2Matn(F ).
1



Stanford Mathematics PhD Qualifying ExamAlgebra � Fall 2005Afternoon Session1. Let G be the group of order 18 with generators x; y; z subject to relationsx3= y3= z2=1; xy= yx; zxz�1= y; zyz�1=x:Determine the conjugacy classes of G and compute its character table.2. Let p be an odd prime and � = e2�i/p. Show that there exists a unique sub�eld K ofQ(�) such that [K: Q] = 2. Let �: (Z/pZ)�� f � 1g be the unique nontrivial homo-morphism and let �=Xa=1p�1 �(a)�a:Show that �2=(� 1)(p�1)/2p and conclude that K=Q(�).3. Let A be an Noetherian integral domain with �eld of fractions F . If f 2 A is not aunit, prove that the ring A[f�1] generated by f�1 and A is not a �nitely-generated A-module.4. Let G be a �nite group of odd order. Prove that if g 2G is conjugate to g�1 then g=1.5. Let n > 1 be odd. Let A and B be matrices in GL2(C) such that An = 1, BAB�1 =A�1 and A� I. Suppose that X commutes with both A and B. Prove that X is a scalarmatrix.

2
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± �RXi²N³µ´�¶�·¸³º¹k³ »½¼N»U¾yLZw�bu^`LZ�S�;ORLZg�QµbN���@QSnP��MPLBLNnPY¡¿ÁÀD�'Â��D¿'Ã�QSYcÄ!Å�Æ�Ç�� ¿ Å�È ¿ Ç �4É \
{ b
|�}�MPL�~ÁXÊnP�_b*n«Ë�ÌÍ­�®�Î2¯�°�QhYÏnP�RXkMPL
LNn«LZw�big�LZOUQhªkª�]RqUQhªÊ^`LZ�S�;ORLZg�QµbN��Ð�� ¤/��¥�¦/§¨¤Ñ©x�@�ULZYDX
dRQhYvªoMÒQSg�QhO_bNOÁn�QSY@nP�RX«YPbNg�XfbNY¡nP�UX9dUQhYDªoMDQhg�QSOUbNO�n@LZw«£ \
{ qs|ÔÓ�wf£k¥kÕ�§¨¤�©�^UMPLÖ~ÁX«nv�½b*nÏÐ9¥ÊÕ9§×¤�© \

Ø;\Ñm X(n�Ù q`XÚbÛt_ORQSnPXo�S�Z��TZX�ORX�MÒb*nPXodÜg�L
dU]R�hX.L�~ÁX(MÝnD�_XÍÞÏL�XonP�RX�MPQhbNOßª'LZg�gÊ]UnDb*nPQS~ÁXàMPQSOUT=á \
}�MÒL�~ÁX�nP�Ub*n�QSwu£�âÖÙ ã Ù QhY9bNOcáÏ�äg�LBdU]R�SXÊ�_LZg�LZg�LNMD^_�RQSYDg��sbNOUdcQhwÊ£åQSY�YD]RM ævX�ª�nPQç~ÁXÁ�½nD�UX�O�£
Q�YEbN�hYvL�QhO�æDX�ª�nvQS~ÁX \Ôè ³é»U¾oêRª�LZOUYDQSdRX�M@nP�RX«YD]RqUg�L
d_]R�SX�Y@ëÁX(M��D£ Ã � \

ì \fm Xon�píqsX�nP�RX�ORLZO_b*qsX��SQµbNOîTNMDLZ]U^ÍL*wÏLNMPdUXoM [Öï �@Q�nD�àTZX�OUXoMÒb*nPLNMPY�ðÚbNORdÛñÝYD];qBæDX�ª�n�nDL/nP�RX
MPX��hb*nDQSLZO_Y

ð`ò_Ìóñ É Ì�ôZ� ñUð�ñ`õ À Ì!ð zoö
� XonPXoMDg�QSOUX�nP�UX«ª'LZO�æD]RTÁbNªo��ª'�SbNYPYDX�Y@LZw�p�bNOUd�ª'LZgu^U]UnDX«Q�nPY�ªÒ�_b�M¸bNªonPX(M@nÒb*q_��X \

÷B\ Ó4w¡øÜQSYEbk^�LNYPQSnvQS~ÁX¸��dRX�tUORQSnPX«Yv�;g�g�X�nvMÒQ�ª«MDX'bN��g�b*nvMÒQúù7�RYD�ULN�ÛnP�_b*n¡nP�RXoMÒX9X(ùRQSYvnPYEbu]UORQhûB]RX9^sLZYDQü�
nDQ�~ÁX¸��dRXot_ORQ�nPXfYv�Bg�g�XonDMPQSª«MPX'bN��g�b*nDMPQçù�ý�YD]Rª¸��nP�Ub*n�ýÊÉUÌ/ø \

[
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� wénPXoMPOUL
LZOcVBX'YDYDQSLZO

[Z\ VB];^_^`LZYDX«nD�Ub*n����ÑøÜQhY�bNO�QSO�nDX'TNMPbN�7XÒùRnPX�OUYDQSLZO�LZwxªoLZg�gk];nÒb*nPQ�~ÁX9MPQSORTZY@�@QSnP��]UORQSn \
{ b
|ÔÓ�w���QhYEbug�b�ùRQSgWbN��Q�dUX'bN��LZw@øi�;^UMPLÖ~ÁX9nP�_b*n��ÔÌ	��
��=Q�YEbug�b�ùUQSg�bN��QhdRX�bN�7LZw
� ö
{ qs|���];nP�hQ�OUXinD�RXi^RMDLBLZw�nP�Ub*nkwºLNMubNO��l^UMPQ�g�XWQhdUX'bN������� nP�RX�MPXiX¸ùUQ�YDnPYkbÑ^RMPQhg�XiQhdRXÖbN����LZwkø
�@Q�nP���yÌ���
�� \

¢B\Im X�n��.ÌàÕ����ÁÕE�sbNORdc�hXon��W§¨¤à����©�qsX�nP�UX�^sLZ���BOULZg�QµbN��MDQhORTiQhOÑnD�yLW~*b*MPQSb*q½�SX�Y \Im X�n���q`X�nP�RX
Q�d_X�bN��TZX'ORXoM¸b�nPX'd�q���¤! `Î ¤ z Îå¤ bNOUd"� z Î.��¤ z Îàô��#�àÎàôÁ�`b*OUdÑ�hX(nÏárqsXfnP�RXfûB]RLNnPQSX�O�n@MPQhOUT�i§ ¤Í�$�f©%�&� \�� X(nPX�MPg�QSORX«nP�RX«O�]Ug�q`X�M�LZwxg�b�ùUQ�gWbN��QSdUX'bN�SY@QSO�nP�RX9MPQhORTWá \
'�(*),+�-�QSw
.E¥�/�0Ö�;���Ub*n@QhY1. z$2

Ø;\ Ó�w9p QhY9bi^`X�MPgÊ]RnÒb*nDQSLZO/T*MÒL*]U^/bNª�nDQSOUT�LZO!b�YvX�n�3Í�yXkYÒbÖ�!p QhY9�½�¸¾�·D¼N»R´¸³º¾ ³5476�QSw�893:87;Ý��bNORd
�@�RX�OUXo~ÁX�MÊð À ��Â��;ð Ã b*MDX�dRQSYvnPQSORª�nkX��hX�g�X'O
nDYuLZw:3=b*OUdÍñ À ��Â���ñ Ã b*MDX�dRQSYvnPQSORª�nkX��hX�g�X�O�nvYuLZw:3
nD�UXoMDXÑX¸ùUQSYvnPY�Ðà¥ÚpíYP]Rª(�înP�_b�n�Ð7�éð Å �«Ìíñ Å \=< X��@Qh����dUX�ORLNnPX�q
�?>I� Ð_�ÊnP�RXÑO�]Ug�q`X�MWLZwÏtBùUX�d
^sLZQ�O�nDY�LZw�Ð \ }�MPLÖ~ÁX�nD�Ub*nWb/ORX�ª'XoYDYÒb*MD�óbNOUdîYD]A@�ª�QSX'O
n�ª�LZOUdRQSnPQ�LZOàwéLNMWp nPL/q`X�B�� nDMÒbNOUYDQSnDQ�~ÁX�QhY
nD�_b*n

