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1. Introduction

The moduli space My, of Riemann surfaces of genus g with k& punctures
plays an important role in many area of mathematics and theoretical physics.
In this article we first survey some of our recent works on the geometry
of this moduli space. In the following we assume g > 2 and k£ = 0 to
simplify notations. All the results in this paper work for the general case
when 3g — 3 + k > 0. We will focus on the Kéhler metrics on the moduli
and Teichmiiller spaces, especially the Weil-Petersson metric, the Ricci, the
perturbed Ricci, and the Kéhler-Einstein metrics.

We will review certain new geometric properties we found and proved
for these metrics, such as the bounded geometry, the goodness and their
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naturalness under restriction to boundary divisors. The algebro-geometric
corollaries such as the stability of the logarithmic cotangent bundles and
the infinitesimal rigidity of the moduli spaces will also be briefly discussed.
Similar to our previous survey articles [15], [14], we will briefly describe the
basic ideas of our proofs, the details of the proofs will be published soon,
see [16,, 17].

After introducing the definition of Weil-Petersson metric in Section 2] we
discuss the fundamental curvature formula of Wolpert for the Weil-Petersson
metric. For the reader’s convenience we also briefly give a proof of the nega-
tivity of the Riemannian curvature of the Weil-Petersson metric. In Section
[3| we discuss the Ricci and the perturbed Ricci metrics and their curvature
formulas. In Section[dwe describe the asymptotics of these metrics and their
curvatures which are important for our understanding of their bounded ge-
ometry. In Section [5| we briefly discuss the equivalence of all of the complete
metrics on Teichmiiller spaces to the Ricci and the perturbed Ricci metrics,
which is a simple corollary of our understanding of these two new metrics.
In Section [6] we discuss the goodness of the Weil-Petersson metric, the Ricci,
the perturbed Ricci metric and the Kahler-Einstein metric. To prove the
goodness we need much more subtle estimates on the connection and the cur-
vatures of these metrics. Section [Tl contains discussions of the dual Nakano
negativity of the logarithmic tangent bundle of the moduli space and the
naturalness of the Ricci and the perturbed Ricci metrics. In Section [§] we
discuss the Kahler-Ricci flow and the Kéahler-Einstein metric on the moduli
space. There are many interesting corollaries from our understanding of
the geometry of the moduli spaces. In Section [0] we discuss the stability of
the logarithmic cotangent bundle, the L? cohomology and the infinitesimal
rigidity of the moduli spaces as well as the Gauss-Bonnet theorem on the
moduli space.

The Teichmiiller and moduli spaces of polarized Calabi-Yau (CY) man-
ifolds and Hyper-Kéahler manifolds are also important in mathematics and
high energy physics. In Section [10|we will describe our recent joint work with
A. Todorov on the proof of global Torelli theorem of the Teichmiiller space
of polarized CY manifolds and Hyper-K&hler manifolds. As applications we
will describe the construction of a global holomorphic flat connection on
the Teichmiiller space of CY manifolds and the existence of Kahler-Einstein
metrics on the Hodge completion of such Teichmiiller spaces.

2. The Weil-Petersson Metric and Its Curvature

Let M, be the moduli space of Riemann surfaces of genus g where
g > 2. It is well known that the M, is a complex orbifold. The Teichmiiller
space 74, as the space parameterizing marked Riemann surfaces, is a smooth
contractible pseudo-convex domain and can be embedded into the Euclidean
space of the same dimension.



REMARK 2.1. Since My is only an orbifold, in the following when we
work near a point p € My which is an orbifold point, we always work on
a local manifold cover of My around p. An alternative way is to add a
level structure on the moduli space so that it becomes smooth [29]. All the
following results are still valid. In particular, when we use the universal
curve over the moduli space, we always mean the universal curve over the
local manifold cover. When we deal with global properties of the moduli
space, we can use the moduli space with a level structure such that it becomes
smooth. We take quotients after we derive the estimates. We can also work
on the Teichmiiller space which is smooth.

For any point p € M, we let X, be the corresponding Riemann surface.
By the Kodaira-Spencer theory we have the identification

1,0 ~ 77l 1,0
TOM, = H (Xp,TXp).
It follows from Serre duality that
Q;’OMQ > H° (XpaK.?(p) :

By the Riemann-Roch theorem we know that the dimension dimc M, =
n=3g—3.

The Weil-Petersson (WP) metric is the first known Kéahler metric on
M. Ahlfors showed that the WP metric is Kahler and its holomorphic
sectional curvature is bounded above by a negative constant which only
depends on the genus g. Royden conjectured that the Ricci curvature of the
WP metric is also bounded above by a negative constant. This conjecture
was proved by Wolpert [33].

Now we briefly describe the WP metric and its curvature formula. Please
see the works [39], [37] of Wolpert for detailed description and various
aspects of the WP metric.

Let m : X — M, be the universal family over the moduli space. For any
point s € My we let X5 = 7 !(s) be the corresponding smooth Riemann
surface. Since the Euler characteristic x (Xs) = 2 — 2g < 0, by the uni-
formization theorem we know that each fiber X is equipped with a unique
Kahler-Einstein metric A. In the following we will always use the Kahler-
FEinstein metric A on X,. Let z be any holomorphic coordinate on X;. We
have

0,0zlog A = A

Now we fix a point s € M, and let (U, s1,--- ,s,) be any holomorphic
coordinate chart on M, around S. In the following we will denote by 0; and
0, the local vector fields 8— and a respectively. By the Kodaira-Spencer
theory and the Hodge theory we have the identification

THOM, = (X, 1) 2 (X, TY)
where the right side of the above formula is the space of harmonic Beltrami

differentials. In fact we can explicitly construct the above identification. We
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let
a; = ai(z,8) = —A"10;0:log A

and let
0 0

V; = 8751 + ari&.
The vector field v; is a smooth vector field on 7= (U) and is called the
harmonic lift of %. If we let B; = Opv; € A%! (XS,T;(’SO) then B; is
harmonic and the map % — B; is precisely the Kodaira-Spencer map.
Here O is the operator in the fiber direction. In local coordinates if we let
B; = A;dzZ ® 0, then A; = 0za;. Furthermore, it was proved by Schumacher
that if n is any relative (1, 1)-form on X then

)
(2.1) 8Si/sn—/vam-

We note that although A; is a local smooth function on X, the product
AjA; = B; - Bj € C™(Xy)
is globally defined. We let
fg= AiAj € C™(Xy).

The Weil-Petersson metric on M, is given by

hi7(s) —/ B;- B; dv —/ fiz dv
Xs Xs

where dv = Q)\dz A dz is the volume form on X, with respect to the
Kahler-Einstein metric.

Now we describe the curvature formula of the WP metric. We let J =
~A"19,0; be the Hodge-Laplacian acting on C*°(Xj). It is clear that the
operator [J+ 1 has no kernel and thus is invertible. We let

e5=(O+1)7" (f5) € C=(X,).

The following curvature formula is due to Wolpert. See [12] for the detailed
proof.

PROPOSITION 2.1. Let Rz‘jki be the curvature of the WP metric. Then

(2.2) Ri;ki = — /Xs (6ﬁfld + eﬂflﬁ) dv.

The curvature of the WP metric has very strong negativity property.
In fact we shall see in Section [7] that the WP metric is dual Nakano nega-
tive. We collect the negativity property of the WP metric in the following
proposition.
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PROPOSITION 2.2. The bisectional curvature of the WP metric on the
moduli space Mg is negative. The holomorphic sectional and Ricci curva-
tures of the WP metric are bounded above by negative constants. Further-
more, the Riemannian sectional curvature of the WP metric is also negative.

Proof. These results are well known, see [33]. Here we give a short
proof of the negativity of the Riemannian sectional curvature of the WP
metric for the reader’s convenience. The proof follows from expressing the
Riemannian sectional curvature in term of complex curvature tensors and
using the curvature formula .

In general, let (X", g, J) be a Kédhler manifold. For any point p € X and
two orthonormal real tangent vectors u,v € TP}RX, we let X = %(u —iJu)
and Y = (v —iJv) and we know that X,Y € Tpl’OX. We can choose
holomorphic local coordinate s = (s1,- -, s,) around p such that X = 8%1.
If v = spang{u, Ju}, since v is orthogonal to u and its length is 1, we know
v = £Ju. In this case we have

R(u,v,u,v) = R(u, Ju,u, Ju) = 4R77.

Thus the Riemannian sectional curvature and the holomorphic sectional
curvature have the same sign.

If v is not contained in the real plane spanned by w and Ju we can
choose the coordinate s such that X = aisl and Y = 6%2. In this case a

direct computation shows that
(2.3) R(u,v,u,v) = 2 (R795 — Re (Ry313)) -

Now we fix a point p € M, and let u,v € TSMQ. Let X,Y be the corre-
sponding (1, 0)-vectors. Since we know that the holomorphic sectional curva-
ture of the WP metric is strictly negative, we assume v ¢ spang{u, Ju} and
thus we can choose holomorphic local coordinates s = (s, , s,) around p

such that X = 8%1(1)) and Y = %(p). By formulas (2.3) and (2.2]) we have

R(u,v,u,v):—2</x

=-2 (/ (e17fos + €15for — €13f13 — €a1fo1) d“) .
Xp

(e17fos + €yafor — 2Re(ey3f13)) dU)

(2.4)

To prove the proposition we only need to show that

(2:5) | eatadoz [ Beenta
Xp XP
and
(2.6) / €11/ dUZ/ ey5for dv
P XP

and both equalities cannot hold simultaneously.
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To prove inequality (2.5) we let & = Re(e;3) and 3 = Im(e;5). Then we
know

/ ersfor dv :/ (@(0+ Da+ B0+ 1)3) dv
X

P P

and

/ Re (ey5f13) dv = /X (o(O0+ 1Da—p(E+1)8)dv.

