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Abstract

In this paper we investigate the two-dimensional compressible isentropic Euler
equations for Chaplygin gases. Under the assumption that the initial data is close to
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1 Introduction

This paper concerns the following two-dimensional compressible isentropic Euler equations

Op+u-Vp+pV-u=0,
] (1.1)
ou+u-Vu+ -VP =0,
p
where p(z,t) > 0 is the density, u(z,t) = (u'(z,t),u?(x,t))” stands for the velocity, P

denotes the pressure and the state equation reads
P="P—Ap !,

in which Py, A are two positive constants. We are interested in the global existence on

the smooth solution of the Cauchy problem for the system (1.1) with the initial data
t=0: p=p+epo(x), u=cuy(x), (1.2)
where € is a positive small parameter, p stands for a positive constant and satisfies
Py—Ap~t >0,

po() is a given smooth function with compact support, and ug(z) = (ud(x),ud(z))? is a
given vector-valued smooth function with compact support, without loss of generality, we

may assume that there exists a positive number R such that

supp{po}, supp{uj}, supp{ui} C {z € R?||z| < R}.

In (1.1) and here after, we use the following notations: z = (z1,22) € R?, V = (94, 0z,)

and
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The compressible Euler equations comprise a nonlinear symmetric hyperbolic system

(i=1,2).

of PDEs that model the ideal fluid flow. The characteristic wave speeds of this system are
given by the fluid velocity and the local sound speed. The two wave families associated to
these speeds may be considered separately. Smooth Eulerian flows of ideal polytropic gases
with initial data close to a constant state do not, in gereral, exist for all positive times (see
[6, 17, 18] ). Godin [6] obtained the precise information on the asymptotic behavior of the
life-span of the smooth solution to three-dimensional spherically symmetric Eulerian flows

of ideal polytropic gases with variable entropy, provided that the initial data is a smooth



small perturbation with compact support to a constant state. Sideris [17] showed that
the classical solution to the three-dimensional Euler equations for a polytropic, ideal fluid
must blow up in finite time under some assumption on the initial data. In Sideris [18], the
estimates on life-span of smooth solutions in two space dimensions were obtained under
suitable assumptions. In particular, we would like to mention that Grassin [8] proved
that the suitable initial data, which force particles to spread out, may lead to the global
existence in time for ideal polytropic gases.

When the adiabatic constant 7 of the gas is equal to —1 (in this case, the equation
of state is suitably modified to keep the pressure and its derivative with respect to the
density positive), the gas is named Chaplygin gas, or called Karman-Tsien gas (see [20,
21], and in the isentropic case, see [4]). Godin [7] obtained the global existence of a
class of smooth three-dimensional spherically symmetric flows of Chaplygin gases with
the variable entropy, provided that the initial data is a smooth small perturbation with
compact support to a constant state.

By the light-cone gauge, Bordemann and Hoppe [2] simplified the description of rel-
ativistic membrane moving in the Minkowski space. By performing variables transfor-
mations, they established the relationship between the dynamics of relativistic membrane
and two-dimensional fluid dynamics. The equations for the two-dimensional fluid dynam-
ics derived in [2] are nothing but the system (1.1). This implies that the system (1.1) can
be used to describe the motion of relativistic membrane moving in the Minkowski space
R!'*3. On this research topic, we refer Huang and Kong [12].

In the present paper, we investigate the global existence of the smooth solution of the
two-dimensional flow of Chaplygin gases. More precisely, under the assumption that the
initial data is close to a constant state and the vorticity of the initial velocity vanishes, we
show the global existence of the smooth solution of the Cauchy problem (1.1)-(1.2). The

main result in this paper is the following theorem.
Theorem 1.1 Suppose that the initial velocity is irrotational, i.e., ug satisfies
Vw2 81u(2) — (92u(1) =0.

Then there exists g > 0 such that the Cauchy problem (1.1)-(1.2) has a unique global

smooth solution for any e € [0, o).

The key idea to prove Theorem 1.1 is as follows: (i) write the velocity as the gradient

of a potential function; (ii) reduce the system (1.1) to a quasilinear wave equation for



the potential function; (iii) verify that this quasilinear wave equation satisfies the null
condition in two space dimensions; (iv) by null condition, L?-L> estimates and energy

estimates, obtain the global existence on the smooth solution under consideration.

Remark 1.1 Theorem 1.1 still holds if the initial data u(x,0) = eug(z) is replaced by
u(x,0) = @ + eug(x), where 4 € R? is a constant vector. In fact, as is well known,
replacing x by x —tu and u by u—u leads to a new solution of (1.1)-(1.2) (with the same

pressure law), and so we reduce to the assumptions of Theorem 1.1 immediately.

The paper is organized as follows. In Section 2 we reduce the Cauchy problem (1.1)-
(1.2) to a Cauchy problem for a quasilinear wave equation (see (2.16)-(2.17) below). In
Section 3, we introduce some notations and prove some lemmas, these lemmas play an
important role in the proof of Theorem 1.1. Sections 4-5 are devoted to establishing the
L?-L> estimates and energy estimates of the smooth solution, respectively. Theorem 1.1

is proved in Section 6 by the bootstrap argument.

2 Two-dimensional irrotational flow

Let
VL = (_82761)a w = (wl,WQ),

then

V4 w=010w? — dw'l.

As mentioned before, the key idea of the proof of Theorem 1.1 is to write the velocity u as
the gradient of a potential function. To do so, we first prove the following lemma which

plays an important roles in the present paper.

Lemma 2.1 Let T be a given positive real number and assume that (p,u) is a smooth
solution to the Cauchy problem (1.1)-(1.2) in the domain R? x [0,T). If the initial velocity
uo(x) satisfies

V4t up =0, (2.1)

then
Viou=0, VY(z,t)eR?x[0,T). (2.2)



Proof. Noting u = (u',u?), by a direct calculation we have

Vi (u-Vu) = 0uldu? + uld?u? + 81u20yu? + u2d) 0y’ ’s
—0out Oy ut — uldpOut — uldeut — u2822u1, 29
(u- V)V u) = u'd?u® — urd 0ot + u?0100u? — u?d3u' (2.4)
and
(V- u) (VL u) = 01utoru? — 01utdou! + 8ru201u? — dauldpu’. (2.5)
(2.3)-(2.5) gives
Vo (u-Vu) = (u- V) (V) + (V-u) (V- w). (2.6)
Noting (2.6) and taking the curl of the second equation in (1.1) gives
H(VE-u)+u-V(VEou) +(V-u)(VE-u)=0. (2.7)

Combining (2.1) and (2.7) yields (2.2) immediately. Thus, the proof of Lemma 2.1 is

completed. |

Remark 2.1 Lemma 2.1 shows that, for two-dimensional compressible isentropic Fuler
equations for Chaplygin gases, if the flow is irrotational at the initial time, then so is it at

any time t € [0,T), where T' stands for the mazimal existence time of the smooth solution.