ô8 pC8 D >Ô�äÐU�4z_Ì�E ö
ì \ VB]R^R^sLZYPXknD�_b*n=�ßQ�YfbNO!�GF%��g�b*n4MÒQüù/LÖ~ÁXoM:H��EQçnP�/g�QhORQSg�bN��^sLZ�ç�;OULZg�QSbN�@� ¤ È Ës� Ã �@�UXoMPX
Ë�IKJ \ML QhORd�nD�RX�NZLNMPd_b*O�wºLNMPg�LZw
� É \M< �Ub*nEQ�wEËÏÌCJ 2

÷B\�L Q�OUdlnD�UXPO«bN�SLZQSY�TNMPLZ];^ LZwÔnP�UXu^�LZ���BORLZg�QSbN��¤  ÎRQ�Qs¤ È ôWL�~ÁX(MfnP�UX�t_X��SdRYuÕ����ÁÕE�xÕS�&BÁÕÏ�
Õ���EÁÕE�`Õ�� [Z[ ÕÚb*OUd%¦ \

¢
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F!GIHKJMLNJPOCQSR'TUTULNGVJ

WIX�Y J[Z]\*HU^KT`_a\cbd\IJMef_hgib(jPklR(^nmpoqR`\�JPGVJP\*oqR'krLs\IJ�OIHUGVt;ZuGVvwGIHKeMRxHzyI{ X
_h\cb}|�HUG�~VR�^K�P\*^nm���\IT�\�JPGIHK��\Ik��i�AQS��klGI��TKt;o�OIHKGVt;ZuGIH�\�JPGIHK��\Ik��i�AQS�SkNGI��TKt;o�O*H�GItMZ X
_�o�b`��Rx^�����eMR'JMGI^KR[\%g(�;g�kNLlg�OIHKGVt;Z�GVv�GIH�eMRxH�� X@� GV��ZPtM^KRC^K�MR�GIHKePRxH�GVv��zt;^i�����@����RxJ �¢¡��£(j���¤�¥��§¦�\IJMe���¦¨¥��6¦¨¥��6¦ X
_©gªb�«zGI� ��\IJ���LlT�GV��GIHUZP�PLlT�� g�kl\ITUTUR'T¬\*HUR­^K�MR�HKR®G*vCJ�GVJP\*o�R'kNLl\IJpOIHKGVt;Z�T/GVvCGIHKeMR�HfyI{¯��LN^K�JMGIHK��\Ik�\*o�R'kNLl\IJ��i�AQ��SklGI��TUtMoPOIHKGVtMZ]°u±�²SZ�ks\ILrJ X _a³�´©µq¶c·¸tMTKR�Z]\*HU^�_©o]b X b

¹�X ��Rx^�mpoqR@^U�MR`vºGVklkNGI��LNJMO�OIHKGVtMZ»GVvwGIHKePRxH�¼ ¹SX
m½¡.¾�¿�À�Á�Â ¿qÃP¡­ÁSÄ]¡�ÅVÀcÁP¿�Á�Æ6Ç�¡!¿ ¦iÈcÉ

Ê�Rx^KRxHU��LNJPR�^K�MR�g�GVJªËUtMOc\Ig��[g'kl\ITKT�R�TnGVv�mÌ\IJMe�^K�MR@ePR�OIHKR'R�T�GVv¨Lr^KT�LNHUHUR'eMt�gxLNoPklR@g(�P\*HK\Ig�^UR�HKT X§� GV���ZPt;^KR�^K�MR@~*\IkltMR�T�GVv¨\*^�klR'\IT�^�GVJPR@LrHUHKR'eMtPg�LroPklR`g���\�HÍ\*g�^URxH�GVvÎe�RxOIHKR�RÐÏ¬Å X

ÑSX�Ò LNJPeu\IJ�R(²;^KR'JMT�LlGVJ�ÓÔGVv�ÕÖ��Lr^K��×�\IkØ�hÓÚÙcÕ[�MÛÐ�ØÜ}ÙIÝ
Ü}�w¥��ØÜ}ÙIÝ
Ü�� X

¼ X QMt;ZPZ�GVTUR[Þ.LrT�\IJ¬�ß¥f�®��\*^UHKLà²¬Gi~cRxH�\IJ½\*kNOVRxoPH�\ILlg�\Iklkà�/g�kNGVTKR�e/á�R�kNe¬GVv}g��]\*HK\Igx^KRxH�LrTU^ULNgãâäÝ\*JPe���LlJMLl��\Ik¸ZqGVkN��JPGV��Ll\Ik6�ºåçæ%è�� � �n�MRxHUR�èzâ/é X�Ò LNJPe�^U��R@êcGIHKeP\IJ�g'\IJPGIJPLlg�\Ik8vºGIHU�ÖGVv�ÞÎë X

y XÚY J ^K�MLlT[R(²;R�HKg�LlT�RVj�ìAg�GV���Út;^�\*^ULr~cR%HKLlJMO�í���Ri\IJMT�ì4g�GV���Út;^�\*^KLN~IR!HKLNJMO���LN^K�¯t�JMLr^'jîí�\IJMe2Là^�LlT\*TKTUtP��R�eu^K��\*^�\�HKLlJMO��PGI��GV��GIHUZP�PLNTK� ï8ð'ñ.ò óôTK\*^KLrTUáPR'T�ïw�AÅiõö�ö¡¯Åi÷ X6Y vzñ�ÀÚóô\IJMe!øã\*HKRg�GV����tP^K\*^ULN~cR�HKLrJPOVT�jw�}R[TK\i�f^U�P\*^�ø?LrT�\®ù�úKû¸üUú'ýIþPùxÿ�GVv�ñ \IJMe�ó LNvd^K�MR�HUR[R(²;LlTU^�H�LrJPO!�MGV��G����GIH�ZP��LrTK��T � ðcñ ò øÖ\IJ�e��6ðcó ò øôTKtMg(�!^K��\*^�Lrv�� LrT�\IJ��!g�GV���Út;^�\*^ULr~cR�HULlJMOMj�\IJ�eÐïÎðñäò � \IJMe��qð�óÌò � \*HKRÚH�LNJPO[��GV��GV��GIHUZ��MLNTU��T'jq^K�MR�HUR�RÍ²MLlT�^UT`\[tMJ�L	�StMR�HKLrJ�O[�PGV��GV��GIHA�ZP�MLlTK��
�ð�ø®ò � TKtMgÍ��^U�]\*^�ï�¡�
�
 � \IJMe��d¡�
�
�� X
_h\cb Y vCñ \IJMe¯ó \*HKR�g�GV���Út;^�\*^ULr~cRuHKLNJMOVT'j6HKR'OV\*HKeß^K�PR�� \IT»Ü�� ��G
ePtMklR�T'j§\IJMe¯kNRx^[ñ��?ó ¡ñ�����ó X ±�²;ZPks\ILrJ»oPHKLNR��M��������ñ����}óãJP\*^KtMH�\IkrkN�[�P\ITd^K�MR`T�^�HKtPgx^Kt;HKR@GVv¨\�g�GV���Út;^�\*^KLN~cR�HKLNJMO X
_�o�b}|�HKGi~cR@^���\*^nø�LNT�\�g'GIZMHKG�eMtPgx^�GVvdñ \IJMe»óãLlv¨\�J�e»GVJMkN�[LNv�ø½Û!ñ��%ó X

