Qualifying Exam
GEOMETRY/TOPOLOGY
Spring 2001

For the PhD level, do four problems from each part; where Problem 1 counts as two
problems.
For the MA level, do five problems in all, with at least two problems from each part.

Again, Problem 1 counts as two problems.

Part I: Manifold Theory

1. (20 points) Suppose M is a compact connected 3-manifold and w is a nowhere zero
1-form defined on M. Suppose that the distribution ker w is integrable, and kerw = T F
for a foliation F.

(4 points) (a) Show that w A dw = 0.

(4 points) (b) Use a partition of unity to show that there is a 1-form « such that
dw = a A w.

(2 points) (c) Show da Aw = 0.

(6 points) (d) Suppose that o is some other 1-form satsifying dw = &/ Aw. Show that
o' = a + gw for some function g, and that a A da = o’ A dd'.

(4 points) (e) Suppose that w’ is a nowhere zero 1-form and kerw = kerw'. If dw’ =
v A w, show that a A da — v A dv is exact.

2. (10 points) On the compact connected manifold M, suppose « is a p-form and 3 is an
(n — p — 1)-form. Suppose M has two components: 9gM and 01 M. Let ig and i; be the
inclusions of dpM and 01 M into M. Given that ija = 0 and ¢33 = 0, show that

/M da A B = (1P /Ma/\ ag

3. (10 points) Suppose f: S! — R? and g: S — R? are smooth embeddings. Let

—

M ={(a,b,v) € S' x S* x R% f(a) —g(b) = v }.

Show tll)at M is a compact submanifold of S x S! x R?. Let m: M — R? be the projection
m(a,b,v) = v. Apply Sard’s Theorem to m and deduce that for almost every v € R2,

f(S1) is transverse to g(S!) + v.

4. (10 points) Suppose that f: M — N is a C* map, M and N are compact connected
n-manifolds, and rank(df) = n. Show that f is a covering map.
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Part II: Algebraic Topology

5. (10 points) Let X be a polyhedron, A a subpolyhedon, p: X — X the universal covering
space of X and A the path component of p~!(A) containing the equivalence class of the
constant path at xg € A.

(2 points) (a) Give an example in which p: A — A (where p is the restriction of p) is
not the universal covering space of A.

(8 points) (b) Prove that p: A — A is the covering space of the kernel of i,: 71 (A, zg) —
71(X, zo) where ¢ is inclusion.
6. (10 points) Let D™ be the unit ball in R, S"~! its boundary, and 0 € R™ the origin.

(5 points) (a) Prove that the inclusion i: (D™, S""!) — (D™, D™ — 0) induces an
isomorphism i,: H, (D", S"~1) — H,(D", D™ — 0).

(5 points) (b) Prove that ¢ is not a homotopy equivalence of pairs, that is, there is no
map g: (D™, D™ — 0) — (D", 5"~1) such that g7 and ig are homotopic, as maps of pairs,
to identity maps.

7. (10 points) Given a map f: X — X of a polyhedron, there is an exact sequence

— Hio(X) =5 Hy(X) — Hi(Ty) — Hp_1(X) —

where T is the mapping torus of f. Use the sequence to calculate the homology of the
3-manifold M obtained from S? x I by identifying (z,0) to (—z,1) for all z € S2.

8. (10 points) Let A C X C @ and consider

Hy(Q, A) = Hi(Q, X) -2 Hi_1(X, A)
where i is inclusion and 9[z] = [0k[z]] for Ox: Hx(Q, X) — Hy_1(X) that comes from the
exact sequence of (@, X).
(4 points) (a) Prove that 0 is well-defined.
(6 points) (b) Prove that the image of 4. equals the kernel of 0.
9. (10 points) Let J(X,z9) C m1(X,zo) be the subgroup of cyclic classes, where a

class « is cyclic if there is a homotopy {h;: X — X} with hg = hy = identity such that
[he(z0)] = a.

(7 points) (a) Prove that J(X, zo) is contained in the center of m1(X, zo).
(3 points) (b) Prove that if X is a topological group, then J(X, zo) = m1 (X, zo).



GEOMETRY-TOPOLOGY QUALIFYING EXAMINATION
September 25, 2002

1. Suppose P(z,y,z2), Q(z,y,2), and R(z,y,z) are C*® functions on R® which vanish
identically if |z| > 5, |y| > 5, or |z| > 5. Prove that the volume integral

+6 46 46
/ / / d(Pdy A dz + Qdz A dz + Rdzx A dy) = 0.
-6 J—6 J—6

(Do this directly, not by quoting Stokes’ Theorem: this is a special case of the proof of
Stokes’ Theorem!)

2.  Suppose that V = P(a;,y,z)a%c + Q(x,y,z);% + R(:c,y,z)% is a C* vector field on

R3 with V # 0 at the origin. Find a necessary and sufficient condition for there to exist a
C® function A(z,y, z) in some neighborhood of the origin such that AV is the gradient of
a C* function on the neighborhood.

3. Let Ty : R3 — R3 be the right-hand rule rotation around the positive z-axis by ¢
degrees and S, : R® — R3 be the right-hand-rule rotation around the positive z-axis by ¢
degrees.

(a) Find the infinitesimal generators of the flows T; and S, i.e., the vector fields X and
Y, respectively, on R whose flows are {T;} and {S;}.

(b) Compute the commutator

T_t o S—t o Tt e} St.

(¢) Compare the result of (b) (lowest order non-identically zero term) with the Lie
bracket [X,Y].

4. Take as given that a C*® 2-form w on S? is of the form df for some C*° 1-form 0 if
and only if [ x2w = 0. Use this to show that every C*° 2-form {2 on RP? has the form dA
for some C* 1-form A. (Do not just quote DeRham’s Theorem here.)

5. (a) Suppose F : S — R3 is a C™ function such that dF is nowhere zero (on S%).
Prove that there is a two-dimensional subspace P of R3 such that 7p o F : ST — R3 has
nowhere vanishing differential, where mp = orthogonal projection on P.

(b) Show by example (a picture with explanation is all right) that there is such an F
that is also 1 to 1 (injective) but is such that, for all P, 7p o F fails to be injective.




(c) Show that if F : ST — R* is C* and injective then there is a three-dimensional
subspace H of R* such that g o F is injective, where 7z = orthogonal projection on H.

6. (a) Suppose F : S™ — S™ is fixed-point free (i.e., for all p € S™, p # F(p)). Show that
F is homotopic to the antipodal map p — —p, p € S™.

(b) Use part (a) to show that every vector field on (tangent to) S?*, n = 1,2,3...,
vanishes somewhere on S?" (i.e., has a zero).

7. (a) Discuss carefully how to obtain the long exact sequence in homology from a short
exact sequence of chain complexes. (Include definitions of the maps in the long exact

sequence. )

(b) If the short exact sequence is

0—=>Ci —Cy—C3—0,

prove exactness of the long exact sequence at Hix(Cs) [in. .. Hx(C2) = Hgx(C3) — Hp_1(Cy) .. .].

8. (a) Suppose F : T? — T2 (where T? = S* x S') is a continuous function such that
F(p) = p for some p € T? and

F* : 7r1(T2,p) — 771(T27p)

is the identity map. Is F' necessarily homotopic to the identity map from T? to itself?

b) Is a C*® map F : T? — T? of degree 1 necessarily homotopic to the identity map of
g
T? to itself? Explain/prove your answer.

9. (a) Discuss the (a) representation of CP™ as a cell complex.

(b) Use part (a) to find the homology of CP™: prove carefully that your calculation is
correct.

10. (a) Let X = the space obtained by attaching two discs to S 1 the first disc being
attached by S! = 8D; — S! being the 7 times around (counterclockwise) map, e.g.,
z =27, |2l =1, z € C and the second being attached by S* = 8Dy — S! being the 5
times around map z — z°. Find the homology of X.