Under the assumptions of Theorem 1.1, for system (1.1) there exists a scalar function
v = v(z,t) such that
u= Vv (2.8)

where the scalar function v(z,t) is a smooth function and has a compact support in
(since u has compact support by the finite propagation speed). Substituting u = Vv into

the second equation in (1.1) and noting Lemma 2.1 leads to
1
OV + 5V|W\2 +V£(p) =0, (2.9)

where the function f is defined by

;o LdP
fi(p) = EdTJ (2.10)
and
f(p) =0. (2.11)



It follows from (2.10) and (2.11) that

where

;= {‘ff;(ﬁ)};. (2.12)

o + =|ul*+ f(p) = 0. (2.13)

Noting (2.9), we have

Thus, by (2.8) and (2.13), we obtain
V-u= Auv,
8?1) = —u- 0w — f'(p)osp, (2.14)
Vv =—u-Vu— f(p)Vp.

It follows from (2.14) that

V-u= Av,
1

op = ——— (0} + Vv -9,Vv),

i f’(p)(t :Vv) (2.15)
1

Vp=———(Vow + Vv -VVu).

g f’(p)( ' )

Substituting (2.15) into the first equation in (1.1) yields

2 2
Oty — P Av+2) " dwdidw — 20whv + Y dwdivdidj — [VolPAv=0.  (2.16)

i=1 i, j=1
On the other hand, noting (1.2), (2.8) and (2.13), we get
“ 1

t=0: o= [Culpady v= -3l - [ tem@).  (217)
Remark 2.2 For quasilinear wave equations in two space dimensions satisfying the null
condition (resp. both null conditions), Alinhac [1] proved the quasi-global existence (resp.
global existence) for their Cauchy problems. His proof relies on the construction of an
approrimate solution, combined with an energy integral method which displays the null

condition(s). The method used in the present paper is different from one in Alinhac [1].

By (2.17), it is easy to see that v(z,0), d;(z,0) are smooth functions of x € R? and

has compact support, i.e.,

supp{v(z,0)}, supp{d(z,0)} C {z € R?*||z| < R}.



Hence by the finite propagation speed, we obtain
v(z,t) =0, Vae{reR?||z|>R+ct).

Obviously, (2.16) can be rewritten as

2 2
8,?11 —ENv+ Z gfjakv&@jv + Z gfj@w@w@iajv =0,

1,3,k=0 1,7,k,1=0
where
2
Z ijakvaiajv = 201000010 4 20209902V — 200v0?v — 200vO5v
i,j,k:(]
and
2
" o0 = 20100500195 — (930)*0Fv — (D1v)*d3v.
1,,k,1=0

For any given vector (Xo, X1, Xs) € R® with X2 = ¢?(X? + X3), we have

2
> g5 XX X = 2X0XT + 2X0 X3 — 2X0 X7 — 2XX5 =0
i7j7k:0

and
2

S gHXX XX = 2X) Xe X1 X — X2X3 — X2X3 = 0.
i7j’kal:0

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)

(2.23)

This shows that the wave equation (2.16) satisfies the null condition in two space di-

mensions (see[l]). The concept of null condition was introduced by Christodoulou and

Klainerman for nonlinear wave equations in three space dimensions (see [3] and [14]).

Therefore, we can rewrite the terms

2 2
Z gfj@kva@'ajv and Z gfj@kvawaiajv

i,5,k=0 i,5,k,1=0

as
2
Z gfjak?)aiajv = 2Q01(61?), U) + 2@02(821), ’U)

2,5,k=0

and
2
D g 0005 = —050Q12(01v,v) + 010Q12(02v, v),
i,7,k,1=0

where Q;;(p,v) are defined by

Qij(p, ) = 0;p059 — ;0 (0 <i<j<2),

which are null forms.

(2.24)

(2.25)



3 Preliminaries

In order to prove Theorem 1.1, in this section we give some preliminaries.

Following Klainerman [13], we introduce the following vector fields
I'=(To,---,T4) = (0o, 01, 02, Q, S), (3.1)
where
O =2100 — 2201, S =10 +r0,. (3.2)
It is easy to show that
5,0 = =204 (i =0,---,4),
0;,0;]=0 (i,j =0,1,2), [S,0]=-9; (i=0,1,2), (3.3)
(Q,01] = =02, [Q,00] =01, [Q,00] =0, [5,9]=0,

where [-,-] denotes the usual commutator of linear operators and d;; is the Kronecker
symbol.

In what follows, we shall use the following notations

o(z,t)le = Y [T%(@. )], |o(t)lx = sup |o(@, t)]s,

2
lal<x z€eR

(. t)]e= ) (1+ )2 (1 + |o| — e[ v(z, )|, [v(8)]x = sup [v(w, £)]x

la|<r z€R?

and
(vla, 1) = Y (14 [a] + )2 [T u(a, 1)),
lal<k
((t)) = sup (v(, 1), [o(t)lle= D IT%C, Oz,
zER?
la|<k

where £ is a nonnegative integer, a = (ag, - - - ,a4) is a multi-index and |a| = |ag|+- - - +]|a4].

Moreover, we also use the following notations

[Vlse = sup [o(s)ls, [v]se = sup [v(s)]x

0<s<t 0<s<t
and
(Ve = sup (V(s))r,  [vllee = sup [[v(s)]]x-
0<s<t 0<s<t
Let
1_
Ccy) = §C



and define
AT) ={(z,t) € R? x [0,T) | ||| — ¢t| < cot}. (3.4)

Thanks to the null condition, we will be able to show that the null form possesses a good

decay in the domain A(T"). In the our argument, the following operators

ct — ,22)S 4+ (—x2,21)2
7= (7, 2) = L1 0, ) 4 Lo 2) |x|(t 23, 21) (3.5)
will play an important role. It follows from (3.5) that
_ Xy .
Z; = ¢0; + W&g (i=1,2) (3.6)
T
and
||| — et 1
Zp(1)] < € (S op(, )] + Sle(, 0l ) (3.7)
here and hereafter C stands for a common absolute constant. We have
Lemma 3.1 Assume that hfj are constants and it holds that
2
> XXX =0 (3.8)

1,5,k=0

for any vector (Xo, X1, Xo) satisfying X3 = ¢*(X?+X3). If p, 1 € C®°(R*x[0,T)), then

2
> hEowoidse(a,t)| < C [|Z¢(x,1)|0%0(z, t)| + |00 (x, )| Z0p(2,8)[] . (3.9)
i,5,k=0

Lemma 3.2 Assume that hf} are constants and it holds that

2
Z WX X XX =0 (3.10)
0,5,k =0
for any vector (Xo, X1, X2) satisfying X3 = (X3 + X2). If ¢, 1, ¢ € C®(R?x [0,T)),
then
2
> W oa100:05p(x, )
i,j k=0
< C (|09 (2, 1)||06 (2, 1) || Z0p (2, t)| + [0 (2, )|| Z(x, )| @ (2, )| + | Zp (2, ) |06 (2, 1) || (2, 1)]
(3.11)

In what follows, we only prove Lemma 3.2, because the proof of Lemma 3.1 is of the

same type and even somewhat simpler.



