GENERAL EXPANSION FOR PERIOD MAPPINGS OF
RIEMANN SURFACES

FANGLIANG YIN

ABSTRACT. In this paper, we get the full expansion for period map from
the moduli space My of curves to Ay in Bers coordinates. This gener-
alizes fully the famous Rauch’s variational formula. As applications, we
use this expansion to study its distortion problem.

1. INTRODUCTION

In this paper, we study the period mapping J from the moduli space M,
of compact Riemann surfaces with genera g to the coarse moduli space A,
of g-dimensional principally polarized Abelian varieties.

There are various methods to give complex orbifold structures on M,.
These structures are biholomorphically equivalent to each other and deter-
mine a unique one, which we call the canonical complex orbifold structure.
With respect to this structure on My, J is holomorphic. Furthermore, it
is the unique one such that J is holomorphic. In view of these, J plays
an important role in the study of M,. The first basic property of J is its
injectivity. In other words, two compact Riemann surfaces with isomorphic
Jacobians must be biholomorphic to each other. This is exactly the state-
ment of the classical Torelli’s theorem[1]. Its second one is the immersive
property. More precisely, the period mapping J is a holomorphic immersion
on the complement of the hyperelliptic locus M, — 'HE, and restricts to an
immersion on HE,. This property is now known as the local Torelli theorem
and is proved by Rauch’s variational formula for J[2].

To discuss the differential geometry of Mg, one way is to compute the
higher differentials of J. It is presumable that [J is very curved with re-
spect to the invariant metric on the locally symmetric variety A4[3,4]. Thus a
higher expansion of J more than the first order term seems to be very mean-
ingful for estimates of its distortion. In our presentation, we would like to
get the full expansion of 7. The idea is to deform the canonical holomorphic
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1-forms on a fixed Riemann surface. To achieve this, we employ a funda-
mental construction developed recently by K. Liu, X. Sun and A. Todorov.
By an explicit expansion of the canonical holomorphic 1-forms, we deduce
a generalization of Rauch’s variational formula. Note that our method is
completely different from Rauch’s original one and that of Mayer’s[5,6,7].

This article is organized as follows. In Section 2, we recall some back-
ground materials in moduli theory of compact Riemann surfaces. The de-
formation constructions of holomorphic 1-forms are arranged in the Section
3. Then we use the results of Section 3 to get the full expansion for period
mapping J in Section 4. In particular, we also get the expansion of the
period matrix along a complex curve in M,. Finally, as applications, we use
our expansion of period mapping to study its distortion problem.

Assume all Riemann surfaces in this article have genera g > 2.

Acknowledgements. The author would like to thank Professor Kefeng
Liu for lots of valuable suggestions and constant encouragement. Thanks
are due to Professor Xiaofeng Sun for his useful discussion.

2. MODULI SPACE AND PERIOD MAPPING

We construct the moduli space M, of compact Riemann surfaces with
genera g via Teichmuller theory. The procedure is as follows. First, we de-
fine a Teichmuller space 7 (X) associated to X by means of quasi-conformal
mapping theory. Second, we prove this space admits a properly discontinu-
ous holomorphic action by the mapping class group Mod,. And then we can
see the quotient analytic space is precisely what we want. The critical step
is the construction of Teichmuller space 7 (X) of X.

Let X be a closed Riemann surface of genus g > 2. Fix a set of 2¢g simple
closed curves on X which induces a symplectic homology basis of H; (X, Z).
In other words, we choose 2g simple closed curves {4, Bo}?_; on X such
that their intersection matrix is the standard symplectic matrix. Consider
an arbitrary pair (f,S) of a closed Riemann surface S and a quasiconformal
mapping f : X — S. We call the triple (X, f,S) a marked Riemann surface.
Two triples (X, f,S) and (X, g,S’) are said to be Teichmuller equivalent if
go f~':S — S is homotopic to a biholomorphic mapping ¢ : S — S’. Let
[f,S] be the Teichmuller equivalence class of (X, f,5). The set of all these
equivalence classes [f, S] is denoted by 7 (X) and is called the Teichmuller
space of X. The point [id, X] is called the base point of 7(X).

