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EXTEND MEAN CURVATURE FLOW WITH FINITE
INTEGRAL CURVATURE *

HonG-wEr XU, FEI YE AND EN-TAO ZHAO

Abstract

In this note, we first prove that the solution of mean curvature flow on a finite
time interval [0,T") can be extended over time T if the space-time integration of the
norm of the second fundamental form is finite. Secondly, we prove that the solution
of certain mean curvature flow on a finite time interval [0,7) can be extended over
time T if the space-time integration of the mean curvature is finite. Moreover, we

show that these conditions are optimal in some sense.

1 Introduction

Let M be a complete n-dimensional manifold without boundary, and let F; : M™ —
R"™*! be a one-parameter family of smooth hypersurfaces immersed in Euclidean space.

We say that My = Fy(M) is a solution of the mean curvature flow if F} satisfies

{%F(m,t) = —H(x,t)V(z,t)
F(I‘,O) Fo(ﬂl'),

where F(x,t) = Fi(z), H(z,t) is the mean curvature, 7/ (z,t) is the unit outward normal

vector, and Fp is some given initial hypersurface.
K. Brakke [1] studied the mean curvature flow from the view point of geometric

measure theory firstly. For the classical solution of the mean curvature flow, G. Huisken
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(see [5], [6]) showed that for a smooth complete initial hypersurface with bounded second
fundamental form the solution exists on a maximal time interval [0,7), 0 < T' < oo. If the
closed initial hypersurface is convex, he showed that in [6] the mean curvature flow will
converge to a round point in finite time. He also proved that if the second fundamental
form is uniformly bounded, then the mean curvature flow can be extended.

By a blow up argument, N. Sesum [9] proved that if the Ricci curvature is uniformly
bounded on M x [0,T"), then the Ricci flow can be extended over 7. In [10], B. Wang
obtained some integral conditions to extend the Ricci flow. A natural question is that,
what is the optimal condition for the mean curvature flow to be extended? By a different
method, we investigate the integral conditions to extend the mean curvature flow. We
will prove that the mean curvature flow can be extended if the integration of the norm

of the second fundamental form is bounded. More preciously, we obtain the following

Theorem 1.1. Let Fy : M"™ — R be a solution of the mean curvature flow of

closed hypersurfaces on a finite time interval [0,T). If

1
T «
[ Ao, 7 x[0,7) = (/ / |A|O‘d,udt> < +o00,
o Jm

for some a > n + 2, then this flow can be extended over time T.

When the space-time integration of the mean curvature is finite and the second fun-

damental tensor is bounded from below, we also prove the following theorem.

Theorem 1.2. Let Fy : M" — R be a solution of the mean curvature flow of
closed hypersurfaces on a finite time interval [0,T). If
(1) there is a positive constant C' such that h;j > —C' for (x,t) € M x [0,T),

1
(2) [|H|la,pxj0,1) = (fOT I |H|O‘d,udt> “ < 400 for some a >n+ 2,

then this flow can be extended over time T.
When the initial hypersurface is mean convex, we have following

Theorem 1.3. Let Fy : M" — R be a solution of the mean curvature flow of

closed hypersurfaces on a finite time interval [0,T). If



(1) H>0att=0,
1
(2) HHHa,Mx[O,T) = (fOT fM ]H]%l,udt) “ < 400 for some a > n + 2,

then this flow can be extended over time T.

The following example shows that the condition « > n + 2 in Theorem 1.1, 1.2 and
1.3 is optimal.

Example. Set S*" = {z € R"" : 3" 2? = 1}. Let F be the standard isometric
embedding of S” into R"*!. Tt is clear that F(t) = /T — 2ntF is the solution to the
mean curvature flow, where T = % is the maximal existence time. By a simple compu-

tation, we have g;;(t) = (1 — 2nt)g;;, H(t) = \/ﬁ and h;;(t) > 0. Hence

1
T @
[[H||o,prx01) = </ / !H!“dﬂdt>
o Ju
T b
i
0

where (] is a positive constant. It follows that

=00, for a>n+2,
[[H || o, 01 x[0,T) {

< oo, for a<n+?2.
This implies that the condition o > n + 2 in Theorem 1.2 and Theorem 1.3 is optimal.
Since F(t) is an umbilical hypersurface in R"*! for ¢t € [0,7), [Alla,pmrxj01) =

ﬁHHHa,Mx[o,T)- Therefore,

=00, for a>n-+2,
[ Alla,prx[0,7) -

So the condition o > n + 2 in Theorem 1.1 is also optimal.

00, for a<n+2.

2 Mean curvature flow with finite L® norm of A

In this section, we extend the mean curvature flow with finite L® norm of the second

fundamental form, and give the proof of Theorem 1.1.