Proof. In fact, it follows from (3.10) that

2
1
Z hyOkp0160i0;0 = > Ehf}(aak + w0V 0;p
i,3,k,1=0 1,J,k,1=0

Z hi ’“aw 0y + wi0;) DD + Z hklwgwlakwalqﬁ(ca +wid)djp

,5,k.1=0 1,7,k,1=0
Z B S D010 (20, + wi01)dup + Z hij L 000,907
1,7,k,1=0 1,9,k,1=0
2 2
= Z hkl C(Cak + w0 ) YO PO; (9390 — Z hf}l 2 Ok (€O + w0y) PO; @cp
i k=0 i k=0
2 2
WrWw WEWW;
Y M lawazsb(ca +wid)dip— Y hi k—l Opdp(c0; + w;0)Oyp,
i k=0 i kel =0

(3.12)

where
)
wo, W1, wW2) = | =€ 7 7 ]
x| ||
Noting (3.6) and (3.12), we obtain (3.11) immediately. This completes the proof of Lemma

3.2. |

2
Lemma 3.3 There exist constants gfj such that (i) Z gfj@kvaﬁjv satisfies the null
i.5,k=0
condition, that is, for any vector (Xo, X1, Xa) satisfying X3 = ¢2(X? + X3), it holds that

2
Z I5XiX; X, = 0; (3.13)
i k=0

(ii) the following equality holds

2 2 2 2
T Y ghowvdiow | = D ghoTvdido+ Y ghowdoTv+ Y Ghowdioju.
1,7,k=0 1,5,k=0 1,5,k=0 1,5,k=0
(3.14)

2
Lemma 3.4 There exist constants f]fjl such that (I) Z gfj@kvawﬁiajv satisfies the
i’j’kalzo
null condition, that is, for any vector (Xo, X1, X2) satisfying X3 = ¢2(X? + X3), it holds

that

Z XX XX = 0; (3.15)
i,5,k,1=0

10



(II)  the following equality holds

2 2
r Z gw LDk, v0; v = Z gw Lok Tvdv0; ;v + Z gw LovdTvd; o;v
i,5,k,1=0 i,j,k,1=0 i,4,k,1=0

+ Z 98 0 v0,0;0,Tv + Z OO d;v.
1,5,k =0 1,5,k,1=0
(3.16)

As before, in what follows we only prove Lemma 3.4, because the proof of Lemma 3.3
is of the same type and even somewhat simpler.

Proof. It follows from (3.3) that

2 2
Om Z gz] akvalva a v = Z gfjgﬁkamv@lvaiajwr
i7j7k7l 0 i7j7k7l:O

(m=0,1,2), (3.17)
2 2
S RO dmditw+ Y glowdd;0;0mv,

1,7,k,1=0 i,5,k,l=0
S Z gl Opvdwd;05v Z M Op SvOw a0 + Z 9H o0y Svd; v+
1,5,k,1=0 1,5,k,1=0 1,5,k,1=0
2 2
> g ow00:0;Sv —4 > gl owowdid;v
4.5,k 1=0 4.5,k 1=0
(3.18)
and
Q Z g 8kv8w8 8 = 28191)821)(9182’0 + 281218291)81821) + 2811)(922)8182911—
,7,k,1=0
201 Qud oy — (810)2020 — 200v0:Qudtv — (Dov)? B2
Z g Bkaé?lva 6 v+ Z g 8]#)(9[91)(9 8 v+ Z g 8kv818 (9 Qu.
1,7,k,01=0 %,7,k,l=0 1,7,k,1=0
(3.19)
The desired (3.15)-(3.16) follows from (3.17)-(3.19) immediately. This proves Lemma 3.4.
|

By Lemmas 3.1-3.4, we can obtain the following lemma.

Lemma 3.5 Let v = v(x,t) be a smooth solution of the Cauchy problem (2.16)-(2.17) on

the domain R? x [0,T) and k be a positive integer, where T is a given positive real number.

11



Then there exists a positive constant C, depending on Kk but independent of T such that

the following inequalities hold for every (x,t) € A(T)({(y,s)|s > 1}

2
> ghowdiou(z,t)| <Co Y [ZT%(x,1)||TP0u(a, 1)), (3.20)

ivjvk:() K |(l+b‘§/{+1

2 2
Z re Z gfj@kv&;ajv (x,t) — Z gfj@kvaiajfav(x,t)

la|<k 4,5,k=0 1,7,k=0 (321)

< C. Z ]ZFbv(x,t)HFC@v(:c,t)|
[b+c|<k+1,[b],|c| <k

and

2
> ghowowdon(z,t)| <Co Y [ZT%(,1)||T°dv(x, t)|[T°0v(x, 1), (3.22)

i7j7k7l:0 K |a+b+c\§n+1
where the terms ) )
Z gfj Oxv0;0jv  and E gfjl Oxv0v0;0;v
i,5,k=0 i,5,k,1=0

are defined by (2.20) and (2.21), respectively. Moreover, it holds that

2 _
z|—ct
Z gfj@kvﬁiajv(x,t) < C,.;1|_i_’|x’+|t\6v(:v,t)\[nérl”@v(x,t)],{ﬂ%—
i, k=0 ;
C”l+|i]+t (!v(w,t)\[%ﬂmlé’v(w,t)!m + ’U(x,t)’[%ﬂ}”l)(.%',t)’“+2) )
(3.23)
S =] — e )
Z 9ij Okvovd;05v(z,t)| < C’Hl P t|8v(x, t) [Lﬂ]\av(a:,t)\nﬂ—k
il 1=0 . :
Cng a1 10 Olpsgty (10 D gy 0100 Ot + o O o, Ol
(3.24)
and
2 2
Z re Z gfjakvaﬁjv (z,t) — Z gfjakvaiajfav(x,t)
la|<x i,5,k=0 i,5,k=0
||| — et| (3.25)
KT . 1 2 7t Kl 7t K
< Cuq 100 g 00 )
Cuegrrs (P Dl a0 Ol + o Ol oo D).

12



Proof. We only prove (3.20), (3.21), (3.23) and (3.25), because the proof of (3.22) and
(3.24) is similar.