We introduce a topology on 7 (X) by means of the Teichmuller distance
which is defined in the following;:

For any two points p1 = [f1, 1], p2 = [f2, S2] € T(X), let Q(fao f; 1) be
the set of all quasiconformal mappings of S7 onto So which are homotopic
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to fao fi ! The Teichmuller distance d between p; and ps is given by

d(p1,p2) =  inf  logK(g),

9€Q(f20f7 ")
where K (g) is the maximal dilatation of g. This distance makes 7 (X) a com-
plete topological space. Furthermore, different Teichmuller spaces 7 (X)
and 7 (X32) corresponding to different Riemann surfaces X; and Xo, respec-
tively, are homeomorphic to each other by a base point translation. We call
their common topological space the Teichmuller space of compact Riemann
surfaces of genera g, which we denote by 7.

Let us describe a local holomorphic coordinate system on 7, around the
base point. Let w be a fixed Hermitian metric on X = Xj. Ho’l(Xo, TLOXO)
the space of harmonic Beltrami differentials on Xy with respect to w. Choose
a basis {y;}7, (n = 39 — 3) of H®' (X, TH°Xy). For sufficiently small
t = (t1,-- ,t,) € C", we define puy = > tjp;. Bach py gives a quasi-
conformal mapping f** by the existence of solution to the Beltrami equation.
Write X; = f#*(X). In this way, we construct a family of marked Riemann
surfaces [f#*, X;]. Meanwhile, the small parameters ¢t = (¢1,--- ,t,) form a
local holomorphic coordinate system at the base point [id, Xo| € 7;. These
coordinates will be used to deform holomorphic 1-forms in our next section.

For the identification of Riemann’s moduli space M, we define a group
action on the Teichmuller space 7. Let Mod, = Mod(X) be the set of
all homotopy classes [h] of quasi-conformal self-mapping of X. It forms an
abstract group by the composition of maps. We call it the mapping class
group Mod, of genus g. Every element [h] in Mod, acts on 7, by

[B)([f.8]) = [f o h™, 8]

for [f, S] € 7,. Now the moduli space of closed Riemann surfaces of genera g
My, i.e. the set of all biholomorphic equivalence classes of closed Riemann
surfaces of genera g, is identified with the quotient space 7,/Mod,. With
respect to above canonical complex structure on 7,, the Modg-action is
holomorphic and properly discontinuous. Thus by a theorem of Cartan, the
quotient space M, is a 3g—3 dimensional complex analytic space. Moreover,
M, is a quasi-projective variety and a complex orbifold.

To each pair (f,S) we associate an element 7 € $),. Here 9, is the

generalized Siegel upper half plane of dimension w. The details are as
follows. For each (f,S), we have a symplectic homology basis {Aq, Ba}?_;
which is induced by the quasi-conformal mapping f : X — S from that of
X. By the Hodge-Riemann bilinear relations of holomorphic 1-forms, we

know that there is a unique basis {#*}?_, of H°(S, Kg) such that

/ 07 = 6,5
Ao
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Then the period matrix m = (m,g), where m,3 = fBa 68, belongs to $g. Ac-
tually, this matrix depends only on the Teichmuller equivalence class [f, S]
of (f,S) and gives a natural map, which we call the period map II, from 7
to §,4. The basis {6*}Y _, is said to be a canonical basis of the space of holo-
morphic Abelian differentials H°(S, Kg) on S with respect to {Aq, Ba}Y._;.

Let Sp(g,Z) be the set of all symplectic matrices with elements in Z.

This group acts on §), also properly discontinuously. The quotient space

Ag = $94/5p(9,Z) is a w dimensional complex analytic space. This

space can be identified with the coarse moduli space of principally polarized
Abelian varieties of dimension ¢[8]. Our previous period mapping II descends
to a map J from M, to Ag. This is equivalent to the following commutative
diagram

TQL’f)g

l l

M, =L A,

There is a classical result due to Torelli asserts this descending period
mapping J is injective. In fact, it is also a holomorphic immersion out-
side the hyperelliptic locus My — HE, and restricts to an immersion on the
hyperelliptic locus HE,.

3. DEFORMATION CONSTRUCTION OF HOLOMORPHIC 1-FORMS

In this section, we formulate the Liu-Sun-Todorov’s construction of defor-
mations of holomorphic 1-forms on a fixed Riemann surface Xj.

