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PRESCRIBING THE SYMMETRIC FUNCTION OF THE
EIGENVALUES OF THE SCHOUTEN TENSOR

YAN HE AND WEIMIN SHENG

ABSTRACT. In this paper we study the problem of conformally deforming a
metric to a prescribed symmetric function of the eigenvalues of the Schouten
tensor on compact Riemannian manifolds with boundary. We prove its solv-
ability and the compactness of the solution set, provided the Ricci tensor is
non-negative definite.

1. INTRODUCTION

Let (M™, g) be a smooth, compact Riemannian manifold with totally geodesic
boundary of dimension n > 3. The Schouten tensor of g is defined by

1 R
A = — (Ric, — —9
g n—2< o 2(n—1)g>’
where Ric and R are the Ricci and scalar curvatures of g, respectively.
Let ok : R™ — R be the k-th elementary symmetric function (1 < k < n)

op(x) = Z Til Tk
1<il<-<ik<n
T'j. the corresponding open, convex cone, i.e. I'y = {z € R"|o; () > 0,1 <i < k}.
Let
Yog={z=(x1, - ,zn) € R"| minz; +6Xz; > 0}.
Now let us consider the general symmetric function F' defining on I' (T, C T' C
by a ) satisfying
) F' is positive and F' =0 on IT
) F is concave and monotone;
) F is invariant under exchange of variables;
)
)

Cq
Cs
Cs
C

4) F' is homogeneous of degree 1;

(
(
(
(
(

Cs) lim F(sx) =00, VzeT;
(Cs) F(z) < poi(x) in T and F(1,---,1) = np, ¢ is a positive constant.

We need (C1)-(Cy) to ensure that the elliptic equations are solvable. If F' addi-
tionally satisfies (C5) then Liouville Theorem in [12] is applicable. The condition
(Cs) says that the Newton-Maclaurin inequality with respect to function F' holds.
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We denote [g] = {7 | § = e 2%g}. We call the metric § = e=2%g (as well as the
function ) is I'-admissible, or simply admissible, if g € {g € [g] | Mg '4;) €T}
Here, A(g7*A45) = (M1, -+, A\n) denote the eigenvalues of g~ Aj.
In this paper we study the existence of some prescribing problems and the com-
pactness of the solution set. The main result is as follows.

Theorem 1.1. Let (M™, g) be a compact n-dimensional Riemannian manifold with
totally geodesic boundary. Let F' be a symmetric function satisfying (C1) — (Cg) on
I withT,, CT C 2%2 . If the manifold (M, g) is not conformal equivalent to a

hemisphere, then for any positive function f, there exists an admissible conformal
metric § = e~ 2%q with totally geodesic boundary satisfying

F (Mg "4y) = .

Additionally, the set of all such solutions is compact in the C™ -topology for any
m > 0.

We can get the following two corollaries from Theorem 1.1 immediately. One is
to find a conformal metric g with nonnegative Ricz such that

(1.1) det (u(g~ ' Ricz)) = f",

where p(g ' Ricg) = (p1,--- ,un) are the eigenvalues of g~ 'Ric; and f(z) is a
positive function.

Since Ricg = (n—2)Az+01 (Mg 1 A3))g, if we define F(\) = ol/" ((n=2)A+ (21 M)

and'={\ | F(\) > 0}, then
det'/™ (u(gflRng,))
= /" u(g_l {(n —2)(du ® du — |Vul?g) + (n — 2)V2u + Aug + Ricg} ))
= F()\ g ! [V2u—|—du®du - %|Vu\2g+AgD),
where p = (n — 2)A + X, A;. From the definition, it is easy to verify that F
satisfying (C1) — (C5), since

M:M(l—i—(n—?ﬁf)v

8)\Z aﬂs
and ( )
2 1/n
82F 0 On
= (1 —2)6)) ————= (1 —2)8%).
g = (1 (0 =26 o (14 (n-2)8)
Moreover, from
F(\G'43) = o™ (u(G *Ricy))
1 1
< —o1 (g™ Ricy))
2n — 2 .
= n 01 ()‘(g 1A§)) ’
we know F satisfies (Cg) with ¢ = 22=2. Thus (1.1) turns out to be a proper

equation with respect to Schouten tensor. Furthermore, as [6] and [15], by use of
the volume comparison theorem, C? estimate of the solutions of such equation can
be derived if Ric > 0. In other words, the condition I' C ¥ 1  ensures that the

n—2
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volume comparison theorem is applicable, where the eigenvalues of Schouten tensor
A satisfy (n —2)A+ 37, A; > 0 if and only if the eigenvalues of Ricci tensor p > 0.
Similarly, on the manifold with totally geodesic boundary, based on the boundary
C', C? estimates with Neumann boundary condition for general symmetric function
([2] or [9], etc.), we can get

Corollary 1.2. Let (M,g) be a compact n dimension Riemannian manifold with
totally geodesic boundary and the Ricci tensor is semi-positive definite. If it is not
conformal equivalent to a hemisphere, then for any positive function f, there exists
a conformal metric § = e~ 2%g with totally geodesic boundary and Ricg > 0 and

det (u(g~ " Ric)) = [

Additionally, the set of all such solutions is compact in the C™ -topology for any
m > 0.