(b) Can X be made a C* manifold? Why or why not?




M.A. or Ph.D. Qualifying Exam
GEOMETRY-TOPOLOGY
Spring 2002

Instructions:

For a Ph.D. pass do 4 problems from each section to a total of 8 problems. For a M.A.
pass do 2 from one and 3 from the other section to a total of 5 problems.

Geometry

1. Let M be a closed (compact, without boundary) manifold. Show that any smooth

function
f:M—>R

has a critical point.
2. (a) Show that every closed 1-form on S™, n > 1, is exact.
(b) Use this to show that every closed 1-form on RP™, n > 1, is exact.

3. Let M? be a d-dimensional manifold and wy, ... ,w, be pointwise linearly independent
1-forms. If 61, ... ,0, are 1-forms so that

p
Zwi NG =0,
=1

then there exist smooth functions f;; so that

p
Oi:Zfijwj, ’I:=1,...,p.
i=1

(Hint: try p = 1)

4. Let M be the set of all straight lines in R? (not just those which pass through the
origin). Show that M is a smooth manifold and identify it with a well-known manifold.

(Hint: Lines not through the origin have a unique closest point to the origin and that
point determines the line uniquely. What happens at the origin?)

5. Let f: M™ — N™ be a smooth bijection so that Df : Ty,M — T}, N is injective for
all p. Show that f is a diffeomorphism.



Topology

6. (a) Show that if f: S™ — S™ has no fixed points then deg(f) = (—1)"*!.
(b) Show that if X has S?" as universal covering space then 71(X) = {1} or Zj.
(c) Show that if X has S?"*! as universal covering space then X is orientable.

7. (a) Outline the construction of the universal covering of a path connected locally
simply connected space X.

(b) Give an example of a path connected space which does not have a universal covering
space.

8. Let X be a finite cell complex constructed inductively by gluing all p-cells onto cells
of dimension < p. Assume no p — 1 and p + 1 cells are used to construct X. Show that

Hy(X,Z) ~ Z™

when 7, is the number of p-cells used in the construction.
9. Let (M,0M) be a compact oriented n-manifold with connected boundary dM. Show
that there is no retract r : M — OM, ie., amap r : M — OM such that r(z) = z if
x €0M.
(Hint: Prove that H,_1(0M) — H,_1(M) is trivial.)
10. Let X =T? — {p,q}, p # q be the twice punctured 2-dimensional torus.

(a) Compute the homology groups H,(X,Z).

(b) Compute the fundamental group of X.




Qualifying Exam

Geometry/Topology

Winter 2002
Instructions:

For the PhD level, do four problems from each part.

For the MA level, do five problems in all, with at least two problems from each part.

Part I: Differentiable Manifolds

1. Let M be a smooth three dimensional manifold and « is a 1-form on M s.t. aAda # 0
at every point of M. (10 points)

(i) Let H=ker o CTM. Show that H is a two-dimensional plane field of TM which
is not integrable.

Hint: Use the formula do(X,Y) = X(a(Y)) - Y(a(X)) — a([X,Y]), where X,Y are two
arbitrary vector fields.

(ii) Show that there exists a unique vector field V s.t.
(a) a(V) =1, (b) (V)®H=TM, (¢) da(V,W)=0

for any vector field W. Here (V) is the line field generated by V.

2. Let M be a closed smooth manifold and X be a vector field on M. Denote the flow
generated by X by ¢ : M — M, i.e., @, is defined by: (10 points)

dpy

Et_(x) = X (p¢(z)) for any x € M.

Given a function f, prove that:

1
Jfop —fOQDOZ/O oy (df )(X)dt.




3. Let M,, be the space of n x n real matrices and MF be the subspace of all matrices of
rank k in M,,. (10 points)

(i) Show that MF is a submanifold of M,,.
(ii) Find the dimension of MF.
4. Let S? = {(z,y,2) € R® : 22 + y% + 2% = 1} as usual. (10 points)

(a) Show that, for each C* 1-form w on S? with dw = 0, there is a C* function
f: 8% — R such that df = w.

(b) Show that, for each 2-form  on S? such that £ = df for some 1-form 8,

Q=0.
S2

(c) Is the converse of (b) true, ie., is it true that if Q is a 2-form on 52 with [, Q=0
then there is always a 1-form # on S? such that Q = df? Prove your answer.

5. Let S? be as in Problem 4. Consider the 2-form on R3 — {(0,0,0)} (10 points)

o=@+ y?+ 20"z dyndz —y dz ANdz + z dz A dy).

(a) Show that o is closed on R — {(0,0,0)}.

(b) Show that the 2-form
w=xdyNdz—ydxANdz+zdrANdy

is closed but not exact on S2.
(¢) Find [q w.

(d) Suppose M is compact, 2-dimensional, oriented embedded submanifold of R3 —
{(0,0,0}. What are the possible values of [, 07 Prove your answer.




Part II: Algebraic Topology
6. (a) Define: chain complex, chain map, chain homotopy. (10 points)

(b) Prove that if fy, fo: C — C' and g1,g2 : C' — C" are chain homotopic chain maps
then g1 0 g1, g2 0 fo : C — C" are also chain homotopic.

7. Let p: X — X be a _covering space and let f: X — X be a map such that f(zg) =
zo. A map f : X — X such that f(Z,) = Zo for some Fy € p ~Nmo) is a lift of f if

pf = fp. (10 points)

(a) Prove that f has a lift if and only if f,(H) C H where H = p,(m(X, %)) C
Wl(X) 1170)-

(b) Give an example of a space X, amap f : X — X and a covering space p = X — X
such that f has no lifts to X.

8. The following diagram of groups and homomorphisms is commutative and both hor-
izontal sequences are exact. The symbol “id” denotes the identity. Prove that if ¢ € C
such that (c) = 1 then there exists b € B such that 8(b) = 1 and ¢(b) = ¢, and thus that

(ker ) = ker . (10 points)
A2+ B *50c 25D
T
A—— B > O > D
al (pl 6/

9. Let (X1, A1) and (X5, Az) be pairs of finite polyhedra and subpolyhedra. (10 points)

(a) Write the relative Mayer-Vetoris sequence for the pair (X; U X3, A; UA3). You do
not have to define the homomorphism or prove anything about it.

(b) Use part (a) to prove that if X is a finite polyhedra, S” is the r-sphere, pg € S”

and k& > r then
Hi(X X S, X % po) = Hy_(X).

10. Let p : E — B be a covering space and f : X — B a map. Define (10 points)
E*={(z,e) € X x B: f(z) =ple)}.

Prove that ¢ = E* — X defined by ¢(z,e) = z is a covering space.




M.A. or Ph.D. Qualifying Exam
GEOMETRY/TOPOLOGY
Fall 2003

Instructions: All problems are worth ten points.

1. Explain carefully how the classical “divergence theorem”

/ / V - d(area) = / / / div V d(volume)
5 v

(V a bounded volume in R3, S = boundary of V) follows from the Stokes’ Theorem for
differential forms.

2. Without using deRham’s Theorem, prove:
(a) every closed 1-form on §2 is exact.

(b) a two-form  is exact on S? if and only if

| a=o
S2

3. Show that the set of all lines in R? has a natural structure as a differentiable manifold.
What (already familiar) manifold is it?

4.  Show that $3 is the union of two solid tori (S'x 2-disc) with a embedded torus
(S x S!) as their common boundary. (Hint: Express R® with a solid torus removed as a
union of circles and a single straight line and then add a point at infinity.)

5. Suppose M is a compact manifold (with empty boundary).
(a) Prove that, if f: M — R is a C* function, then f has at least two critical points.