W



���������
	���
 � ��������� �������������! "$#%��&'�(�*)��'��+ ,.-/���
021436587�9;:=<?>@:61A1CB6D�D6E

�zvº^KRxHKJPG
GVJ�QSR'TUTULNGVJ

WIX �8Rx^�m�oqR�\��M�4OIHKGVt;Z%\IJMe�� \�JPGVJ
^�HKLN~SLl\Ik�JMGIHK��\Ik8TKt;o�OIHKGVt;Z X QS�PGI��^K��\�^��������am��d�P\ITz\*^krRi\IT�^��uR'kNR'��R�J�^UT X

¹�X ��R�^�ñ	�­ó o�R�á�JMLr^KR�\*o�R'kNLl\IJ/OIHKGVtMZPT'jö\IJMe¬krR�^�
6ð�ñ ò ��
�oqR�\[�MGV��GV��GIH�Z]�MLNTU� _hklLNJMR'\*Hg���\�HÍ\*g�^KRxH�b X QM�MGI�p^U�P\*^�
Ðgi\IJ%oqR�RÍ²M^UR�JMePR�e!^KG�óCj8\*JPe!^K�P\*^�^K�PR�J�tP��oqR�H�GVv�TKtMg(�!RÍ²M^KRxJ�T�LlGVJMTR���tP\IklT��îó�ðUñ�� X

ÑSX �8Rx^���¡�� � ���PRxHKR��¯LNT�\/ZPHKLl��RIj§\IJPeßkNR�^�����ePR�JPG*^KR�^K�MR�á�JMLr^KR»á�R�kleÐ��LN^��	�/R�klR���R'J�^�T XQS�MGI� ^K�P\*^z^U�MR Ò HKGIo�R�JPLltMT�\It;^KGV��GIH�Z]�MLNTU���¨ð����¨ò ���nePRxá�JMR�e�oS�����©¿q�ö¡­¿���LrT�ePLN\IOVGVJP\IklL �Í�\�o�klR@\ITn\�klLrJPR'\*H�^AHÍ\*JPTUv�GIHK��\*^KLrGVJ�ú"!"#xü$� � LNvw\IJPe»GVJPkN�[Lrv��!eMLN~SLleMR�T%��æ¬Å X

¼ X Ê�R�^KRxHU��LlJMR�^���R�TUZPkNLr^�^KLlJMOCá�R�kle�& \IJMe/×@\IkNGVLNTzOIHKGVtMZ¬×�\IkØ�'&/ÙcÕ��dGVv�^���R�Z�GVkN�SJMGV��Ls\Ik8¿ ¤ æç�Gi~cRxH�^U��R�á�R�kle�Õ X�Ò LNJPeu\Ikrk �StP\IeMH�\*^KLrg`RÍ²;^KR�JPTULNGVJMT�GVv�Õ g�GVJ
^�\ILNJPR�e»LlJ(& X

y X �8R�^�)*�+& o¸R�áPR'kNePT X �8Rx^-, oqR�^K�PR�Z�GVkN��J�GV��Ls\Ik�HKLlJMO.)/�10��hjÎ���MR�HKR20 LlTÚ\IJ½LlJMePRx^URxHK��L �JP\*^KRIj�\IJMe�TKLr��LNks\*HKkr�[kNR�^�3�¡4&5�10�� X
_h\cb�Q;�MGI�p^U��\*^�Llv�ï½\IJMe���\*HKR���GVJPLNgÚZqGVkr�;JMGV��Ls\IklT�LNJ63}jö\IJMe63�ÙMï73�Û83�Ù �932\IT:3�� ��G�ePtMklRxT'j^U�PR�Jfï�¡ � X
_�o�bdQS�PGI�ä^K�P\*^�LNvd¿�;�,=^K�PR�J�3 �=<��>,�Ù�¿?,`�MÛ@3�Ù�¿A3 X
_©gªbdQ;t;ZPZqGVTUR`^U�P\*^�BôÀDC$o�R`áPJPLr^UR�kN��OVR�JPRxH�\*^KRxe�,n�Ø��G
e�tMkNR�T X QM�MGI��^K��\*^�LlvE3 � < B Û63 � < C\*T�3Î�Ø��G�ePtMkNR�T�^K�MR'J�B ÛFC \ITG,z�Ø��GSeMtPkrR'T X

¹
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L!MONQPSRTPVUXWBY'ZDZDRTM[P
\O] WB^S_S_`M[ZDYXaQbVc*aed RfZ�cgZQ^;hiUONQM[^;_jM[k@c%UONQM[^;_mlnM[k@RTPSoVYqpjr ] W;bSMOstaQbVc*a�lnbVcOZec%PVMONQuvcOw
ZD^;hiUONQM[^;_xM[kyRzPSoVYqp {|r~} ]E� ZDYvaDbiRfZ�aDM�_VNQM���YvaQbic�a�aQbVY�NQY�RTZ�PVM��VPiR�aQYXZDRTu�_VwTY�UONQM[^S_�M[k�M*N�oSY�N
�����[�����y�Q�����q�B]

��]�� Y�a�l�h�Y�aDbSY�k�M[wzwTMOs�RTPSUvUONQM[^S_�M[k�MONQoVY�N �O�;]
l ���� K¡'¢�£  �¤¥�x¢�¦§�j¨[¡�¢i �¢§©�ª��! «©�ª(¬�­

®�Y�aQY�NDu�RTPVY�aQbVY�¯'M[P±°D^SU�cO¯�²³¯'wTcOZQZDY�Z@M[k�l´cOPVo�¯'M[ue_V^VaDY�RfaQZ�¯�bic�NqcO¯�aQY(N@a�c*hiwfY ]

�B]�µ R�¶�WB^V_S_§M[ZQY�aQbVc*a�·X¸ ¨ RTZ¹c�ZDºB^Vc*NQY�»¼k½NQY'YvRTP�a¾Y'U[Y�N¹cOPSo�·¹¿ ¨ u�MBoS^VwfM �S] ®�Y�aDY�NDuvRzPSY µ s@RTaQb
_SNQM�M[kÀ¶yaQbVY�NQRzPSUvM[k�cOwzU[Y(hiNQcORz¯9RzP�a¾Y'U[Y�NQZ@RzPgÁ%ÂG·Ã Ä ]
µ RTR�¶�Å�pS_VwzcORzPÆbSMOsÇaQbSY�_VNQRTPS¯�RT_¥cOw7RzoSY�c*wTZÈÂ � Ä(É Â � Ä c*PVoxÂ \�� Ä kÀcO¯�aQMONERTP�aQM�_iNDRzuvY�RzoSY'cOwTZERzP�aQbSY�NQRzPVU
MOk~cOwTU[Y�hVN�cORf¯�RzP�aQY'U[Y�NDZ�RfP%Á!Â \��Ã Ä ]

�;]�Ê RTPVo�a¾biY�Ë�cOwTMORzZ@UONQM[^;_ÆM[k  §¦§Ìj¨ M��[Y�NÍÁ É Á!Â �Ã Ä(ÉVÎ9Ï�ÉVÎ9Ð�ÉVÎ � cOPSo Î ¤ ]

Ñ�]�Ò MOs�uvcOP�²ÆZ¾RzuvRTw½c�N�R�aÓ²Æ¯'w½c�ZQZDY'Z�c*NQY¹aQbSY�NQYÈM[k~Nqc�aQRTM[PVcOw�uXc�aDNDRz¯'Y�ZÍs@RfaQb%¯qbVc*N�cO¯�aDY�NQRTZ¾aQRf¯¹_�M[wT²BPSM�»
uvRTcOw�Â   Ð Ìj¨ Ä Ð Â   Ï Ìj¨ Ä Ð cOPSoÆceu�RTPVRfuXcOw`_�M[w�²;PVM[uvRTcOwÔM[k�oVY�UONQY�Y \���Õ