Xp P

Thus formula (2.5)) reduces to
/ BO+1)8 dv > 0.
Xp

However, we know

BO+1)8 dv = / (18I + 6%) dv > 0

X, Xp

and the equality holds if and only if 8 = 0. If this is the case then we
know that e;5 is a real value function and f5 is real valued too. Since
f17 = A1A; and fi5 = A1 Ay and fi7 is real-valued we know that there is a
function f € C*°(X, \ S,R) such that Ay = f(2)A; on X, \ S. Here S is
the set of zeros of A;. Since both A; and As are harmonic, we know that
9°A; = 8" Ay = 0. These reduce to 0.(AA1) = 0,(AM3) = 0 locally. It
follows that 0, f | x,\s= 0. Since [ is real-valued we know that f must be a
constant. But A; and As are linearly independent which is a contradiction.
So the strict inequality (2.5 always holds.

Now we prove formu. Let G(z,w) be the Green’s function of the
operator 0+ 1 and let T = (O +1)~!. By the maximum principle we know
that T maps positive functions to positive functions. This implies that the
Green’s function G is nonnegative. Since G(z,w) = G(w, z) is symmetric
we know that

(2.7)
| entmav=[ Gl whiwha) down:)
X X

P pXXp

1

5 [ Glew) (@) fal) + frl) falw) do(w)do().
XpxXp

Similarly we have
(2.8)
| entadv=[ Gl down(z)

Xp pXXp
:;/ G(z,w) (fiz(w)fo1(2) + f13(2) for(w)) dv(w)dv(z).
XpxXp
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Formula follows from the fact that
fii(w) fr(2) + fi1(2) faa(w) = fia(w) fo1(2) = fi2(2) for(w)
= |41 (2) Ag(w) — A1 (w) Az(2)]* > 0.
O
Although the WP metric has very strong negativity properties, as we

shall see in Section[4, the WP metric is not complete and its curvatures have
no lower bound and this is very restrictive.

3. The Ricci and Perturbed Ricci Metrics

In [12] and [13] we studied two new Kahler metrics: the Ricci metric
w; and the perturbed Ricci metric wz on the moduli space M. These new
Kahler metrics are complete and have bounded geometry and thus have
many important applications. We now describe these new metrics.

Since the Ricci curvature of the WP metric has negative upper bound,
we define the Ricci metric

wr = —Ric(wy,,) -
We also define the perturbed Ricci metric to be a linear combination of the
Ricci metric and the WP metric

wr =wr +Cuwy,p

where C is a positive constants. In local coordinates we have T = —hklRim
and 7~'Z-3 =75+ Chﬁ where Ri}ki is the curvature of the WP metric.

Similar to curvature formula of the WP metric we can establish
integral formulae for the curvature of the Ricci and perturbed Ricci met-
rics. These curvature formulae are crucial in estimating the asymptotics of
these metrics and their curvature. To establish these formulae, we need to
introduce some operators. We let

P C%(X,) = A (T§])
be the operator defined by
f—0 (w;é_:af) .

In local coordinate we have P(f) = 0, (Aflazf) dz®0z. Foreachl1 <k <n
we let

&1 CF(Xs) — C(X5)
be the operator defined by
f =8 (Bradf) = =By - P(f).
In the local coordinate we have &x(f) = —A710, (A;0.f). Finally for any
1 < k,l < n we define the operator

Q : CF(Xs) = OF(Xy)
7



by

Qui(f) = P (e) P(f) = 2f30f +A710. 0= .
These operators are commutators of various classical operators on X;. See
[12] for details. Now we recall the curvature formulae of the Ricci and
perturbed Ricci metrics established in [12]. For convenience, we introduce
the symmetrization operator.

DEFINITION 3.1. Let U be any quantity which depends on indices i, k, ., j, 1, 3.
The symmetrization operator o1 is defined by taking the summation of all
orders of the triple (i,k, ). That is

UI(U(i7 k? a?;? Z? B)) :U(i7 k? a? j? Z? B) + U(i7 a? k?;? )

Z + U(k7i7a737zvﬁ)
+U(ka Oé,i,j, ZaB) + U(Oé, i? k?jaL Z IE]

+ U(a7 k’ i’;? ’ﬁ)'

Sumilarly, o2 is the symmetrization operator of j and B and o1 is the sym-
metrization operator of 7, | and (3.

B)
B)

Now we can state the curvature formulae. We let T = (0 + 1)~! be the
operator in the fiber direction.

THEOREM 3.1. Let s1,---,sn be local holomorphic coordinates at s €
Mgy and let Rz’jki be the curvature of the Ricci metric. Then at s, we have

(3.1)
R == {oes [ {T6eqEens) + Teules Eoten)} o)

s

— hoB {al /X S Qrile;j)eqs dv}
1 PIpeB o {01 /X fk(eiﬁ)eaﬁ dv} {51 /X El(ezﬁ)eﬁ) dv}

_pPq _
—I—ijh Riakl‘

THEOREM 3.2. Let ?ﬁ = 'rﬁ—&—Chﬁ where T and h are the Ricci and WP
metrics respectively where C > 0 is a constant. Let Pz‘jki be the curvature of
the perturbed Ricci metric. Then we have

(3.2)
P == o [T Eleys) + e Ealeg) } o

_ haﬁ {0'1 /X Qki(eij)eocﬁ dv}

+ ?pﬁhaﬁmg {0’1/ fk(ffﬁ)eaﬁ dv} {51/ El(epj)e g) d’U}
X, X, K
+ 7" Ry + C Rz

In [12] and [13] we proved various properties of these new metrics. Here
we collect the important ones.
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THEOREM 3.3. The Ricci and perturbed Ricci metrics are complete Kdhler
metrics on Mg. Furthermore we have

o These two metrics have bounded curvature.

o The injectivity radius of the Teichmiiller space T, equipped with any
of these two metrics is bounded from below.

o These metrics have Poincaré growth and thus the moduli space has
finite volume when equipped with any of these metrics.

o The perturbed Ricci metric has negatively pinched holomorphic sec-
tional and Ricci curvatures when we choose the constant C' to be
large enough.

The Ricci metric is also cohomologous to the Kahler-Einstein metric on
M in the sense of currents and hence can be used as the background metric
to estimate the Kahler-Einstein metric. We will discuss this in Section [

4. Asymptotics

Since the moduli space M, is noncompact, it is important to under-
stand the asymptotic behavior of the canonical metrics in order to study
their global properties. We first describe the local pinching coordinates
near the boundary of the moduli space by using the plumbing construction
of Wolpert.

Let M, be the moduli space of Riemann surfaces of genus g > 2 and let
M, be its Deligne-Mumford compactification [5]. Each point y € M, \ M,
corresponds to a stable nodal surface X,. A point p € X, is a node if
there is a neighborhood of p which is isometric to the germ {(u,v) | uv =
0, |ul,|v| <1} c C%

We first recall the rs-coordinate on a Riemann surface defined by Wolpert
in [35]. There are two cases: the puncture case and the short geodesic case.
For the puncture case, we have a nodal surface X and a node p € X. Let
a,b be two punctures which are glued together to form p.

DEFINITION 4.1. A local coordinate chart (U,u) near a is called rs-
coordinate if u(a) = 0 where w maps U to the punctured disc 0 < |u| < ¢
with ¢ > 0, and the restriction to U of the Kdhler-Einstein metric on X can
be written as WHU!Q. The rs-coordinate (V,v) near b is defined in
a similar way.

For the short geodesic case, we have a closed surface X, a closed geodesic
v C X with length | < ¢, where ¢, is the collar constant.

DEFINITION 4.2. A local coordinate chart (U, z) is called rs-coordinate

at v if y C U where z maps U to the annulus cfllt]% < |z| < c\t\é, and the

T 1 mlog |2[\2 2
—I = CSC dz|=.
Tog 1] 121 € Tog iy ) 1421

Kahler-Einstein metric on X can be written as %(

By Keen’s collar theorem [9], we have the following lemma:
9



LEMMA 4.1. Let X be a closed surface and let v be a closed geodesic on
X such that the length | of v satisfies | < c.. Then there is a collar  on X
with holomorphic coordinate z defined on ) such that

2
(1) z maps 2 to the annulus %6_27 <|z| < e forc>0;
(2) the Kdihler-Einstein metric on X restricted to Q is given by

(4.1) -

2u2r_2 csc? 7)|dz|?

l

where u = 5,

r=|z| and T = ulogr;

w2

(3) the geodesic v is given by the equation |z| =e~ T .

We call such a collar Q a genuine collar.

We notice that the constant c¢ in the above lemma has a lower bound
such that the area of €) is bounded from below. Also, the coordinate z in
the above lemma is an rs-coordinate. In the following, we will keep the
notations u, r and 7.

Now we describe the local manifold cover of Mg near the boundary. We
take the construction of Wolpert [35]. Let Xy be a stable nodal surface
corresponding to a codimension m boundary point and let p1,--- ,pm be
the nodes of X 9. The smooth part Xg = Xoo \ {p1, - ,pm} is a union
of punctured Riemann surfaces. Fix the rs-coordinate charts (U;,n;) and
(Vi, Gi) at p; for i = 1,--- ;m such that all the U; and V; are mutually
disjoint.

