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Abstract

In this paper, we investigate the group-invariant solutions of the hyperbolic geometric flow on Riemann surfaces by
the application of Lie groups in differential equations, including solutions of separation variables, traveling wave type
and radial solutions. In the proceeding of reduction, there come elliptic, hyperbolic, and mixed-types of equations.
For the elliptic equations, some exact solutions are found, while for the hyperbolic, and mixed-types equations, some
implicit solutions are found. We furthermore investigate weather there will be global solution or blow up. Actually,
for any given initial metric on R? in certain class of metrics, one can always choose suitable initial velocity such that
the solution exists for all time; Moreover, if the initial velocity does not satisfy the condition, then the solution blows

up at finite time.

1. Introduction

The hyperbolic geometric flow, i.e.,the hyperbolic version of Ricci flow has been introduced by Kong and Liu [3]
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780 = -2R;; = —Rgij, (1.1

where R is the scalar curvature.
On Riemann surface (M?, g), the above equation (1.1) can be rewritten as scalar equation (see [4])

uy = Alnu, (1.2)
while the metric is written locally in the following form

8ij = u(x,y,1)0;j.

For the hyperbolic geometric flow, we refer to [4].

In this paper, we find exact solutions of equation (1.2), by looking for group invariance and doing some reduc-
tion [6]. After reduction, there appear many types of equations with two independent variables, including elliptic,
hyperbolic, and mixed-type ones.

Given a further view, in the Ricci case, exact solutions come out easily for the reduced elliptic equations, including
solutions of separation variables, traveling wave type, and radial solutions, We will see them in Section 2 and in the
Appendix. The difference between the original Ricci flow and the hyperbolic version lies in the reduced hyperbolic,
and mixed-types, such as

(" = Dw,, — wyy = —e"w? (1.3)

70

wy — (1 + az)e’wwzz = —w,z, (1.4)
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where w = Inu(x,y,t), and z = t — x in the hyperbolic equation (1.3), z = x + ay in the mixed equation (1.4), with
a any given constant. Regard of this, we focus on the Cauchy problem of the hyperbolic equations: when will there
be global solutions, and when will they blow up? That is discussed in Section 3. And both equation (1.3), and (1.4)
share great similarity with the one studied by Kong, Liu and Xu [4]. With a reference to that, we get the following
similar theorems. First of all, we are interested in the following initial” metric on a surface of topological type R.
For equation (1.3), the initial metric

z2=0: ulx,y,t)=u(y). (1.5)
For equation (1.4), the initial metric

t=0: ulxyt) =u(z), (1.6)

where 1 is a smooth function with bound C? norm and satisfies
l<m<uy<M < co. (1.7)

Theorem 1.1  If u;(x) is a smooth function with bounded C' norm and satisfies

/ 1
up(x) > mlu(’)(x)l, VxeR, (1.8)

{(ew — D)Wy = Wy = —€" W2,

t=0: " =u(x), (") =u(x)

then the cauchy problem

(1.9)

has a unique global smooth solution for all 7 € R.

Theorem 1.2 Suppose u((x) # 0, and suppose further that there exist a point xp € R, such that

uy(x) < 0.
For the following initial velocity
1 ’
u(x) = —uo(x) — 1uo(x), Vx e R,

the solution of the above Cauchy problem blows up.

The paper is organized as follows. In Section 2, we observe the symmetries of the hyperbolic geometric flow and
find some exact solutions. In Section 3, we investigate the global existence and blow up of solutions on the Riemann
surface of topological type R?. Finally, in the Appendix we discuss the symmetries and exact solutions of the Ricci
flow, compared with the hyperbolic geometric flow.

2. Hyperbolic geometric flow

Consider the equation (1.1), for any given surface, its metric is locally conformal to Euclidean metric

gij = u(x,y,00;j,

where u(x,y,t) > 0. Thus

&  Alnu
o T T "
That is
u; = Alnu.
Let w = Inu, then
e"wy + ewwt2 — Wex — Wy, = 0. (2.10)

Note that (x, y) is local coordinate in this section.



2.1 Symmetry Groups

We consider the one-parameter group of infinitesimal transformations (x, y, , w) (see [10]), given by

X" =x+&&(x,y, t,w) + o(&%),

=y +en(x,y, t,w) + o(?),
y=J Y 2.11)
r =t+et(x,y,t,w) + o(e%),

w* =w+ed(x,y, t,w) + o(e),
where & is group parameter.

It is required that equation (2.10) be invariant under transformation (2.11), and this yields a system of over
determined, linear equations for the infinitesimals (x, y, f, w)

&=£&(xy),

1 =1xy),

T =1+,
¢ =2c, - 2y,
&—my =0,
Ne+& =0.