\
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� k�aQY�NQPVM
M[PgWBY'ZDZDRTM[P
\O]�� Y�a�� h�Y¹c��VPVRfaDY(»ÓoSRTuvY'PSZQRfM[PicOw7��Y�¯(aQMONEZD_icO¯�Y�M±��Y�NÍc��VY'wTo�� M[k~¯qbVc*N�cO¯�aQY�NQRfZDaQRf¯��!cOPVo�wTY�a��
	
��� �´h�Y�cewzRTPSY'c*N�a4Nqc*PVZDk MONQu�c*aQRTMOP�ZQ^S¯qb�aQbic*a
�
� ��� RTZ@aQbSY�RToVY�P
aQR�a4²³u�c*_ ]
µ R½¶@W;bSMOs aQbic*a
� bicOZ�cOP�Y�RzU[Y�P
��Y�¯�aDMON�RTP�� ]
µ RTR�¶ WBbVMOs aQbVc*a��ÇRTZ@^S_S_�Y�N aDNQRzcOPSU[^Vwzc*N@s�R�aQb�NQY�ZD_�Y�¯�a aQM�ceZQ^SRTa�c±h¥wTY9h¥cOZDRTZ@M[k�� ]

��]9� Y(avlnh`Y³cÆ�iPSRTaQY³UONQM[^;_ É c*PVo wfY�aed h`Y³c!Z¾^;h¥UONDM[^;_mM[k�RfPVoSY(pxaDsyM ]�� Y�a  �� d cOPVo wfY�a
��� Â   Ä h�Y9aQbSY�¯�Y'P�aDN�cOwTR���Y(NEM[k   RTPÆl ]
µ R½¶���NDM±��Y�aQbVc*aERzk � � Â   Ä�� d aQbVY�PÆaQbSY¹¯�M[P±°D^SU�cO¯�²�¯'w½c*ZQZEM[k   RTPgltcOUONQY�Y'ZEY'º
^icOwzZ�aDbSY¹d�» ¯'M[P�»
°¾^SU�cO¯�²�¯�w½cOZDZÍM[k  �� M[PÆaQbSY¹MOaQbSY�NEb¥cOPSo É Rzk � � Â   Ä! d aQbSY'PÆaQbSY¹¯'M*P*°¾^VU�cO¯�²�¯'w½c*ZQZÍM[k   RTP!l RzZ
¯�M[P�a�cORzPSY'o�RTP�d�h¥^;a@ZD_VwzRfaQZ RzP�a¾Mva¾s�M�d�»Ó¯'M[P±°D^SU�cO¯�²³¯'wzcOZQZ¾Y�Z ]
µ RTR�¶ � Y(a�lth`YÈaQbSYeZD²;uvu�Y�aDNQRT¯�UONDM[^V_#"%$�cOPSo�d h§Y'&($ ] ®�Y�aQY�NDu�RTPVYÈaQbSY�lE»Ó¯'M[P±°D^SU�cO¯�²%¯�wzcOZDZQY�Z
MOk�Y��OY'P�_�Y�NDue^;aQc*aQRTM[PVZ aDbic*a�Z4_¥wfRTa@RzP
aDMva4s�Mv¯�M[P�°¾^VU�cO¯�²³¯�wzcOZDZQY�Z�RfP�d ]*)�+-,/.10 aQbVY�NDY�c*NQY9a¾s�M ]

�B]�� Y�a�&=h`Y�c'2ÍMBY�aQbVY�NDR½cOP�¯'M[u�u¹^VaQc*aDRT��Y�NQRzPSU�¯�M[P�a�cORTPSRzPSUXcv�VY�wTo�3�cOPVoÆcOPÆRzoSY�cOw � ZQ^S¯qb�aQbic*a
Rfk�4 � �Ã RTZEaQbSY�Nqc*oVRz¯�cOw«M[k � aQbSY'P�&�564jRzZ�c��iPSRTaQYq» oVRTu�Y�PSZQRzMOPicOw73[» ��Y�¯�aQMON�Z¾_¥cO¯�Y ] ��NQM���Y�aQbic*a
&(5 � RTZEcOwfZQM�ce�iPSRfaQYq»ÓoVRfu�Y�PSZQRTMOPicOw83[» ��Y'¯�aQMON@Z¾_¥cO¯�Y ]

�;]y� Y�a9l h�YÈc��iPSRTaDY
�S»ÓUONQM[^S_ É cOPSo�9�	'l:� ;�<gcXbSM[u�M*u�MOND_VbVRTZQu ] � ZQZD^VuvY�aDbVc*aÍaQbSYÈM*N�oSY�N
MOk=9�RTZ¹c�_SNQRTuvY>� É ZDM�aQbic*a�d �@? Y�N±ÂA9 Ä RzZ�c�ZQ^;hiUONQM[^;_�M[kIRzPVoSYqpB� ]E� Y�aDC³h�YXcOP R�NDN�Y�oS^V¯�RfhVwzY
¯�bic�Nqc*¯�aQY�NeM[k¹l ZD^S¯qb�aQbVc*aE9FC � C ] WBbVM*staDbVc*aHG-C ¡ CFIKJ � ��cOPVoxoSY�oV^S¯'YXaQbVc*a>CÆRzZÈRzPSoV^S¯'Y�o
k½NQM[uGcv¯�bic*N�cO¯�aQY(NEM[k�d ]