Proof of Theorem 1.1. By Holder’s inequality, ||A|[o,arx(0,r) < +o0c implies [[A|, 412 arxjo,m) <
+o00 if & > n+ 2. Thus it is sufficient for us to prove the theorem in the case where
a=n+2.

We argue by contradiction.

Suppose that T'(< oo) is the maximal existence time. Firstly we choose a sequence
of time t® such that lim; .o t®) = T. Then we take a sequence of points z(?) € M
satisfying

AP, t) = max |AP(2,1), (1)
(z,t)EM x[0,t(D)

where lim;_, \A[z(x(i),t(i)) = 400.

Putting Q) = |A]>(z),t("), we consider the rescaling mean curvature flow:

PO = (@) F (g + ). )

Then the induced metric on M by the immersion F®)(t) is g(*) ( o+ £t )

t € (—QWt™ 0]. For (M,g®(t)), the second fundamental form \A \( x,t) < 1, for any
1.

From [2], there exists a subsequence of (M, g (t), () that converges to a Rieman-

nian manifold (M,g(t),T), t € (—oc,0], and the corresponding subsequence of immer-

sions F(®)(t) converges to an immersion F(t) : M — R"*!. Since fT I |A|"+2d,udt is

g(t)
invariant under the rescaling QzF (, Q) , we calculate that

0
|A|n+2 dpdt < 'lim / / | (Z) du O dt
/ /5(0)(961 70 =1IB ) ) (@ 1) g () e

+(1)

= lim / ]A\"*zdudt
i—00 J1() —(QW)-1 JB (t(i))(x(l) (Q(l))
+(1)
< lim / | A" 2 dpdt
1—00 —(Q()~
= 0. (3)

The equality in (3) holds because fOT Jar A" F2dudt < 400 and lim;_(QW)™! = 0.
Since (M,g(t)) is a smooth Riemannian manifold for each ¢t < 0, the equality in (3)
implies that |A| = 0 on Bg0)(@, 1) x [-1,0]. In particular, |A|(Z,0) = 0. However, the

points selecting process implies that

[4](7,0) = lim |A] e (=1,0) = 1, (4)



which is a contradiction. This completes the proof of Theorem 1.1.

1
By a similar argument, we prove that if lim;_,7 ( i) v |A|O‘d,u) o < 400, the mean cur-

vature flow can be extended over time T'.

Theorem 2.1. Let Fy : M" — R be a solution of the mean curvature flow of

closed hypersurfaces on a finite time interval [0,T). If

1
hm </ |A|°‘d,u> < 400

for some o > n, then this flow can be extended over time T.
Proof. 1t is sufficient for us to prove the theorem in the case where o = n, and we argue
by contradiction again.

Suppose that T(< oo) is the maximal existence time. Let (2, t®) Q@ FO)(¢),
g (t), A and (M,g(t),T) be the same as in the proof of Theorem 1.1. Since Sos |A™dp
is invariant under the rescaling QF(x,t), we have

’A‘ Fgoydt < lim [A[T ) 1y Aty 1
/g(o)(:cl) g() i—00 Bg(i)(o)(w(i),l) g (t)“F g (t)

1—00 Bg(t(i))(m(i)’(Q(i))f%) g( ) g( )

_— (5)

1 . .
The equality in (5) holds because lim;—7 ([, |4|*dp)* < 400 and Bg(t(i))(x(’), (Q(’))_%) —
0 as i — oco. The equality (5) implies that [A| =0 on the ball Bg)(,1). In particular,
|A|(Z,0) = 0. On the other hand, the points selecting process implies that

[A|(,0) = lim [A] e (,0) = 1. (6)
11— 00
The contradiction completes the proof. It is easy to check that the the condition o > n
is optimal.
3 Mean curvature flow with finite total mean curvature

In this section we prove Theorem 1.2. We first recall some evolution equations (see
[3], [14]).



Lemma 3.1. Let g = {g;;} and A = {h;;} be the metric and the second fundamen-
tal form on M, and denote by H = gijhij, |A]2 = hijhij the mean curvature and the

squared norm of the second fundamental form respectively, then

0
o %is = ~2Hhij,

ov - OF
—— =V'H—
ot oxt’
9 m
o = Ohij — 2Hhijg" ™ hmj + | A hij,
G,
—H=AH+|A*H
5 + |A]°H,

%|A|2 = AJA]2 = 2|VA? 4 2|4]%

The following Sobolev inequality can be found in [8] and [12].