In the view of last two equations, we know that that is equivalent to require that £ +in = F(z), z = x+iy, is holomorphic.
Similar to the Ricci case in the Appendix, let F(z) = k;z + k; be linear, where k|, k, are complex constants. That is

T =] + o,

£ =c3+cax+ sy,
1= Ce — C5X + C4),
¢ =2cy — 2cq4,

where ¢; (i = 1,2, -, 6) are real constants.
And the associated vector fields for the one-parameter Lie group of infinitesimal transformations are

Vl = at’
V2 = ax,
V3 = 0,,
’ (2.12)
V4 = t0; + 20,
Vs = y0, — x0,,
Vs = x0x + y0y — 20,,.

So the following transformations leave the solutions of equation (2.10) invariant,

Gi:(xy,t,w) = (x,y,t+&,w),

Gy : (x,y,t,w) = (x+&,y,1,w),

Gs:(x,y,t,w) = (x,y+ &,t,w),

Gy (x,y,t,w) = (x,y,€°t,w + 2¢),

Gs : (x,y,t,w) — (ysing — xcose,—xsineg — ycos &, 1, w),

Ge : (x,y,t,w) — (e°x, ey, t,w — 2¢).



Theorem 2.1  If w = f(x, y, ) is a solution to the equation (2.10), then so is

wi = f(x,y,t—¢),

wy = f(x —&,,1),

wsy = f(x,y — &,1),

wy = f(x,y,e7%t) + 2e,

ws = f(—ysing — xcos &, xsing — ycos &, t),
we = f(e™®x,e %y, 1) — 2e.

2.2 Reductions and Solutions
With a reference to Xu [10], we have the following theorem,
Theorem 2.2  The operators in (2.12) generate an optimal system S

(a) Ve+asVy+asVs, ag#0.

b)) Vs+asVsy, ae=0, as+0.

(c1) Va4, as=as=0, aq#0.

(c) Va+Vy, as=a5=0, as#0.

(cz) Va+Vz, as=a5=0, a4 #0.

d) Vi, ag=as5=a4=0, a; #0.

() Vi+Vy, as=as=ay4=0, a;#0.

d) Vi-V3, as=as=a4=0, a #0.

(e Vo+asV;, ag=as=as=a; =0, ap+0.

(f) Vi, as=as=a4=a;=a, =0.

By this, now we will discuss the reduction and solutions of equation (2.10).

(a)

V=Vg+asVs +as5Vs

= (x + asy)0, + (y — asx)0y + astd; + 2as — 2)0,,.
Let a4 = 1,as = a, where a is an arbitrary constant, then
V = (x+ay)ox + (y — ax)dy + t0;.
The corresponding characteristic equations are

dx dy dt

x+ay y-—ax

It leads to the invariance
X+a ax —
u= ty’ v = ty’ h=e¢e".

That is, the invariant solution takes the form

w = Inh(u, v).

Therefore, the equation (2.10) can be reduced to
B2 (P + 2uvhyy + VP hyy + 2uhy, + 2vh,) = 2(1 + @) (hyh + b — B2 — 12) = 0. (2.13)
Now look for the “traveling wave solution ” of the above equation (2.13). Let z = u + 6v, h = h(z), thus

W (Z2H" +2zh") = 2(1 + a®) (1 + 8*)(H'h — (h)*) = 0.



Denote A = (1 + a?)(1 + 62) > 0, and we have

’

h
2 - Z/IE =c,

with ¢; an arbitrary constant. It has the solutions
24
hz) = —

z

2

if ¢; = 0. And the original metric
241

(x + ay + 6(ax — y))?

u(x, y,1) = h(z) =

forz = u+d6v =

m. And it always has singularity at the line x + ay + d(ax —y) = 0. Moreover, when

t — 400, u(x,y,t) — +oo. It means that the metric dilates infinitely.

Acting by G, G, -+ ,Gg , one obtain more solutions of equation (2.10) by Theorem 2.1,
2
M(.X y t) - 6—286+284 2/lt
o (X +ay + 6(ax - y))*’
where
X =—xe *coses —ye S sings — &,
y = xe * sings — ye * cos g5 — &3,
f=e®t—g,
andg; (i =1,2,---,6) are parameters.
(b)
V=Vs+a4V4

= Y0, — X0y + ast0; + 2a40,,,

with invariance

That is, the invariant solution takes the form
w=1Inh(r)+2Int.

And the equation (2.10) reduces to

W'h—))r+hh-21r=0.
Since u(x,y,t) > 0, we find the following solution
1+ (tan(22))?

2¢y

h(r) =
) 4r2c%

Therefore, the metric

L+ (an(hm))?

u(x,y, t) = h(r)t2 =

4r2c? ’
where r = +/x2 + y2. It has singularity at (0,0, #), as in Figure 1.
Acting by G1,G», - -+ , Gg, one obtains more solutions of equation (2.10),
In7—cp \\2
u(x,y, 1) = e_256+254f2M’

4?26%



Figure 1: Radial case

where
I = e%t—g,
2 —&¢ -6 o 2
7 = (—xe *coses —ye “sinegs — &)
+ (xe % sin g5 — ye~® cos g5 — £3)°.
(c1)

V = V4 =10, +20,,

with invariance

X, v, h=172e".