In above section, we point out a way to define a local holomorphic coor-
dinate system on Teichmuller space. In the following, we will construct this
local coordinate system from another point of view—the deformation theory
of complex structures[9]. Fix a Riemann surface Xy of genus g > 2. As
above, choose a basis {f;}7; of the space of harmonic Beltrami differentials
HOY(Xo, T X() with respect to w. For sufficiently small t = (¢1,--- ,t,) €
C", define py = ;" tip;. Then this y4 gives a new complex structure J; on
X by putting Qtl’o = +m —|)(Q(1)’O), where Q(l)’o is the holomorphic cotan-
gent bundle on the original Riemann surface Xy and 4 denotes the contrac-
tion operation. In this way, we get a small deformation (J;, Xo) = X; — A
of Xy, where € is sufficiently small. And t = (¢1,--- ,t,) forms a local holo-
morphic coordinate system at the base point p = [id, Xo] € 7.

Let 0 € H°(Xo, Kx,) be a global holomorphic 1-form on X,. We want to
deform it to an element ; in H°(X;, Ky,).
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Theorem 3.1. For each § € H°(Xq, Kx,), there exists a unique 1; which
is holomorphic in t for sufficiently small |t|, satisfying

(i) H(ny) = 0, where H is the harmonic projector on (Xo,w),

(i1) 0y = (I + pg H)mpr € H(Xy, Kx,).

Proof. Let G,0%,0, H be operators on Xg. I = (i1, ,in) € Z . Then we
define the following forms by iterations

n0,-,0) = 0,

n
nr = =GO 1y ANy e i1 i)
j=1
From the estimates of Green operator G, 0* and 9[9], we see that there is
a constant C' = C'(m, «) depending Xy, m and « such that

Hm”m,a < CH0||m,a7

where || - ||;m,o denotes the Sobolev norm.
Now set
m=0-Y t;(GI(u; 16)) + > t'n.
J |1|>2

Then it is a well-defined global (1,0)-form on X for each sufficiently small
|t| < e(e depends on C and ) and H(n;) = 6.
By the definition of complex structure on X,

0r = (I + p H)me € AY0(Xy).
In order to prove 6; € H(Xy, Ky,), it needs only to check that df; = 0.
db; =(0 + 0)6,
=0(1) + 9(eor A 11t)

n

= Z tl 37]1—1—8 ZSOJ _|77z1,--,‘- 1, yin )))
[1]>0

n

= Z th(o(I - GA)(Z P AN M(iy e i1, in)))

|71]>0 Jj=1

=Yt (o{H( Zgoj ANy iy =1, in)) })

[1|>0
=0.

Its uniqueness is easy. ]

We want to express the deformation form 6; in a more useful form.
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Corollary 3.1. There are smooth functions fél i i) O Xo such that
’ b I 1tn
for [t] <e,

9,5—9—1—2753 (1 40) +dff,... )

/ .
+ Z t ZH Hj B n(i1,~~-,ij—1,~~~,in)) + df(]il,~-~,ij—1,~~-,in))'

I

Proof. From above theorem, we see that

0, =6 + Z tI(I _ Gé*a)(z 1 — N1, yig—1, ,in))

|[1]>0
=0 + Z tI(I - Gé*a){z H(:U’j - N(i,yij—1, ,zn)) + 5f(]217 =1, ,in)}
11|>0 j=1

=0 + Z tl{z H(:uj - Mg, =1, ,m)) + éf(Jz17 Jdi—1,e sin) + aGAf(]“’ =1, ,Zn)}

[I|>0  j=1
=0+ ) tI{ZH 1y Ayt i) TGy i
|I]>0

0

In the same manner, we may deform holomorphic 1-forms along a sub-
manifold of M. For simplicity, we consider the curve case. Let S C M, be
a 1-dimensional complex submanifold. For any point p = [Xo] € S, we take a
local holomorphic coordinate s so that s(p) = 0. Since the Bers coordinates ¢;
are holomorphic, t; = t;(s) are holomorphic functions of s. The correspond-
ing Beltrami differentials associated to S are given by ps = >, t;(s)u;. Let

s = spM) + 24 ... be its Taylor series expansion in s. Hence
Theorem 3.2. For each § € H(Xy, Kx,), there exists a unique ns which
is holomorphic in s for sufficiently small s € S, satisfying
(1) H(ns) = 0, where H is the harmonic projector on (Xo,w),
(ii) 05 = (I + ps s € HY(Xs, Ky,)-
Moreover, 05 is holomorphic in s and has following expansion
0, =0+> s > HuE® 44, +dfi},
k>1 k1+ko=k,k1>1

where fr are smooth functions on Xy, Ag = 0 and

Ap=-Goro{ Y p) 44}

ki1+ko=k,k1>1
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4. GENERAL EXPANSION OF PERIOD MAPPING

Let IT : 7y — $4 be the period mapping. Let [id, Xo] be the base point
of 7y. Choose a symplectic homology basis {44, By}Y_; on Xj. Assume
{90‘};[;:1 is a canonical basis of the space of holomorphic 1-forms on Xj. For
each above local parameter t = (t1,--- ,t,) on 74, we obtain a new compact
Riemann surface X;. Before our computations, we recall the Hodge-Riemann
bilinear relations for d-closed forms on compact Riemann surfaces[10].