Now pick an open set Uy C X such that the intersection of each con-
nected component of Xy and Uy is a nonempty relatively compact set and
the intersection Uy N (U; U'V;) is empty for all i. We pick Beltrami dif-
ferentials vj,41,--- , v, which are supported in Uy and span the tangent
space at X of the deformation space of Xo. For s = (Sp41,---,Sn), let
v(s) = i g1 Sivi- We assume [s| = (3 ‘82‘2)% small enough such that
lv(s)] < 1. The nodal surface X, is obtained by solving the Beltrami
equation dw = v(s)0w. Since v(s) is supported in Uy, (U, n;) and (V;, ;)
are still holomorphic coordinates for Xg,. Note that they are no longer
rs-coordinates. By the theory of Ahlfors and Bers [1] and Wolpert [35] we
can assume that there are constants d,c > 0 such that when |s| < 4, n; and
¢; are holomorphic coordinates on Xg s with 0 < |n;| < c and 0 < |¢;| < c.

Now we assume ¢t = (t1,--- ,tm) has small norm. We do the plumbing

construction on Xg s to obtain X; ¢ in the following way. We remove from
Xo,s the discs 0 < |n;] < % and 0 < |G| < @ for each ¢ = 1,--- ,m, and
identify @ < |mi| < ¢ with |t—g‘ < |G| < ¢ by the rule n;¢; = t;. This defines
the surface X; . The tuple (t1,--- ,tm, Sm+1,- - ,8n) are the local pinching
coordinates for the manifold cover of M,. We call the coordinates 7; (or ¢;)

the plumbing coordinates on X; s and the collar defined by @ < |mi| < ¢
the plumbing collar.
10



REMARK 4.1. ;From the estimate of Wolpert [34], [35] on the length of

short geodesic, we have u; = 21—; ~ log7r\t -
7

Let (t,s) = (t1, -+ ,tm, Sm+1," " ,8n) be the pinching coordinates near
Xo,0. For |(t,s)] < 4, let Q% be the j-th genuine collar on X;  which contains
a short geodesic 7; with length [;. Let u; = 2l7r, ug = 27:1 Uj+2?:m+1 EP
rj = |zj| and 7; = ujlog r; where z; is the properly normalized rs-coordinate
on ¥ such that

. _2r%
QO ={zj|cle b <|z|<c}
(From the above argument, we know that the Kéhler-Einstein metric A on
X5, restrict to the collar 2, is given by
1

(4.2) A= iugrj csc? 7.
For convenience, we let Q. = Ugﬁzlﬂﬁ and R, = X; s\ Q¢. In the following,
we may change the constant c finitely many times, clearly this will not affect
the estimates.

To estimate the WP, Ricci and perturbed Ricci metrics and their cur-
vatures, we first need to to find all the harmonic Beltrami differentials

By, -, B, corresponding to the tangent vectors é%, cee as . In [21], Ma-
sur constructed 3g—3 regular holomorphic quadratic differentlals V1, ,Un
on the plumbing collars by using the plumbing coordinate 7;. These qua-
dratic differentials correspond to the cotangent vectors dti,- - ,dsy.

However, it is more convenient to estimate the curvature if we use the rs-
coordinate on X; , since we have the accurate form of the Kahler-Einstein
metric A in this coordinate. In [32], Trapani used the graft metric con-
structed by Wolpert [35] to estimate the difference between the plumbing
coordinate and rs-coordinate and described the holomorphic quadratic dif-
ferentials constructed by Masur in the rs-coordinate. We collect Trapani’s
results (Lemma 6.2-6.5, [32]) in the following theorem:

THEOREM 4.1. Let (t,s) be the pinching coordinates on Mg near Xo,

which corresponds to a codimension m boundary point of Mg. Then there
exist constants M,6 > 0 and 1 > ¢ > 0 such that if |(t,s)| < &, then the

j-th plumbing collar on X s contains the genuine collar Q. Furthermore,
one can choose rs-coordinate z; on the collar Q‘é such that the holomor-
phic quadratic differentials 11, --- , 1, corresponding to the cotangent vec-
tors dty,-- - ,ds, have the form ; = cpi(zj)dzjz on the genuine collar 0l for
1 <35 <m, where

(W) (s = Hlal() + 8) 12 mor
(@) oilz) = ()3 a() + B) if i = s
-

(3) wilz)) = (%) 5 (q/(z) + B]) if L <i <m and i # j.
11
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Here 53 and B are functions of (t,s), q

. and q; are functions of (t,s, z;)

given by
ql (z) Z%ktSt kzk+2azkts
k<0 k>0
and
Za]kts z +Za3kts
k<0 k>0
such that

(1) Ypeolagple™ <M and 3oy la|c® < M ifi # j;

(2) 2k<o \Oéjklc_lk <M and Y. |ajr|ct < M;

(3) 18] = O(|tj|>~) with e < 5 if i # j;

(4) 18] = (1 + O(uo)).

An immediate consequence is the precise asymptotics of the WP metric

which was computed in [12]. These asymptotic estimates were also given
by Wolpert in [36].

THEOREM 4.2. Let (t,s) be the pinching coordinates and let h be the WP
metric. Then

(1) h = 2u; 3|2 (14+0(ug)) and hy; =

)
(2) h = O(|tit;]) and h; O<|tt > if 1<i,7<m andi# j;
(3) O(1) and hz =0O(), if m+1<1i,j<n;
(4)
)

3
7z(1+0(uo)) for1 < i <m;

hil =
4) 1 = O(|t:]) andhf—O(M) ifi <m<j;
hl

(5) hil = O(t;]) and h;; o<|t> ifj<m<i.

By using the asymptotics of the WP metric and the fact that

—1 -
B =AY his
j=1

we can derive the expansion of the harmonic Beltrami differentials corre-
: o) o)

sponding to and .

p g ot; BSJ'

THEOREM 4.3. For ¢ small, on the genuine collar Q‘Z, the coefficient
functions A; of the harmonic Beltrami differentials have the form:

(1) A= Zsin? 7y (p](5) + ] ) if i # s
D A= 2t () 45,
where
(1) pﬁ(Zj) = k<1 agkpszé‘g + 2 k> aszf if i #
(2) pj(2) = Xk<a ajkpj_kzjk + D k1 ajkz;‘c-
12



_2n?
In the above expressions, p; = e ' and the coefficients satisfy the following

conditions:

(1) Zkg—l |agk|c_k =0 (Uj_2> and Zk21 |agk|ck =0 (uj_Q)

ifi>m+1; . .
(2) 2k<a |agk;|c_k =0 <U3|t|> and 3 gy |azkz|c =0 < [t JI >

ifi<m andi#j;

3) Zk< 1 |a]k|c =0 <|t ) and Zk>1 ’aﬂk|c =0 (It]|> '
4) 6] = O(uy) if i = m+1;
)
) b;

IbJI— (u )O(%) ifi <m andi# j;
= — £ (14 O(uo)).

By a detailed study of the curvature of the WP metric we derived the
precise asymptotics of the Ricci metric in [12].

THEOREM 4.4. Let (t,s) be the pinchmg coordinates. Then we have
(1) 7 = g2 (14 O(uo)) and 7 = 5L (14 O(wy)), if i < m;

uZu?

(2 Tij = O(tt |(U1+’U,])> and Tﬁ: (|tit]")} ifi,j <m andi# j;

T7=0 (42' and 79 = O(|t;]), if i <m and j >m + 1;

<
N—

[t;]
=0(1), ifi,j >m+1.

2
—O(j> and 79 = O(lt]), if j <m andi>m+1;

)
)

(4) 735
)

In [12] we also derived the asymptotics of the curvature of the Ricci

THEOREM 4.5. Let Xo € M, \ M, be a codimension m point and let
(t1,+ s tmy Smt1s: " 5 Sn) be the pinching coordinates at Xo where ty,- -+ ,ty,
correspond to the degeneration directions. Then the holomorphic sectional
curvature is negative in the degeneration directions and is bounded in the
non-degeneration directions. More precisely, there exists § > 0 such that, if
|(t,s)] <9, then

(4.3) R-- = %(1+O(u )
. i = T gt [ 0

if i <m and

(4-4) ‘émn = 0(1)

ift >m+ 1. Here R is the curvature of the Ricci metric.

Furthermore, on Mg, the holomorphic sectional curvature, the bisec-
tional curvature and the Ricci curvature of the Ricci metric are bounded
from above and below.
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In [16] and [17] we derived more precise estimates of the curvature of
the Ricci and perturbed Ricci metrics which we will discuss in Section [6

5. Canonical Metrics and Equivalence

In addition to the WP, Ricci and perturbed Ricci metrics on the moduli
space, there are several other canonical metrics on M,. These include the
Teichmiiller metric, the Kobayashi metric, the Carathéodory metric, the
Kahler-Einstein metric, the induced Bergman metric, the McMullen metric
and the asymptotic Poincaré metric.

Firstly, on any complex manifold there are two famous Finsler metrics:
the Carathéodory and Kobayashi metrics. Now we describe these metrics.