By Lemma 3.3, we obtain

2 2
T [ > ghowaio | = > Y gk 0kl 000, , (3.26)
i,5,k=0 b+c<ai,j,k=0

2
where Z gfﬁ,cakr%aiajr% satisfies the null condition, that is, for any vector (Xo, X1, X2)
.5, k=0
satisfying X2 = ¢(X? + X3), it holds that

2
> g XXX =0.
i.5,k=0

Noting (3.3), (3.9) and (3.26), we get (3.20) immediately.

By Lemma 3.3 again, we have

2 2 2
re gijﬁkv&-@jv — gij(?kvé?iajl“% = giﬁ,cakl“ v@ié?jl“cv,
%,7,k=0 1,5,k=0 b+c<a,c<a,j,k=0

(3.27)
2
where Z gfﬁ,cakr%aiajr% satisfies the null condition, that is, for any vector (Xo, X1, X2)

i’j’k:()
satisfying X2 = ¢(X? + X3), it holds that

2
> g XXX =0.
1,5,k=0
Thus, using (3.3), (3.9) and (3.27), we obtain (3.21).

Finally, noting (3.7), (3.20) and using (3.21), we get (3.23) and (3.25) immediately.
Thus, the proof of Lemma 3.5 is completed. |

4 [%-L*> estimates

The L?-L> estimates play an important role in the proof of Theorem 1.1. This section is

devoted to establishing these estimates.

Theorem 4.1 Let v = v(x,t) be a smooth solution of the Cauchy problem (2.16)-(2.17)
on the domain R? x [0,T), where T is a given positive real number, and let x be a positive

““’;(29(37, ana (5 ve a ])()SZ]&ZU(Z smadtl COTLS]&(Z?H&. SUPPOSC Ithlllf
(9 K46 K+6 < (; 4.1

13



then there exist positive constants Cy, C1 and v such that it holds that
Ou(Ol+ (0B < Cog+Cr ([sgey + (g ) sup {(1+)7[00() e} (4.2
<7<
for every t € [0,T).

Proof. For ¢ € [0, 1], we have

10, )] < Clo(@, ey < 0@, Ol (4.3)
On the other hand, noting the fact that
S .
g, =2 z-V
t t
and using (2.18), we obtain
C
|0 (z,t)] < C|Vo(x,t)|s + m|v(m,t)|,€+1 for ¢t > 1. (4.4)

Thus, it follows from (4.3) and (4.4) that, for every ¢ € [0,T)

|0 (x,t)|x < CVu(z,t)|, + [v(x, t)|st1- (4.5)

1+t
Thanks to (4.5), in what follows, we only need to prove (4.2) with d replaced by 9; (i = 1,2)
in the left-hand side. To do so, we can rewrite the solution v = v(x,t) of the Cauchy
problem (2.16)-(2.17) as

v=uv1 + ®(F),

where v is the solution of the following Cauchy problem

8,521)1 — EZA’Ul =0,

oy L o 2 (4.6)
t=0: v = 5/ ug(y, x2)dy, Oy = —5€ lup(z)|* — f(p+epo(x)),
M
while ®(F') is the solution of the following Cauchy problem
O}B(F) — EAO(F) = F,
(4.7)
t=0: ®F)=0, &d(F)=0,
in which
2 2
F== " giowdidjo— > gfopwowdoju. (4.8)
i,5,k=0 i,k 1=0
On the other hand, it follows from (4.6) that (see [5] and [16])
[0v1(t)]s + (V1(t))t1 < Ce fort > 0. (4.9)

14



In order to prove (4.2), it suffices to show

VO 1))+ (@(F) (1)1 <
(4.10)
Ce + Cq ([8’1)][%7%}7 . T (v)[%e], t) sup {(1 + T)_VH(?’U(T)H,H_g}

o<r<t
for t € [0,T). Here and hereafter, we interpret [V®(F)(t)], and (®(F)(t))x+1 as

VO(E) ()]s = sup Y (1+ |2])2 (1 + |a] — &) T*VO(F) (. t)|

2
zeR la|<r

and

(@(F)(t))e = sup > (1+ |z| + )2 [T2®(F)(x,1)].

2
zeR |a\§/€

To prove (4.10), we need the following lemmas.

Lemma 4.1 Suppose that F € C®°(R? x [0,T)). Then for any given positive real number
> 0 there exists a positive constant C' = C(u) such that the following inequalities holds

((F)(, )k < CLy, w(F)(,t) (4.11)
and
[VO(F)(x,t)]x < CLy, w1 (F)(z,t), (4.12)
where
_ 1 14+p _
LunP)@t) = s {4yl + )0+ gl - eI F 7l +
(y,r)eD(,t) NA(?)
sup {lylE(1+ lyl+ ) ) Pl
(y,r)ED(z,t) A1)
(4.13)
in which
D(z,t) = {(y,T) e R? x [0,t] | |y — x| <eé(t— 7')} (4.14)

and A(t)¢ denotes the complementary set of A(t).

Lemma 4.1 can be found in [10] (see also [11]). The following Lemma comes from [15].

Lemma 4.2 Suppose that h € C*(R? x [0,T)) and satisfies |h(t)|2 < co. Then there

exits a positive constant Cy independent of T' such that the following estimate holds:

|2 |h(z, 1) < Cullh(t)]l2, Vte[0,T). (4.15)
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In what follows, we prove a more general lemma (see Lemma 4.3 below), whose special
case is nothing but (4.10) (more precisely, the case § = 0 in Lemma 4.3 gives (4.10)).
After the proof of Theorem 4.1, we shall prove Lemma 4.3.

Lemma 4.3 Let v = v(x,t) be the smooth solution of the Cauchy problem (2.16)-(2.17)
on the domain R? x [0,T)). Suppose that the following estimate holds

[81}][%%]797 rt <U>[~T+6},9, r <9, (4.16)

where the positive constants k and 6 are defined in Theorem 4.1. Then there exists positive

constant v such that for any t € [0,T), it holds that
(1+ [2] + )27 ((VO(F) (x, )] + (D(F) (2, £))ws1)

<C ([81’][@]_9 (1= 529)(11)[@]_9 t> <€ + sup {(1+ T)_V||3U(T)|n+8—2e}> ’
2 ’ 2 ’ 0<r<t
(4.17)
where p is a positive constant satisfying p € (O, %), 0 takes its value in {0,1,2} and o9 is
the Kronecker symbol.

We will prove Lemma 4.3 after the proof of Theorem 4.1.

Proof of Theorem 4.1. Obviously, taking § = 0 in (4.17) gives the desired (4.10)
immediately. This proves Theorem 4.1. ]

We now prove Lemma 4.3.
Proof of Lemma 4.3. We distinguish three cases.