Remark 1.3. The conformal problem with respect to the Ricci tensor has been
studied extensively. In [13] and [8], the authors studied the negative Ricci curvature
and proved that there exists a conformal metric § with negative Ricci tensor Ricg
such that

det (u(g~ " Ricg)) = const..

When the Ricci tensor is positive definite, in [5], Guan and Wang derived a confor-
mal metric with a constant smallest eigenvalue of Ricci tensor. In [15], Trudinger
and Wang proved the prescribing problem of positive Ricci tensor on closed mani-
fold.

Another corollary is to find a conformal metric § in T'y (n/2 < k < n) such that

(2) G Ay) = (),

aj
where | < k and A\(§7'A;) the eigenvalues of 9_11145, and f(z) is a positive function
as well. Since it is easy to verify that F' = (Z£)*=" on I' = T'; satisfies (C1) — (Cj)

ol
IR
with o = L (1)F7 ()" %7 and I'y, C Ty /0 C ¥_1_. If the manifold is closed, the
existence of the solutions to the equation and the compactness of the solution set
have been involved in [15]. Here we state the result for the manifolds with boundary.

Corollary 1.4. Let (M,g) be a compact n-dimensional and Ty admissible Rie-
mannian manifold with totally geodesic boundary. If it is not conformal equivalent
to a hemisphere, then for any positive function f, there exists a conformal Ty
admissible metric § = e~ 2%g with totally geodesic boundary and

1
Ok k=l ~1
— A Az)) =
<0'l ) ( (g g)) f,
where | < k and N(G~'Aj;) the eigenvalues of g—'A; . Additionally, the set of all
such solutions is compact in the C™ -topology for any m > 0.

This paper is organized as follows. We begin with some preliminaries in Section
2. In Section 3, we will discuss the deformation and a priori estimates. The proof
of Theorem 1.1. is in Section 4.
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2. PRELIMINARIES

We introduce Fermi coordinates in a boundary neighborhood at first. In this
local coordinates, we take the geodesic in the inner normal direction v = %
parameterized by arc length, and (xl, e x"‘l) forms a local chart on the boundary

where ™ = 0. The metric can be expressed as
g = gapdr®dz® + (dz™)?.
The Greek letters a;, 3,7, ...stand for the tangential direction indices, 1 < «, 3,7, ... <
n — 1, while the Latin letters i, j, k, ... stand for the full indices, 1 < 4,5, k,... <mn
(See [4] and [1]).
We denote the functions, tensors and covariant differentiations with respect to

the induced metric on the boundary by a bar(e.g. f%w Rag). Then the Christoffel
symbols on the boundary satisfy

- 1 Jgas  Og dg
Yoo = 75 [e% ﬁ§ o aﬁ _ ¥
Top = 29 ( ozf Oz« 0xfd )= Lag:
and T, =0,T¢, =0,T7, =0.

nn

Let us denote G?ci by 0;. The boundary is called umbilic if the second fundamen-

tal form L,3 = 7gap, where 7 is a function defined on M. Since the boundary
OM is connected, by Schur Theorem, 7 = const.. A totally geodesic boundary is
umbilic with 7 = 0.

Thus T slonr = Lap = Tgap and T8glon = —Layg?? = —760.

Under the conformal metric § = e~2%g, the functions, tensors and the covariant

differentiations with respect to § denoted by a tilde (e.g. Aj, Eag).
Let [g] be the set of metrics conformal to g. For § = e~2%g € [g], we consider
the equation

(2.1) F (Mg '4y) = .

The Schouten tensor transforms according to the formula
1
Az = Vu+du®du — §|Vu|2g + A,

where Vu and V2u denote the gradient and Hessian of u with respect to g. Con-
sequently, (2.1) is equivalent to

F()\(g_l [VQU + du ® du — %\Vu|2g + Ag} )) = f(x)e "

Then the second fundamental form satisfies

ou
Lageu = aga@ + Laﬁ.