(b) A C° function on S x S cannot have only two critical points. Prove this (e.g.) by
deforming a homotopically nontrivial S’ along the gradient flow of f: M — R.

6. (a) Prove carefully that a group of homeomorphisms of S??, each of which has no
fixed points (unless it is the identity map), contains at most two elements.




(b) Give a counterexample for some S?*+%, n > 1.

7. TFind the homology groups with Z coefficients, of RP™, n = 2,3,4. .. by some systmatic
rigorous method.

8. Find the homology and the fundamental group of S 1 % S with two points removed.

9. Prove that if a compact (empty boundary) manifold X has $?**1, n > 1, as a covering
space, then X is orientable.

10. Suppose M is a compact orientable manifold (empty boundary). Prove that
H,(M, Z) ~Z.

(You may assume M is triangulated.)



GEOMETRY/TOPOLOGY QUALIFYING EXAMINATION

January 18, 2003

MANIFOLD THEORY

1. Let M be a smooth compact manifold of dimension n. Show that there is no
immersion of M into R™.

2. The n-dimensional torus T is defined to be R*/Z", i. e. for any = and y
in R*, z ~y iff z —y € Z™. Let a and B be two functions on R™ such that (i)
a(z) = a(y) and B(z) = B(y) iff z —y € Z™ and (ii) a/B is an irrational constant.
Then 9 9

v=ale)g g+ ﬂ(l‘)@
is a vector field on R™ descending to T™, where

0 0 o
{oe 502 5}

are coordinate vector fields. Find all functions f on 7™ such that vf = 0.

3. Let M and N be smooth compact connected manifolds and f: M — N be a
smooth map such that, for any point m € M, rank(df,,) = dim(N). Show that (i)
for any n € N, f~!(n) is a submanifold of M and (ii) for any n; and ny in N, the
submanifolds f~'(n;) and f~!(ny) of M are diffeomorphic to each other.

4. Let
6= %{(mzdxl — ztdz?) + (ztdx® — 23dx?) + - - + (2 da® Tt — 22 dr?))
be a 1-form on R?" and 6 be its restriction to the unit sphere
Sl —fp = (..., 2™ |2 + -+ (2?2 =1}
The kernel K of § is a distribution on §27~1:
K = {vjv € TS*~1 4(v) = 0}.

Decide whether or not K is integrable.

5. Let T?™ = R?" /72" be torus of dimension 2n. Consider the 2-form
w = dz' Adz"T! + dz? Adz™ 2 4 .- 4 da™ A dz?

defined on R?” descending to T2".

Typeset by ApS-TEX



2 GEOMETRY/TOPOLOGY QUALIFYING EXAMINATION

(i) Show that w is closed but not exact on 727,
(ii) Let 4: T™ — T2™ be the subtorus defined by the equation

n+41 — xn+2 _ 2n __ 0.

.’1; —"':.I.E =

What is +*w?
(iii) Let ¥ = S2\ {U, D;}, where D;, i = 1,...,m are m open disks in S? with

disjoint closures. Show that
[ ro= [ 50
b =

if f1, f2: (%,0%) — (T?",T™) are homotopic to each other, where 0% is the bound-
ary of .

ALGEBRAIC TOPOLOGY

1. Let X be a path connected space and let xzg,x; € X. Prove carefully that
71(X, Zo) is isomorphic to 71 (X, z1).

2. (i) Define what is meant by a “chain homotopy” P between chain maps
f#,94:C — D and prove that chain homotopic chain maps induce the same ho-
momorphism of homology. (ii) Let X and Y be spaces and let F: X x I — Y be a
homotopy between maps f and g. Define a chaim homotopy P between the induced
chain maps fg,g4:C(X) — C(Y) of singular chains. (iii) Verify that P satisfies
the definition of a chain homotopy ONLY for the restriction of P to C1(X).

3. Let X be alocally contractible space and H a subgroup of 71 (X, o). Describe
carefully how to construct a topological space Xz and a map p: Xz — X such that
P«(m1(XH,%0)) = H and show that it has the required property of p,. (Note:
Although Xy will be a covering space, you don’t have to verify this unless you
want to use some general properties of covering spaces.)

4. Prove that the real even-dimensional projective spaces RP?" have the fixed
point property, that is, every for every map f: RP?" — RP?" there is a solution to
f(z) = z. (Hint: Consider maps on the covering space S2".)

5. Use the Mayer-Vietoris sequence to calculate the homology of S x S2. You
may assume the homology calculations for S1, 5! x St and S2.




M.A. or Ph.D
Qualifying Exam
Geometry/Topology

Fall 2004

Instruction: All problems are worth ten points.

1. Let M be a connected smooth manifold. Construct the orientation cover M.
a) Show that My is a smooth manifold.
b) Show that My is a 2:1 covering of M.

c¢) Show that M is orientable iff M is the union of two disconnected components.

2. Let w be a smooth nowhere vanishing 1-form on a smooth connected manifold M.
a) Show that ker w is a smooth co-dimension 1 distribution on M.
b) Show that ker w is integrable iff dw vanishes on ker w.

¢) Find a co-dimension 1 distribution on R® that is not integrable.

3. Show that S! x S™ is parallelizable, i.e., one can find (n + 1) vector fields that are
everywhere linearly independent.
(S* c R¥+! is the unit sphere)

4. Let w = _(—;/%E and consider [ w, where 7 : St — R% - {0}.

a) For which « is f“/o w= f,h w, whenever 7, and 2 are smoothly homotopic, i.e.,
then exists F : S x [0,1] — R? — {0} such that vo(t) = F(¢,0), 11 (¢) = F(t,1)?

b) What are the possible values for f,y w when « is chosen as in part a)?

5. Show that a closed (compact without boundary) n-manifold cannot be immersed
in R™.



10.

Let C* be the set of all non-zero complex numbers with the induced topology from
C. It is a topological group with respect to the usual multiplication. Let f be a
continuous homomorphism from C* to itself.

(i) Find all possible f|s1, where S' = {z | |2| =1,z € C*}.

(ii) Classify such f|s1 up to homotopy.
Let X1 = S'V,, -z, S% be the space obtained from the disjoint union of the circle

S! and the S? by identifying a point z; € S! with a point x5 € S2. Define
Xo=8"Vy,—y, S* similarly.

(l) Find 7T1(X1) and 7T1(X2).
(ii) Find their universal coverings.

Let f : 82 — T? be a continuous map from 2-sphere to 2-torus 72.
What is the induced map

fo: H(S?) — H,(T?)

on the homology groups?

Let X be a topological space, and define S(X) to be the quotient space of X x I
by contracting X x {0} to a point and X x {1} to another point. Here I = [0, 1].
What is the relationship between H,(S(x)) and H,(x)?

Let K be a finite simplicial complex and K™ be the subcomplex consisting of all sim-
plices in K of dimension less than or equal to n. Denote the underlying topological
spaces of K and K™ by |K| and |K™|.

(i) What is the relative singular homology H.(|K™|,|K™~}|)?
(i) Write down the long exact sequence for the triple (|K™|, |[K™~|,|K™2|), i.e. ,

the long exact sequence relating the singular homology groups H, (|K"|, | K™~1]),
H, (JK", |[K"72%|) and H. (K", |[K"~?]).

(iii) Use (i) and (ii) to show that singular homology of | K| is same as the simplicial
hmology of |K|. ( Hint: identify the connecting boundary map in (ii)).




GEOMETRY/TOPOLOGY QUALIFYING EXAMINATION

Winter, 2004

MANIFOLD THEORY

1. (a) Let M = SL(2,R) = {A € M3R;det A = 1}. Show that M is a subman-
ifold of M>(R) (the space of two-by-two matrices). Given A € M, regard Ty M as
a subspace of MsR. Consider three vector fields H, X,Y on M defined by

H(A):A-<(1) _01>,X(A):A-<g é),Y(A)zA-(_Ol g>eTAM.