That is, the invariant solution takes the form
=Inh(x,y)+2Int.

And the equation (2.10) reduces to
haxh = B + hyyh = by = 2% = 0.

Notice that, it is elliptic. Now look for the “traveling wave solution” of the above equation. Let z = x + 8y, h = h(z),
therefore, we have

h/
2 ’ _
(1+06 )(—h) =2h.

Denote A = 1 + 6%, and since u(x, y,t) > 0, we have solutions

(c11)
m)—_ [1+ (tan V’M&+”)WL if ¢, <0
261
(c12)
e+
h(z) = —(Z o ifc; =0.

Hence the metric u(x,y,t) = h(2)f?, taking the form of separation variables, with z = x + dy, and h(z) takes forms in
cases (cl1), (c12), respectively.

For case (c11), u(x,y, t) has no singularity. While for case (c12), weather u(x, y, f) has singularity or not depends
on the value of h(0). Actually, if 2(0) = (1“; ) is small enough, i.e. c? is large enough, then z + ¢ will nowhere be zero,
since z = x + Jy is always small for the snake of local coordinate (x,y) around (0, 0). So u(x,y, f) has no singularity if

2

h(0) is small enough. Conversely, if 4(0) is large enough, i.e. ¢ is small, then u(x, y, ) has singularity at the surface

X+ 6y + ¢ = 0, in this case.



Figure 2: case (c11) Figure 3: case (c12) ¢ = 1 Figure 4: case (c12) c = 4

In case (c11), Figure 2 is always smooth, and in case (c12), viewing Figure3 and Figure4, they are different

depending on the constant c.

Also, acting by G, G,, - - - , Gg, one obtain more solutions of equation (2.10) by Theorem 2.1,
-1 V=Ac1(Z + ¢2)? DO
Uy, 1) = —{1 + (tan(YAAEE O oy deap i <o
461 Z/lC]
20+ s .
u(x,y,t) = Z1 07 e tar if e =0
where
I = e%r— &1,
7 = (—xe ®coses —ye *sings — &)
+ 8(xe”® sings — ye 6 cos g5 — £3).
(d2)
V=Vi+V,=0;+9,,
with invariance
Z=t—Xx, Y.
And the equation (2.10) reduces to
W + Wy = " (W, + w?), (2.14)

which is actually a mixed equation, and we will have more discussion about it in section 3. Now look for the "traveling
wave solution” of the above equation (2.14). Let & = z + §y, denote 4 = 1 + &%, more exactly, we have

e’ —Aw =€+ ¢y

That is
e" —Aw=ci(x—t+8y)+cs.

And we have the following pictures for (y, x, w) at different time. They seem different to each other, by Figure 5,
and Figure 6. Here we setc; = ¢, = 1,0 = 1. If we set y = 0, then we have another kind of picture for (¢, w, x), viewing
Figure 7.

(d3)

V=V -V3=0,-0,

with invariance
z=t+y, X



Figure 8: case (d3) r = 0.1 Figure 9: case (d3) r =1 Figure 10: case (d3) y =0

That is to say, the invariant solution takes the form
w = w(z, X).
And the equation (2.10) reduces to
W + Wy = €V (W, +w2). (2.15)

Also, it is of mixed-type. Now look for the traveling wave solution ” of the above equation (2.15). Letn = z + 6x =
t+y+ 6x, denote A = 1 + 82, it follows that
e’ —Aw=cn+cs.

That is
e’ —Aw=ci(t+y+dx)+c.

It is similar to case (d2). Set ¢; = ¢, = 1,0 = 1, and we have pictures for different time, referring to Figure 8, and
Figure 9. If we set y = 0, then we have another kind of picture for (¢, w, x), viewing Figure 10.

(e)
V=V,+aVs =(9x+a(9y,

again, with invariance

z=x-ay, ¢t

That is to say, the invariant solution takes the form
w = w(z,1).

Thus the equation (2.10) reduces to
"Wy +w?) = w + d*w,.. (2.16)



-
L Lo - 0oow
LO = MW oeom

Figure 11: case (e) t = 0.1 Figure 12: case (e)t = 2 Figure 13: case (e)y =0

Now look for the "traveling wave solution ” of the above equation (2.16). Let T = z — ¢ = x — ay — ¢, we have
& —(+d)w=cT+c.

That is
e" — (1 +a*)w = ci(x —ay — 6t) + c,.

It is similar to case (d2). Setc; = ¢ = 1,6 = 1,a = 2, we have pictures for different time, viewing Figure 11, and

Figure 12. If we set y = 0, then we have another kind of picture for (¢, w, x), viewing Figure 13.