Case 1: § =2
In this case, it follows from (4.15) and (4.16) that, for every (y,7) € D(z,t)(A(t) it
holds that

1 _
[yl (1 + [yl + 7)1+ [yl = e D F (g, 7) s
1
< Clylz (14 Jyl +1)* (L + llyl = er)Iov(y, 7)s32)|00(y, )l
1 1 1
< Olyl2 (1 + [yl +7)* (L + lyl) "2 (L + [y)2 (L + lly| = erD]v(y, 7)lss2)|00(y, 7) |2

< Cloeljesz, o 5 {(01+7) 7 00(T)]cra}.
- (4.18)
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Similarly, we obtain from (2.18), (4.15) and (4.16) that
1
[yI2 (1 + lyl + 7% (1 + D F (y, 7) et
1
< Clylz (1 + Iyl + 1) (1 + [y))[0v(y, 7)] 5200 (Y, 7) et (4.19)
< O10e] gy, sup {(L47)" [0 (7) |wra)
[ 2 } o<r<t
for (y,7) € D(z,t)(A(¢)¢. On the other hand, by (4.11) and (4.12) and the fact that
L4+ Jyl+7 < C(A+ |zl +1), V(y, 7)€ D(x,t), (4.20)

we have

(14 || + )2V R(F) (2, )] + ((F) (2, 1)) ns1}

1
<c{ sup I+ Iyl 7)1+l = o) P e
() ED(at) (VA(E)
T su { 3(1 311 r
p 12 (L+ [yl +7)°" (1 + [y F(y, T) st ¢ ¢
(y:)ED(a.0) AD)¢

(4.21)
Combining (4.18)-(4.19), (4.21) and choosing v € (0, 3 — 3u) gives (4.17) in the case § = 2.

Case 2: =1
In the present situation, it follows from (4.8), (4.11), (4.12) and (4.20) that

(1+ |z| + ) 2 (VO (F) (2, )] + (®(F) (2, 1)) rs1)

< C{ sup Ay, 7) + sup B(y, 7')} , (4.22)
(y,7)ED(z,t) N A(t) (y,7)ED(z,t) N A(t)e
where
Aly,7) = [yl2 (1 + |yl +7)228(1 + [|y| - er)
2 2
x( Z gfjakvaiﬁjv(yﬁ) + Z gfjl@kv(?lvc{?iﬁjv(yﬁ) )
i,3,k=0 ol |BdkI=0 .
and
2 2
B(y,7) = |y|2 (1+]yl+7) 2 24 (1+]y]) ( Y ghodiduly, )| | D g okdwdidu(y, T) )
i,5,k=0 w1l |Bdikd=0 ot 1

When 7 € [0, 1], it follows from (4.15) and (4.16) that, for every (y,7) € D(z,t)(A(t)

2

Z gfjlakvawaiajv(y, T)

ivjvkvl:O

+
r+1

2
> gi0kv0i05v(y, )

(1+ [y +7)772(1 + ||y| — er )|y
i,j,k?:O

H+1)

< C[av}[%m]iHE)U(T)HKH < C’[@v][%z}’t(l +7)77||0v(T) || kya, Vv eR.
(4.23)
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Similarly, when 7 € [0, 1], it follows from (2.18), (4.15) and (4.16) that, for every (y,7) €
D(a,t) N A(8)°

2
Z gfj@w@w@i(‘)jv(y, )

1,5,k,1=0

2
> ghodidju(y, )

iaj?k:()

/4—4—1)

(1+ [y)(1 + |y] + )22y (
k+1

< Cl0u] sy, (14 7) 7 [00(r) ara, Vv ER.
(4.24)

Thus, in what follows, it suffices to investigate the case 7 > 1.
By (3.23), (4.5), (4.9) and (4.17) with 0 = 2, for (y,7) € D(z,t) A({) N{(z,s)|s > 1}
we have

2
> g50kvdidu(y, )

i, k=0

1 1
(L+ [yl + )2 y[2 (L +[ly| —er)

k+1

< Clyl (1 + Iyl + ) 732 L (1 [yl = o) 2100(y, 7z |90 (y, 7)o+
(1+ Iyl = er)(190(y, 7l sz [0y, s + (7)) |90y, 7))}

< C ([00]pmszy, , + (Odpusay, o) I+ Iyl +7) 75204 ) 7oy, Plers+
(14 [y 73+ [yl = erDIOv(y, Pl + (L Iyl = er (1 + gl + 7)72100(y, )lws2 |

< C (100]sg), o+ @)pegny o) 1+ Tyl +7) 732 (0 ) 751+ ly] = erl) %
(IV0(y, T lwsz + (1+7) 7 oy, Tlera) + (L4 )2 oy, 7)lgat
(1L [lyl = er) (1 + Iyl + 7) "3 (Voly Pz + (1 7)oy, Pless) |

< C (100)sszy, o+ @psgay o) {2+ IIE 0+ Iyl +7) 7320+ ) 73 (1 + Ily] — erl)x
[VO(F) (5 )z + [y1 (1 + lyl + 7) 737240+ [y) 2 @(F) (4, 7) et |

< C ([00)ss2),  + O)pesy o) {e+ Uyl + 1) (VO (5, sz + (@(F)(y,7))ers)

C([@v][ s+ (v >[n+4],t) (5+[au][ﬁ+4] . sup {(147)7)|0v(r) | nse}
2 0<r<t
(4.25)
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Making use of (2.18), (4.5), (4.9) and (4.17) with 0 = 2 gives

2
(L4 lyl+ )2 212 (L Jyl) | S ghakvdidsoly, 7)

ivjyk:()

rk+1

1 1
< Cly[3(1 + yl + 1)+ [y)]0(y, )| 242 00y )

< ClOw]jesz) ,Jyl2 (1 + [yl + 7)1+ )2 (1 + llyl = &r))10v(y, 7) s

N

1 1 —
< ClOw]mgay Wyl (L4 Tyl + )72 (1 + [y))2 (1 + [Jy] - er]) ™' x

(IV0(y, Plwsa + (1 + 7)oy, 7)lwss)

< Clov)iuszy o o + WA+ yl + 7321+ |ly| - er) 2 VO(F) (y, 7)o+
B+ ]+ 7)1+ ) 7R (U Iyl = er) @), ks |

< Clov]jesz) , {e + (14 [yl + 1) FH(VOE) (y, )wsz + (O(F) (, 7))wts)}

< Cloulgay o (= + O0lpags ¢ sup 101+ 1) 100(r)esa} )

= (4.26)
for (y,7) € D(z,t) YA(®#)°({(z,s)|s > 1}. On the other hand, by (4.15), for (y,7) €
D(z,t) Y A(t)N{(z,s)|s > 1} we have

2
1 1
(L4 Jyl+ )22yl z (L lyl —er) | Y gl owwad;d ey, 7)

i,3,k,1=0

Kk+1

1 1
< ClOvagay JolF (14 Tyl + )31+ lly] = o) M1+ ) ~100(y, 7)o

= C[av]f%z],t sup {(1+7)7"(|0v(7)]|x+4}-

0<r<t
(4.27)
It follows from (2.18) and (4.15) that, for (y,7) € D(z,t) A)°{(z,s)|s > 1}
1 1 2
(Ul + )2 2y (U ) | D2 ol Okvdrddyo(y. 7)
i,k 1=0 1
(4.28)

1 1 _ _
< ClO0fusey Jyl2 (14 lyl + 7021+ Iyl = e7)72100(y,7) et

< Cloulhags) , s (14 7)™ J0() s}

(4.22)-(4.28) yields (4.17) in the case 6 = 1.

