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1. Introduction

In this paper we study the global properties of the period map from the Teichmüller space of
polarized Calabi-Yau (CY) manifolds to the classifying space of polarized Hodge structures.

Let M be a Calabi-Yau manifold of dimension dimCM = n where n ≥ 3. By definition we
assume that the canonical bundle KM is trivial. Let L be an ample line bundle over M and let
X be the underlying real 2n-dimensional manifold.

It is well known that the period map in the classical Teichmüller theory of Riemann surfaces
is well defined because of the existence of the universal family of marked Riemann surfaces. The
base manifold of the universal family is the Teichmüller space. In order to define the period
map we need to construct the universal family of triples (M,L, (γ1, · · · , γbn)) where M is a
CY manifold, L is the polarization and (γ1, · · · , γbn) is a basis of the middle homology group
Hn(X,Z)/tor. Such triples are called marked polarized CY manifolds. The construction of
the universal family of marked polarized CY manifolds was done in [26]. We will consider an
irreducible component of the universal family of marked polarized CY manifolds and the base
will be called the Teichmüller space. In the following we shall see that the Teichmüller space is
a connected, simply connected, reduced, irreducible smooth complex manifold.

We denote by T = TL(M) the Teichmüller space of M and let M = ML(M) be the corre-
sponding moduli space. Since the deformation of a CY manifold is unobstructed [41], we know
the complex dimension of the Teichmüller space is

dimC T = hn−1,1
L (M) = N.

See Section 2 for details.
Now we briefly describe the idea of studying the Torelli problem. We know that the moduli

spaces of Riemann surfaces can be constructed by taking the quotient of the Teichmüller space by
the action of the mapping class group. By definition, the Teichmüller space is the moduli space
of marked Riemann surfaces. Following the ideas of Teichmüller, Ahlfors and Bers constructed
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the Teichmüller space. Over the Teichmüller space there exists a universal family of marked
Riemann surfaces. Andreotti proved that if the pairs (J(C1), θ1) and (J(C2), θ2) are isomorphic,
where θi is the theta divisor of the Jacobian J(Ci), then the curves C1 and C2 are isomorphic
[1]. Andreotti-Torelli Theorem implies that the moduli space of Riemann surfaces is embedded
into the moduli space of principally polarized Abelian varieties. Thus the global Torelli theorem
for Riemann surfaces of genus g implies that the Teichmüller space is embedded into the space
all complex symmetric g × g matrices whose imaginary part is positive definite. This space is
the classifying space Variations of polarized Hodge Structures of weight one. This is the global
Torelli theorem for marked Riemann surfaces.

We know that there exists counter examples to global Torelli theorem for the moduli space of
polarized CY manifolds. So it is natural to ask whether the global Torelli theorem holds for the
moduli space of marked polarized CY manifolds. It makes sense to talk about the degree of the
period map from the moduli space of marked polarized CY manifolds to the period domain of
polarized VHS of the primitive middle cohomology if there exists a universal family of marked
polarized CY manifolds.

So the first step is to construct the universal family of marked CY manifolds over the Te-
ichmüller space. This construction was done in [26] following the construction of the Teichmüller
space of polarized algebraic K3 surfaces in [31], which is based on the fact that any biholomor-
phic automorphism of a K3 surface which acts trivially on its middle cohomology is the identity.
This statement is not true for general CY manifolds. Our construction is based on Theorem 2.1.
Namely, any biholomorphic automorphism of a CY manifold which acts trivially on its middle
cohomology and preserves the polarization indeed acts holomorphically on all CY manifolds in
the Kuranishi space.

Once we constructed the universal family of marked polarized CY manifolds we can define the
period map as follows. Let D be the classifying space of polarized Hodge structures according
to the data of the middle dimensional primitive cohomology of M . The period map Φ : T → D
assigns to each point in T the corresponding Hodge structure of the fiber. The main theorem
of this paper is the global Torelli theorem:

Theorem 1.1. The period map Φ : T → D is injective.

In fact, let us consider any simply connected holomorphic completely non-isotrivial family U
of polarized marked CY manifolds. That is, for any distinct points p, q ∈ U , if we let Mp and Mq

be the corresponding marked polarized CY manifolds, then there is no biholomorphism between
Mp and Mq which fixes the marking and the polarization. Our method shows that the period
map Φ : U → D is injective.

By using the method of proving the global Torelli theorem for the Teichmüller space of
polarized CY manifolds, we also prove the global Torelli theorem for the Teichmüller space of
polarized Hyper-Kähler manifolds.