Lemma 4.1. Let ¢, ¢ be two d-closed forms on a compact Riemann surface
S, then the following relation holds

/S¢MO—;{/AW¢/BW¢—/BW¢/AWSO}-

On each deformed Riemann surface X;, we construct a holomorphlc 1—
form 69 from 6% as in Section 3. Write bag(t) = [ AL 9 and Tap(t) = | B
As a corollary of Lemma 4.1, the matrix (bg) is non-singular for small |t|
Set (b7) = (baﬁ)-l, ie. bbyg = Gup = bayb??, and 02 = 207 then
bag = [, 0] =07 [, 0] = 5"boy = dap. This shows that the holomorphic
1-forms {#%} form a canomcal basis of H(X;, Kx,).

Lemma 4.2. dw‘*ﬁ fB (i 4 6°), 5 db“ﬁ fA (px - 0°). Here,
H denotes the harmomc projector on Xjy.

Proof. By definition of m3(t) and corollary 3.2, we have

dmag dﬁf
0) =
dty, 0) /B dty, [t=0-

— [ 0%+ )

{H(ux 4 6°).
Ba
Similarly,
b g
0) =
dty ) /A dty i=0-

— [t 0%+ 7

— [ Hu 0.
Aa
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Lemma 4.3.

V-1
= 5 07 A H(uy, 4 69).

[ 0%
Aa Xo

Proof. Set H(uj, - 6°) = cfﬂé'y. Then [, H(u, 0%) = c’g’a. On the other
hand, /=1 [, 6% A H(p, 4 6°) = \/—1c§,ny 0% NG = 2057%{7, where

aas = Immap(0). These imply that cf’a = @ao‘“/ [x O ANH(u, 6%, O

Based on these two lemmas, we can expand the period matrix 7(t) =
(map(t)) as a power series of t = (t1,--- ,t,) at the base point of 7,. Write
(a7%) = (Imm(0))~".

Theorem 4.1. For the period mapping I1 : Ty — $4, we have the following
expansion

Fap(t) =mas(0)+ | 0 A 407+ [ 0% A p A AL

Xo Xo

v—1

S WAW49%M@/'MAWAW
2 X() XO

+ Z{/ 004 VAN ot - Af,k*l + Z 0(047 67 k1> ka Mt) 96 A et _| A€k1,1

k>3 Y Xo 1<ky<k—1 Xo

= 1<6<n
+oo

where A7y = 0%, Af) = —GO* O Afy 1)y = D05 tipg and Cla, 6,k k, ir)
is a constant depending on its factors.

Proof. In our above notations, it is equivalent to check this expansion for
7ap(t). Since II is holomorphic, we need only to compute all partial deriva-
tives of Top3(t) at t = 0.
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o~ diag
We write Tog = ~at. - Then

T(0) =m(0) — oy (0)074(0) b, (0)67(0)

=/ H(pi 4 0%) — mag(0)bes(0)

= H(Ni_|06)_/ 6° | H(u 0%
Ba o Ja

= H(Ni_|9ﬁ)_Z/B 0 AH(M‘Wﬁ)
13 3

Ba
- /3 @ 5}
}:{/ T 10°) A%e i 467)

:/‘mAwam%
Xo

:/ 0% A p; 465,
Xo

where the last second equality comes from Lemma 4.1.
For the second derivatives, we have

0%*7op 0?
o — L]
a0t V) = 91, "t O)
:athtk”aﬁ(O) - 8tj Tay O, byg — O, Wavatj bys + Waﬁagjtk

b1e.