Note that the umbilicity is conformally invariant. When the boundary is umbilic,
the above formula becomes

- Ou
TE T = by + 7,
where ﬂaﬁ = TJaB-

Therefore, whence the initial metric ¢ on manifold M is with totally geodesic
boundary OM, the boundary of the manifold M with conformal metric § = e~2%g
is still totally geodesic if and only if % =0.

Therefore, in order to prove Theorem 1.1, we need to find admissible solutions
of the following equation
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(2.2) { F()\(g_l [VQU + du ® du — §|Vul?g + AgD) = f(z)e™®*  in M,
) % -0 on OM.

3. DEFORMATION, C! AND C? ESTIMATES

To prove the existence of solution to the equation (2.2), we employ the following
deformation which defined in [7]
(3.1)

F(/\(g 1[ (1—9(t)g+v(t)Ay + Vu+ du @ du — %|Vu|QgD)

= Y(0) (e + (1= ([ eyl in 0

a—“ 0 on OM,
where ¢ € C[0,1] satisfies 0 < 9(t) < 1,9(0) = 0, ¥(t) = 1 for ¢t > 3; and
¢ = (ng)_lvol(Mg)ﬂ%rl7 where F(1,---,1) =no

Similar as [7], at t =1, (3.1) becomes (2.2). Whlle at t = 0, it becomes

F(A(g_l [gg + V2u + du ® du — %|Vu\29])> =(f e_(”H)“)n%l in M,
g—;‘ =0 on OM.
We can show that the above equation has a unique solution u(x) = 0.

In fact, it is obvious that u = 0 is a solution. Now we are going to prove its
uniqueness.

At the maximum point zg of u, no matter x( is interior or boundary point, we
always have that Vul,, = 0, and V?u|,, is non-positive definite. In fact if zq is
interior point, it is clear; if xg is boundary point, we have 8“ loar = 0 by equation
(3.1), and 8‘112 |lzo = 0, where {2°}, <, is a local coordinates on the boundary
OM around zg. Therefore V2u|,, is_n(;n—positive definite. Now at zg we have

vol(Mg)"%rl = < noe=<F(A(g'-9)
F()\(g_l {gg + V2u 4 du ® du — %|Vu|29D)

-

Similarly, at the minimum point of u, we can get ¢ - no < ([ e’(”“)“)%. As a

Y

result, we have vol(Mg)n%l =¢-no=(f e*(”ﬂ)“)ﬁl,
By (Cs), we know F' < poy. Hence,

cong = F(A(g’1[<g+v2u+du®d“_ %'V“R"D)

IN

0 o1 (A(g_l [cg + VU + du ® du — %\VUFgD)

0 (n§ +Au+(1- g)|Vu|2)

Then
n ou

—1/ Vul? < Au = — =0,
(2 )M| | M am OV
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and u = const. = 0.

Thus the operator
il = (A0 o1~ 0(0)g + () Ay + Vut due du— S |Vulg]))
tu] = g s g g u+tdu®du—S|Vul'g

—p(t) f(z)e 2 — (1 — t)(/f(nmu)ﬁ

satisfies Leray-Schauder degree deg(V¥o,Dg,0) # 0 at ¢ = 0, where the Leray-
Schauder degree is defined by [11](see [2] for the boundary case) and Oy is a neigh-
borhood of the zero solution in {u € C*(M) : % =0 on OM}. Thus whence we
obtain the homotopy-invariance of degree, we can derive that the Leray-Schauder
degree is nonzero at ¢ = 1. This shows that equation (2.2) is solvable.

The C! and C? estimates of the solutions to (3.1) have been proved in [9], we
may obtain

Lemma 3.1. For any fired 0 < § < 1, there is a constant C = C(6,n,g, f) such
that any solution of (3.1) with t € [0,1 — 0] satisfies ||u|cae < C.

So without loss of generality, we may assume that u;, tends to —oo at ¢; — 1,
where u;, is the solution of (3.1) at ¢ = ¢; which will be denoted by u; in what
follows. Thus equation (3.1) turns to be

F()\(g_l [Ag + V2u + du ® du — %|Vu\29]>>
= (L= t)o'+ f(a)e "
% =0 on OM.
where u is assumed to be admissible, and o > 0 is a constant.

(3.2) in M,

Furthermore, we can get a more exact estimate on the geodesic ball B(xz,r) =
{ye M | dist(z,y) <r}:
Lemma 3.2. ([9]). Let u € C*(M) be a k -admissible solution of (3.1) in B(z,r)
and 0 < r < 1. Then there is a constant C = C(n,g, f) such that

3.3 V2ul +[Vul?) (o) C(r~ +exp | =2 inf ‘
B8 (Vul V) ) <O( o (-2t u))

for all 2’ € B(z,r).
4. PROOF OF THEOREM 1.1.