Lemma 3.2. Let M be an n—dimensional (n > 3) closed submanifold of a Rieman-
nian manifold N™ TP with codimension p > 1. Suppose that the sectional curvature of

N™P s non-positive. Then for any s € (0,4+00) and f € C*(M) such that f >0,

[ st (L) () [ ],

n (a+1) . . .
where Hy = max,ep |H|, C(n) = %, and oy, is the volume of the unit ball in

Rn—l—l

The following estimate is very useful in the proof of Theorem 1.2.

Theorem 3.3. Suppose that Fy : M — R"! is a mean curvature flow solution for

t € [0,Tp], and the second fundamental form is uniformly bounded on time interval [0, Tp].

Then
2
To nt+2
max  HY(z,1) < Cs < / / |H|"+2dudt> ,
(z,t)eM x[ "D Ty 0 JM,

where Cy is a constant depending on n, Ty and Sup(, e rrxjo,1) [Al-
Proof. The evolution equation of H? is
0

aH2 = AH? - 2|VH|* + 2|A|*H?. (7)



Since |A| is bounded, we obtain the following estimate from (7).

%H2 < AH? + BH?, (8)

where 3 is a constant depending only on sup g 4o, [4l-

Denoting f = H?, from the inequality in (8) we obtain that for any p > 2,

0 15,
- P p—1 "~ ¢ p+1
51 /Mt bt [

/ pIP (AL + BF)
My

_ _4(]7—1) 22 D
= /Mt \2 +ﬁp/Mtf.
0

9 dp—1) P2
ey g P

For any 0 < 7 < 7/ < Tp, define a function v on [0, Tp]:

IN

Thus

0 0<t<,
V()= = T<t< 7,
1 <t <Typ.

Then by (9) we have

) , )
a<¢/Mtfp> N Tp Mtfp—i—wa </Mtfp>

/ D _4(p_1) %2 p>
v s +w< 2ol /Mth | +ﬁp/Mtf . (0)

For any ¢ € [7/,Tp], integrating both sides of the inequality in (10) on [r,t] we get

p-1) [ Ly
et s (=) [ o

For the integral fTT,O 1} M, fp(”%), by Schwarz inequality and Sobolev inequality in Lemma

IN




3.2, we have

Tt
/ LoD
7! My

IN

P ()™
el 1] </ d p>n /T ( /M f _>
o) (L)

x/[ (n— (;_(271));1“)/ VR + 2Acn )<1+§>/Mtfp}

For the third factor on the right hand side, we have from (11)

[ [ o),
4(n = 1)C(n)(1 + 5) t t

< e [,
(o ) L
(- NC2(p(1 +5)

1 To
< (n_2)2(p_1) <ﬁp+7_/_7_>/7— » fp
2(p 1 1 To
cpeen(ie}) (o5 L

e o111

IN

A

To
!/ .
T r M,

Hence

T
/ Y pee2)
T/ M

5 zﬁiiié?;pfls 2+ gacrom (113

) L)

3 1
Put L(p,t) = To p = [2e-DTo8]" (- ), and D = =DPPC0®) - ppe ahove
. (?9 o o 17 [n(p—1)]2 (n—2)(p—1)%
inequality can be rewritten as
2 45 2
L <p (1 + E) ,T’> < D? ( > Lp, 7). (12)



Now let p =1+ %, Dk = ”T”uk and 7 = <1 - #) t. Then from (12) we obtain

k 1
1 sk 2 2 2\ Zi=0p; w0 s
L(pgs1, Tks1) P+t < D i=0p; 11 <(n_|-2 )3 1 n;; > P MEZZOML(pojTO)niz'

As k — +o00, we conclude

2n 2 2 2 2 To nt2 ni+2
oo (12) (2 (L) o

Therefore, for any (z,t) € M x [L2, Tj], we get from (13)

2
To o)
H?(a;,t)g@(/ / \H\””) ,
0 My

where C3 is a constant depending on n, Tp and sup(, »earxjo,n) |4l Thus

To %
max H%(x,t) < Cy </ / ]H!"Hd,udt) ,
(z,t)eM x[ "D Ty 0 JM

which is desired.

We are now in a position to prove Theorem 1.2.

Proof of Theorem 1.2. We only need to prove the theorem for @« = n + 2 since by
Holder’s inequality, ||H||q, (o) < 0o implies |[H||,42 arxj0,m) < 00 if @ > n +2. We
still argue by contradiction.

Suppose that the solution to the mean curvature flow can’t be extended over T,
then [A| becomes unbounded as ¢ — T. Since hj; > —C, we get >, :(hy; + C)? <
Csltr(hij + C))?, where Cs is a constant depending only on n. On one hand, |AJ* is
unbounded implies that >, ;(hi; + C)? is unbounded. On the other hand,

[tr(hi; + C)]* = (H +nC)? = H*> + 2nCH + n*C>. (14)
Thus H? is unbounded. Namely,

sup H?%(z,t) = .
(z,8)EM x[0,T)



Choose an increasing time sequence t(), 4 = 1,2, - -+, such that lim; . t() = T. We take
a sequence of points () € M satisfying
H?(2® 10)) = max H?(z,t).
(@,t)eM x[0,t(D)

Then lim;_, o H2(z®, ")) = 0.