Case 3: =0
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For (y,7) € D(x,t) A(t)N{(z,s)|s < 1}, we obtain from (4.15) and (4.16) that

2 2
1 _
L+ Jyl+ )yl + lyl —er) || Y ghowdiop(y,m)|  +| D gblokwowdd(y, )
i7j7k:0 :‘{+1 i?j7k7l:0 Kr‘rl

1 1
< Of@v] sz Jul? (1 + yl + )L+ ) 100(y, w2

< Clotlsga) o sup {(1+7)100(7) fesa)

(4.29)
Similarly, it follows from (2.18), (4.15) and (4.16) that, for (y,7) € D(z,t) N A)*N{(z, s)|s <

1}
n—i—l)

2
> g owowoidi(y,T)
i,7,k,1=0

2
> gi0kv0i05v(y, )

1,5,k=0

+

1
L+ Jyl+ )"yl (1 + |y]) (
k+1

1 1
< Clov)sszy lyl2 (1 Jyl + )+ [yD)2 (1 + [yl = er])~Hou(y, 7) e

< Clotfsga) . sup {(1+7)100(7) fera)

(4.30)

We next consider the case 7 > 1.
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Noting (3.23)-(3.24), (4.5), (4.9), (4.16) and using (4.17) in the case = 1, for (y,7) €
D(z,t) Y A(t)N{(z,s)|s > 1} we have

2
> gHowwowo, 05y, 7)
i,5,k,1=0

2
> ghowdidjuly, )

i:jzkzo

+

1
L+ Jyl+ )" QA+ |ly| — er|)ly|2 (

n+1)

k+1

1
< ClylE(1+ Iyl + 7 {1+ [ly] = er) 2100y, 7| sz [90(y, 7o+
1 _1 _
< C (100]jmsz), o + Wssay o) ol (4 [yl + 7 { (L )72 1+ [ly] = er)IOv(y, 7)ot

(
<
(L+ ) "3 o0y, Tl + (L4 Iyl — er) 1+ Lyl +7) 75 00(y, 7)o )
< C ([00)ssz), o+ @)pesny o) W11+ Tyl + 70 { (L )73+ Iyl = er) x

(IVo(y sz + (14 7) 7 oly, Plers) + L+ gD 7200y 7)rs+

(L4 [yl = er)) (1 + [yl + 7) 73 (IV0(y, Tl + (L4 7)oy, Plers) |
< C (100)sgz),  + @)pusy o) {2+ WIE+ Iyl + 7+ )73+ [ly] = erl) x

VR (g, ) w2 + Iyl (1+ Iyl + 7)(1 + )3 O (F)(y, 7l |
< C (100)ssz),  + @)pusy o) {2+ (4Tl + 1) (TR ez + (@(F) (5, 7))ers) |

<C ([30][N—+2],t + {0)epay, t> {5 + ([avh%ﬁ],t + {(0)se), t> Oiggt{(l + T)_”Hav(T)Hn+s}} :
- (4.31)
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Using (2.18), (4.5), (4.9), (4.16) and noting (4.17) with @ = 1, for (y,7) € D(z,t) A({#)° (N {(z,s)|s >

1} we obtain

2 2
(1+y+7)1“‘(1+y)y5< > ghokvdoly. T | D ghovdwdp(y, ) )
Kk+1

i,7,k=0 1 i,,k,1=0
< COv]ssz Jyl2 (14 [yl + 1)+ )2 (1 + ly| = er) " Ov(y, 7) s
< Clow]jeszy Jyl2 (1 + gl + 1)+ g2 (14 [yl — er) ! (1Voly, Tlerz + (1+7) " oy, 7)lrs)
< Clov]juszy , Lo+ lyE U+ yl + 7)1+ Iyl - er) 2IVO(F) (g, )]s o

[y (L4 [yl + )3+ )72+ gl = er) T )y, 7)) s |

< O[O gy o {e+ (L Iyl +7) 54 (VO(E) (5, P)lasa + (B(F) (7)) ess) |

< Cloulegay  {= + (ulagey o+ Ohagey ) o+ s (040 VI00(r) hoss}) |

0<r<t

< O (19v)psge, o + () g9y 1) ( + sup {(1+ T>”||av<7>un+s}) .

o<r<t

(4.32)
Therefore, combining (4.11)-(4.12) and (4.29)-(4.32) gives (4.17) in the case § = 0 imme-

diately. Thus, the proof of Lemma 4.3 is completed. ]

5 Energy estimate

This section is devoted to establishing the energy estimates, which play an important role

in the proof of Theorem 1.1.

Theorem 5.1 Let v = v(z,t) be a smooth solution of the Cauchy problem (2.16)-(2.17)

on the domain R? x [0,T)). If there exists a positive small constant § such that
[00] g1y p + (V) aprppar <6 (5.1)
then, for every t € [0,T), it holds that

C ov P V)i
00Ol < Cae(a + 9 Phegr isgirin ) (5.2)

where Cy and Cs are two positive constants independent of T .

Proof. Define

A 1
1N = /oo T+ 1enz™ 5:3)
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and

plx,t) = q(|lz| —et]), pla,t) = ¢'(|z] - ct).

Obviously,
geCYR), peCHR?®xR') and pe CO(R?xRY).
Moreover,
0<p(x,t) <2 (5.4)

and

(2, ) . (5.5)

x,t) = — .
P (1 + [[a] - ct])?

for any (z,t) € R? x (0, +00).