Ñ�] � Y�aEL �NM ÏPORQTS ¤ ]@Ê RTPSo cOP/Y�wzY�u�Y�P�a
U|M[kyÁ!ÂPL Ä ZQ^S¯(b%aQbic�aWV Á!Â-U Ä 	
ÁEX � �;] WBbSMOs�aQbic*a�aQbVY�NQY
oSMBY�Z�PSMOa@Y(pSRTZ¾a
Y � Á!ÂZU Ä(É Y\[ÈÁ ZQ^S¯qb�aDbic*a�Y Ð � Á ]
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G!HJILKNMOKQPCRTS'UVUVMOHWK
XJY�Z S\[^]`_aScbCPJILHWdNe!bJKgf%h bJKQf/ij[VklHmULS\[VU�knMO[porqtsuS�vw[yxzbJ{�[VMOHWKQU|HWv�] YF} S~Uyb'��[LoNScbJ{\[VMuHWKNUb�IySC�'�'�T�w�*�J�u�\�Q��MOv�[VoQS\IVS�MuU�bc_gM �LS\{�[VMuHWK����Lh�� i`UVdQ{yo�[Logb*[������z�p�a�g���������w��� Y�� M¡ �S�sOS�¢£S'K¤[LU�¦¥�§�h bJKNf©¨W¥�§mi YlZ S�[�ª«�­¬J�c§m]¯®t���'�a¥��°�a¥²±�bJKNf%³´�­¬*��§C]!®µ�~�¤¨W¥��¶¨W¥(±�fQS�KNHJ[LS~[LoNSM·ULHJ[pILHJe¸��UpdQ_QPJIVHWdQeQUnHWvl�a¥nbJKgf!¨W¥�¹NILS'Upe¦S'{\[LMOºJS'sO� Y
q»b¤xn¼4v�[VoQS½bJ{�[VMOHWKNU�HWK%h bJKNf!i¾b*IVS�[VIybJKNULMO[pMOº¤SJ¹¦ULoNHJk=[LoNScbJ{\[LMOHJKQU�b*ILS½S�¿TdNM·ºJbJsOS�K¸[�M·v�bJKNf!HWKNs·�M·vnªÀbJKQf�³ b�IyS@{'HJK��pdQP¤b*[LS Y
qµ_¦x Z S�[~Á��=Â|ÃCk�oQS\ILS�ÄrMuU�eNIyM·¢�SJ¹�bJKNfÅs·S�[c]Æ�ÈÇ Z �ÊÉTËNÂ|Ã�� Y|Ì S\ILSÍb*ILS�[pk�H%UpS\[LU½h bJKgf©iknM·[Lo2bJ{\[LMuHWKNU�HWv�] Y£Î oQS/UVS([�h M·U�[LoNS%eQILH��VS�{\[LM·º¤S/s·MuKNSW¹�{�HWKQUVMuUA[LMuKNPrH*v~bJsus�HWKNS(ÏÐfQM·¢�S�KNULM·HWKgbJsUVd;_gUpeÑbJ{�S�U¯HWv~[LoQSÒ[VklH�Ï�fQMO¢�S\KgUpMuHWKQbJs�º¤S�{([LHJI¯UVegbJ{�S�Â ÃÓ*Ô bJKNf�i M·UÕ[LoNS�UVS\[¯HWvÍÄQÏ4R¸�;suHJkÖUVdN_TÏP*IyHJdNeQUnHWv�] Y6Ì S\ILS^[LoNS�bJ{�[pMuHWK�HWvn]×HWK�h$MuU�_T�Í¢Cb�[VILMØ �¢½dNsO[VMOeQsuM·{Ùb*[LM·HWKÚ¹ÑbJKNf�[LoQS�bJ{�[LM·HWK�HWvn]HJK­i M·UC_T�Û{\HWK��LdNP¤b*[VMuHWK Y R;oNHJkÜ[Logb�[m[pogS\ULS�[VklHÅb*{�[LM·HWKgUmb*IVS%S\¿TdQM·º*bJsuS\K¸[ YmÝßÞÕà»á¦â¤ãnZ S�[�ä��Á£åcæ¥nç §�h Y�} ogb*[nMOUè[LoNS�MOUVHJ[VILHJe¸�ÍUVd;_gPJILHWd;eÕHWvnä½é'ê
ë¸Y R;oNHJkÈ[Logb*[@[pogS(ILS£MOU�bÍKgH*KÑb*_¦S�suMubJK/PJILHWdNeÒ]¾HWvFHJIVfNS\I~ì~� XÙí � íWî;Yèï S'UV{\ILM·_aS�]«_
�!PWS\KgS(Iyb�Ï[VHJIVUzbJKNf�ILS'sOb*[LMOHWKNU'¹QðQKNf�[LoNS�{'HJK��pdQP¤bJ{\�Í{�subJUVULS�UzbJKNf�{�HWKQUp[VILdN{�[è[LoNS�{yogb*IybJ{\[VS\I�[yb*_QsOS Y
íTY RTd;ege¦HWUVS@[VoQb*[�ñòM·Uzbc{�HW¢�¢~d;[yb*[VMOº¤S^ó|HTS\[LoQS\IVMôbJK�IyM·KQP Y
q»b¤xlõ�IVH�ºWS^[LoQb*[�S�º¤S(IV�ÍMufNSÙbJs�ö~HWv�ñ={'HWK¤[ybJMOKNUzbcðgKNM·[LS^eQILH¸fNdQ{\[n÷ æLø ÷¤ùèHWv�eQILMO¢£S@MOfNSÙbJsOU Yqµ_¦xmõ�ILHÙº¤S![Logb*[�ñ$oQbJU�HWKQsO�úðgKNMO[VS�sO�­¢�bJK
�­¢£MOKQM·¢CbJs|egIVMu¢£S!MufQS'bJsOU�¹�bJKNf2[VoQb*[�S\º¤S�IV�.eNILMO¢£SM·fgS�bJs8HWv�ñò{\HWK¸[LbJMOKQU�b*[nsuS'bJUV[nHWKNS�HWv8[LoQS�UVS Y
û YèZ S([�Á2�úÂ|Ãck�oNS�ILS�Ä�MuU|eQILMu¢�S YnÌ HJk×¢�bJK¸�¯MØILILS�fNdQ{�M·_QsuS½eaHWs·�;KNHW¢£MubJsuU�HÙº¤S�I@Á¾b*ILS½[VoQS\IVS�HWvfNS�PJILS'S\U|ÉTËLì�bJKgf�ü¤é
ý¸Ynþ H*KgUpMufNS�I�[LoNS½ðQS'suf%HWv�Iyb*[LM·HWKgbJs�vwdQKN{\[LMuHWKNU^ÿ � � ���NË���Ë���Ë	�T�zMuK/vwHWd;I^º*b*ILMôb*_QsOS�U Y�Z S\[^Á�
©ÿfNS�KQHJ[LS�[VogS@ðN NS�fÕðQS'sOf¯HWv�[LoNS~HJ_¸º;M·HWdgU�b�{�[LMOHWK¯HWv
���|HWK¯ÿjeaS�IV¢~dQ[pMuKQP�¬��NË���Ë���Ë��8± Y R;oNHJk [Logb*[
� �����������|§�ÿ`oQbJUnfNS'PJILS�S�ì�HÙº¤S\IzÁ Y�} ogb*[�MOUè[LoQS�Ç�bJs·HWMuU�P�IyHJdNe%Ç@bJsÊ�tÿ��*ÁC� � �V�Vé
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XJYFþ sObJULUVMuvô��bJsOs8PJIVHWd;eÑUèHWv�HJILfQS\I ëWëWý dNe�[pH�M·ULHW¢£HJIVeQoQM·UL¢ Y
ë¸YèZ S([�]`_�ScbmðQKgMØ[LScPJILHWd;e/knMO[Vo/{�S�K
[LS\I��~� ]�� Y R;oNHJkÈ[poÑb*[�[LoNScKTdN¢~_¦S\I�HWv�MOIpILS'fNdQ{�MO_QsOS�{�HW¢~ÏeQsuSy �ILS�eNILS'UVS'K¤[yb*[LMOHJKQU½HWv½] MuUcb�[csuS'bJUA[¯®��½� ]��'® Y q ÞÕàtá¦â¤ã ðQILUp[½eNILH�ºWSC[Logb*[½Muv��T���½� ]���� �	�[VoQS\IVSÛMuU�bJK×MOIpILS�fQdN{�MO_gs·SÛ{�HW¢�egsOS² ÈILS(egIVS�ULS�K¸[Lb�[LMuHWK�
��£] � Ç Z � ä~�!ULdN{(oò[VoÑb*[�
���
g�N�Û��N��

��
��Ê�Q�lvµHJI�
è§��~� ]�� Y x
íTY q»b¤x�RTdNeNe�HWUVS/[Logb*[¯� M·U¯br{�HW¢�egsOS²  ¢£b*[VILM   ULdN{²o2[Logb�[����°oÑbJU�b°_¦b�ULMuU�HWv½S�MOPWS�K¸º¤S�{([LHJILU
� æ Ë ø Ë	� � UVdQ{yo![Logb�[ ����§�����bJKNf![LoQS�����b*ILScHJIV[VoQHWPWHWKQbJs�knMO[Lo%ILS�UVe¦S�{�[�[LHÍ[VogScdNUVdgbJs�fNHJ[^eNILH�ÏfNdN{�['¹NknoNMu{²o�MuUè[VoQS�UA�;¢£¢�S\[VILMO{@_QMOsuM·KgS�b*I�vµHJIL¢