Let X be a complex manifold and of dimension n. let Agr be the disk in
C with radius R. Let A = Aj and let p be the Poincaré metric on A. Let
p € X be a point and let v € T, X be a holomorphic tangent vector. Let
Hol(X, Ar) and Hol(AR, X) be the spaces of holomorphic maps from X to
Apr and from Ap to X respectively. The Carathéodory norm of the vector
v is defined to be

lvllc =" sup |[[fevlla,
fEHOI(X,A)

and the Kobayashi norm of v is defined to be

2

) = inf —.
ol feHOI(AR,X), f(0)=p, f'(0)=v R

It is well known that the Carathéodory metric is bounded from above by
the Kobayashi metric after proper normalization. The first known metric on
the Teichmiiller space 7, is the Teichmiiller metric which is also an Finsler
metric. Royden showed that, on 7,, the Teichmiiller metric coincides with
the Kobayashi metric. Generalizations and proofs of Royden’s theorem can
be found in [20].

Now we look at the Kahler metrics. Firstly, since the Teichmiiller space
7, is a pseudo-convex domain, by the work of Cheng and Yau [4] and the
later work of Yau, there exist a unique complete Kahler-Einstein metric on
71, whose Ricci curvature is —1.

There is also a canonical Bergman metric on 7, which we describe now.
In general, let X be any complex manifold, let Kx be the canonical bundle
of X and let W be the space of L? holomorphic sections of Kx in the sense
that if 0 € W, then

Haﬂiz = / (\/—1)"20 AT < o0.
X
The inner product on W is defined to be

(0.) = /X (VD) o np
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forall o,p € W. Let 01,09, - be an orthonormal basis of W. The Bergman
kernel form is the non-negative (n,n)-form

o0
2
Bx = Z(\/ —1)” 0j N\NTj.
j=1
With a choice of local coordinates z;, - - - , z,, we have

Bx = BEx(Z,g)(\/—l)ndel AN Ndzp NdZ1 N -+ NdZ,

where BEx(z,Zz) is called the Bergman kernel function. If the Bergman
kernel By is positive, one can define the Bergman metric

0?log BEx(2,%)
82i0§j '
The Bergman metric is well-defined and is nondegenerate if the elements in
W separate points and the first jet of X.
It is easy to see that both the K&hler-Einstein metric and the Bergman

metric on the Teichmiiller space 7, are invariant under the action of the
mapping class group and thus descend down to the moduli space.

Bi} =

REMARK 5.1. We note that the induced Bergman metric on Mg is dif-
ferent from the Bergman metric on M,.

In [22] McMullen introduced another Kéhler metric g; ; on M, which is
equivalent to the Teichmiiller metric. Let Log : Ry — [0,00) be a smooth
function such that

(1) Log(z) =logx if x > 2;

(2) Log(z) =0if z < 1.
For suitable choices of small constants §,¢ > 0, the Kéhler form of the
McMullen metric gy is

wi =wwp — 0 Z 88Logi
Iy (X)<e
where the sum is taken over primitive short geodesics v on X.

Finally, since M, is quasi-projective, there exists a non-canonical asymp-
totic Poincaré metric w, on M,. In general, Let M be a compact projective
manifold of dimension m. Let Y C M be a divisor of normal crossings and
let M = M\Y. Cover M by coordinate charts Uy, -+ ,Up,--- ,U, such that
(Ups1U---UU,) NY = 0. We also assume that, for each 1 < o < p, there
is a constant n, such that U, \' Y = (A*)" x A™ " and on Uy, Y is given
by 2{ -+ 27 = 0. Here A is the disk of radius l and A* is the punctured

disk of radlus . Let {nz}1<z<q be the partition of unity subordinate to the

cover {Uihgzgq- Let w be a Kihler metric on M and let C be a positive
constant. Then for C large, the Kahler form

—Cw+zx/788<mloglog |>
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defines a complete metric on M with finite volume since on each U; with
1 <17 < p, wp is bounded from above and below by the local Poincaré metric
on U;. We call this metric the asymptotic Poincaré metric.

In 2004 we proved in [12] that all complete metrics on the moduli space
are equivalent. The proof is based on asymptotic analysis of these metrics
and Yau’s Schwarz Lemma. It is an easy corollaries of our understanding of
the Ricci and the perturbed Ricci metrics. In July 2004 we learned from the
announcement of S.-K. Yeung in Hong Kong University where he announced
he could prove a small and easy part of our results about the equivalences of
some of these metrics by using a bounded pluri-subharmonic function. We
received a hard copy of Yeung’s paper in November 2004 where he used a
method similar to ours in [12] to compare the Bergman, the Kobayashi and
the Carathéodory metric. It should be interesting to see how one can use
the bounded psh function to derive these equivalences.

We recall that two metrics on M, are equivalent if one metric is bounded
from above and below by positive constant multiples of the other metric.

THEOREM 5.1. On the moduli space M the Ricci metric, the perturbed
Ricci metric, the Kdhler-Finstein metric, the induced Bergman metric, the
McMullen metric, the asymptotic Poincaré metric, the Carathéodory metric
and the Teichmuller-Kobayashi metric are equivalent.

The equivalence of several of these metrics hold in more general setting.
In 2004 we defined the holomorphic homogeneous regular manifolds in [12]
which generalized the idea of Morrey.

DEFINITION 5.1. A complex manifold X of dimension n is called holo-
morphic homogeneous reqular if there are positive constants r < R such that
for each point p € X there is a holomorphic map f, : X — C" which satisfies

(2) fp: X — fp(X) is a biholomorphism;
(3) By C fp(X) C Br where B, and Br are Euclidean balls with center
0 in C™.

In 2009 Yeung [40] used the above definition without appropriate ref-
erence which he called domain with uniform squeezing property. It fol-
lows from the restriction properties of canonical metrics and Yau’s Schwarz
Lemma that

THEOREM 5.2. Let X be a holomorphic homogeneous reqular manifold.
Then the Kobayashi metric, the Bergman metric and the Carathéodory met-
ric on X are equivalent.

REMARK 5.2. It follows from the Bers embedding theorem that the Te-
ichmdiller space of genus g Riemann surfaces is a holomorphic homogeneous
reqular manifold if we choose r = 2 and R = 6 in Definition [5.1].
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6. Goodness of Canonical Metrics

In his work [23], Mumford defined the goodness condition to study the
currents of Chern forms defined by a singular Hermitian metric on a holo-
morphic bundle over a quasi-projective manifold where he generalized the
Hirzebruch’s proportionality theorem to noncompact case. The goodness
condition is a growth condition of the Hermitian metric near the compactifi-
cation divisor of the base manifold. The major property of a good metric is
that the currents of its Chern forms define the Chern classes of the bundle.
Namely the Chern-Weil theory works in this noncompact case.

Beyond the case of homogeneous bundles over symmetric spaces dis-
cussed by Mumford in [23], several natural bundles over moduli spaces
of Riemann surfaces give beautiful and useful examples. In [35], Wolpert
showed that the metric induced by the hyperbolic metric on the relative
dualizing sheaf over the universal curve of moduli space of hyperbolic Rie-
mann surfaces is good. Later it was shown by Trapani [32] that the metric
induced by the WP metric on the determinant line bundle of the logarith-
mic cotangent bundle of the Deligne-Mumford moduli space is good. In both
cases, the bundles involved are line bundles in which cases it is easier to es-
timate the connection and curvature. Other than these, very few examples
of natural good metrics are known.

The goodness of the WP metric has been a long standing open problem.
In this section we describe our work in [16] which gives a positive answer to
this problem.

We first recall the definition of good metrics and their basic properties
described in [23]. Let X be a projective manifold of complex dimension
dim¢ X = n. Let D C X be a divisor of normal crossing and let X = X \ D
be a Zariski open manifold. We let A, be the open disk in C with radius
r, let A=A, A=A\ {0} and A* = A\ {0}. For each point p € D we
can find a coordinate chart (U, 21, - , 2,) around p in X such that U = A"
and V = UNX = (A")™ x A" ™. We assume that U N D is defined
by the equation z---z = 0. We let U(r) = Al for 0 < r < 1 and let
V(r)=U(r)nX.

On the chart V of X we can define a local Poincaré metric:

V=T <~ dz A dz V=1 &
Z + 5 Z dz; N\ dz;.

(6.1)  Wioe =
. 2|zi|2 (log | 2:)°

i=1 i=k+1

Now we cover D C X by such coordinate charts Uy, - - - ,Ugy and let
V; = U; N X. We choose coordinates 2, -, 2% such that D NU; is given by
2i zﬁni =0.

A Kahler metric w, on X has Poincaré growth if for each 1 < i < g there
are constants 0 < r; <1 and 0 < ¢; < C; such that wy |y, (r) 18 equivalent to
the local Poincaré metric wliocz

7 7
CiWioe < Wy |VL(T1)§ Ciwloc'
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In [23] Mumford defined differential forms with Poincaré growth:

DEFINITION 6.1. Let n € AP(X) be a smooth p-form. Then n has
Poincaré growth if for each 1 < i < g there exists a constant ¢; > 0 such
that for each point s € V; (%) and tangent vectors ty,--- ,t, € T, X one has

p
9 .
n(te, - )tp)| <G lezoc(tj7tj)'
j=1

The p-form n is good if and only if both n and dn have Poincaré growth.

REMARK 6.1. It is easy to see that the above definition does not depend
on the choice of the cover (Uy,--- ,U,) but it does depend on the compacti-
fication X of X.

The above definition is local. We now give a global formulation.

LEMMA 6.1. Let wy be a Kahler metric on X with Poincaré growth. Then
a p-form n € AP(X) has Poincaré growth if and only if ||n|ly < oo where
7|y is the C° norm of n with respect to the metric g. Furthermore, the fact
that n has Poincaré growth is independent of the choice of g. It follows that
if m € AP(X) and n2 € A9(X) have Poincaré growth, then m A na also has
Poincaré growth.