Putting Q) = H?(z(® ™)), we have lim;_., Q") = co. This together with lim;_,, ¢t
T > 0 implies that there exists a positive integer 10 such that QWt® > 1 for i > 4.
For i > ig and t € [0,1], we define F()(t) = (Q( )) F< + t(z)). Then the induced
metric on M induced by FO(t) is g@(t) = Qg <Q(l) + t(l)), and FO(t) : M — R*H!
is still a solution to the mean curvature flow on ¢ € [0, 1]. Since F; satisfies h;; > —C' for
(x,t) € M x [0,T), we have

H(zi)(m,t) <1 on M x[0,1],

C
NG

where H ;) and A6 = hyk) are mean curvature and the second fundamental form of F() (t)

hgk) on M x [0,1], (15)

respectively. The inequality in (15) gives that hglk) + —£_ > 0. Hence

VQ®

; C ; C nC
RO = < n oy 2| <H, o+ , 16
gk VW T< Ik VW | ® Q) (16)

which implies that h(z) < Hgi+ (:L/Ql—) Also, since Q) — 400 as i — oo, we know that

hgk) < (4, where (4 is a constant independent of .

Set (M@ g (1), 20)) = <M QW <Q +t(i)) ,m(i)>, t € [0,1]. From [2] we know
that there is a subsequence of (M@, ¢®(t), (")) converges to a Riemannian manifold
(]T/f ,g(t),7), and the corresponding subsequence of immersions F¥)(t) converges to an
immersion F(t) : M — R,

Since F(t) satisfies H2, < 1 on M x [0,1] for any i > iy, we know that A®) is

(4)
bounded by a constant independent of i, for t € [0, 1]. It follows from Theorem 3.3 that

2
1 n+2
w1 <o ([ [ I o)

(zt)eM@ x[3,1

10



n+2
) g9(t)
rescaling Q2 F'(z, %), using similar calculation as in (3) we have

2
_ 1 n+2
max  H?*(z,t) < lim Cs </ / \H\’&;’2dug(i)(t)dt>
] i—00 0 JM

(w,t)EMX[%,l
10 +(Q) e
lim Cj < / / \H\"“dudt>
1—00 +(3)

= 0. (17)

where (5 is a constant independent of 7. Since ffg S 1 H dudt is invariant under the

A

IN

The equality in (17) holds because fOT [y H' 2 dpdt < +oo and lim; oo (QW)~1 = 0.
However, according to the choice of the points, we have
H*(3,1) = lim HEy(29,1) = 1.

This is a contradiction. We complete the proof of Theorem 1.2.
With a similar method, we can prove Theorem 1.3.

Proof of Theorem 1.3. Since H > 0 at t = 0, there exists a positive constant Cg such
that |A|> < CgH?. The evolution of H in Lemma 3.1 implies that H > 0 is preserved

along the mean curvature flow. By [7] we have the following evolution equation of ‘—2;:

A2 A2 A2 2
at<| |>_A<|H|2> H<VHV<|H|2>>_ﬁ|HVz’hjk—ViH'hjk|2' (18)

From the maximum principle, we obtain that |A|> < CgH? is preserved along the mean
curvature flow.

It is sufficient to prove the theorem for a = n + 2. We still argue by contradiction.
Suppose that the solution to the mean curvature flow can’t be extended over time 7', then
|A|? is unbounded as ¢ — T. This implies that H? is also unbounded since |A|?> < CgH?.
Let (z®,t@), Q@& FO(t), g (t) and (M, §(t), ) be the same as in the proof of Theorem
1.2. Let A® and H;) be the second fundamental form and mean curvature of the
immersion F®)(t) respectively. Then we have |A®)[? < Cs|H;)|? for (z,t) € M x [0,1],
which implies that A® is bounded by a constant independent of i, for ¢ € [0,1]. Tt follows
from Theorem 3.3 that

2
1 ==
max Hé)(x,t) < Cy </0 /M \H\’&;’2dug(i)(t)dt> ,

(z,)eM® x[1,1]

11



where CY is a constant independent of ¢. By an argument similar to the proof of Theorem

1.2, we can get a contradiction which completes the proof of Theorem 1.3.

Finally we would like to propose the following

Open question. Can one generalize Theorems 1.1, 1.2 and 1.3 to the case where the

ambient space is a general Riemannian manifold?
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