Theorem 1.2. Let (M,L) be a polarized Hyper-Kähler manifold and let D be the period domain

of weight two Hodge structures according to the data of H2(M,C). Then the period map

Φ : T → D

is injective.

The global Torelli theorem for the Teichmüller space of polarized Hyper-Kähler manifolds is
one of the central problems in the study of Hyper-Kähler manifolds according to Huybrechts
[19]. There are examples [35], [33] which indicate that the conditions in Theorems 1.1 and 1.2
are optimal. See the appendix for details.

This paper is organized as follows. In Section 2 we briefly describe the construction of Te-
ichmüller spaces of polarized CY manifolds and their basic properties. In Section 3 we recall the
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deformation of complex structures especially in the case of CY manifolds. We also discuss the
existence of canonical families which are canonical sections of the first Hodge bundle. We will
prove the invariance of the Kähler form of the polarized CY metrics. This is one of the central
components in the proof of the global Torelli theorem.

In Section 4 we recall the construction of the classifying space of polarized Hodge structures,
its geometric properties and the Hodge metric. In Section 5 we prove the global Torelli theorem
for the Teichmüller space of polarized CY manifolds. Finally in Section 6 we prove the global
Torelli theorem for the Teichmüller space of polarized Hyper-Kähler manifolds by using weight
two Hodge structures.

Now we briefly recall the history of the Torelli problem. Torelli first posed the following
famous question in [42] published in 1914: “Suppose that C1 and C2 are two Riemann surfaces
with same periods, is C1 isomorphic to C2?” In [47] Weil reformulated the Torelli problem by
introducing the theta divisor as polarization. In [1] Andreotti proved that if the pairs (J(C1), θ1)
and (J(C2), θ2) are isomorphic, where θi is the theta divisor of the Jacobian J(Ci), then the
curves C1 and C2 are isomorphic. Later Weil gave another proof of the Torelli theorem in [46].

Shafarevich constructed a principally polarized Abelian variety of dimension two of CM type
which contains two non isomorphic curves C1 and C2 of genus two. This example show the
importance of fixing the polarization in Torelli problem.

The local Torelli problem is the question of deciding when the Hodge structure on H∗ (Ms,C)
separates points in the local moduli space, or the Kuranishi space of Ms. Not too much is
known when local Torelli holds in higher dimension. In [17] the problem that for which type of
algebraic varieties the analogue of local Torelli theorem holds was raised.

The first example of a simply-connected canonical surface for which local Torelli theorem
fails was constructed by Kanev in [22]. The paper [5] is a review about the construction of
manifolds for which local Torelli theorem fails based on the model of Hyper-elliptic curves.
Todorov constructed surfaces of general type with pg = 1, q = 0 and 1 ≤ (K2) ≤ 8 such that
there exists a subvariety in the moduli space whose image under the period map has smaller
dimension. Thus we get counter examples to both local and global Torelli theorems. Some of
these surfaces are simply connected.

The global Torelli problem is the question about whether or not the total period matrix,

namely the polarized Hodge structure on
2n
⊕
q=0

Hq (Ms,C) where n = dimCMs, characterizes

uniquely the polarized algebraic structure of Ms.
Weil and Andreotti conjectured the analogue of the Torelli problem for K3 surfaces, namely

the period map is surjective and is one to one. Andreotti, Kodaira and Tuirina proved local
Torelli theorem for K3 surfaces [21]. Piatetski-Shapiro and Shafarevich proved the global Torelli
theorem for polarized algebraic K3 surfaces [31]. Burns and Rapoport, following a suggestion of
Deligne, proved the injectivity of the period map for Kähler K3 surfaces [7]. They used the ideas
of Piatetski-Shapiro and Shafarevich. Piatetski-Shapiro and Shafarevich observed that the global
Torelli theorem holds for Kummer K3 surfaces, and the Kummer surfaces form an everywhere
dense subset in the moduli space of K3 surfaces. Then local Torelli theorem combined with the
above observations imply the global Torelli theorem.

Kulikov proved the surjectivity of the period map for algebraic K3 surfaces. Todorov proved
the surjectivity of the period map for Kähler K3 surfaces [38]. Siu simplified the argument in
[38]. The proof of surjectivity is based on Yau’s solution of Calabi conjecture [49]. The methods
used in [38] was generalized to Hyper-Kähler manifolds by Huybrechts in [19] and [20].

Global Torelli theorem for three dimensional cubic hypersurfaces was proved by Tuirin and
Clemens and Griffiths in [9] and [37]. Global Torelli theorem for four dimensional cubic hyper-
surfaces was proved by Voisin and Looijenga in [45], [44] and [27]. In [8], [10], [12], [13], [43], [14],
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[16] generic Torelli theorem was proved for most of the hypersurfaces or complete intersections
of general type.