We call {uy} the blow up sequence and € M the blow up point, if ug(zox) —
—00 as Tox — &, where {zg} C M. Now let {uy} be a blow up solutions of (3.2)
with the blow up point z.

First of all, we would like to prove that  can be approximated by local minimum
points of uy. Let v, = e~ (=2)/2ux denote vk(xo,k)ﬁ by Ro,, and 1_6%1/2 by Ap.

Lemma 4.1. In each geodesic ball B(x07k,AoRa,1€) C M we may find a local maz-

imum point of vg, named by xy. Furthermore,

v (TR) = sup V.

_1
B(zk,v(zr) ™=2)
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Proof. Let e%r(@o.x) = €o,k- We define a mapping:
Uok : B(0,20~ /%) C Ty (M) —  Blxzog, 20k
y — exp,,, (0kY),

where the metric on tangent space is g = €, iugj g and B(0, g ~1/2) is a geodesic
ball. Moreover, consider a sequence of functions po x(y) = ukUo.x(y)) — logeo k.
We may derive a equation that g x(y) satisfies. In fact, we have

F(A (?];;1 {Agk + V200, + dpox ® dpor — %|V,u0,k|2§k} ))

= g5 (1 = t)o+ f(Uok(y))e2Hor in B(0, 0,5 /2),
Bt =0 on B0, 20 5~ 1/2) N {2 = 0}

where pg 1 is admissible, and o is a nonnegative constant.
Let us begin with the easy case uy, (x) > uy(vox) — 1 in B(zok,c0,"/?). In this

case, 0 < e~ "ok <e > in B(O,aoyk_l/g). Hence, po 1 converges in C? 10 loo
with 0 < e~ 5 oo < e”2> on R”. And the limit function oo Satisfies

F</\<5*1 [Vzu +du® du— %|Vu|25)} )) = f(z)e~2"

Then by the Liouville Theorem [12], we know that 0 is the locally minimum point
of po k. Rescaling back, we see that zg is the locally minimum point of uy in
B(:L'ovk,{:‘o’kl/z).

The alternative case is that there exists z1 ; € B(Zo k, 50,;61/2) such that ug (1 1) <
ug(zor) — 1. Then we may consider the lower bound of wuy in B(xl,k,sl’klm),
where €1 = etr(T1r) < e tegr. Ifup > up(zrg) — 1 in B(xl,k751’k1/2)7 then
w1k (Y) = uk(Us k(y)) —loger > —1, where

Uik y — exp,, , (€1,kY),
and z1 1 is a locally minimum point of uy.

Otherwise, we may repeat the previous proceedings with ug (2 ) < ur(xj—1,%)—
1(2j% € B(@j—1,6j-16"2)), 50 = e @) < e7le; o and pjx(y) = we(U) i (y))—
loge; i, where

Uity — expy, , (€j,1Y)-
For any given k, as up € C* (M), there exists j(k) € N, j (k) < oo such that
(@i 6) < wk(Tjg—1x) — 1 and wr > we(zjor) — 1 in B2y .m0 €505 2)-
Hence, we can find a locally minimum point of the wuy in B(a:j(k%k,sj(k),kl/z) -
B(wo., Aogox'/?). This completes the proof (See Lemma 3.2 in [15] for more de-
tails). O

Now we consider the rescaled sequence wy = ug — sup,; ug. Suppose z¥ is

the maximum point of ug. Since e 25Wur f(20) = e=2ur(@r) f(29) < C(Auy +
Ag)(x?) < C thus T = lim zy, is the blow up point with respect to wy, as well. It is
obviously that wy, satisfies the equation

F()\(gfl [Ag + V2w, + dwy, @ dwy, — %|Vwk|QgD>

= (1 —1t)o+ f(x)e 25uPym Uk g= 2wk in M,
% =0 on M.

where wy, is admissible, and o > 0 is a constant.
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By virtue of Lemme 4.1, we may assume T = limzy, where {z}} are locally
minimum points of u. Hence {x} are also locally minimum points of wy and

wk(xk) = inf Wi -
B(Ik’e%wk(rk))

Note that F' satisfies (C1) — (C6) and wy, are I' admissible, where I' € ¥_1 . Hence
wy, are subharmonic and satisfy