By Corollary 3.1, we may expand 6, as follows

t_ea+2t (i 4 0%) +df™") + ) titn(H(uy 4 AR) + dfg) +
J.k

where A% = —GO*0(uy, 1 6%).
Thus

07.4,0°(0) = {H (u; 4 A) + dfg™ + H(uy, 4 AS) + dfi"}

and

OBy mop(0) = [ (s 4 AL+ Hws 4 4D
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On the other hand,

(‘)fjtk b7 =0y, b0y, bes — at2jtk by + Oty.byyOt; by

:/ H(,,,jwf)/ H(ukwﬁ)—/ {H (n; 4 AY) + H(uy, 1 A))}
Ay Ag Ay

[ Hu 6 [ Hy0°)
A, Ag

Hence,

O* T
Ot ;Oty,

(0) :/BQ{H(W 4 AY) + H(uy, + AD)} - /B H(uj —07) /AW H(uy, =6°)

_ . B ) 13 B
BQH(MHW)/AWH(MHG ”/BQW{/AWH(””“/AEH(“’”@)

= [ G A AD) + oA AN+ [ HGu 6 [ Gy 0%)
A, A, Ag

:/ 0% A H(u; 4Af)+/ 0% A H (e = AY)
X() XO

- [ o nmGu ) [ HG 0
Xo A,

—/ 0% A H(p; m)/ H (p, 1 6°).
Xo A,

In the following, we will derive all of the higher derivatives by another
method other than direct computations. Observe that the period mapping
may be viewed as a composition of t — p; — 7(pe) = w(t). Without loss of
generality, we assume first y; = tu, t € C. In order to simplify the notations,
we make the following conventions. Set f* = 0, H(p < A%;) = 6% and

A§ = 6. From the construction in Section 3, we know %h:o@f = I{H(p -
AL +dff h=o.

k k k k—k
Lemma 4.4. 4o |,_ob%(t) = — 375 _) Ot |, _obgs Syt [1—ob®.

k k k k—k k
Proof. 0 = ;t—k(bg(sb‘so‘) = h—1 CfliTllh:obﬁé%H:ObM + ;Tk‘tzobﬂa(t)-
O
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Now for £ > 1
dk dk
~ _ <)
%hzoﬂaﬂ(’f) _/B @hzo{@?b7 (t)}
d d
k 76
O‘k1+k2 k
—k‘/ H u—|A )+
k17, v k3 dk4
Yo CeRMH@pAAL DL D Ckgdtkg o g Hi=o
Bo ko ko=t kg +kg=ko
ko>1 k3>1
=kl H(u—|A,f_1)—k:!/ 0 [ HuAAY )
Ba A,
5 ks d* 53
07 Y k! H;HA,% 1) g =0t ()
k3+ky=k
k3>1,kg>1
Ky d* 55
/ S CERH(u A AL ) b ()
Ba gy tky=k
ki >1,kg>1
=k [ 6 ApH AT
Xo
dk2
i Z Cklkl / (9aA,u_|Ak;1 1)dt’f2 |t:0b5ﬁ(t).
kq+ko=k
k1>1,ko>1

Now by Lemma 4.3 and Lemma 4.4, we can compute dtk2 2 1i=ob%(t) in
terms of integrations over Xy. This shows there are constants C(«, d, k1, k, 1)
such that

1 dF

kldtk‘t 07 ap(t / 0 A AY_ + E: Caékl,k:u/ 0N M4A5 Iy
1<ki;<k-1
1<é6<n

In general, the k-homogenous term in the power series expansion of 7,z(t)
is given by

eaAuﬁABk Y Clon kb, ) 95AMHAQ,€1,1-
Xo 1<k <k—1 Xo
1<8<n
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In sum, we obtain
o) =mas0) +

eamﬁeﬁ+/ 0% A e = A
Xo
vl

Xo

0 Ap 4607 -a" [ 0 Ap 68

2 Xo XO
+ Z{/ A AL+ D Clas, kljk,ut)/ 0° A AY
k>3 7 Xo 1<k <k—1 Xo
1<6<n
_|_ K
The convergence is verified by the convergence of 6 in Corollary 3.1. U

5. AN APPLICATION

In this section, we use the general expansion of period matrix to study the
distorsion problem[3,4]. We will embark on the complex curve exclusively
and study whether there is a totally geodesic complex curve in A, which
is also contained in the open Torelli locus J(M,). Let us first recall some
more facts on the Siegel space £),. Since it is a Hermitian symmetric space of
non-compact type, it admits a unique (up to a positive constant) invariant
metric which is Kahler. The real symplectic group

Sp(g,R) = {W = <é g) € GL(29,R)|A, B,C, D € My(R), W' J,W = J,},

0 I
—1;, 0
cally, isometrically and transitively on $), by

where J; = and I, is the identity g x g matrix, acts holomorphi-

((A B) ,Z)=(AZ+ B)(CZ + D)™ "

C D
g(g+1)
$g4 can be realized as a bounded domain in c¥% by Cartan realization
Iy +1iZ
Z—M="=2 .
~ I,—iZ

Its image
DI = (M € My(C)|M" = M, I, — M M > 0}
is a bounded complex domain and admits a Bergman metric
wp = —2i00 log det (I, — MtM).