In [39] Todorov proved that, for surfaces constructed in [22], global Torelli theorem fails.
This was done by showing that the period map contracts submanifolds. Catanese also proved
that global Torelli theorem fails for those surfaces constructed by Kanev. In [40] other simply
connected surfaces of general type were constructed for which global Torelli theorem fails. In [15]
the authors constructed surfaces for which the canonical class is very ample and global Torelli
theorem fails.

A. Weil was the first one who noticed the importance and applications of Torelli problem
and pointed out the importance of studying the Teichmüller space of polarized varieties and the
moduli space [48]. Weil proposed a program of studying the moduli space of K3 surfaces by
using the period map in [48]. He made the following important observations about the role of
the non-zero holomorphic form on the K3 surface:

“Conversely, let there be given, on a differentiable manifold of this nature, a complex-valued
differential form η of degree 2, satisfying dη = 0, η2 = 0 and ηη > 0 everywhere; this determines
a complex structure. It seems very plausible (but not at all easy to prove) that two such forms
with the same periods must determine complex structures which can be transformed into one
another by differentiable homeomorphism, homotopic to the identity; that all such structures
are Kählerian; and the periods of η do not have to satisfy any other conditions than those which
are implicit in the relations η2 = 0 and ηη > 0.”

We used a generalization of Weil’s remark.
In this paper we prove the global Torelli theorem for the Teichmüller space of polarized

Calabi-Yau manifolds of any dimension. In [25], we extend the method in this paper to study
an analogue of the global Torelli theorem for those classes of polarized algebraic varieties for
which local Torelli theorem holds and the Kuranishi family has no singularities. We will also
use the results and techniques in this paper in [23] and [24] to construct flat structures on
the Teichmüller space of polarized CY manifolds and to construct canonical families on the
Teichmüller and moduli spaces of other complex manifolds. Furthermore, we will show that
the metric completion of the Teichmüller space is a domain of holomorphy and there exists a
canonical Kähler-Einstein metric on it.

Note that although global Torelli theorem can be true for the Teichmüller space of polarized
algebraic manifolds, the induced period map on the moduli space can have degree bigger than
one. The reason is that there are subgroups of the mapping class group which may act trivially
on the middle cohomology while preserving the polarization. For example, for K3 surfaces,
Donaldson proved that if a subgroup of the mapping class group acts trivially on the second
cohomology, then it is the trivial group. From here one can derive the fact that the period map
from the moduli space of polarized algebraic K3 surfaces into the quotient of the period domain
by the monodromy group has degree one.

The authors would like to thank professors F. Bogomolov, H.D. Cao, P. Deligne, V. Golyshev,
M. Kontsevich, C. Leung, J. Li, B. Lian, Y. Manin, W. Schmid, R. Schoen and B. Wong for
their help. The second and third authors would also like to thank the institutes CMS at ZJU,
IMS at CUHK and Morningside Institute for their support.

2. Teichmüller Space of Polarized Calabi-Yau Manifolds

In this section we briefly recall the construction of the universal family of marked polarized CY
manifolds and its properties. Please see [26] for details. Let M be a CY manifold of dimension
dimCM = n ≥ 3. Let L be an ample line bundle over M . We call a tuple (M,L, γ1, · · · , γbn) a
marked polarized CY manifold if M is a CY manifold, L is a polarization of M and {γ1, · · · , γbn}
is a basis of Hn(M,Z)/tor.
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Remark 2.1. To simplify notations we assume in the paper that a CY manifold M of dimension

n is simply connected and hk,0(M) = 0 for 1 ≤ k ≤ n−1. All the results in this paper hold when

these conditions are removed. This is due to the fact that we fix a polarization.

Since the Teichmüller space of M with fixed marking and polarization is constructed via GIT
quotient, we need the following results about group actions.

Theorem 2.1. Let (M,L, (γ1, · · · , γbn)) be a marked polarized CY manifold and let π : X → K be

the Kuranishi family of M . We let p ∈ K such that M = π−1(p). If G is a group of holomorphic

automorphisms of M which preserve the polarization L and act trivially on Hn(M,Z), then for

any q ∈ K the group G acts on Mq = π−1(q) as holomorphic automorphisms.

Proof. This theorem was proved in [26]. Here we briefly describe the main idea.
Let ω = ωg be the unique CY metric in the class c1(L). Since L is invariant under the action

of G, we know that ω is also invariant due to the uniqueness of Yau’s solution of the Calabi
conjecture.