3. Global existence and blow up of solutions

In this section, suppose the Riemann surface — of topological type R?, has the following initial metric (1.5),
(1.6), (1.7). So here, (x,y) is global coordinates on the Riemann surface. The discussion in this section is similar to
Kong, Liu and Xu [4].

For equation (2.14), which is equivalent to

(" = Dwy — wyy = —e"w? (3.17)

z°

it is equation of mixed-type. That is to say, when e — 1 > 0, it is hyperbolic, while if " — 1 < 0, it is elliptic. Now, let
us investigate the hyperbolic case explicitly. Let

Wy =Wz, W3 =Wy,

then (3.17) can be rewritten as the following quasilinear system of first order

WZ = W2,
(w3); = (w2), =0, (3.18)
1 ev 2
(w2); — o l(W3)y = —mwz-
Introduce
1 1
p=wy+ - w3, g=wy— ws.
e —1 e —1
Denote

1= 1 _ e
“Ne—1r T Tae 1y
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we have
w.=P +4q
Z 2 ’
== Apy = k(p* +3pq), (3.19)
q: + Aqy = K(q” + 3pq).
Observe that z = r — x. By an abuse of notation, replace z by 7, y by x. And the Cauchy problem
(€ = Dwy — wyy = —"w?,
" ' (3.20)
t=0: € =uy(x), (") =u(x),
is equivalent to
wo= P +4q
1 2 )
pt_/lpx zK(p2+3PCI)’ (321)

i + Aqx = k(q* + 3pg),
t=0: w=Inu(x), p=pox), g=qolx),

Cu(x) 1 uy(x)
P =10 o - T uo’

(%) 1 up(v) (3.22)
OO =00~ o — T ao)

/ 1 ev
A= m, K= —m.

Theorem 3.1  If u;(x) is a smooth function with bounded C' norm and satisfies

f 1
M[(X) > WWE)(X)L YxeR, (323)

then the Cauchy problem (3.21), hence (3.20) has a unique global smooth solution for all ¢ € R.

where

Lemma 3.1 In the existence domain of the smooth solution of the Cauchy problem(3.21), it holds that
0 < p(t, x) < sup po(y),
yeR

(3.24)
0 < ¢(t, x) < sup go(y).
yeR

Proof  Given any point (z, x), there’re two characteristics passing through it, defined by & = £.(1; 1, x), satisfying

dé. ) .
E = i/l(T, fi(T, t, -x))’ (325)
Eu(tt,x) = x,

respectively. So along the characteristic & = £_(7; 1, x), it holds that

p(t, %) = poé_(3 1, 1)) exp( fo K(p + 30)(T: (31, 0)d). (3.26)

Noting(3.22) and (3.23), we have
po(x) =20, VxeR,
and

1
K< ~a1 <0. (3.27)



Thus, we obtain
p(t,x) > 0.

Similarly, we have
q(t,x) = 0.

With respect to the fact (3.27), and note that (3.26), we know
0 < p(t, x) < po(§-(0;1, x)) < sup po(y),
yeR

and similar for g(z, x).
Since we have assume u(x) is a smooth function with bounded C' norm, thus

0 < po(x) < sup po(y) = Py < oo,
yeR

0 < go(x) < supgo(y) = Qo < 0.
yeR

Now we can estimate w(t, x) first of all. Note the first equation in (3.21),

!
w(t, x) = Inug(x) + f PTW(T’ x)dr.
0

By lemma 3.1, we have
Py + Qot

In up(x) < w(t, x) < Inug(x) + >

Next we have to estimate p, and g,. Let
r= p)C’ §= qX7

then we have

Lemma 3.2 1
K
ri= Are = k((Bp +29)r + 3ps) + —-(p = 9)(P* + 3pg),
kA
51+ Ase = K((3q +2q)s + 3g1) + = (p = 9)(q” +3p).
Proof By a direct calculation, we can easily prove (3.30).
Denote
ro(x) = py(x),  so(x) = go(x).

Lemma 3.3 In the existence domain of the smooth solution, it holds that

Ir(z, 01, |s(z, )| < max{sup |ro(y)l, sup [so()|} + C1(exp(Go?) — 1),
yeR yeR

where C1, G are some constants.