Find the flows of H, X and Y.
(b) Show that [H, X] = 2X.

2. State the general Stokes Theorem, and explain how the classical version

//(Vxﬁ)-ﬁdAz/ 7 di
S a8

follows. Here S is a compact surface in R® with normal vector 7 and boundary 058,
and 7 is the position vector.

3. Describe diffeomorphisms between SO(3), RP3 and UT(S?), the unit tangent
bundle of S2. You need not check that the maps are smooth. (SO(3) is the special
orthogonal group and UT(S?) is the set of tangent vectors of length one.)

4. Let X be the space of symmetric n-by-n real matrices and let X; be the
subspace of matrices of rank &k in X. Show that X is a submanifold and find its
dimension.

5. Suppose that f: M — N is C°°, M and N are compact connected n-manifolds,
and rank(df) = n. Show that f is a covering map.
ALGEBRAIC TOPOLOGY

6. Consider the exact sequence of abelian groups and homomorphisms

0s43BEcoo.
Prove that if there is a homomorphism v: B — A such that ya: A — A is the
identity, then B is isomorphic to A& C.

7. Prove that the n-sphere S™ admits a continuous field of nonzero tangent
vectors if and only if n is odd.

Typeset by ApS-TEX




2 GEOMETRY/TOPOLOGY QUALIFYING EXAMINATION

8. Let p: X — X be the universal covering space of a space X and let f: X — X
be a map.
_(a) Prove that there exist lifts of f to X, that is, maps X > X such that
pf = fp.
(b) Suppose f1, f are lifts of f and there exist #1,%2 € X such that f (1) =
&1, f(Z2) = &2 and p(Z1) = p(Z2). Prove that there exists a covering transformation
o: X — X such that fo = ofio~L.

9. Let Xi = S* x D? — {p1,p2,---,px} be the solid torus (circle cross disc) with
k > 1 points deleted from its interior. Calculate the homology of X.

10. Let (X) denote the loop space of a metric space X with metric d. That
means (X) is the set of all maps a: [0,1] — X such that a(0) = a(1), with the
topology given by the metric d(a,b) = maxo<i<1 d(a(t), b(t)). Suppose a,b € Q(X)
such that a(0) = b(0) = zo. Prove that the classes [a], [b] € 71(X, zo) are conjugate
in 71 (X, zo) if and only if @ and b lie in the same path component of Q(X).



Geometry /Topology
QUALIFYING EXAM

September 2005
Do all problems

Manifold Theory

1. (a) Define complex projective space. P™, n > 1, and prove that it is a compact differ-
entiable manifold.
(b) Show that P™ is orientable for all n.
(c) Prove that P! is diffeomorphic to S2.

o

Suppose N is an embedded submanifold of a (C°°) manifold M. A vector field X

on M is tangent to N if X (p) € T,N C T,M for all p € N.

(a) Prove that if X and Y are vector fields on M that are each tangent to NN, then
[X,Y] is also tangent to N.

(b) Tllustrate this principle for two vector fields (your choice) tangent to S* C 2 (with

[X,Y] # 0), computing [X,Y] and checking that [X,Y] is tangent to S*

3. DeRham’s Theorem says that (closed p-forms)/(exact p-forms) = HP(M, ) for a
C*> manifold M. Verify this in the special case M = S?, where H! = 0, H?> = 1
(given) by proving, by direct constructions:

(a) Every closed 1-form w (i.e., dw = 0) is exact (i.e., w = df, some function f).

(b) A (closed, necessarily) 2-form Q on S? is d©, for some 1-form ©, if and only if
Js2 2 =0.

(c) There is a 2-form Q on S? such that [, Q # 0.

4. A vector field V on 3 is said to be gradient-like at a point (z,y,z) € 3 if there
is a neighborhood U of (z,y, z) and a nowhere-vanishing -valued function A on U
with the property that curl(AV) =0 on U. (So AV is the gradient of a function in
a neighborhood of (z,y, 2).)

Use the Frobenius Theorem to find a condition under which a nowhere vanishing
vector field V on 3 is gradient-like at each (z,y,2) € 3. Demonstrate that your
condition works

5. Prove that if M is a compact C°° manifold, then for some positive integer k there
is a C™ mapping F : M — ¥ such that dF|, is injective for all ¢ € M.

Algebraic Topology

6. (a) Write down the Mayer-Vietoris sequence associated to a pair of open sets U and V
with U UV = a topological space X.
(b) Describe explicitly how the dimension-lowering map(s) in this long exact sequence
arise and prove that this map is well-defined.



7.

® o
(b)

8. (a)

(b)

10.

Let X be a space that has a simply-connected covering space p : X - X.

Prove that X is semi-locally simply connected. (i.e. each z € X has a neighborhood
such that every loop at  that is in the neighborhood is contractible in X )

Prove that p : X — X is “universal” in the sense that, given any covering space
p’ : X' — X, there is a covering space ¢ : X — X' with p = p'q.

Prove that if X is a topological manifold of dimension n then, for each xo € X, the
relative homology H, (X, X — {zo}) is isomorphic to

Explain how if X is a C° n-manifold that is orientable, then an orientation of X
picks out a particular generator of H, (X, X — {xo}) for each zo € X.

Let X be the space obtained by deleting from the closed ball of radius 2 in 3 the
unit circle in the (z,y) plane, i.e.,

X={zyz2e *:a?+y’+27 <2\{(z,y,00€ *:a®+y" =1}

Compute the homology groups of X.

Viewing the unit circle S* in the plane as the complex numbers of norm one, let
p: St x St — S be complex multiplication. Given maps f,g: S' — S, define
their “product” h : ST — S by h(z) = u(f(2),9(z)). Prove that the degrees are
related by deg(h) = deg(f) +deg(g). (Hint: First show that, for maps of the circle,
degree can be defined in terms of the fundamental group.)



Geometry/Topology
QUALIFYING EXAM
Winter 2005

Manifold Problems

1.

Let M? be a smooth 2-manifold and f : M? — R be a smooth surjective map
without critical points. Assume that for any finite closed interval [a,b] — R,
f~([a,b]) is compact. What is M?2?

Show that T2 x S? is parallelizable, i.e., there are 4 vector fields that are everywhere
linearly independent.

Let V = P—?— + Q3 + R—a—— be a nowhere zero C™ vector field on R3. Show that
Oz dy 0z

the following three statements are equivalent.
a) The orthogonal-to-V plane field is integrable on some neighbourhood of 0 € R3.

b) There exists a nowhere-zero C* function f : R® — R such that curl(fV) =0
on some neighbourhood of 0 € R3.

¢) V -curl(V) = 0 on some neighbourhood of 0 € R3.

Let f : R® — R be a smooth function and z € R™ be a critical point of f. The
Hessian H(t); at = be a bilinear form: T,R™ x T,R™ — R defined as follows. For
any two vectors V; and V5 in T,R™, extend V to a vector field V near z, and define
H(f)x(vlv VQ) = D’U1 (D52f>

Show that:

(1) H(f)m(vla ‘/2) = H(f)a:(‘/Zavl)

(2) H(f)z(V1,V2) is independent of the choice of the extension V.

State Stokes’ Theorem in its most general form.

Use the Stokes’ Theorem to prove that for any vector field X defined on R",
Jo(div X)dzt---da™ = £ [,(X - N)ds where € is a bounded domain in R™ with
smooth boundary 02 and a unit normal field NV on 092. Here ds is the “area” form.




Geometry/Topology
QUALIFYING EXAM
Winter 2005

Topology Problems

1. Sketch the proof of:

THEOREM. If D is a subspace of S™ homeomorphic to I* for some k > 0 then the
reduced homology groups H;(S™ — D, Z) are trivial for all 1.