�� � æ�� �
�� � �� ¨ æ�¨ �

�� ������ æ
� � � ¨ �� 

õ�IyH�º¤S�[LoQb*[~[VogS(ILSmS² QM·UV[LU½b�ILSÙbJsFH*IL[poQHWPWHWKQbJsF¢�b*[VIVMØ "!m�«�#!%$t�'& æ Updg{yo�[LoQb*[(!g�)!*& æ ��!Ñ�+!%$�MuUfNMôbJPWH*KÑbJs Y
qµ_¦x Z S�[|��§cÇ Z �-,lË.�½��_¦S~b£dQKNMO[Lb�IL�ÍUV�;¢£¢�S\[VILMO{�¢�b*[AIyM¡  Ô [VoQb*[zMuU\¹��z�©� $ bJKQf%���'� / $ ��0 Y õ�ILHÙº¤S[Vogb*[n[LoNS\IyS�S( ;MuUA[LU|b�ILS�bJs�HJIV[VogHWP*HWKÑbJs8¢�b*[pILM¡ 1!��ú�#! $ � & æ ULdN{²o�[Logb*[2!N�3! & æ �4!Q�3! $ MOUzfNMôbJPWHWKQbJs Yq ÞÕàtáaâWãzZ S�[65­_aS%bJK.S'MOPWS'K¤ºJbJsOdNS¯HWv�� Y87 _gUVS�IVº¤SÕ[Vogb*[Ò®95è®��;:%bJKQf­UVoNHJkÜ[LoQb*[�ä=<¯��¬��.§����®µ� ���>5���±~MOU�Up[yb*_QsOS�dNKQfNS�In{�HW¢�egsuSy �{\HWK*�pdQP¤b*[pMuHWK Y x
û Y q b¤x~R;d;eNe�HWUpS6!�M·UcbJKÅM·KNðQKgMØ[LSCðQS's·f8¹?!a��@�Ë*A���bJK°bJs·PWS�_NIybJMO{CS( N[VS'KNULM·HWK©HWvB!/ULdN{(o�[Logb*[�A¶MuUUVS\eÑb*Iyb*_QsOS�HÙº¤S�IC!¶��@�M·U�KNHJ[CbJUVULdN¢�S'frUVS�egb*Iyb*_gs·S�x Y^Z S\[ED��t�a��bJKNf­���t�a�cfNS�KQHJ[LSÍ[LoNS�¢£M·KQMu¢£bJseaHWsØ�;KQHJ¢£MubJsOU�HJv�@­bJKQfFAúILS�UVeaS\{�[LM·º¤S'sØ�!H�º¤S�I�! Y RToQHJk×[LoQb*[�[LoQS\IVS�S² QM·UV[LU�b	G@§�!%Updg{yoÒ[LoQb*[�Muv�C�H@ �HGIA2[LoNS'K�[LoQSmeaHWs·�TKgH*¢�MubJsOUC���t�a�~bJKNfKJ8�t���n�LD��-�1MNG¸����oQb'º¤S�S( NbJ{\[Ls·��HWKQSmIVHTHJ[cMuK{�HW¢�¢£HWK�MOK�bJKÕbJsOPWS\_NIybJMu{@{�suHWUpdQIVS@HWv�!Ñ¹QKQbJ¢�S�sO�Í�^�OA Y
qµ_¦x ï S'fNdg{\S@[LoQb*[P!a��@�Ë.A��N�Q!a���¤� Y�ÝßÞÕàtáaâWã�} ogb*[nMuUè[VoQS�PJILS�b*[LS�Up[�{�HW¢£¢�HWK�fQM·ºTMuUVHJI�HWv�[VoQS@e¦HWsO�WÏKNHW¢£MubJsOU|���t����bJKQfRJ8�t���lMuKÍ[LoQS^e¦HWsO�TKNHW¢£MôbJs�ILMOKNP6!a���W�TS ��Uwé'ê
ý¸Y�Z S\[nñ=_¦S�bJK�MOK¸[pS'PJIybJsÚfNHW¢�bJMuK�k�MØ[Lo�ðQS'sOf�HWv�vôI²bJ{\[VMOHWKQUè³ Y
q»b¤x�¼AvWVÜMOU�b�¢�b� NMO¢�bJs�MOfNS'bJs6HJv@ñj[LoNS�KÒ[LoQS�s·HT{�bJsuMYX�b*[LMuHWK�ñ�Z.{'bJKÒ_�ScIyS�P¤b*ILfNS'f�bJU~b�UVdN_NILMuKQPHJvè³ Y õ�IVH�º¤S^[LoQb*[

ñ/� [\?]�^'_`\?]ba Z ñPZ  
qµ_¦x|RToQHJk=[VoQb*[�MuvzñPZÅMuU^bCdNKgM·¿TdQS~vtbJ{\[LHJIVMcXÙb*[LM·HWK%fNHW¢�bJMuK%vwHJI^bJsus�¢�b� QM·¢CbJs�M·fQS'bJsuUdVj[LoNS'K¯ñ×MuUM·K¸[LS�PJILbJsusO�m{'sOHJULS�f�MOK�³ Y

ë
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K!LNMPORQSOUTWVBX'YDYDQSLZO
[N\@] X�^�_a`bXdc�eUOUQf^PX(gihRQkj�X'ORYDQkLZOlc*m�noX�p�^DLNMqYDrlcNp�X�LsnoXtMucveUX�mkhxw�yzcNORh{mfX�^�|2`}X�c~YPX(^qLZ��p�LZjug
ju�;^PQSORT�mSQSOUX'c*M@^�M�cNOUYD��LNMPj�c*^PQfLZOUY@LZ��_ \�� Y�YD�UjdX�^D�Uc*^���LNM@X�noXtMD�v����|�^P�UXqp��lc*M�cNpt^PX(MPQkY�^DQkp�r}LZmS�Zg
ORLZjdQkcNmzLZ������cNp�^DLNMDY�QkO�^�L�mSQSOlX�c*M���cNpt^PLNMPY�LsnoXtM�w�ybORLN^�OUX�p�X'YDYDc*MPQkmf��hRQkY4^PQkORp�^ \�� MPLsnoX�^D�lc*^9_��UcNY
c�`lcNY�QkY@�@QS^��~MPX'Y�r}X'pt^�^PL��@�UQSp���XtnoXtMP�v���u|�QSY@MPX(rlMDX�YDX'Oo^PX'h�`��~cNO~�;rlr}XtM4g�^4M�QkcNOUTZ�Rmkc*M�jdc*^DMPQ�� \

��\�] Xt^d� `bX~c!eUX�mkh�yz .c%rRMPQkj�X \�] X�^�¡.¢�� `bXv^P�RX~TNMPLZ�;r£LZ�u Rg¤^P��MPL�LN^PY�LZ���lORQf^���QSO£� \
� YPYD�Uj�X9^P�lc*^¦¥§¡E¥4¨©  \
ª Q¬« � MPLsnoX�^P�Uc*^�^P�RXqp��Uc*M�cNpt^DX�MPQkY�^DQSp�LZ�@�­QSY@OULN^@X�®B�UcNm¯^PLu  \
ª QSQ°« ] X�^¦±�²R� ³ � `}X�cNO�cN�;^PLZj�LNMDrU�UQkYDj­LZ��L*M�hRXtM� �y´cNOUhµmSX�^¦w¶`bX�^P�UX�eB�RX�h�eUX'mkh�LZ�u± \
VB�RLN�·^P�Uc*^q¡d¢�w¸cNORh�hUX�hU�Rp'X9^P�lc*^@�¹¨/wWº¼»´½���LNM�YDLZjdXq»�YD�Up��~^P�Uc*^E»�¾I��w \ V�^Pc*^PX�cNOo��^��UX�g
L*M�X�j�Y@�oLZ��®B�RLN^PX \

¿B\@] Xt^qÀÁ`bXWc�p�LZjdj¦�;^�c*^PQ�noXdMPQSORT©cNORh{Â%cNOxQkhRXscNm \�Ã X�psc*mkm�^P�Uc*^�^P�RX©Ä�Å
ÆNÇÉÈDÅNÊ ÂË QkY�^D�UXdQShRXscNm
Ì'Í �£À�¥ ÍÏÎ ��Âµ�°LNMdYDLZjdX~Ð�Ñ
y�cNOUh�^P�Uc*^�Â�QkY�p'cNmkmSX�h.ÒbÄ(Ç�Ó�ÅNÄ(Ô�Qf�E���RX�OUXtnoX�MdÕ×Ö��£Âx��X��Uc'noX
X�Qf^D�UXtM�ÕE��ÂWLNM�Ö×� ÂË \
ª co« ] Xt^9ÀØ`¯X�c�p'LZjdju�R^�cÙ^DQSnoX¦MPQSOUTRy�cNORh!mkXt^9Â���À¹`bX�cNO!QShRXscNm´YD�Up��!^P�Uc*^�^P�RX¦M�cNhUQSpscNm ÂË ¨
QfY�j�cÚ�RQSj�cNm \�� MPLÚnZX�^D�Uc*^�ÂWQSY@rRMPQSj�c*MD� \
ª `}«EV;�RLN��^P�Uc*^�QS��À£¨ÜÛ!Ý Í�ÞNß
à QkY�cdrbLZmf�BORLZj�QkcNm�MPQSOUTWQSOá^���LWnNc*MPQkc*`UmkX�Y�cNOUháÂ�¨âº Íbã�Þ(Í¯ä�åµÍ�ß ½�y
^D�UX�O ÂË QkY�rUMPQkj�XNyR`l�;^�ÂWQSY�ORLN^�rlMDQkj�c*M�� \