Now we collect the basic properties of forms with Poincaré growth as
described in [23].

LEMMA 6.2. Let n € AP(X) be a form with Poincaré growth. Then n
defines a p-current on X. Furthermore, if n is good then d[n] = [dn].

Now we consider a holomorphic vector bundle E of rank r over X. Let
E = E |x and let h be a Hermitian metric on E. According to [23] we have

DEFINITION 6.2. The Hermitian metric h is good if for any point x € D,
assume x € U; for some i, and any basis ey, - ,e, of E |U-(l)’ if we let
i\2
haB = h(ea,ep) then there exist positive constants c;,d; such that
v 2d;
(1) oz (des )™ < e (7 log21)
(2) the 1-forms (h - h_l)aﬁ are good on V; (3).

REMARK 6.2. A simple computation shows that the goodness of h is
independent of the choice of the cover of D. Furthermore, to check whether
a metric h is good or not by using the above definition, we only need to check
the above two conditions for one choice of the basis ey, - - - ,e,.

The most important features of a good metric are

THEOREM 6.1. Let h be a Hermitian metric on E. Then there is at
most one extension of E to X for which h is good. Furthermore, if h is a
good metric on E, then the Chern forms cp(E,h) are good and the current
ek (B, h)] = cx(E) € H™(X).
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See [23] for details. This theorem allows us to compute the Chern classes
by using Chern forms of a singular good metric.

Now we look at a special choice of the bundle E. In the following we let
E = Tx(—log D) to be the logarithmic tangent bundle and let £ = E |x.
Let U be one of the charts U; described above and assume D N U is given
by 21+ 2m = 0. Let V. =V; = U; N X. In this case a local frame of E
restricting to V' is given by

0 0 0 0
€1 =21, " ,em =Zm——", € 1= e, = —.
821 ’ o m 8Zm » Tme 8zm+1 ’ T 8zn

Let g be any Kéahler metric on X. It induces a Hermitian metric g on E. In

local coordinate z = (21, - , z,) we have
ZiZj 9,7 if 72,7<m
~ 2G5 if i<m<y
(6.2) 9ij = B e .
Z9;7 if j<m<1
9i7 if 4,5 >m.

In the following we denote by 0; the partial derivative 6%1-‘ Let
I'? = ¢"0,13
be the Christoffel symbol of the Kahler metric g and let
Ry = 9" R = 9" (~0kdig5 + 07 Okgidha.;)

be the curvature of g. We define

% if i,k<m
(6.3) Dk _ i it k<m<i
‘ ! zi if 1<m<k

1 if i,k>m

and we let

—=L _ if i<m
(6.4) A; = { Izilloglzi] =
1 if i>m

Now we give an equivalent local condition of the metric g on E induced by
the Kéhler metric g to be good. We have
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PROPOSITION 6.1. The metric g on E induced by g is good on V (%) if
and only if

(6.5)

m 2d
G50, |21+ Zm| 2 deg(g) < ¢ (Z log \zz\> for some constants c¢,d > 0
i=1

DfFfp =O0(Ap) foralll <ik,p<mnexcepti=k=p
1 )

;+ng =0(N\;) ifi<m

Dszfpa’ = O(ApAq)‘

In [16] we showed the goodness of the WP, Ricci and perturbed Ricci
metrics.

THEOREM 6.2. Let M be the moduli space of genus g Riemann surfaces.
We assume g > 2. Let Mg be the Deligne-Mumford compactification of M,
and let D = My \ My be the compactification divisor which is a normal
crossing divisor. Let E = ng(— log D) and let E = E |z, . Let h, # and 7
be the metrics on E induced by the WP, Ricci and perturbed Ricci metrics
respectively. Then h, # and T are good in the sense of Mumford.

This theorem is based on very accurate estimates of the connection and
curvature forms of these metrics. One of the difficulties is to estimate the
Gauss-Manin connection of the fiberwise Kéhler-Einstein metric where we
use the compound graft metric construction of Wolpert together with max-
imum principle.

7. Negativity and Naturalness

In Section [2] we have seen various negative properties of the WP metric.
In fact, we showed in [16] that the WP metric is dual Nakano negative. This
means the complex curvature operator of the dual metric of the WP metric
is positive. We first recall the precise definition of dual Nakano negativity
of a Hermitian metric.

Let (E,h) be a Hermitian holomorphic vector bundle of rank m over a
complex manifold M of dimension n. Let e, --- , e, be a local holomorphic
frame of E and let z1,--- , z, be local holomorphic coordinates on M. The
Hermitian metric i has expression h;; = h (ei, ej) locally.

The curvature of E is given by

P, ~0a05hz + hP10o higdsh,=.

ijoB —
DEFINITION 7.1. The Hermitian vector bundle (E,h) is Nakano posi-

tive if the curvature P defines a Hermitian metric on the bundle E ® T]%/}O.
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Namely, PﬁaBC'iaW > 0 for all m x n nonzero matrices C. The bun-
dle (E,h) is Nakano semi-positive if P%BCMW > 0. The bundle is
dual Nakano (semi-)negative if the dual bundle with dual metric (E*, h*)
is Nakano (semi-)positive.

We have proved the following theorem in [16]

THEOREM 7.1. Let M, be the moduli space of Riemann surfaces of genus
g where g > 2. Let h be the WP metric on M. Then the holomorphic tan-
gent bundle Tl’o./\/lg equipped with the WP metric h is dual Nakano negative.

The dual Nakano negativity is the strongest negativity property of the
WP metric.

Now we look at the naturalness of the canonical metrics on the moduli
space. We let M, be the moduli space of genus g curves where g > 2 and let
ﬂg be its Deligne-Mumford compactification. We fix a point p € ﬂg \ Mg
of codimension m and let X = X, be the corresponding stable nodal curve.
The moduli space M(X) of the nodal surface X is naturally embedded into
ﬂg. Furthermore, since each element Y in M(X) corresponds to a hyper-
bolic Riemann surface when we remove the nodes from Y, the complement
can be uniformized by the upper half plane and thus there is a unique com-
plete Kéhler-Einstein metric on Y whose Ricci curvature is —1. We note
that the moduli space M(X) can be viewed as an irreducible component of
the intersection of m compactification divisors.

By the discussion in Section [2] there is a natural WP metric h on M(X).
The curvature formula is still valid for this WP metric and it is easy
to see that the Ricci curvature of the WP metric A is negative. We can take
7 = —Ric (w;) to be the Kéhler form of a Kéhler metric on M(X). This is
the Ricci metric 7 on M(X).

In [21] Masur showed that the WP metric h on M, extends to M, and
its restriction to M(X) via the natural embedding M(X) — M, coincides
with the WP metric » on M(X). This implies the WP metric is natural.
In [38] Wolpert showed that the WP Levi-Civita connection restricted to
directions which are almost tangential to the compactification divisors limits
to the lower dimensional WP Levi-Civita connection. In [16] we proved the
naturalness of the Ricci metric.

THEOREM 7.2. The Ricci metric on M extends to ﬂg in non-degenerating
directions. Furthermore, the restriction of the extension of T to M(X) co-
incides with 7, the Ricci metric on M(X).

8. The Kahler-Ricci Flow and Kéahler-Einstein Metric on the
Moduli Space

The existence of the Kéhler-Einstein metric on the Teichmiiller space
was based on the work of Cheng-Yau since the Teichmiiller space is pseudo-
convex. By the uniqueness we know that the Ké&hler-Einstein metric is
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invariant under the action of the mapping class group and thus is also the
Kaéhler-Einstein metric on the moduli space. It follows from the later work
of Yau that the Kéhler-Einstein metric is complete. However, the detailed
properties of the Kéhler-Einstein metric remain unknown.

In [13] we proved the strongly bounded geometry property of the Kahler-
FEinstein metric. We showed

THEOREM 8.1. The Kahler-Finstein metric on the Teichmiiller space
1y has strongly bounded geometry. Namely, the curvature and its covariant
derivatives of the Kdhler-Einstein metric are bounded and the injectivity
radius of the Kahler-FEinstein metric is bounded from below.

This theorem was proved in two steps. Firstly, we deform the Ricci
metric via the Kéhler-Ricci flow

dg.~
(8.1) { gftj = — (R +9;)
gz‘§<0) =T

Let h = g(s) be the deformed metric at time s < 1. By the work of Shi
[28] we know that the metric h is equivalent to the initial metric 7 and is
cohomologous to 7 in the sense of currents. Thus A is complete and has
Poincaré growth. Furthermore, the curvature and covariant derivatives of h
are bounded.

We then use the metric i as a background metric to derive a priori esti-
mates for the Kahler-Einstein metric by using the Monge-Amperé equation

det (hﬁ + uﬁ>
det hg

— 6u—i—F

where F' is the Ricci potential of the metric h. If we denote by g the Kahler-
Einstein metric and let
PR
S = 9" 9" g uwigru g,

and o o

V =g 9" 0" 9" M wigim s i, + 97 97 79 it 5 i
to be the third and fourth order quantities respectively. We have

A'[(S+8)V] 21 [(S + m)V]? = Ca [(S + K)V]2 — C5[(S + £)V]
—Cy[(S+ Rr)V]

ol

where A’ is the Laplace operator of the Kahler-Einstein metric g and Cy > 0.
It follows from the mean value inequality that S is bounded. Further-
more, by the above estimate and the maximum principle we know V is
bounded. In fact this method works for all higher order derivatives of v and
we deduce that the Kéhler-Einstein metric has strongly bounded geometry.
The Kéahler-Ricci flow and the goodness are closely tied together. Firstly,
since the most important feature of a Mumford good metric is that the
22



Chern-Weil theory still holds, we say metrics with this property are intrinsic
good. In [17] we showed

THEOREM 8.2. Let X be a projective manifold with dime¢ X = n. Let
D C X be a divisor with normal crossings, let X = X \ D, let E =
T (—log D) and let E=F |x.