Its pullback by Cartan realization is just the invariant metric on ), men-
tioned above. Hence the pullback metric is also Sp(g, R)-invariant and de-
scends to the quotient Ay. Its sectional curvature lies in the interval [—1, —%].



EXPANSION FOR PERIOD MAPPINGS 13

Another fact we will use is the characterization of totally geodesic complex
curves in §)4. It is a standard fact that any totally geodesic complex curve
can be transformed by an element in Sp(g, R) to one of the totally geodesic
discs Ay = {diag(z1,---,2k,0,---,0)]z; = 2,1 < i < k and |z| < 1} after
Cartan realization. Thus there are precisely g equivalent classes of totally
geodesic complex curves in $), under the action of Sp(g,R).

Definition 1.1. A totally geodesic complex curve X C Ay is said to be of
type k if and only if X is uniformed by a disc in $4 equivalent to Ay under
the action of Sp(g,R).

Our main result is following.

Theorem 5.1. Let X be a totally geodesic complex curve of type k in
T(Mg —HE)). If1 < k < g—1, then for any point p € X, there ea-
ists a monzero local holomorphic section 05 of Hodge bundle E|x around p
which is of the form 05 = 6 + df (s), where f(s) is a smooth function on Xy.

Proof. Let t; be the Bers coordinates around p on M, as constructed in
Section 3 and s be a local holomorphic coordinate around p on X which will
be determined later. Then t; = t;(s) is a holomorphic function of s. We
may expand the period matrix 7(s) by Theorem 4.1 as a power series in s
along X. Assume p = p) = Zj %(O)M represents the tangent vector of
X at p. Write

7(s) =7(0) + sP, + s°Py + -+ .

By assumption, X may be uniformed by a totally geodesic disc of type k,
. . . (AB e
so there exists a real symplectic matrix < C D) satisfying

(5.1) An(s)+ B = Z(s)(Cn(s) + D),
k
I~ W (s) Y Ry
where Z(s) = W) and W (s) = diag(z(s),---,2(s),0,---,0). Now take

s = z as the local holomorphic coordinate about p on X. Set C' = (¢q3) =
A —1iC and 0 = ¢4,0"7. By comparing the homogenous terms of s on the two
sides of equation (5.1), one gets

(5.2) A (0) + B = i(Cx(0) + D),
(Lo .. (L0 .
(5.3); AP, =2i(-1) (O 0> (CW(O)—I—D)—I-Z 2i(—1)7 <0 O) CP_;+iCPh,.
7=1

Then by (5.3)1

(5.3) éﬂ:(

(=TS

).
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Lemma 5.1. Fach P, is a symmetric matriz and

R=(f eonl ¥ HG Al

l1+l2=1,011>1

Z C(O[,(;, k17la/‘6(1)3"' ’M(kg))/ 66 A { Z H(iu(l?’) B AZ)})
ky+ko=1,1<6<n Xo I34+14=Fk1

1<k <l—1 l3=1
Proof. It follows immediately from the symmetry of period matrix, Theorem
3.2 and Theorem 4.1. O

SoPlz(fXOHO‘/\u—{Hﬂ),

/Oa/\,u—W:O, vV o oa.
Xo

While Xy is outside the hyperelliptic locus, H(u 4 0) = 0. Consider its
deformation 6, as constructed in Theorem 3.2. We show that 65 is exactly
what we require. First, 6 is nozero. In other words, there is a g such that
Egvo # 0. Otherwise, C' and C are of the form

)

By equation (5.2), so are B—iD and D. These imply C7(0)+ D is also of the
above form and consequently not invertible. Contradiction! Second, to prove
05 preserves the cohomology class, we need to check >, ;. _ k1 H (k1) A
Ay,) are all zeros. We accomplish it by induction on k and Lemma 5.1. [
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