æ \Iç mScNYPYDQk�¬��^P�UX�elORQS^PX9TNMPLZ�RrUY�LZ��LNMPhUXtM �NèZèZé ¨/ê ä¯ë �Z�N¿;\ ªÉì©í�î¯ïoð �Z�N¿ QkY�rUMPQkj�XNñ �Z�Z� ¨xò ë ê ë ¿oéB\ «

ó�\�] Xt^�ôõ`bX�^D�RX�eUOUQS^�XqTNMPLZ�Rr�LZ�zLNMPhRX�M [sö ��Qf^P��TZX�ORX�MPc*^PLNMPY@cNOlhvM�X�m¬c*^�QkLZORY
ô�¨ø÷ Í�Þ�ß ¥ Íbù ¨ ß ä ¨µú Þ�ßÏÍ�ß}û�ü ¨ Í ãÙýoþ

ÿ´QfOlh�^D�UXqp�LZO��D�RTocNpt�vp'mkc*YPYDX'Y@cNOlh�p'LZORY�^DMP�Upt^�^P�UX9p(�Uc*M�cNp�^�X�M@^Pc*`UmkXqLZ��ô \
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� �°^PXtMPOUL
LZOáVBX'YDYDQSLZO
[N\�] X�^9ô `}X�cvORLZOlcÙ`¯XtmkQ¬cÙO/TNMPLZ�;r!LZ��L*M�hRX(M [Z[Úé ¨ ê ä�ë [s¿�\ V;�RLN��^D�Uc*^qô��UcNY9c�OUL*M�j�cNm×p���p'mfQkp
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Stanford Mathematics PhD Qualifying Exam
Algebra – Fall 2008

Morning Session

1. Let G = SL2(Fq) where q is an odd prime power. If ` is a prime dividing either
q − 1 or q + 1 prove that the `-Sylow subgroup of G is cyclic.

2. Let F be a field and let K be an algebraic closure of F . Let G = Gal(K/F ) denote
the group, possibly infinite, of automorphisms of K that are trivial on F . Use the
Nullstellensatz, stating the version that you use, to exhibit a bijection between the
orbits of G on Kn and maximal ideals in the polynomial ring F [x1, · · · , xn]. (Prove
your answer.)

3. Let A be a commutative ring with unit such that (i) for every maximal ideal m of
A, the local ring Am is Noetherian and (ii) for every 0 6= x ∈ A the set of maximal
ideals of A which contain x is finite. Show that A is Noetherian.

4. Let V be and n-dimensional vector space over Fq. For 1 6 j 6 n determine the
number of j-dimensional vector subspaces of V .

5. Let G be a cyclic group of order pn where p is prime. Let V be a finite-dimensional
vector space of dimension n over Fp. We say that a representation σ : G −→ GL(W )
is indecomposable if it is not a direct sum of nontrivial invariant subspaces. Show
that if π : G −→ GL(V ) is any representation on a finite dimensional vector space
over Fp then V is a direct sum of invariant subspaces Wi such that the restriction of
π to Wi is an indecomposable representation. Show that the number and dimensions
of the Wi are determined by π. Make explicit what an indecomposable Wi looks
like. [Hint: this is essentially a question of linear algebra. If x is a generator of G,
consider π(x) as a linear transformation.]



Stanford Mathematics PhD Qualifying Exam
Algebra – Fall 2008

Afternoon Session

1. Let G be a group of order pr where p is prime and r > 3. Show that p divides
|Aut(G)| and that |Aut(G)| > p2.

2. (a) Find (with proof) the Galois group of x9 − 2 over Q.

(b) Find (with proof) the Galois group of x9 − 2 over F3, F5 and F7.

3. Find all algebraic integers in the field Q[
√

10]. For which primes p in Z does p
generate a prime ideal in this ring of integers? (Prove your answer.)

4. Let F be a field and E ⊃ F an extension field.

(i) If M,N ∈ GLn(F ) are conjugate in GLn(E) show that they are conjugate in
GLn(F ).

(ii) Give an example of two matrices in SL2(R) that are conjugate in SL2(C) but
not in SL2(R).

5. Let G be the group of order 24 with the following generators and relations:〈
x2 = y2 = (xy)2 = 1, z6 = 1, zxz−1 = y, zyz−1 = xy

〉
.

Find the eight conjugacy classes of G and compute its character table.
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the group, possibly infinite, of automorphisms of K that are trivial on F . Use the
Nullstellensatz, stating the version that you use, to exhibit a bijection between the
orbits of G on Kn and maximal ideals in the polynomial ring F [x1, · · · , xn]. (Prove
your answer.)

3. Let A be a commutative ring with unit such that (i) for every maximal ideal m of
A, the local ring Am is Noetherian and (ii) for every 0 6= x ∈ A the set of maximal
ideals of A which contain x is finite. Show that A is Noetherian.

4. Let V be and n-dimensional vector space over Fq. For 1 6 j 6 n determine the
number of j-dimensional vector subspaces of V .

5. Let G be a cyclic group of order pn where p is prime. Let V be a finite-dimensional
vector space of dimension n over Fp. We say that a representation σ : G −→ GL(W )
is indecomposable if it is not a direct sum of nontrivial invariant subspaces. Show
that if π : G −→ GL(V ) is any representation on a finite dimensional vector space
over Fp then V is a direct sum of invariant subspaces Wi such that the restriction of
π to Wi is an indecomposable representation. Show that the number and dimensions
of the Wi are determined by π. Make explicit what an indecomposable Wi looks
like. [Hint: this is essentially a question of linear algebra. If x is a generator of G,
consider π(x) as a linear transformation.]
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Find the eight conjugacy classes of G and compute its character table.



ALGEBRA QUALIFYING EXAM, FALL 2009, PART I

1. Let k be a finite field of size q.

(a) Prove that the number of 2 × 2matrices over k satisfying T 2 = 0 is q2.

(b) Prove that the number of 3 × 3matrices over k satisfying T 3 = 0 is q6.

2. (a) Prove that if K is a field of finite degree over Q and x1, . . . , xn are finitely many

elements of K then the subring Z[x1, ..., xn] they generate over Z is not equal to K. (Hint:

Show they all lie inOK[1/a] for a suitable nonzero a inOK, where OK denotes the integral

closure of Z in K.)

(b) Let m be a maximal ideal of Z[x1, ...xn] and F = Z[x1, ..., xn]/m. Use (a) and the Null-

stellensatz to show that F cannot have characteristic 0, and then deduce for p = char(F)

that F is of finite degree over Fp (so F is actually finite).

3. Let E be the splitting field of

f(x) = (x7 − 1)/(x − 1) = x6 + x5 + x4 + x3 + x2 + x1 + 1

over Q. Let ζ be a zero of f(x), i.e. a primitive seventh root of 1.

(a) Show that f(x) is irreducible over Q. (Hint: consider f(y + 1) and use Eisenstein’s

criterion.)

(b) Show that the Galois group of E/Q is cyclic, and find an explicit generator.

(c) Let β = ζ + ζ2 + ζ4. Show that the intermediate field Q(β) is actually Q(
√

−7).