Let wy be a Kdhler metric on X with bounded curvature and Poincaré
growth. Assume Ric(wy) +wy = d0f where f is a bounded smooth function.
Then

o There exists a unique Kahler-Einstein metric w,., on X with Poincaré
growth.

e The curvature and covariant derivatives of curvature of the Kdhler-
Einstein metric are bounded.

o If wy is intrinsic good, then w,, 1is intrinsic good. Furthermore,
all metrics along the paths of continuity and Kdhler-Ricci flow are
intrinsic good.

9. Applications

In this last section we briefly look at some geometric applications of
the canonical metrics. The first application of the control of the Kéahler-
Einstein metric is the stability of the logarithmic cotangent bundle of the
Deligne-Mumford moduli space. In [13] we proved

THEOREM 9.1. Let E = T (log D) be the logarithmic cotangent bun-
_ 9_
dle. Thenﬁl(E) 1s positive and E is slope stable with respect to the polar-
ization c1(E).

An immediate consequence of the intrinsic goodness of the Kéhler-Einstein
metric is the Chern number inequality. We have

THEOREM 9.2. Let E = Tﬂq(— log D) be the logarithmic tangent bundle
of the moduli space. Then A

a(E) < 39— 3

An immediate consequence of the dual Nakano negativity and the good-
ness of the WP metric is the positivity of the Chern numbers of this bundle.
We have

THEOREM 9.3. The Chern numbers of the logarithmic cotangent bundle
T*ﬂ (log D) of the moduli spaces of Riemann surfaces are all positive.
g

The dual Nakano negativity of a Hermitian metric on a bundle over a
compact manifold gives strong vanishing theorems by using Bochner tech-
niques. However, in our case the base variety M, is only quasi-projective.
Thus we can only describe vanishing theorems of the L? cohomology. In

[26], Saper showed that the L? cohomology of the moduli space equipped
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with the Weil-Petersson metric can be identified with the ordinary coho-
mology of the Deligne-Mumford moduli space. Our situation is more subtle
since the natural object to be considered in our case is the tangent bundle
valued L? cohomology. Parallel to Saper’s work, we proved in [17]

THEOREM 9.4. We have the following natural isomorphism
Hiyy (Mg,r) s (Tay ) = H (My, g, (= log D) ) .

Now we combine the above result with the dual Nakano negativity of the
WP metric. In [17] we proved the following Nakano-type vanishing theorem

THEOREM 9.5. The L? cohomology groups vanish:
Hil (Mg, wr) s (Tay ) =0
unless ¢ = 3g — 3.
As a direct corollary we have
COROLLARY 9.1. The pair (ﬂg, D) is infinitesimally rigid.

Another important application of the properties of the Ricci, perturbed
Ricci and Kéahler-Einstein metrics is the Gauss-Bonnet theorem on the non-
compact moduli space. Together with L. Ji, in [8] we showed

THEOREM 9.6. The Gauss-Bonnet theorem holds on the moduli space
equipped with the Ricci, perturbed Ricci or Kdhler-Finstein metrics:

[ elen = [ = [ e = x(My) = 28

Here x(My) is the orbifold Euler characteristic of My and n = 3g — 3.

The explicit topological computation of the Euler characteristic of the
moduli space is due to Harer-Zagier [7]. See also the work of Penner [24].

As an application of the Mumford goodness of the WP metric and the
Ricci metric we have

THEOREM 9.7.

By,
(T (oD = [ entn) = [ entin) = ey
where n = 39 — 3.

It is very hard to prove the Gauss-Bonnet theorem for the WP metric
directly since the WP metric is incomplete and its curvature is not bounded.
The proof is based substantially on the Mumford goodness of the WP metric.

By using the goodness of canonical metrics this theorem also gives an
explicit expression of the top log Chern number of the moduli space.

THEOREM 9.8.
X(My, Tz, (—log D)) = x(My)
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10. Global Torelli Theorem of the Teichmiiller Spaces of
Polarized Calabi-Yau Manifolds (Joint with Andrey Todorov)

The geometry of the Teichmiiller and moduli spaces of polarized Calabi-
Yau (CY) manifolds are the central objects in geometry and string theory.
One of the most important question in understanding the geometry of the
Teichmiiller and moduli space of polarized CY manifolds is the global Torelli
problem which asks whether the variation of polarized Hodge structures
determines the marked polarized Calabi-Yau structure. In the rest of this
article, after briefly discussing the deformation theory of CY manifolds and
the geometry of period domain, we will describe the global Torelli theorem
of the Teichmiiller spaces of polarized CY manifolds and its proof. See [11]
for details.

Let M be a Calabi-Yau manifold of dimension dim¢c M = n. Here we
assume n > 3. Let L be an ample line bundle over M. By definition we as-
sume that the canonical bundle K, is trivial. Let X be the underlying real
2n-dimensional manifold. We know that there is a nowhere vanishing holo-
morphic (n,0)-form on M which is unique up to scaling. The Teichmiiller
space of (M, L) is the connected, simply connected, reduced and irreducible
manifold parameterizing triples (M, L, (y1,- -+ , 7, )) where M is a CY mani-
fold, L is the polarization and (1, -+ , 7, ) is a basis of the middle homology
group H,,(X,Z)/tor. Such triples are called marked polarized CY manifolds.

10.1. Deformation Theory of Polarized Calabi-Yau Manifolds.
We first recall the deformation of complex structures on a given smooth
manifold. Let X be a smooth manifold of dimension dimr X = 2n and let
Jo be an integrable complex structure on X. We denote by My = (X, Jp)
the corresponding complex manifold.

Let p € A%! (Mg, Tﬁg) be a Beltrami differential. We can view ¢ as a
map

@ : Ql’o(Mo) — Qo’l(M()).
By using ¢ we define a new almost complex structure J, in the following
way. For a point p € My we pick a local holomorphic coordinate chart
(U, 21, ,2yn) around p. Let

(10.1)  QL(p) = spanc{dz + @(dz1), -, dzn + @(dzn)}
and
Q%! (p) = spang{dz1 + B(dz1), -, dZn + P(dZn)}

be the eigenspaces of J, with respect to the eigenvalue /—1 and —v/—1
respectively.
The almost complex structure J,, is integrable if and only if

(10.2) dp = %[so, ¢]

where 0 is the operator on M.
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It was proved in [31] and [30] that the local deformation of a polarized
CY manifold is unobstructed.

THEOREM 10.1. The universal deformation space of a polarized CY man-
ifold is smooth.

The operation of contracting with g plays an important role in con-
verting bundle valued differential forms into ordinary differential forms. The
following lemma is the key step in the proof of local Torelli theorem.

LEMMA 10.1. Let (M,L) be a polarized CY n-fold and let wy be the
unique CY metric in the class [L]. We pick a nowhere vanishing holomorphic
(n,0)-form Qo such that

v—1\" n(n— _
(10.3) <2> (—1) "% Qg A Ty = Wl

Then the map ¢ : A% (M, T]b}O) — ALY (M) given by 1(p) = 0 is an
isometry with respect to the natural Hermitian inner product on both spaces
induced by wy. Furthermore, v preserves the Hodge decomposition.

In [31] the existence of flat coordinates was established and the flat
coordinates played an important role in string theory [3]. Here we recall
this construction. Let X be the universal family over 7 and let m be the
projection map. For each p € T we let M,, = (X, J,) be the corresponding
CY manifold. In the following we always use the unique CY metric on M),
in the polarization class [L].

By the Kodaira-Spencer theory and Hodge theory, we have the following
identification

1T 2 HO (M, 7))

where we use H to denote the corresponding space of harmonic forms. We
have the following expansion of the Beltrami differentials:
THEOREM 10.2. Let @1, - ,pn € HO! (MP,T]%/}S) be a basts. Then

there is a unique power series

N
(10.4) o(1) = Zﬂ'%‘ + Z o
i=1 [1]>2

<e¢e. Here I = (i1, ,in) is a multi-indexr, 71 =

which converges for |T
Tt T and pr € AL (Mp, Tj/}g). Furthermore, if (1 is a nowhere vanish-

ing holomorphic (n,0)-form, then the family of Beltrami differentials ¢(7)
satisfy the following conditions:

T p(r) = 3lo(r), o(r)]
(105) E*MPSO(T) -0
012 = Oy, Y1
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for each |I| > 2 where ¢y € A""2Y(M,). Furthermore, by shrinking & we
can pick each 1; appropriately such that Z|1—|>2 i converges for || < e.

The coordinates constructed in the above theorem are just the flat co-
ordinates described in [3]. They are unique up to affine transformation and
they are also the normal coordinates of the Weil-Petersson metric at p. In
fact the first equation in ((10.5)) is the obstruction equation and the second
equation is the Kuranishi gauge which fixes the gauge in the fiber. The
last equation which characterized the flat coordinates around a point in the
Teichmiiller space is known as the Todorov gauge.

From Theorem the local Torelli theorem and the Griffiths transver-
sality follow immediately. However, Theorem [I0.2] contains more informa-
tion.