Proof Let
A =k(3p+2q), B=3«p,

A =«(3q+2p), B=3kq,

kA
="~ Q(p* +3pg),

kA
h==(p- 9)(q* +3pg),

11

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)
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then the system (3.30) can be rewritten as

ry—Ary = Ar + Bs + hy,
(3.33)

s, + Asy = As + Br + hy.
By Lemma 3.1, A,A,B,B > 0,A < B,A < B. According to the terminology in Kong [2], system (3.33) is weakly

disspative. Therefore , it follows from Theorem 2.3 in Kong [2] that
!
|r(, I, Is(z, X)| < max{ sup |ro(y)l, sup |so(V)I} + | max(sup|hil, sup |hz[)ds, (3.34)
yel(0) yel(0) 0 I(s) 1(s)
where
1(0) = [£-(0; 1, x), £4(0; 1, X)],
1(s) = {(5,8),& € [£-(s:1, %), &4 (s5: 1, 0]}

Note that we have assumed that 1 < m < ug(x) < M < oo, and with the estimation of (3.29), hence

1 m 1 MeCot
- <kl < - ——.
4 (MeCot — 1)2 4(m-1)2
Notice that .
1
f exp(Gor)dr = — (¥ - 1).
0 Go

Therefore, it follows that
!

max(sup ||, sup |ha)ds < C(e% = 1).
0 1(s) 1(s)

Combine with (3.34), we get the result. |

We have estimated w(¢, x) by (3.29), furthermore,

1 1
(wy) = E(px + Qx) = z(r +5).
That is
1 3
wy = wy(0, x) + 3 f (r + s)(t, x)dr.
0
With respect to (3.31), we know that

ot ) < 0

| Cc
+ (sup [ro)| + sup [so)| + CE + —= (€50 — 1).
) YER yeR Gy

Proof of Theorem 3.1:

Proof Following the estimation of w(z, x) in (3.29), we have

\/ ! <A< 4/ !
MeGot —1 -7~ Ym—-1"

Referring to [4], for any interval [a, b], introduce the following triangle domain

[_1 [ 1
= <x< )
Dpap= (@, %) |a + m_lt_x_b+ M—lt}

In order to prove Theorem 3.1, it suffices to prove that, for any interval [a, b], the Cauchy problem (3.20) has a unique

smooth solution in A, . Recall all the estimation we have made above, here comes the priori estimation for any point
(7, %) in A p)s

0 < p(t,x) < sup po(y) < Po, (3.35)
y€la,b]
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0 < g(t,x) < sup go(y) < Qo, (3.36)
yela,b]
[r(z, x)|, 1s(z, x)| < max{ sup |rp(y)|, sup [soMI} + C1(exp(Goliap)) — 1) < o0, (3.37)
yela,b] yela,b]
Py +
Inm < w(t, x) < In M + L0 F D0 fiab)- (3.38)
sup |ug(x)l
x€la,b] Cl Got,
[wi(t, x) £ —————— + (sup [roO| + sup [soOW| + Cfpap) + (7" — 1), (3.39)
MO(-X) yela,b] yela,b) GO
where
(3.40)

b—-a
fap) = —F/—F—-
/L_ /;
m—1 M-1

The above priori estimation implies that the Cauchy problem (3.21), has a unique smooth solution on the whole triangle
Alq,p), Which proves Theorem 3.1. O

Theorem 3.2 Suppose u;(x) # 0, and suppose further that there exist a point xy € R, such that

uy(x) < 0.

1 7
up(x) = 4 /Wuo(x), Vx eR,

the solution of the Cauchy problem (3.21) blows up.

For the following initial velocity

Proof  As above, it suffices to study the equivalent Cauchy problem,

AT
t 2 s
_ _ o2

qr + Aqx = k(¢* + 3pq),
t=0: w=lInuy(x), p=po(x), ¢g=0.

And it reduces to

w =2
t 2 B
pe— Apy = kP2, (3.42)
t=0: w=Inyy(x), p=po(x).
Note (3.27), so
1
pr=Apx <=0
Along the characteristic £ = £_(1; ¢, x), it follows that
_(0; 1,
p(t,x) < —2 f(g ©rx) (3.43)
1+ 7po(€-(052, X))t
In particular,
P(LE(1:0, xp)) < — L) (3.44)

1+ 3po(xo)t
Note that we have done some replacements at the beginning, so here the ¢, is actually ¢ — x, may take negative value.
Knowing that pg(xg) < 0, we have

Po(xo) : 4
1+ 3 po(xo)t N po(xo)’



14

which implies
p(t,&-(1;0,x0)) \y —oo,

with respect to the fact

dp 2

— = <0,
dr P

along the characteristic & = £_(t; 0, x), and (3.44). Thus the solution of the Cauchy problem (3.21) blows up. ]

Remark 1  Actually, there is another chance for system (3.42) to blow up. Now assume u((x) < 0, hence po(x) < 0,

and
Po(xo) = inf po(x) < 0.
xeR
Under these hypothesis,
|Po(€-(0; 2, X)) < |po(x0)l,
Po(§-( ) < Ipo(x0) (3.45)
Po(&-(0;7, %)) > po(xo).
Noting (3.43),
Ipt, 0l s — 0ol (3.46)
1 = zlpo(xo)lt

fort < Ty, where T| = m. Following (3.42), we have

w(t, x) = Inug(x) + f B(T, x)dr.
0 2

Note that (3.46),
1
w(t,x)| <InM - 21In(1 - leo(xo)lt)-
Set
41 - VM)
" [po(xo)l

thus we have w(z., x) = 0. That’s to say, w(z, x) has been 0, hence «, 4 have both been tending to +co, before ¢ reaches

Ty,

T, which implies the system (3.42) has been blowed up in this way.