(Hint: Induction on k.) (This is a special case of Alexander duality. No credit for
saying “Applying Alexander duality ...”.)

. Show that RP? is not homotopy equivalent to RP? v S3. (You could use cup
products, degree, or covering spaces.)

. Suppose F': X x I — Y is a homotopy between f : X — Y andg: X — Y.
(6 pts) a) Indicate how to construct prism operators P : Cp,(X) — Cp11(Y) satis-
fying g« — fo = OP + PO where fi : Cp(X) = Cr(Y), g« : Cpi(X) — C, (Y) are the
chain maps.

(4 pts) b) Show that the induced homomorphisms H,(f), H,(g) are equal.

. Give examples of a) two nonhomeomorphic connected regular 3-sheeted covering
spaces of the bouquet of two circles and b) an irregular connected 3-sheeted cover
of the bouquet of two circles.

(5 pts) a) Find the Euler characteristic of X2, the 2-skeleton of the 4-simplex.
(5 pts) b) Give a reason why Hy(X?) is free abelian and find its rank.




Qualifying Exam
GEOMETRY-TOPOLOGY
Spring 2006

All ten problems have equal value.

Part I: Differentiable Manifolds

1. (i) Suppose that M is a closed (that is, compact and without boundary) smooth m-
manifold. Show that there is a smooth embedding f: M — R for sufficiently large n.

(ii) Adapt/extend your argument to show that if g: M — R™ is a given continuous map, then
the smooth embedding (of part (i))f: M — R™ can be chosen to be arbitrarily (pointwise)
close to g (again for sufficiently-large-but-fixed n).

9. Let w = dzy Ady; + - - - + dz, A dy, be a 2-form defined on R*", where (Z1,Y1," " »TnsYn)
are the coordinates of R?".
(i) Show that as a bilinear form defined on R?", w is non-degenerate.

(i) Let f: R — R! be smooth. Show that there is a unique vector field X on R?" such
that for any vector field Y on R?", df (V) = w(Xy,Y).

(iii) Use the formula Lx = ixed + deix to compute the Lie derivative Lxw. Here
ix: QF(R2) — QF1(R?") denotes the interior product (or contraction) defined by

ZX(n)(Ylv e )Yk—l) = n(X, Yl, e 7Yk—l)-

-

3. Let w= (22 + - +z2)72> (-1 midz Adza A dz; - - - A dz,,
be an (n—1)-form defined on R™ — {0}.

(i) Suppose f is a smooth map from a closed oriented manifold M of dimension n—1 to
R™ — {0}. Show that |, v f*w only depends on the homotopy class of f.

(ii) Find the possible values of the integrals in (i) in the case that n =3 and M = S2.

4. Suppose M and N are two smooth manifolds of positive dimensions m and n respectively,
and f is a smooth map from M to N.

(i) If m < n, is it possible that f is surjective? Justify appropriately your answer.

(i) If m > n, must some point-inverse f~*(y) be a smooth (m—n)-dimensional submanifold
of M? Justify appropriately your answer.

(iii) Show that some point-inverse f~'(y) can be homeomorphic to a Cantor set.

Hint: The model case is where f: R! — [0,00) C RY, with f~!(0) = Cantor set. The desired
f can be constructed as a suitable limit of sums of C* bump functions. Supply details,
extending your argument to the general case (arbitrary M and N ) of the question.

1



5. (i) Let f: R — R! be a smooth function. Show that there are smooth functions
91, , gn from R™ to R such that f(z) = f(0) + 327, g;(®)z; and g;(0) = 5‘%(0), where
x = (z1,...,%;,..,%,). (Hint: Recall that such g;’s can be defined using integrals.)

(ii) Let F be a diffeomorphism of R™ to itself. Use (i) to find a smooth isotopy (= a smooth
homotopy which is a diffeomorphism at each fixed time of the homotopy) between F' and
DF(0). (Hint: To find the isotopy Fi, 0 <t < 1, you may assume that F'(0) = 0 (justify
this) and then define Fy(z) = F(tz)/t for 0 <t < 1)

Part II: Algebraic Topology

6. (i) Define what it means for two spaces X and Y to be homotopically equivalent (equiva-
lently, to have the same homotopy type).

(ii) Define what it means for a space W to be contractible. (If you wish, you may reference
your definition in part (i).)

(iii) Suppose that X is a manifold and W is an arbitrary contractible space. Show that X
and the wedge Y := X V W are homotopically equivalent. (Here zo € X and wo € W

TO~WO
are (arbitrary) points, and X Vv W is the one-point union of X and W at these points.)
To~WO
7. (i) Define what it means for a map p: X — Y to have the (unique) homotopy lifting
property (= HLP here), equivalently known as the (unique) covering homotopy property (=
CHP). Recall (partly to establish some notation) that the definition begins:
p: X — Y has the HLP if, given any space W and homotopy F: W x[0,1] — Y such that

(ii) Show that a covering map p: X — Y has the HLP for the special case where W is a
point.

8. (i) Suppose that X = UUYV is the union of two open subsets U and V' whose intersection
is path-connected, and let o € UNV. State (carefully) the (Seifert -)van Kampen Theorem
for these data, relating m1(X, zo) to m1(U, o), m(V, z0) and m(U NV, zo).

(ii) Prove the special case of this theorem which asserts that the natural homomorphism
m1(U, z0) * m(V, 2o) — m1(X, 2o) s an epimorphism.



9. Suppose that A = {8 : A, — A,_1 | n > 0} is a chain complex (with it understood that
A_1=0).

(i) Define the nth homology group H,(A).

(ii) Suppose that A, B and € are chain complexes, with (connecting) homomorphisms o =
{an: A, — B,} and 8= {Bn: Bn — Cy} such that

—_ 0 — 0 — 0

L !

L —— Apy —— Ay —— Ay —

A A
an+ 1 6”1

j{ Qnt1 Qin Qn-1

, Bn+1 —-‘B—> Bn —B_) Bn—l _ ...
n+1

. an
l J/ﬂn+1 iﬁn ﬁn—- 1

L n+1—c—>cn—'c—>0n—1——’---
n+1 "
s 0 — 0 — 0

all squares commute and all (vertical) columns are exact. Show how to define the boundary
homomorphism 8n: Hn(C) — H,_1(A), and justify that it is well-defined.

(iii) Define and prove ezactness at Hn—1(A) (for the long exact sequence --- — H,(C) —
Hp1(A) = Hooi(B) = --+).

10. Let SP and S be (standard) spheres of (arbitrary) dimensions p > 0 and g 2 0. Compute
the homology groups H,(S? x S9) for all n > 0. You may use any reasonable method (e.g.
Mayer-Vietoris, or cellular homology), as long as you present your argument with suitable
completeness and clarity.



Qualifying Exam
GEOMETRY-TOPOLOGY
September 2007

Each problem is worth 10 points. In order to pass this examina-
tion, you must demonstrate proficiency in both parts, differentiable
manifolds and algebraic topology. In particular, if you score fewer
than 20 points on one part, you will not pass no matter how well
you do on the other part.

Part I: Differentiable Manifolds

1. Let M, be the linear space of all n x n of real matrices and S, be
the subspace of all n x n symmetric matrices. Consider the smooth
map ¥: M, — S, defined by ¥(A) = A*'A — I, for A € M, where
At is the transpose of A and I, is the identity matrix. (a) (5 points)
Show that 0 € S, is a regular value of 3. (b) (5 points) Use (a)
to show that the group O(n) of all orthogonal n x n-matrices is a
compact Lie group.