On the other hand, we introduce the following energy functions

Ey(v(t)) = {/R? (latv(:c,t)lz + 62|Vv(x,t)|2) d:v}2 ) (5.6)
Bow(®) = 3 FBo(Tou(t)), (5.7
la|<k
Eo(v(t)) = {/R2 eP(x,t) (|0tv(x,t)|2 + EQ\Vv(x,t)IQ) dx}2 (5.8)
and
Baw(®) = 3 Bo(Tou(t)). (5.9)
la|<w

Thus, it follows from (5.4), (5.6)-(5.9) that

Z1000) . < ZEL(0(0) < Eulv(t) < CELu) <ClOv(Oll  (510)

for some positive constant C and C which are independent of t. Therefore, in order to

prove (5.2), it suffices to show

r+1

~ C| [0v V)
E.(v(t)) < Ce(1+1t) <[ gty N#”LT) (5.11)

for t € [0, 7).
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To do so, noting (2.16), we have

2 2
07T — AT + 2 000,01 — 20w AT + Y 9;09;09,0,7% — |[Vv|> AT
i=1 i,j=1

2 2
= Z cre | —2 Z 0;v0:0;v + 200 A\v — Z 0;v0jv0;05v + |Vv|2Av +

b<a i=1 i, j=1

2 2
2> 00,0, — 20wAT v + > 9;09;00;0;,T"v — |Vu? AT
i=1 i, j=1
(5.12)

for any given multi-index a, where Cj, is a constant which is determined by (3.3). Notice

that C, = 1. Multiplying e?9;I'%v to (5.12) and then integrating with respect to z on R?

leads to
1d
- / {ep (yatr%(x,t)F + EZ\VFaU(x,t)lz)}d:c—i-
2dt Jgo
_ 2
/ eP E]§|Z1“av|2 +2 Z 0;v0:0;,T*v0: T % — 20, AT *vO T v+
Rz \ 2 P (5.13)
2
Z 0;v0v0;0;T O I v — |VU\2AF%('3,5F“U dx = I(t),
i, j=1
where

2 2
L(t) = /R oy > G | =2) 0000 + 20wiv — Y dwdwdidiv + [VolPAv | +

b<a i=1 i, =1
2 2
2 Z 0;v0,0;"%v — 20,0 AT v + Z 0;v0;v0;0;T"v — |Vv]2AFav dx.
i=1 i, j=1

(5.14)
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Notice that

2 2
e? | 23 080T vO T ™ — 20 AT VO™ + Y 0;00;00;0;T v T v — |Vv[> AT 0,
i=1 i, j=1
2 2 2
= Z 0; (P00 I v, I v) — 2 Z 0i(eP o T o M) + Z O (eP 00O, T ;T v)+

=1 i=1 i=1

2 2 2 2
Z Z 0;(€P0;v0;v0; I v, I "v) — % Z Z 0¢ (P 0;v0;v0; T v, I v) —

i=1 j=1 i=1 j=1

2 2
1
> 0i(e?|Vo|Par va T ") + 3 > 0P| VoPor vo, T ) —
=1 =1

2

) 2 2
gep (2 2; w; ;v I vo Iy — 4 2; w; OO, oI v — 25; 00, I vo; I v+
1= 1= 1=

2 2 2 2
2 Z Z w;0jv0;v0; T vO I v + € Z Z 0;v0;v0; I vO; I v—

i=1 j=1 i=1 j=1

2 2
2 Z w;| Vo297 %o, — EZ |Vv|28il“av8ilmv> -

i=1 i=1

2 2 2
1
iep (2 Z afvatrauatr% —4 Z 0;0,v0;I"*vo I v + 2 Z OEUOZT“U@-FGU—I—

i=1 i=1 i=1

2 2 2 2
2 Z Z 0;(0;v0;v)0;T VO I v — 2 Z Z 0¢(0;v0jv)0; T *vO; ' v—

i=1 j=1 i=1 j=1

2 2
2 Z 9(|Vu[*)o,T oI v + Z 3t(VU’2)3iFav3iFav> ,

i=1 =1
(5.15)
where w; = ’%(z = 1,2). Tt follows from (5.13) and (5.15) that
1d C
L(t) = / {e? (|8tF“v(x,t)|2 +52|VFGU(:U,t)\2)}d;E —I—/ Eep]z')|Zl“av\2d;v—|—
2dt Jpe R2 2
d g
7 - el 0;v0;, I *vo,I" v — B ; ; e?0;v0;v0; I " vO;,I' v
1 2 a a
+§ Z;epyvm oiI'*vo;I’ U) dx + I»(t) + I3(t),
(5.16)
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where

) 2 2 2
L(t) = - / Eep (2 Z w;O; v I vo Iy — 4 Z w; OO, T o Iy — 262 00, T vo;I" v+
R

2
2 i=1 i=1 1=1

2 2 2 2
2 Z Z wz-c‘)ivajv(‘)jl“%atl“av + EZ Z 6Z~v8jvajl““v8i1““v—

i=1 j=1 i=1 j=1

2 2
2 ZwiWU!Q&T%&tI‘% - EZ |Vv\28ir%air%> dx

i=1 =1
(5.17)
and
1 2 2 2
L) = —142f?(22;@%@F%@J“U—4};@&w@F%@F%w+22;@%@FW@P%+
i= i— i

2 2 2 2
2 Z Z 0;(0;v0;v)0; T VO I v — 2 Z Z ¢ (0;v0;v)9; T WO T *v—

i=1 j=1 i=1 j=1

2 2
2 Z 9 (|Vv|?) 9T vd T % + Z 8t(]Vv]2)3iF“v8iI‘“v> dx.
i=1 i=1
(5.18)

Combining (5.1) and (5.16) yields

E.(v(t)? + Z /0 /R2 ePp|ZT% (z, 7)|?dedr < CE.(v(0))? + C/O |[I(T)|dr  (5.19)

lal<k
for t € [0,T), where
I(t) = Y (@) + [ L@)] + (). (5.20)

lal <r

Now we claim that

1
cwns22/mwmmNM—
RQ
lal<r (5.21)

C

m ([8’0][&74»1}7/11 + <'U>[%l]+l,T> />]R2 €p|80(x,t)|idx

for t € [0,7).
For the time being, we assume that (5.21) is true. We will prove it later. Thus, it

follows from (5.19) and (5.21) that

. 1 t ea
E.(v(t))? + 3 Z /0 /R2 ePp| Z0% (x, 7)|*dzdr
lal<r (5.22)

< CE,(v(0))% + C/o ([av][%l]j + <U>[”T+1]+1,T) Ex(v(r))?dr.

1
147
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Noting (2.17), (5.22) and using Gronwall inequality gives (5.11) immediately.
It suffices to prove (5.21) in the rest of this section. To prove (5.21), we distinguish

two cases.

Case I: t € [0,1]

In this case, (5.21) comes from (5.14), (5.17) and (5.18) immediately.

CaseII: t € [1,7)

We first estimate |I1(t)].