For equation (2.15), it is similar to the above case of equation (3.17), and we will have no more discussion.
For equation (2.16), that is
wi = (1 +a*e™w,. = —w?. (3.47)

Setting 7 = V1 +az it is just the equation appearing in Kong, Liu and Xu [4], in which weather there is global
solution or solution blowing up has been studied.

Notice that, here 7 = m(x — ay), and when a = 0, it reduce to the case — surface of topological type R2,
with initial metric at f = 0 : ds®> = ug(x)(dx* + dy*), which has been studied in Kong, Liu and Xu [4].

4. Appendix : Ricci flow on Riemann surface

The Ricci flow

0
580 = —2Rij = —Rgij,

where R is the scalar curvature. For any surface, its metric is locally conformal to Euclidean metric,

8ij = M(X,y, t)(sl],
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where u(x,y, t) > 0. Thus

0 Alnu
Frical u.
That is
u; = Alnu.
Let w = In u, it becomes
Wix + Wy, — e"w, = 0. (4.48)

4.1 Symmetry Groups

We consider the one-parameter group of infinitesimal transformations (x, y, z, w) (see [10]), given by

X" = x+&&(x,y, t,w) + o(&%),
y =y +enx,y, ,w) + o),

(4.49)
r =t+et(x,y,t,w) + o(e%),

w" =w+ed(x,y, t,w) + o(e),
where & is group parameter.

It is required that equation (4.48) be invariant under transformation (4.49), and this yields a system of over
determined, linear equations for the infinitesimals (x, y, #, w),

&=¢&(xy),
n = nx,y),
T=rc1 +Cot,
¢ =cr— 28y,
& — ny = 0,
ne+&,=0.

In the view of last two equations, we know that that is equivalent to require that £ +in = F(z), z = x+iy, is holomorphic.
Now consider the simplest case, let F(z) = k1z + k be linear, where k|, k, are complex constants. Hence

T =21 + o,
& =c3 + cyx + csy,
= Ce — C5X + C4),
¢ = c2 —2cy,

where ¢; (i = 1,2,---,6) are real constants.

And the associated vector fields for the one-parameter Lie group of infinitesimal transformations are

Vi =4,

Vy =0,

Vs =0y (4.50)
V4 = t0; + 0,,,

Vs = y0, — x0,,

Vs = x0x + y0y — 20,,.



So the following transformations leave the solutions of equation (4.48) invariant,

Gi:(x,y,t,w) = (x,y,t+¢&,w),

Gy :(x,y,t,w) > (x+&,y,1,w),

Gs:(x,y,t,w) = (x,y+ &,t,w),

Gy (x,y,t,w) = (x,y,€°t,w + &),

Gs: (x,y,t,w) — (ysineg — xcose,—xsine — ycos &, 1, w),
Ge : (x,y,t,w) — (e°x, ey, t,w — 2¢).

Theorem 4.1 If w = f(x,y,1) is a solution to the equation (4.48), then so is

wi = f(x,y,t—¢),

wy = f(x —g,,1),

ws = f(x,y — &,1),

wy = f(x,y, e %t) + &,

ws = f(—ysing — xcos &, xsing — ycos &, 1),
we = f(e7%x,e %y, t,) — 2e.

4.2 Reductions and Solutions
With reference to Xu [10], we have the following theorem,
Theorem 4.2  The operators in (4.50) generate an optimal system S:

(@) Ve+asVs+asVs, ae#0.

b)) Vs+asVy, ag=0, as#0.

(c1) V4, as=as5=0, a4 +0.

(c2) Va+Vy, ag=as=0, a4#0.

(c3) V4a+V;3, ag=as=0, ay4#0.

dy) Vi, ag=as=a4=0, a; #0.

(d) Vi+Vy, as=as=as=0, a #0.

d3) Vi—-Vi, as=as=a1=0, a #0.

(e) Vo+asV;, ag=as=as=a;, =0, ap+0.

(f) Vi, ag=as=as=a=a=0.

Following Theorem 4.1, we will discuss the reduction and exact solutions of equation (4.48).

(a)

V=Vs+asVy +asVs

= (x + asy)0x + (y — asx)0y + astd; + (as — 2)0,,.
Setaq = 1,as = a, a is an arbitrary constant, then
V = (x+ay)dx + (y—ax)d, + 16, — 0,,.