2. Let f: R™! — R be a smooth function defined on R™**. Assume
that 0 € R is a regular value of f. (a) (3 points) Show that M =
F74(0) is a smooth submanifold of R™*'. (b) (3 points) Show that
M has a non-vanishing normal field, i.e. there is a smooth map
N: M — R™*! with N(z) # 0 for any £ € M such that < N(z),v >
= 0 for any tangent vector V of M at any point z in M. (c) (4
points) Use (b) to show that M x S! is parallelizable, i.e, there exist
n + 1 linearly independent vector fields defined on M x S*.

3. Let $2"1 = {2 = (21, ", 2n)| |21]* + - - - |2a]* = 1} be the unit
sphere in R?" identified with C", where z;,i = 1,---,n, are the
complex coordinates of a point z in C". The cyclic group Z, = Z/(p)
of order p acts on S~ freely by the formula: ¢(z) = e%%z, where
¢ is the generator of Z,. Let M be the quotient space of S?7=1 under
this action. (a) (5 points ) Show that any closed 1-form on S" is
exact if n > 1. (b) (5 points) Show that the same conclusion as (a)
is true for M = $*"!/Z,if n > 1.

4. Let M be the space defined in Problem 3 with n > 1. (a)
(5 points) Let f:M — T™ be a continuous map, where 7™ =



St x --- x St is the standard m-dimensional torus. Show that f
is homotopically trivial. (b) (5 points) Construct explicitly a homo-
topically non-trivial map f: M — §2*1.

5. Let D be a bounded domain in R™ with a smooth boundary S
and let X be a smooth vector field defined on R". (a) (5 points) Let
w = dz1 - - - dz,. Show that the Lie derivative Lxw = div(X)w. (b)
(5 points) Use Stokes’ theorem to show that

/Ddiv(X)w=:l:/S < X,N > dS.

Here N is the outer unit normal vector field along S, < X, N > is
the Euclidean inner product of X and N, and “dS” is the “area”
form on S. Explain carefully the geometrical meaning of the term
“dS”.

Part II: Algebraic Topology

6. Let f,9: X — Y be homotopic maps of not necessarily con-
nected spaces. Prove the folowing for the specific dimensions given;
do not refer to any general result. (a) (3 points) Prove that f.o =
gu0: Ho(X) — Ho(Y'). (a) (7 points) Prove that f.1 = g.1: H1(X) —
H(Y).

7. Let x;,25 € S, the circle, and define subsets of the torus T =
St x St as follows: A = (S x {z1}) U ({z1} x S') (a figure-eight)
and B = (S* x {z;}) U (S x {z2}) (two disjoint circles). Assume
the homology of T is known. (a) (4 points) Calculate the homology
of the pair (7, A). (b) (6 points) Calculate the homology of the pair
(T, B).

8. (a) (3 points) Prove that the 2-sphere S? is simply-connected.
(b) (7 points) Each compact orientable surface Sy can be obtained
by adding g handles to S%, that is, g pairs of open discs are removed
from S? and g copies of S! x [0, 1] are attached to pairs of bounding
circles. Prove that S? is the only compact orientable surface that is
simply-connected.

9. (a) (2 points) Define the degree deg(f) of a map f: 5% — S? and
prove that this is well-defined, that is, independent of any choices
required for the definition. (b) (8 points) Give a detailed proof



that, given an integer k, there exists a map f: S — S? such that
deg(f) = k.

10. Let X be a path-connected space and let p: X — X be a normal
n-sheeted covering space, that is, each p~!(z) consists of n points
and, for each pair of such points, there is a deck transformation
taking one to the other. (a) (5 points) Prove that if X is path-
connected, then the order of the fundamental group m1(X, zo) is at
least n. (b) (5 points) Prove that if X is simply-connected, then X
has n path components.



Qualifying Exam
GEOMETRY-TOPOLOGY
March 2007

Each problem is worth 10 points. In order to pass this examination, you must
demonstrate proficiency in both parts, differential manifolds and algebraic topology.
In particular, if you score fewer than 20 points on one part, you will not pass no
matter how well you do on the other part.

Part I: Differentiable Manifolds

1, Let M be a smooth three-dimensional manifold and let o be a 1-form on M
such that o A da # 0 at every point of M.

(i) Let H = kera C TM. Show that H is a two-dimensional subbundle of T'M that
is not integrable. (Hint: Use the formula

da(X,Y) = X (a(Y)) = Y (a(X)) — o([X, Y])
where X,Y are two arbitrary vector‘ﬁelds.>

(ii) Show that there is a unique vector field V' such that
(@a(V)=1 (b)<V>e&H=TM (c)da(V,W)=0
for any vector field W. Here <V > is the line field generated by V.

2. Suppose f: S! — R? and g: S* — R? are smooth embeddings. Let
| M = {(a,b,7) € S* x §* x R* f(a) — g(b) = &}

Show that M is a compact submanifold of S x S* x R2. Let m: M — R? be the
projection 7(a,b,7) = ¥. Apply Sard’s Theorem to 7 and deduce that for almost
every ¥ € R2?, f(S1) is transverse to g(S') + 7.

3. Let f R* — R be a smooth function and let z € R™ be a critical point of f.
The Hessian H(f), at z is a bilinear function H(f),: TR" x T,R" — R defined as

follows: given vectors Vi and V, in T,R", extend V; to a vector field V, near = and
define

H(f)<(V1,V2) = Dy, Dy, f.

(i) Show that H(f).(V1,V2) is independent of the extension Va.



4. Suppose M is a compact, connected n-manifold, « is a p-form and 8 isan n—p—1-
form. The boundary OM has two components, oM and 0; M. Let iy and i; be the
inclusions of 8,M and 8; M into M. Given that ija = 0 and ¢} = 0, show that

/M da A B = (—1)P+ /M a A dp.

5. Show that T2 x S2 is parallelizable.
Part II: Algebraic Topology

6. The cone CA of a space A is obtained from A x I by identifying A x {1} to
a point p. Prove that, if (X, A) a topological pair, then Hi(X, A) is isomorphic to
Hip (X UCA) for all k, where H denotes reduced homology.

7. (a) Let X be a path-connected, locally path-connected and simply-connected space.
Prove that if f,g: X — S* are maps, then they are homotopic. (b) Represent S' as
the complex numbers of norm one and define p;: S — S* by p(2) = 2*. Prove that
amap f:5! — S* such that f(1) = 1 is homotopic to py, for some k, by a homotopy
F: 8% x I — S* such that F(1,t) =1 for all £.

8. Calculate the homology of the complement of a finite set of n > 1 points in R3
and give a convincing argument that your calculation is correct.

9. Let A C X and let i: A — X be inclusion inducing %.: m1(A, Zg) — m (X, zp). Given
a covering space p: X — X, prove that the kernel of ¢, is contained in the image of
Pav: T1(p7(A), Zg) — T1(A, To), where pa: p~}(A) — A denotes the restriction of p.

10. Suppose B C A C X and j: (X, B) — (X, A) is inclusion. Define 9: Hy(X, A) —
Hy_1(A, B) so that the kernel of 3 is equal to the image of j,: Hx(X, B) — Hi(X, A)
and prove that it has this property.




Qualifying Exam

Geometry/Topology

September 2008

Each problem is worth 10 points. In order to pass this examination, you must demonstrate

proficiency in both parts, manifold theory and algebraic topology. In particular, if your score

is fewer than 20 points on one part, you will not pass no matter how well you do on the

other part.

Part I: Manifold Theory

1. Let G(k,n) be the collection of all k-dimensional linear subspaces in R".

(i) Define a natural topological and smooth structure on G(k,n), and show that with respect

the structures you defined, G(k, n) is a compact smooth manifold.
(ii) Show that G(k,n) is diffeomorphic to G(n — k,n).