(Hint: first show that [Q(β) : Q] = 2 by finding a linear dependence over Q among

{1, β, β2}.)

(d) Let γq = ζ + ζq. Find (with proof) a q such that Q(γq) is a degree 3 extension of Q.

(Hint: use (b).) Is this extension Galois?

4. Let G be a nontrivial finite group and p be the smallest prime dividing the order of G.

Let H be a subgroup of index p. Show that H is normal. (Hint: If H isn’t normal, consider

the action of G on the conjugates of H.)

5. LetG be a finite group and π : G → GL(V) a finite-dimensional complex representation.

Let χ be the character of π. Show that the characters of the representations on V ⊗ V ,

Sym2(V) and ∧2(V) are χ(g)2, (χ(g)2 + χ(g2))/2 and (χ(g)2 − χ(g2))/2. (Hint: Express

χ(g)2, (χ(g)2 + χ(g2))/2 and (χ(g)2 − χ(g2))/2 in terms of the eigenvalues of π(g).)

Date: Thursday, September 17, 2009.
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ALGEBRA QUALIFYING EXAM, FALL 2009, PART II

This part has five problems on two pages.

1. Let V be a vector space over a field F, and let B : V × V −→ F be a symmetric bilinear

form. This means that B is bilinear and B(x, y) = B(y, x). Let q(v) = B(v, v).

(a) Show that if the characteristic of F is not 2 then B(v, w) = 1
2
(q(v + w) − q(v) − q(w)).

(This obviously implies that if q = 0 then B = 0.)

(b) Give an example where the characteristic of F is 2 and q = 0 but B 6= 0.

(c) Show that if the characteristic of F is not 2 or 3 and if B(u, v, w) is a symmetric

trilinear form, and if r(v) = B(v, v, v), then r = 0 implies B = 0.

2. Let G be a finite group.

(a) Let π : G → GL(V) be an irreducible complex representation, and let χ be its char-

acter. If g ∈ G, show that |χ(g)| = dim(V) if and only if there is a scalar c ∈ C such that

π(g)v = cv for all v ∈ V .

(b) Show that g is in the center Z(G) if and only if |χ(g)| = χ(1) for every irreducible

character χ of G.

3. Let V be a vector space of finite dimension d ≥ 1 over a field k of arbitrary characteristic.

Let V∗ denote the dual space.

(a) For any n ≥ 1, prove that there is a unique bilinear pairing V⊗n × (V∗)⊗n
→ k

satisfying

(v1 ⊗ · · · ⊗ vn, ℓ1 ⊗ · · · ⊗ ℓn) 7→
∏

ℓi(vi),

and by using bases show that it is a perfect pairing (i.e., identifies (V∗)⊗nwith (V⊗n)∗).

(b) For any 1 ≤ n ≤ d, do similarly with ∧n(V) and ∧n(V∗) using the requirement

(v1 ∧ · · · ∧ vn, ℓ1 ∧ · · ·∧ ℓn) 7→ det(ℓi(vj)).

4. Let K/k be a finite extension of fields with α ∈ K as a primitive element over k. Let

f ∈ k[x] be the minimal polynomial of α over k.

Date: Thursday, September 17, 2009.
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(a) Explain why K ≃ k[x]/(f) as k-algebras, and use this to relate the local factor rings

of K ⊗k F to the irreducible factors of f in F[x], with F/k a field extension.

(b) Assume K/k is Galois with Galois group G. Prove that the natural map K ⊗k K →
∏

g∈G K defined by a ⊗ b 7→ (g(a)b) is an isomorphism.

5. Let G be a finite abelian group, ω : G × G → R/Z a bilinear mapping so that

(i) ω(g, g) = 0 for all g in G;

(ii) ω(x, g) = 0 for all g if and only if x is the identity element.

Prove that the order of G is a square. Give an example of G of square order for which no

suchω exists.

Hint: Consider a subgroup A of G which is maximal for the property that ω(x, y) = 0

for x, y in A. You may use the following fact without proof: any finite abelian group X

admits |X| distinct homomorphisms to R/Z.
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1. PART I

(1) (a) Explicitly exhibit an element σ of G = GL(2,Z/7Z) of order 8.
(b) Describe, with proof, the structure of the 2-Sylow subgroup of G.

Hint: think about the multiplicative group of the field of size 49, and the action
of the nontrivial automorphism of this field.

(2) Let V,W be vector spaces over an algebraically closed field k, with dim(V) = 6 and
dim(W) = 9. Suppose T : V → V, S : W → W are linear transformations whose
minimal polynomials are, respectively, T 6 = 0 and S9 = 0.

Consider the linear transformation S⊗ T : W ⊗ V → W ⊗ V .
(i) What is the minimal polynomial of S⊗ T?

(ii) What is the dimension of ker(S⊗ T)?
(iii) Describe the Jordan normal form of S ⊗ T (i.e., number of blocks, and their

sizes).
Hint: You should not need to write down any matrices.

(3) Suppose A and B are commutative rings containing a field k, with B finitely gener-
ated over k as a ring. If φ : A → B is a ring homomorphism with φ|k = Id and if
Q ⊂ B is a maximal ideal, prove that φ−1(Q) ⊂ A is a maximal ideal.

(4) Let α be a root of x7 − 12 and ζ a primitive 7th root of unity, both in C.
(a) Explain why the powers {αj}0≤j≤6 are linearly independent over the field Q[ζ].
(b) If β ∈ Q[α] has a conjugate of the form ζiβ (0 < i < 7) in the algebraic

closure of Q, explain why β = cαj for some rational number c and some j with
0 < j < 7.

(c) Show, using the results of the prior parts, that x7 − 11 has no root in Q(α).

(5) Let R be a ring and

· · · Fj
d→ Fj−1

d→ · · · d→ F1
d→ F0

d→ 0
d→ 0 · · ·

a complex of free R-modules.
(a) Show that this complex is exact (i.e., has vanishing homology) if and only if

there exists degree 1 homomorphism h : F∗ → F∗ (i.e., a collection of R-module
homomorphisms hj : Fj → Fj+1) so that dh+ hd is the identity on the complex
F∗.

(b) In this case, show that Hom(F∗,M) has vanishing cohomology for any module
M.

(c) Give counterexamples to both statements if F∗ is exact but not free.
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2 2. PART II

(1) Find a root of unity ζ so that Q(ζ) contains a subfield Kwhich is Galois over Q with
Galois group Z/3Z. Compute the minimal polynomial over Q of an element that
generates K over Q.

(2) (i) Prove that if a nonzero ideal I in a domain R is free as an R-module then I is
principal. As an application, for R = Z[

√
−5] prove that neither of the ideals

P = (3, 1+
√

−5) nor Q = (3, 1−
√

−5) is free. Hint: Use norms!
(ii) Prove that P ∩ Q = 3R, and that the addition map P ⊕ Q → R defined by

(a, b) 7→ a+ b is surjective.
(iii) Deduce that P ⊕Q ' R2 as R-modules, so a direct summand of a free module

need not be free as an R-module!

(3) Let G be a finite group and H a subgroup whose index is prime to p. Suppose V is a
finite-dimensional representation of G over Fp whose restriction to H is semisimple.
Prove that V is semisimple. Hint: Imitate the proof of Maschke’s theorem.

(4) (i) If A is a commutative Noetherian ring, prove the power series ring A[[x]] is
Noetherian.

(ii) If A is a commutative Artin ring, that is, if the ideals satisfy the descending
chain condition, prove that every prime ideal P ⊂ A is maximal and that there
are only finitely many prime ideals. Hints: If x /∈ P, consider the ideals (xn);
consider also finite products of prime ideals.

(5) Let K be an algebraically closed field and let V ⊂ Kn,W ⊂ Km be irreducible
algebraic sets. Prove that V ×W ⊂ Kn+m is an irreducible algebraic set.
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