The corresponding characteristic equations are

dx  dy _dt _dw
x+ay y-—ax t -1’
leading to the invariance
X+ ay ax—y .
U= s V= s h=te".

t t



Figure 14: case (al) t =1 Figure 15: case (al) r = 0.1 Figure 16: case (al) ¢ = 0.001

That is the invariant solution takes the form

w = Inh(u,v) —Int.
Thus equation (4.48) can be reduced to
(1 + a®(hh + hyh) = (1 + @®) (2 + h2) + ub,h? + vh,h* + B = 0.
Now look for the “traveling wave solution ” of the above equation. Let z = u + v, h = h(z), then we get
A+A+H'h— W)+ WK+ 1 =0.
Denote A = (1 + a®)(1 + §%) > 0, one obtains the solutions,

(al)
c%eTz
h(z) = — ;

1 1
—Ade7*+zcien* + czc%

if #'(0) # 0, thatis, ¢; # 0.

And the original metric,

h clet 1
u(xay’t)z?z l ) u(xay’t)207

a a
—/leAZ+zcle/lz+czc% t

_ _ xt+ay+d(ax—y)
where 7 = u + v = ————.

17

(4.51)

(i) When ¢ is small, z may tend to +oco or —oo arbitrarily. so, u(x,y, t) may have singularity, which depends on

the weather ¢, ¢, are positive or negative, i.e. the boundary condition of A(z).

(i) When ¢ is large enough, z — 0, the u(x, y, ) has no singularity, no matter whatever the boundary condition

G

of h(z) is. Actually, given h(0) = —1— Torc
1

also implies the metric u(x,y, ), has no singularity when ¢ is large enough.

‘1 ‘1 .
5, —A+ czc% #0.S0 -de%+zc1e7*t +czc% # 0, when z — 0, which

What is more, it can be verified by the shape of u(x, y, t), viewing Figure 14, Figure 15 and Figure 16. Here we

seta=0.1,0 =0.2,c; = 1,c, = 10.
(a2)
21

h@) = Z+c

if #'(0) = 0, thatis, ¢; = 0. So

( 9 24 1 2t
u(x, v, 1) = -= .
Y Z+ct  (x+ay+dax—y))?+ct
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Since u(x,y,t) > 0, thus h(0) = 2(—’1 > 0, i.e., ¢ > 0. Therefore, u(x,y, ) has no singularity in this case, viewing

the following picture, and we know that when t — +oo, u(x,y, 1) — 0.

\ \\ \“*
N ‘:‘z
\\“‘s‘
\\“\\ “2

t=1. Here we setc = 1.
And if we set as = 2,a5 = 0, then

V =Ve+2a4Vy = x0, + yo"'y + 2t0;.

The characteristic equations are

dx dy dt
x oy 2t
leading to the invariant form
X y w
=, =_’W(a):e‘
& Vi n Vi &n
Hence the equation (4.48) reduces to
witwy
Wee + Wy = ——— . Ew(g-"wf + nwy).

Look for its "traveling wave solution”, let z = &€ + 6n, w = w(z), we obtain
/ 1
(1 4+ + 2w’ = 0.
w 2
And we have solution,

L 201+6%)  2(1+6%)
2 (E+onp?

Then
2(1 + 82t

(x +6y)?”’

and it always has singularity at the surface x + 0y = 0. But this time, when t — +o0, u(x, y, ) — +co.

u(x,y, 1) = w(é,n) =

Acting by G, G», - - - , Gg, one obtains more solutions of equation (4.48) by Theorem 4.1,

%T]

) - 6—28(, +&4

~q| —

u(x,y,t T
—le1i+7zcieT T4 czc1

24 1
@*+c [

u(x,y, 1) = e~ 26re

where
X+ay+o(ax-y)
r

—xe % cos g5 — ye % sings — &,

[l
I

k]

=1
Il

xe % sings — ye % cos g5 — &3,

<
Il

et — g,

~
Il



andg; (i =1,2,---,6) are parameters .

(b)

V= V5 +asVy

=y0, — X0, + ast0; + as0,,.

The corresponding characteristic equations are

dx dy_ﬂ_d_w

b}

—-X agt ay

r=Ax2+yLh=rle"

w=Inh(r) +Int.

leading to invariance

That is the invariant solution takes the form

And the equation (4.48) reduces to
W'h=H))r+hh-kr=0.

Since u(x,y,t) > 0, we find the solution
1+ (tan(13=%2))?
h(r) = —————
) 2r2c%

Therefore, the metric

1+ (tan(15=22))?

2rzc%

u(x,y,t) = h(r)t =t

)

where r = +/x% + y2. It always has singularity at (0, 0, £).
Acting by Gy, G», - - - , Gg, one obtain more solutions of equation (4.48) by Theorem 4.1,

1 + (tan("2=2))?
_ - 2
u(x,y, 1) = € 2t f—————A—

27_‘2C%
where
I = e%t-g,
=2 —&6 —E6 o 2
7 = (—xe *®coses —ye “*sines — &)
+ (xe % sin g5 — ye~® cos g5 — £3)°.
(c1)

V= V4 = [C()t +6W,
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Figure 17: case (c11) Figure 18: case (c12) ¢ = 4. Figure 19: case (c12) ¢ = 1.

with invariance
X, y,h = e,

That is the invariant solution takes the form
w=Inh(x,y) +Int.