2. Let M and N be two smooth manifolds, and f : M — N be a smooth map. Assume
that df, : T,M — TN is surjective for all z in M and that the inverse image f ~y) is

compact for all y in V.

(i) Show that for any x in M there is an open neighborhood U of z such that f~*(U) is
diffeomorphic to U x f~!(z).

(ii) Assume further that N is connected, can you take U to be N in (i) 7 (Justify your

answer)

3. Let M be a connected smooth manifold. Show that for any two points z and y in M

there is a diffeomorphism f of M such that f(z) =y.

4. Let § = 7 ,(xdy; — yidz;) be a 1-form defined on R?", where (1, -+, Zn, Y1, Yn)
are the coordinates of R2". Consider the 2n — 1 dimensional distribution D = kerf. Is D

integrable? (Justify your answer)

5. Let D be a bounded domain in R™ with a smooth boundary S, j : S — R" be the

inclusion map and X be a smooth vector field defined on R™.

(i) Denote the standard volume form dz; A- - - Adz,, by w. Show that j*(ixw) =< X, N > dS,
where N is the outer unit normal vector field along S, < X, N > is the Euclidean inner
product of X and N. Here ixw is the contraction of w along X, dS is the ”area” form on

S. Explain carefully the definition and geometrical meaning of the term ”dS”.



(ii) Use (i) and Stokes theorem to show that

[ £xw= [ <X,N>ds.

D s

Here L xw is the Lie derivative of w along X.

Part II: Algebraic Topology

6. Find m (T2 \ {k pts}), where T? is the two-dimensional torus.

7. Find the homology groups Hi(Agk)),i = 0,1, -,k Here A% is the k-skeleton of the
n-simplex A, with k£ < n.

8. Let G be a topological group with the identity element e. For any two continuous loops v,
and 7, : S! — G sending 1 € 8! to e € G, define 11 72 : S* — G by 71 x72(t) = 71(t) 0 72(?)
for t € St. Here o is the product operation in G.

(i) Show that the product * so defined induces a product structure on m1(G, €) and that this

new product on 71 (G, e) is the same as the usual one.

(ii) Is 71(G, €) commutative? (Justify your answer)

9. (i) Show that any continuous map f : §*> — T? is null-homotopic.

(i) Show that there exists a continuous map f : T? — S? which is not null-homotopic.

10. Let A and B be two chain complexes with boundary operators 04 and Op respectively,
and f : A — B be a chain map. Define a new chain complex C whose ith chain group is
C; = A; ® B;+1 and whose boundary operator d¢ is defined by dc(a,b) = (Ba(a),0p(b) +
(—1)%9() f(a)) for any (a,b) € C;. Here A; and B; are the ith chain groups of A and B

respectively.

(i) Show that C so defined is indeed a chain complex and that there is a short exact sequence

of chain complexes:

0—-=B—-C—-A—->0
sending B;.; to C; and C; to A;.

(ii) Write down the long exact sequence of the homology groups associated to the short

exact sequence in (i). What is the connecting boundary map in the long exact sequence?

(iii) Let (f.): : H;(4) — H;(B) be the induced map of f on the ith homology groups. Show
that (f.); : H;(A) — Hy(B) is an isomorphism for all 4 if and only if H;(C) =0 for all 1.



G /7‘ 508
1. Let M and N be smooth (C*) manifolds, not necessarily of the same dimension, and

F: M—N be a smooth map.
(a) Define the map F* of p-forms on N to p-forms on M ( p=0,1,2,...).
(b) Prove that, if @ is a p-form on N, then F*(dno)=dm(F* ).

2. Let M be a C” manifold and X a C™ vector field on M.

(a) Suppose X(p)=0 for some particular pc M. Show , using the flow of X, that there
is a neighborhood U of p and a coordinate system(Xxjs...,xn) on U with X=d/0x; on
U.

(b) Use part (a) to prove that if Y is another C” vector field on M with [X, Y]=0
everywhere on M, then @,(y:(p))=w(@s(p)) for all s, t with t| and |s| sufficiently
small, where @, \ are the flows of X and Y respectively. [Suggestion: Write Y
near p in the coordinate system of part (a)].

3. Gauss’s Divergence Theorem asserts that if U is a bounded open set in R? with smooth
boundary and if X is a smooth vector field defined in a neighborhood of the closure of U,

then mdivergence(X) d(vol) = j jX-Nd(area)
8] oU

where N is the exterior unit normal to dU. Show how the Divergence Theorem follows
from Stokes Theorem for differential forms on manifolds with boundary.

4. (a)Let O be a 1-form on S? with d8=0. Construct a function f on S? with df = 6.

(b)Let 6 be a 1-form on S x (0, 1) with d6=0. Show that there is a function

f: $'x (0, 1)>R with df = 0 if and only if j 6=0.
Slx}é

(c) Use part (b) to show that if ®is a 2-form on S? with _[(D =0 then there is a 1-
SZ
form 0 on S with d@ = . [Suggestion: You may assume the Poincaré Lemma so
that ® = d0; on S? .- {South pole} and w = d6,0n S2. {North pole} . Use Stokes
theorem to show 0 - 0, satisfies the integral condition of part (b)].

5. Let SO(3) = the set of all 3x3 matrices A with AA' = identity (orthogonal matrices)
and determinant of A = 1. Also, for each 3x3 matrix B, let

2 3
exp(B)=1+B+ (—%'—J +(—]§'—} +

(a) Prove that the infinite series for exp(B) converges for each 3x3 matrix B, so that
exp is a map from the space of 3x3 matrices to itself.
You may assume from here on that this map is smooth and that the series can be
differentiated term by term to give the differential of the mapping.

(b) Show that the map exp is injective on some neighborhood of the 0 matrix in the
space of all 3x3 matrices. [Suggestion: Inverse function theorem].

(c) Prove that exp(B) is in SO(3) if B satisfies B' = -B ( B is “anti-symmetric”) .

(d) Show that the mapping exp restricted to the vector space of 3x3 anti-symmetric
matrices is a surjective (onto) map from some neighborhood of the 0 matrix to a

|



neighborhood of the identity matrix in SO(3). [Suggestion: Note that every
element of SO(3) is a rotation around an axis, so check this case.]

(e) Discuss how to combine parts (b), (c), and (d) to give coordinate charts on
SO(3) and thus to make SO(3) a differentiable manifold.

6. Let M and N be two compact, oriented manifolds of the séme dimension. And let ®
be a nowhere vanishing n-form on N with I w=1. Let F: M — N be a smooth map.
N

(@) Set deg, F= jF* @ . Show that deg,F is independent of the choice of .
M

[You may assume deRham’s Theorem]. We shall call the common value the
degree of F.

(b) Show that there is a smooth map from S?2x S? to S* of degree 1.

(c) Show that no map from S* to $?x S has degree 1.
7. Describe carefully the basic algebraic construction of algebraic topology, namely,
how to go from a short exact sequence of chain complexes to a long exact sequence in
homology. Give explicitly, in particular, the construction of the “connecting
homomorphism”, the map where the dimension drops, and prove exactness at its image,
that is, prove that the image of the connecting homorphism = the kernel of the map that
follows it. [You need not prove exactness of the long exact sequence elsewhere].
8(a)Prove that S" is simply connected if n > 1.

o (b)Prove that 7; (RP" ) =Z, ,n>1.

(c)Prove that RP" is orientable if n is odd (n >1).
9. Find by any method the homology groups of RP” with intéger coefficients.
10 (a)Define complex projective space CP" .

(b)Show that CP" is compact.

(c)Show that CP!' = §* (homeomorphic is enough).

(d) Show that CP" is simply connected.

(e) Find the homology of CP" (integer coefficients). [Any method will do. But cell
complex decomposition is the easiest].