By using the local deformation theory, in [31] Todorov constructed a
canonical local holomorphic section of the line bundle H™? = F™ over any
flat coordinate chart U C 7 in the form level. This canonical section plays
a crucial role in the proof of the global Torelli theorem.

We first consider the general construction of holomorphic (n, 0)-forms in
[31].

LEMMA 10.2. Let My = (X, Jo) be a CY manifold where Jy is the com-
plex structure on X. Let p € A%! (MO’T]%/}D be a Beltrami differential on

My which define an integrable complex structure J, and let M, = (X, J,)
be the C'Y manifold whose underlying differentiable manifold is X. Let €
be a nowhere vanishing holomorphic (n,0)-form on My and let

n
1
(10.6) Q, = kz H(/\kcp_nQo).
=0
Then Q. is a well-defined smooth (n,0)-form on M. It is holomorphic with
respect to the complex structure J, if and only if 0(¢8) = 0. Here O is
the operator with respect to the complex structure Jy.

By combining Lemma and Theorem we define the canonical
family

n

C C 1
(10.7) =) =) = (A%(T)JQO)
k=0
and we have

COROLLARY 10.1. Let Q°(7) be a canonical family defined by (10.7)
where (1) is defined as in (10.5). Then we have the expansion

N
[2°(7)] =[Q0] + > ilpi 1]
(10.8) | i=1
+ 5 D7y [Hlpi A 9 90)] + E(7)
1]
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where Z(1) C @f_y H" ¥ (M) and E(7) = O(|7[?).

The most important application of the cohomological expansion is
the invariance of the CY Kahler forms. The theorem plays a central role in
the proof of the global Torelli theorem. This theorem was implicitly proved
in [2]. Please see [11] for a simple and self-contained proof.

THEOREM 10.3. For each point p € T, let w, be the Kdhler form of the
unique CY metric on M), in the polarization class [L]. Then wy is invariant.
Namely,

VM, =0.
Furthermore, since T is simply connected, we know that w, is a constant
section of the trivial bundle A%(X,C) over T .

10.2. The Teichmiiller Space of Polarized Calabi-Yau Mani-
folds. Now we recall the construction of the universal family of marked
polarized CY manifolds and the Teichmiiller space. See [18] for details. Let
M be a CY manifold of dimension dimc M = n > 3. Let L be an ample line
bundle over M. We call a tuple (M, L,~1,--- ,y,n) a marked polarized CY
manifold if M is a CY manifold, L is a polarization of M and {71, ,yn}
is a basis of H,(M,Z)/tor.

REMARK 10.1. To simplify notations we assume in this section that a
CY manifold M of dimension n is simply connected and h*°(M) = 0 for
1 <k<n-—1. All the results in this section hold when these conditions are
removed. This is due to the fact that we fix a polarization.

Since the Teichmiiller space of M with fixed marking and polarization
is constructed via GIT quotient, we need the following results about group
actions.

THEOREM 10.4. Let (M, L, (1, ,7,)) be a marked polarized CY man-
ifold and let m : X — IC be the Kuranishi family of M. We let p € K such
that M = 7= Y(p). If G is a group of holomorphic automorphisms of M
which preserve the polarization L and act trivially on H,(M,Z), then for
any q € K the group G acts on My = 771(q) as holomorphic automorphisms.

Now we recall the construction of the Teichmiiller space. We first note
that there is a constant mg > 0 which only depends on n such that for any
polarized CY manifold (M, L) of dimension n, the line bundle L™ is very
ample for any m > mg. We replace L by L™ and we still denote it by L.

Let N, = h9(M, L™). Tt follows from the Kodaira embedding theorem
that M is embedded into P ~1 by the holomorphic sections of L™. Let H;,
be the component of the Hilbert scheme which contains M and parameterizes
smooth CY varieties embedded in PY»~! with Hilbert polynomial

P(m) = h° (M, L™).
We know that Hp, is a smooth quasi-projective variety and there exists a

universal family X7, — H, of pairs (M, (oo, - ,0n,,)) where (oq, -+ ,0n,,)
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is a basis of HO(M,L™). Let Hy, be its universal cover. By Theorem
we know that the group PGL (N,,,C) acts on 7'~lL and the family /'?L — Hp,
holomorphically and without fixed points. Furthermore, it was proved in
[18] and [25] that the group PGL (N,,,C) also acts properly on Hy.

We define the Teichmiiller space of M with polarization L by

T =T (M) = Hp/PGL (N,,,C) .

One of the most important features of the Teichmiiller space is the ex-
istence of universal family.

THEOREM 10.5. There exist a family of marked polarized C'Y manifolds
U — T (M) such that there is a point p € T, (M) with M, isomorphic
to M as marked polarized C'Y manifolds and the family has the following
properties:

(1) 7,(M) is a smooth complex manifold of dimension dimc 7r,(M) =
hnfl,l (M) .
(2) For each point q € Tp,(M) there is a natural identification

~ 1,0
qu’OTL(M) =~ H"! (ManMq)

via the Kodaira-Spencer map.

(3) Let p: Y — C be a family of marked polarized CY manifold such
that there is a point x € C whose fiber p~'(x) is isomorphic to
M, as marked polarized C'Y manifolds. Then there is a unique
holomorphic map f : (¥ — C) — (U — Tr(M)), defined up to
biholomorphic maps on the fibers whose induced maps on Hy,(M,Z)
are the identity map, such that f maps the fiber p~1(z) to the fiber
M, and the family Y is just the pullback of Uy via the map f.

Furthermore, the map f: C — Tp(M) induced by f is unique.
It follows directly that

PRrOPOSITION 10.1. The Teichmiller space T = Tr(M) is a smooth
complex manifold and is simply connected.

In the rest of this paper by the Teichmiiller space 7 of (M, L, (71, ,7,))
we always mean the reduced irreducible component of Hy /PGL (N,,,C)
with the fixed polarization L.

It follows from its construction and Theorem [10.4] that the universal
family Uy, over the Teichmiiller space 7 is diffeomorphic to M, x 7 as a C*°
family where p € 7 is any point and M, is the corresponding CY manifold.

10.3. The Classifying Space of Variation of Polarized Hodge
Structures. Now we recall the construction of the classifying space of vari-
ation of polarized Hodge structures and its basic properties such as the
description of its real and complex tangent spaces and the Hodge metric.
See [27] for details.
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In the construction of the Teichmiiller space 7 we fixed a marking of
the background manifold X, namely a basis of H, (X, Z)/tor. This gives us
canonical identifications of the middle dimensional de Rahm cohomology of
different fibers over 7. Namely for any two distinct points p, g € 7 we have
the canonical identification

H™(M,) = H"(M,) = H"(X)

where the coefficient ring is Q, R or C.
Since the polarization [L] is an integeral class, it defines a map

L:H"(X,Q) — H"™(X,Q)

given by A — ¢1(L) A A for any A € H"(X,Q). We denote by Hp, (X) =
ker(L) the primitive cohomology groups where, again, the coefficient ring is

Q, R or C. For any p € T we let Hy" "(M,) = H*"*(M,) n Hy, (M, C)

hk:,n—k:

and denote its dimension by The Poincaré bilinear form ¢ on

Hy (X, Q) is defined by

Q(u,v) = (—l)n(g_l)/Xu/\v

for any d-closed n-forms u,v on X. The bilinear form @) is symmetric if n is
even and is skew-symmetric if n is odd. Furthermore, @) is non-degenerate
and can be extended to Hj,.(X,C) bilinearly. For any point ¢ € 7 we have
the Hodge decomposition

(10.9) HJ'(My,C) = H*(My,C) @ - -- & H)™ (Mg, C)
which satisfies

(10.10) dime Hy" ¥ (M, C) = hPmk

and the Hodge-Riemann relations

(10.11)Q (H}’f;”_k(Mq, (C),Hzl)f_l(Mq,(C)> =0 unless k+1l=n
and

(10.12) (V=D0)*"Q (v, ) >0 for ve HE*(M,,C)\ {0}.

The above Hodge decomposition of HJ (M, C) can also be described
via the Hodge filtration. Let f*¥ = > Rt We let

FF = Fk(Mq) = HS%O(MQv Co---o Hﬁ’«"*k(Mq, C)
and we have decreasing filtration
H,,.(M,,C) = FO(MQ) DD F(M,).
We know that
(10.13) dime F* = f*,

(10.14) Hy (X, C) = F¥(q) & Fr=*+1(q)
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and
(10.15) HEH(M,, C) = FF(M,) 0 Fr=F(My).

In term of the Hodge filtration F™ C --- C F¥ = Hy, (Mg, C) the Hodge-
Riemann relations can be written as

(10.16) Q (F’“ F"*’f“) =0
and
(10.17) Q(Cv,7) >0 if v£0

where C is the Weil operator given by Cv = (V—l)zk*nv when v €
H;f;”_k(Mq,(C). The classifying space D of variation of polarized Hodge
structures with data (10.13)) is the space of all such Hodge filtrations

D={F"c---c F'=H}.(X,C)| (10.13), (10.16) and (T0.17) hold}.

The compact dual D of D is

D={F"c---c F'=H}(X,C) | (10.13) and (T10.16) hold} .
The classifying space D C D is an open set. We note that the conditions
(10.13)), (10.16)) and (10.17) imply the identity (10.14])).