And the equation (4.48) reduces to
hyxh = By + hyh —h = h* = 0

Now look for the “traveling wave solution ” of the above equation. Let z = x + 8y, h = h(z), therefore, we have
h/
(1+6M() =h

Denote A = 1 + 62, and since u(x,y,t) > 0, we have solutions

(cll)
W) = [1+(t VMA(?CZ) W ife; <0
(12)
2+
W= 228 ite =0,

Hence the metric u(x,y,t) = h(z)t, with z = x + dy, and h(z) takes forms in cases (c11),(c12), respectively.
Now, we can appreciate the beautiful shape of solutions, which possess symmetry, in Figure 17, Figure 18 and

Figure 19, while we set 6 = 1.

As before , act by G, G, - - - , Gg, one obtain more solutions of equation (4.48) by Theorem 4.1,
\/ —A +
M(X,y, t) _ e—28§+2~‘4t [] + (t Cl(Z CZ) )) ]’ if ¢ < 0,
2/161
2(1 +6%) .
_ 2&6+ _
u(x,y,t)—e SoFeay m, lfCl—O,
where
I = e%t-g,

(—xe % coses — ye * sings — &)

N
I

+ 8(xe”® sin g5 — ye 6 cos g5 — £3).
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Figure 20: case (d21) Figure 21: case (d22) ¢t = 1. Figure 22: case (d22) t = 0.1.

(d2)
V=V1+V2=(9,+(9x

with invariance

Z=x—-1y,w =w(z,y).

And the equation (4.48) reduces to

Wez + Wy —€w, = 0.

Now look for the “traveling wave solution ” of the above equation. Let & = z + 8y, h = €", therefore, we have
h/
1+ 52)(5)’ =n.

Denote 1 = 1 + 62, with some calculation, there are solutions

(d21)

h(E) = % if—h > ¢
(d22)

h(é) = lc'_ﬂee—(;zz if—h < e d;
(d23)

-2
hé) = ——, ifcp =0.
©=Fr ifa
And in the calculation , we know /l%' — h = c1A. So, given h(0), h’(0), thus ¢ is determined, and weather 4(0) + ¢4 is
positive or not, tells which form does h(¢) takes. Furthermore, we know h(£) has asymptote, h(£) + ¢4 = 0.
Therefore, the metric
u(x,y,t) = €¥ = h(x — t + 6y).

And we can easily see that u(x,y,f) has no singularity in case (d21), while it has singularity at x — ¢t + dy + ¢, = 0
in both case (d22), (d23). Furthermore, in (d22), (d23), ¢, < 0, since we must have u(x,y,t) > 0. Thus , when
t is large enough, it has no singularity, for x,y are small. When 7 is small, it may have singularity. Here we set

ci =—-1,c0=0,0 = 1,t = 1, in case (d21). And similar for r = 1,2,3... which always shows smooth. And in case
(d22), set c; = 1,¢5 = —2,06 = 1. Refer them to Figure 20, Figure 21 and Figure 22.
Acting by G, G, - -+ ,Gg , one obtains more solutions of equation (4.48) by Theorem 4.1,

u(x,y, 1) = e 2 p(E),
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Figure 23: case (d31) Figure 24: case (d32) ¢t = 1. Figure 25: case (d32) t = 9.
while
E = (—xe ™ coses —ye ®sings — &)
—e %+ g

+ 6(xe™® sinegs — ye~ 0 cos &5 — &3),

with A(¢) takes form in case (d21), (d22), (d23), respectively.
(d3)
V=V -Vs=0-0,.

Similarly, there are solutions

(d31)
= FET g
(d32)
h(n) = %, if =6h < ¢ 4;
(d33)
h(y) = 5(7; 5 ffa=0,

while 2 = 1 +6%,7=x+8(t +y).

And then, the metric u(x,y,t) = h(n). For case (d32) and (d33), since k() > 0, the only possible chance is,
c1 > 0,¢; < 0. And weather there is singularity or not, and when, depend on the absolute value of ¢;, i.e. |c;|. For its
great similarity with case (d2), we will have no more discussion. Here we set ¢c; = —1,¢, = 0,6 = 1, = 1, in case
(d31). And similar for r = 2, 3,4 ... which always shows smooth. And in case (d32), setc; = 1,¢; = —10,6 = 1. Refer
them to Figure 23, Figure 24 and Figure 25.

(e

V =V, +aV3 = 0 + ad,.

Again, there are solutions

(el)
_ Cl/lecl(H'CZ) ] '
h(T)— W, 1f6h<C1/l,
(e2)
P c1(T+c2)
h(7) = —12¢ if 6h > ¢14;

— —1 + e’



(e3)

whileA=1+d%,7=x- ay — ot. And u(x,y,t) = h(1).
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