Qualifying Exam
GEOMETRY-TOPOLOGY
March 2009

Instructions: Do any ten of the following twelve problems. Please do not turn
in work on more than ten problems and label each problem carefully by its number.
Start each problem on a new page.

1. (a) Show that a closed 1-form 6 on S x (—1,1) is dF for some function F: S 1 x
(=1,1) — R if and only if [54*0 = 0 where i:5" — S' x (—=1,1) is defined by
i(p) = (p,0) for p € S*. (b) Show that a 2-form w on §? is df for some 1-form 6 on
St if and only if f¢ w = 0.

2. Suppose that M, N are connected C* manifolds of the same dimension n > 1
and F:M — N is a C*™ map such that dF:T,M — Tpy)N is surjective for each
p € M. (a) Prove that if M is compact, then F is onto and F' is a covering map. (b)
Find an example of such an everywhere nonsingular equidimensional map where N is
compact, F is onto, F~1(p) is finite for each p € N, but F' is not a covering map. [A
clearly explained pictorial version of F' will be acceptable; you do not need to have a
“formula” for F.]

3. (a) Suppose that M is a C*™ connected manifold. Prove that, given an open
subset U of M and a finite set of points pi1, P, - - -, Px in M, there is a diffeomorphism
F: M — M such that f({p1,ps,--.,px}) C U. [Suggestion: Construct F' one point at
a time.] (b) Use part (a) to show that if M is compact and the Euler characteristic
x(M) = 0, then there is a vector field on M which vanishes nowhere. You may assume
that if a vector field has isolated zeros, then the sum of the indices at the zero points
equals x(M).

4. A smooth vector field V on R3 is said to be “gradient-like” if, for each p € R?,
there is a neighborhood U, of p and a function A,: U, — R — {0} such that A,V on
U, is the gradient of some C* function on Uj. Suppose V is nowhere zero on R3.
Then show that V is gradient-like if and only 1f curl V is perpendicular to V at each
point of R3

5. Suppose that M is a compact C* manifold of dimension n. (a) Show that there
is a positive integer k such that there is an immersion F: M — RX. (b) Show that
if k > 2n, there is a (k — 1)-dimensional subspace H of R¥ such that P o F' is an
immersion, where P: Rk— H is orthogonal projection.

6. Let Git(n,R) be the set of n x n matrices w1th determinant > 0. Note that
Gl*(n,R) can be considered to be a subset of R™ and this subset is open. (a)
Prove that SIT(n,R) = {4 € GI*(n,R):det A = 1} is a submanifold. (b) Identify
the tangent space of Si*(n,R) at the identity matrix I,.. (c) Prove that, for every
n X n matrix B, the series I, + B+ 132 + 3 iB34.. 5 LB"... converges to some n X n
matrix. Notation: this sum = e®. (d) Prove that if etB € Si*(n,R) for all t € R,



then trace B = 0. (e) Prove that if trace B = 0, then e® € Sl*(n,R). [Suggestion:
Use one-parameter subgroups or note that it suffices to treat complex-diagonable B
since such are dense.]

7. (a) Define complex projective space CP™. (b) Calculate the homology of CP".
Any systematic method such as Mayer-Vietoris or cellular homology is acceptable.

8. Let p: E — B be a covering space and f: X — B a map. Define E* = {(z,¢e) €
X x B: f(z) = p(e)}. Prove that ¢: E* — X defined by ¢(z,e) = z is a covering
space.

9. (a) Explain carefully and concretely what it means for two (smooth) maps of S*
into R2 to be transversal. (b) Do the same for maps of S into R®. (c) Explain what
it means for transversal maps to be “generic” and prove that they are indeed generic
in the cases of 9(a) and 9(b).

10. Let M be the 3-manifold with boundary obtained as the union of the two-holed
torus in 3-space and the bounded component of its complement. Let X be the space
obtained from M by deleting k points from the interior of M. (a) Calculate the
fundamental group of X. (b) Calculate the homology of X.

11. Let P be a finite polyhedron. (a) Define the Euler characteristic x(P) of P. (b)
Prove that if P, P, are subpolyhedra of P such that P,NP; is a point and PUP, = P,
then x(P) = x(P1) + x(P2) — 1. (c) Suppose that p: E — P is an n-sheeted covering
space of P, that is p~*(z) is n points for each z € P. Prove that x(E) = nx(P)

12. Let f: T — T = S*x S* be a map of the torus inducing fr: m (1) = m(T) = ZOZ
and let I be a matrix prepresenting f,. Prove that the determinant of F' equals the
degree of the map of the map f.



QUALIFYING EXAM

Geometry and Topology, March 23, 2010

. Let M, be the space of all n x n matrices with real entries and let S, be the subset
consisting of all symmetric matrices. Consider the map F' : M, — S defined by
F(A) = AAt — I, where I is the identity matrix and A® is the transpose of A.

{a) Show that O,xn (the n x n matrix with all entries 0) is a regular value of F'.

(b) Deduce that O(n), the set of all n x n matrices such that A~l = A? is a subman-
ifold of M,.

(¢) Find the dimension of O(n) and determine the tangent space of O(n) at the iden-
tity matrix as a subspace of the tangent space of M, which is M, itself.

. Show that T2 x 8™, n > 1 is parallelizable, where S™ is the n sphere, T2 =8 x 8§is
the two torus, and a manifold of dimension k is said to be parallelizable if there are k
vector fields Vi, ..., Vi on it with Vi(p),..., Vi(p) linearly independent for all points p
of the manifold.

. Suppose 7 : My — M, is a C™ map of one connected differentiable manifold to an-
other. And suppose for each p € M, the differential m, : TpM; — Ty My is a vector
space isomorphism.

(a) Show that if M; is connected, then 7 is a covering space projection.

(b) Given an example where Ma is compact but = : M; — M2 is not a covering
space (but has the 7, isomorphism property).

. Let F*(M) denote the differentiable (C°°) k-forms on a manifold M. Suppose U and V
are open subsets of a differentiable manifold.

(a) Explain carefully how the usual exact sequence

0— FUUV) —FU)®F(V)— FUNV)—0

arises.

(b) Write down the "long exact sequence” in de Rham cohomology associated to the
short exact sequence in part (a) and describe exaplicitly how the map

Hp(UNV) — Hiz (UUV)

arises. .
. Explain carefully why the following holds: if 7 : SN — M , N > 1is a covering space
with M orientable, then every closed k-form on M, 1 < k < N is exact.

1



10.

(Suggestion: Recall that the covering transformations in this situation form a group
G with S¥/G = M). '

. Calculate the singular homology of R®, n > 1, with k points removed, k > 1. (Your

answer will depend on & and n}.

. (a) Explain what is meant by adding a handle to a 2-sphere for a two dimensional ori-

entable surface in general.

(b) Show that a 2 sphere with a positive number of handles attached can not be simply
connected.

{a) Define the degree deg f of a C°° map f : S2 — 82 and prove that deg f as you
present it is well-defined and independent of any choices you need to make in your defi-
nition.

(b) Prove in detail that for each integer k (possibly negative), there is a C°° map
f: 52 — 52 of degree k.

. Explain how Stokes Theorem for manifolds with boundary gives, as a si)ecia.l case, the

classical divergence theorem (about [ff;; divVd(vol), where U is a bounded open set in
R3 with smooth boundary and V is a C*® vector field on R3).

(a) Show that every map F : S® — S x .-- x 81 (k copies of 51} is null-homotopic
{homotopic to a constant map).

(b) Show that there is a map- F : S! x --- 51 (n copies) — S™ such that F is not
null-homotopic.

(c) Show that every map F : S™ -— S™ x 5™ x--- X S™ ny+---+np =mn,n; >0,
k > 2, has degree 0. (You may use any definition of degree you like, and you may assume
Fis C*).
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