(4.1) W+ (W)g >0,

01 zZ
n—2
where W = V2w, + dwi, ® dwy, — %|Vwk|29 + A,. We need the idea of the minimal
radial functions of w in Bgr(xg) ([15]):
w(x) = sup{w(y) : y € OB, (o), = d(x,z9) < R},

and denote V2@ + dw ® dio — |Vw|* g + Ay by W. Now we are ready to prove the
following

Propostion 4.2. Let u; be a blow up sequence of solutions to (3.2). Then w; =
U; — SUp,; U; COMvVErges in whP (for any 1 < p < = ) to an admissible function
w. Moreover, if T is a blow up point of w, then near T,

(4.2) w(zx) = 2logd(x,z) + o(1),

where d(x,T) denotes the geodesic distance from x to T with respect to the metric
g. Furthermore, each blow up point is isolated.

Proof. Since a similar proposition on manifold without boundary has appeared in
[15], we only focus on the differences.

Step 1. We may get admissible solutions on the doubled manifold. Glue two
copies of (M, g) along the totally geodesic boundary together and denote the dou-
bling manifold by M. With the given smooth Riemannian metric g on M, there is
a standard metric § on M induced from g. When 9M is totally geodesic in (M, g),
gis C%' on M (see [3]).

We can extend wy, to a C2(M) function w0y, as follows: Near the boundary we
take Fermi coordinates, Wy is then defined as

- _Jowe(@r, e w), @ 20,
wk(l‘h ,CEn)— { wk(l'l,"' 7*In), Ty < 0.
Since % = 0, it is easy to verify by definition that wj, € C?(M). As matter of
fact,
O, owy,
lim —(x1, - ,2n) = — (21, " ,Tpn_1,0
T —0F 895"( ! n) 695"( ! n-1,0)
awk . awk
= :—8?((1;17... 71.”7170):1"}%_ 8?(3;17... 71'”)7
and
821Dk ( ) li 82wk ( )
—— (21, , o) = lim T, 5 Tn).
om0t O(zm)2 T a0 B2l "

Thus from the admissible property of wy we know that wy is also admissible and
satisfies (4.1).

Step 2. We can find convergent "minimal radial functions” on doubled manifold.
Inequality (4.1) says Wy, is subharmonic. From Corollary 2.1 in [15], {wy} converges
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to a subharmonic function @ in W*? (for any 1 < p < —5)). By Corollary 2.2 in

[15], the corresponding minimal radial functions wy, also converge to w. Note that
the minimal radial functions depend only on distance to the center, by Corollary
2.1 and Corollary 2.2 in [15], we may obtain

(4.3) w(r) = Jim wy, (1),
where
wy(r) = sup{wr(y) : y € OBy ()},
and
w(r) = sup{w(y) : y € OB, ()}
On the one hand, based on (4.3) and (4.1), we can get the following estimates
(4.4) w(z) < 2logd(z, &) + C.

In fact, we may assume wy,(r) = wy(z,) , &, = (0,---,0,7), |Ay| < Cr/2. Wy are
still admissible and satisfy inequality (4.1). Thus

0 < ((n — )W + El/Wu) (zr)
~1 ~/ Inn </
< (n—-1) (wk + () — T(ka + 07/2)

~ 1~ —~
< (n-1) (wg+rw;+0(w;+7~)),

where the last inequality comes from Y;g;; > n. Hence,
~ !
(log(mb;C + 7"2)> +C>0.
By taking a limit we get (4.4). R
On the other hand, let D = e~ (=220 From Ay, < C%kr, we get
[7’"715;]’ < Cr'oy,
Thus, by a direct calculation we know
w(z) > 2logd(z, Z) 4+ o(1).
Therefore
(4.5) w(z) = 2logd(z, 7) + o(1).

Then the comparison principle helps us to deduce (4.2) from (4.5). Roughly
speaking, since w equals w at some points, the comparison principle implies they
are equal everywhere. That is

w(x) = 2logd(x,Z) + o(1).
(For more details, one may consult section 3 of [15].) O
Proof of Theorem 1.1.
As the proof of Proposition 4.2, we glue two copies of (M, g) together. Denote the
doubled manifold and functions by a ”check” (e.g. M,w). Since the Ricci curvature

Ric,-2u , is still non-negative, by (4.5) and Volume Comparison Theorem, there is at
most one end away from the blow up points; the metric e 2?g is in fact a Euclidean
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one (see section 7 of [6] for details), namely (M, g) is conformally equivalent to the
unit half sphere, which contradicts with the assumption in Theorem 1.1. Therefore
there is a unform L bound for solutions. So the set of solutions is compact. This
completes the proof of Theorem 1.1. O
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Kefeng Liu, for his support and encouragement.
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