An important feature of the variation of polarized Hodge structures is
that both D and D can be written as quotients of semi-simple Lie groups.
Let Hg = Hy (X,R) and Hc = Hy, (X,C). We consider the real and com-
plex semi-simple Lie groups

Gr = {0 € GL(HR) | Q(ou,ov) = Q(u,v)}
and

Gc = {0 € GL(Hp) | Q(ou,ov) = Q(u,v)}.
The real group Ggr acts on D and the complex group G¢ acts on D where
both actions are transitive. This implies that both D and D are smooth.
Furthermore, we can embed the real group into the complex group naturally

as real points.
We now fix a reference point O = {F}} € D C D and let B be the

isotropy group of O under the action of G¢ on D. Let {Hk" k} be the

corresponding Hodge decomposition where H(]f k= F0 N Fgﬁ . Let V =
Gr N B. Then we have

(10.18) D=Ggr/V and D =Gc¢/B.
Following the argument in [27] we let
@ st by @
% is even 4 is odd
and let K be the isotropy group of HO+ in Gr. We note that Har and H are
defined over R and are orthogonal with respect to @) when n is even. When

n is odd they are conjugate to each other. Thus K is also the isotropy group
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of Hy . In both cases K is the maximal compact subgroup of Gr containing
V. This implies that D = Gr/K is a symmetric space of noncompact type
and D is a fibration over D whose fibers are isomorphic to K/V.

REMARK 10.2. In the following we will only consider primitive cohomol-
ogy classes and we will drop the mark “pr”. Furthermore, Since we only need
to use the component of Gr containing the identity, we will denote again by
Gr and K the components of the real group and its corresponding maximal
compact subgroup which contain the identity.

We fix a point p € 7 and let O = ®(p) € D C D. For 0 < k < n we
let Hg’"fk = HF"=F(M,). Now we let g = gc be the Lie algebra of G¢ and
let go = gr be the Lie algebra of Ggr. The real Lie algebra gg can also be

embedded into g naturally as real points. The Hodge structure {Hg ’"_k}
induces a weight 0 Hodge structure on g. Namely g = @p gP~P where

gh P = {X cglX (H(I)c,n—k) - H[l)~c+p,n—k—p}.

Let B be the isotropy group of O € D under the action of G¢ and let b
be the Lie algebra of B. Then
b — @ gP P,

p=>0

Let V = BN Ggr be the isotropy group of O € D under the action of Gg
and let v be its Lie algebra. We have

v=>0bNgy Cg.
Now we have
b=goNb=goNbnNb=gyng’’.

Let 6 be the Weil operator of the weight 0 Hodge structure on g. Then
for any v € gP""P we have 0(v) = (—1)Pv. The eigenvalues of 0 are £1. Let
g™ be the eigenspace of 1 and let g~ be the eigenspace of —1. Then we have

g+ _ @ g P and g = @ gh P,

p even p odd

We note here that, in the above expression, p can be either positive or
negative. Let € be the Lie algebra of K, the maximal compact subgroup of
Gr containing V. By the work of Schmid [27] we know that

LEMMA 10.3. The Lie algebra € is given by &€ = goNg™. Furthermore, if
we let po = go N g~ , then
g0 =t po

is a Cartan decomposition of go. The space pg is Ady invariant.
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We call such a Cartan decomposition the canonical Cartan decomposi-
tion. Here we recall that if gg = € @ pg is a Cartan decomposition of the
real semisimple Lie algebra gp, then we know that ¢ is a Lie subalgebra,
[Po, o] C € and [po, €] C po.

By the expression of v and £ we have the identification

(10.19) /02 go N b o

p#0, p is even

and the identification
(10.20) TED =t/ @ po.

Now we look at the complex structures on D. By the above identification
we know that for each element X € TﬂgD we have the unique decomposition
X =X+ X_ where Xy € @,.09 "7 and X_ € P, 9" 7. We define

the complex structure J on T§D by
(10.21) JX =iX;, —iX_.

Now we use left translation by elements in Gr to move this complex structure
to every point in D. Namely, for any point o € D we pick g € Gy such that
g(0) = a. If X € TED, then we define JX = (I;), 0J o (l-1), (X).

LEMMA 10.4. J is an invariant integrable complex structure on D. Fur-
thermore, it coincides with the complex structure on D induced by the inclu-
sion D C D = G¢/B.

This lemma is well known. See [6] and [19] for details.

There is a natural metric on D induced by the Killing form. By the
Cartan decomposition gg = ¢ ® pg we know that the Killing form x on gg is
positive definite on py and is negative definite on €/v. By the identification
, for real tangent vectors XY € Tg{D, fX=Xi+Xoand Y =
Y1 + Y, where X1,Y) € €/v and Xo, Y € pg, we let

(10.22) R(X,Y) = —k(X1, Y1) + K(Xs, Ya).

Then & is a positive definite symmetric bilinear form on TgD. Now we use
left translation of elements in Gr to move this metric to the real tangent
space of every point in D and we obtain a Riemannian metric on D. This
is the Hodge metric defined by Griffiths and Schmid in [6].

10.4. Global Torelli Theorem and Applications. Now we describe
the global Torelli theorem.

THEOREM 10.6. Let (M, L) be a polarized CY manifold of dimension n
and let T be its Teichmiiller space. Let D be the classifying space of the
variation of Hodge structures according to the middle cohomology of M. Let
® : T — D be the period map which maps each point q € T to the Hodge
decomposition of the middle dimensional primitive cohomology of M, which
is a point in D. Then the period map ® : T — D is injective.
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Let us describe the main idea of proving the global Torelli theorem. See
[11] for details. In fact we have proved a stronger result. For any distinct
points p, ¢ € 7, in [11] we showed that the lines F"(M,) and F"™(M,) do not
coincide. This means the first Hodge bundle already determines polarized
marked Calabi-Yau structures.

The first main component in the proof of Theorem [L0.6| is Theorem
10.3] namely the Kahler forms w of the polarized CY metrics are invariant.
From this we know that all the complex structures corresponding to all
points in 7 are tamed by w. If we fix a base point 0 € 7 then for any
point ¢ € 7 such that ¢ # 0, the complex structure on M, is obtained by
deforming the complex structure on My via a unique Beltrami differential

o(q) € A% (Mo, T]%/}g). Thus we obtained the assigning map
p: T — A (M, T})

by letting p(q) = ¢(q). The assigning map p is holomorphic. In fact, in [10]
we proved that the assigning map p is a holomorphic embedding.

According to the work of Todorov [31] and our work [11] we know
that Qq = > r_o 7 (A@(q) ) is a smooth (n,0)-form on M, where €
is a properly normalized holomorphic (n,0)-form on My. It follows from
Theorem and Lemma [10.2] that Q) is a holomorphic (n, 0)-form on M,.
Since the cohomology classes [€2y] and [2,] are generators of the Hodge lines
F™(M,) and F™(M,), it is enough to show that these two classes are not
proportional. Now we look at the Calabi-Yau equation

e Ay = wp

where p € 7 is any point, €2, is a properly normalized nowhere vanishing
holomorphic (n,0)-form on M, w, is the Kéhler form of the polarized CY

n(n— n
metric on M, and ¢, = (—1) e @) . It follows from Theorem [10.3

and the Calabi-Yau equation that if [Q,] = ¢[Q], then ¢ =1 and ¢p(¢) =0
which means that My and M, are isomorphic. This contradicts the assump-
tion that ¢ # 0 as points in 7 and the global Torelli theorem follows.

By using the same method we proved the global Torelli theorem of the
Teichmiiller space of polarized Hyper-Kéahler manifolds:

THEOREM 10.7. Let (M, L) be a polarized Hyper-Kdhler manifold and
let T be its Teichmiiller space. Let D be the classifying space of variation of
polarized weight 2 Hodge structures according to the data of (M,L). Then
the period map ® : T — D which maps each point ¢ € T to the Hodge
decomposition of the second primitive cohomology of M, is injective.

In [10] we gave another proof of the global Torelli theorem of the Te-
ichmiiller space of polarized Hyper-Kéahler manifolds by directly showing
that the cohomology expansion of the canonical (2,0)-forms has no quan-
tum correction. This implies that the Hodge completion of the Teichmiiller
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space is biholomorphic to the classifying space via the Harish-Chandra re-
alization.

Another important property of the Teichmiiller space is the existence of
holomorphic flat connections. We proved the following theorem in [10].

THEOREM 10.8. There exists affine structures on the Teichmiiller space
T of polarized CY manifolds. The affine structures are given by global holo-
morphic flat connections on T .

It is not difficult by using elementary Lie algebra arguments to establish
the affine structure on the complement of the Schubert cycle which is the
nilpotent orbit containing the base point. In our case we need to prove that
the image of the Teichmiiller space under the period map do not intersect
certain component of the Schubert cycle which is codimension one. We
call this the partial global transversality. The problem when partial global
transversality holds is very important in the study of global behavior of
the period map. The Griffiths transversality is too weak to deal with such
global problems of the period map. In [10] we obtained the partial global
transversality by using Yau’s solution of the Calabi conjecture.

As a corollary we proved the holomorphic embedding theorem of the
Teichmiiller space of polarized CY manifolds in [10]:

THEOREM 10.9. The Teichmiiller space of polarized CY manifolds can
be holomorphically embedded into the Euclidean space of same dimension.
Furthermore, its Hodge completion is a domain of holomorphy and there
exists a unique Kdhler-Finstein metric on the completion.

The methods that we used in [11I] can be used to prove the global Torelli
theorem for a large class of manifolds of general type. Furthermore, these
methods can be used to treat the invariance of the plurigenera for Kahler
manifolds where the projective case was proved by Siu.
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