Noting (2.18), (2.20), (2.21), (3.7), (3.20), (3.21), (5.1), (5.14) and using Cauchy in-

equality, we have

2 2
()] < / r< Z gfjakv@ﬁjv - Z gfjakvaﬁjfav |0, I v|eP dz+
(z,t)eA(T) i,5,k=0 i,5,k=0

2
CyI'? gEOw0;05v | | |0 T v|ePda+
/(x 1EA(T) 2 9 !

b<a ,5,k=0
2 2
/ C, I’ Z gfj@kvf)ﬁjv — Z gfjakv&ajf‘“v |0 v |eP dx+
b<a ’ (@) EMT) i,5,k=0 i,5,k=0
2 2
Z/ cprt k;»lakvalv&ajv — Z gfj-l@kvﬁlvﬁiﬁjfav |0 T |ePdx
b<a ’R? jkl 0 0,4,k d=0
||| — | 1 2
= ¢ (2.)EA(T) <1+|:c|+t|6”|['z“PL T ey s ) €10v]dat
CZ/ eP|0v] 11| 20| |00 wdz + C eP|0v] i1 |Ov[2da+
o< ¥ (@EMT) 2 (z,t)EA(T)e 2
C'/ ep\av\%ﬂ]mvﬁdx
R2
||| — et| 1 2
< C + ——————|v|int1y, ) €P |0V dx+
(2,t)EA(T) 1+\l’|+t‘ V=g 1+ |x !+t‘ 42107 10v]
C / €P| 0| n11| ZT%0| |00 o dz+
|b|Z§n (2,t)EA(T) ]
1 2 2
/ ep(l_i_t[avh@]j—i-\@v“ﬂ)lavlﬁd:r
< Z/ 2T+ < Ce < (9aga)p + Wyapn )/ e?|0v(, £)|2der
e ® 1+||x\ ét))? T AT fo, e
< P 200 2de + S ([0 P|Ov(z,t)|2d
< o3 | penarePde + 5 (Pl + sy [ 1000l
|b|<k

(5.23)
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where € is a positive small constant.
We now estimate |I(t)].

Noting (2.18), (3.7), (5.1), (5.17) and using the null condition and Cauchy inequality,

we obtain
2 2
|I2(t)] < / peP Z w; 0,00, T vo, T — 2 Z w; O, I vo, I —
(z,t)eA(T) i=1 i=1
2 2
EZ 00, T vo,I"v| dx + / peP Z w; ;v v I v—
2 2
2> wiOwd T oI — &Y 0w v T v| du+
i=1 i=1
p 2 2 2 2
/}R2 iep 2 Z Z w;0;v0;v0; T VO I v + EZ Z 0;v0v0; M VO, I v—
=1 j=1 =1 j=1
2 2
2 Z w¢|Vv|28iFav8tF% — EZ \VUIQ&LT%&F“U dx
i=1 i=1
2 2
< / pe? Z w; 0,00, T vO, T — 2 Z w; w0, I *vo, I v—
(z,t)eN(T) i—1 i—
2
EZ 0o, I vo;, M| dx + C / |0v||0v|2dx + / |0v|?|0v|2dx
i—1 (z,t)eA(T)e R2
< / peP “‘i}(@al + w10)0(00%)2 + 20 + wady (9T )~
(z,£)EA(T) ¢ c
1 1
Eﬁtv(éal + w10 T (edy + wi0)T% — Eﬁtv(éﬁz + wo )T (edo + wedy ) v—
w1 _ w2 _
F&gv(cal + w10 T oM — gatv(cﬁg + wo ) T M| dx+
C
- D 24
1+t[8v]0,T/Rze |Ov|s dx
< C pe? (|Zv||0T*|* + [0v|| ZT||0T ) dx + C[ath/ eP|Ov(z, t)|>dx
(z,t)EA(T) 1+t R?
<

C
eP| 2T 2dw + —< v adz.
> /Wpe |20 (2, 1) dw + 1= ([Ovlor + (v)r7) /Rfo |0v(z, t)[dx

la|<x

(5.24)
where w; = %(z =1,2) and € is a positive small constant.
Similarly, using (2.18), (3.7), (5.1), (5.18), the null condition and Cauchy inequality,

we have

C
< SeP a 2 —c P 2 . .
[Is(t)| < e E /RQpe |ZT% (z, t)|“dx + . _'_t[av]l,T /R2 eP|ov(z, t)| dx (5.25)

la|<r
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Choosing € suitably small, by (5.23)-(5.25) we see that (5.21) holds for ¢t € [1,7)). Thus
the proof of Theorem 5.1 is completed. |

6 Proof of Theorem 1.1

This section is devoted to the proof of Theorem 1.1. In order to prove Theorem 1.1, it

suffices to show the following theorem.

Theorem 6.1 Under the assumptions of Theorem 1.1, there exists a positive constant €g
such that, for every e € [0,g¢], the smooth solution v = v(x,t) of the Cauchy problem
(2.16)-(2.17) exists globally in time.

Proof. The local existence of classical solutions has been proved by the method of Picard
iteration (see Sogge [19] and Hormander [9]). It suffices to show that if v = v(x,t) is a
smooth solution of the Cauchy problem (2.16)-(2.17) on the domain R? x [0,7)), then
> 10%(x, )| € L®(R? x [0,T)).

Jo| <4
In what follows, we prove Theorem 6.1 by the method of continuous induction, or say,

by the bootstrap argument.

Taking an integer k > 8, we have

[/1—2#9] <k

According to the bootstrap argument, we first assume that
(00, 7+ (V)r41, 7 < M, (6.1)
and then we prove that, by choosing M sufficiently large and ¢ suitably small we have
1
[00], 7+ (W)ri1, 7 < 5 Me. (6.2)
)

To do so, let ¢ be a positive and small constant. Choosing €1 € [0, 5], we have

[81}][%6]’ T+ <U>[%6], r = [81}][%9]’ T+ <U>[*”~T+9]+1, T

< [av]li, T+ <U>/~c+1,T < Me<d
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for e € [0, &]. Thus, it follows from Theorems 4.1 and 5.1 that

[00]x, 7+ (V)rt1, 7 < Coe+Cy <[6v][~7+6] 7+ (0)[nze) T) sup {(1+7)7"([0v(T)|lx+s}
27 277 or<T

< CO€+0102M52 sup {<1+T>03M571/}
0<r<T

< 2Cqe
(6.4)

for € € [0, e2], provided that

€9 € |0, min o Y
S CiCoM’ CsM [ |
where v is the constant appearing in Theorem 4.1. Therefore, taking g = min{ey, e} and

M > 4C), we obtain (6.2) from (6.4) immediately. This implies that

> 10%v(x,t)| € L®(R? x [0,T)).

jal<4

Thus, the proof of Theorem 6.1 is completed. |
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