Now we let Ω be a nowhere vanishing holomorphic (n, 0)-form on M and let η1, · · · , ηN be a
harmonic basis of Hn−1,1(M). We know that Ω and ηi are invariant under the action of G since
G acts trivially on Hn(M,C) and preserves ω and thus preserve harmonic forms in Hn(M,C).

We pick a harmonic basis ϕ1, · · · , ϕN of H0,1
(
M,T 1,0

M

)
such that ϕiyΩ = ηi. See Section 3

for details. The group G acts on H0,1
(
M,T 1,0

M

)
and each ϕi is invariant under the action of G.

Let ϕ(τ) be the solution to the equation (3.12)

∂Mpϕ(τ) =
1

2
[ϕ(τ), ϕ(τ)]

∂
∗
Mp
ϕ(τ) = 0

ϕIyΩ = ∂MpψI

as described in Theorem 3.2. The above equation is invariant under the action of G and the
initial data is also invariant, by the uniqueness of the solution of the equation (3.12) we know
that ϕ(τ) is invariant under the action of G.

Now we look at the deformation theory as described in Section 3. For any element f ∈ G and
any point p ∈M we have

f∗
(
Ω1,0
f(p)Mτ

)
=f∗

(
(I + ϕ(τ))

(
Ω1,0
f(p)M

))
= (I + ϕ(τ))

(
f∗

(
Ω1,0
f(p)M

))

=(I + ϕ(τ))
(
Ω1,0
p M

)
= Ω1,0

f(p)Mτ .

This implies that f acts on Mτ as a biholomorphism. Since f is arbitrary we proved this theorem.
�

Now we construct the Teichmüller space. We first note that there is a constant m0 > 0 which
only depends on n such that for any polarized CY manifold (M,L) of dimension n, the line
bundle Lm is very ample for any m ≥ m0. We replace L by Lm0 and we still denote it by L.

Let Nm = h0(M,Lm). It follows from the Kodaira embedding theorem that M is embedded
into PNm−1 by the holomorphic sections of Lm. Let HL be the component of the Hilbert scheme
which contains M and parameterizes smooth CY varieties embedded in PNm−1 with Hilbert
polynomial

P (m) = h0 (M,Lm) .

We know that HL is a smooth quasi-projective variety and there exists a universal family

XL → HL of pairs (M, (σ0, · · · , σNm)) where (σ0, · · · , σNm) is a basis of H0(M,Lm). Let H̃L be

its universal cover. By Theorem 2.1 we know that the group PGL (Nm,C) acts on H̃L and the
5



family X̃L → H̃L holomorphically and without fixed points. Furthermore, it was proved in [26]

and [31] that the group PGL (Nm,C) also acts properly on H̃L.
We define the Teichmüller space of M with polarization L by

T = TL(M) = H̃L/PGL (Nm,C) .

One of the most important features of the Teichmüller space is the existence of universal
family.

Theorem 2.2. There exist a family of marked polarized CY manifolds π : UL → TL(M) such

that there is a point p ∈ TL(M) with Mp isomorphic to M as marked polarized CY manifolds

and the family has the following properties:

(1) TL(M) is a smooth complex manifold of dimension dimC TL(M) = hn−1,1(M).
(2) For each point q ∈ TL(M) there is a natural identification

T 1,0
q TL(M) ∼= H0,1

(
Mq, T

1,0
Mq

)

via the Kodaira-Spencer map.

(3) Let ρ : Y → C be a family of marked polarized CY manifold such that there is a point

x ∈ C whose fiber ρ−1(x) is isomorphic to Mp as marked polarized CY manifolds. Then

there is a unique holomorphic map f : (Y → C) → (UL → TL(M)), defined up to

biholomorphic maps on the fibers whose induced maps on Hn(M,Z) are the identity

map, such that f maps the fiber ρ−1(x) to the fiber Mp and the family Y is just the

pullback of UL via the map f . Furthermore, the map f̃ : C → TL(M) induced by f is

unique.

It follows directly that

Proposition 2.1. The Teichmüller space T = TL(M) is a smooth complex manifold and is

simply connected.

Proof. The smoothness follows from the unobstructedness of the local deformation of CY
manifolds and the above theorem. Since PGL(N + 1,C) acts properly on H̃L without fixed

points and both H̃L and PGL(N + 1,C) are simply connected, we know T is simply connected.
�

Remark 2.2. In the rest of this paper by the Teichmüller space T of (M,L, (γ1, · · · , γbn)) we

always mean the reduced irreducible component of H̃L/PGL (Nm,C) with the fixed polarization

L.

We note that, the universal family UL over the Teichmüller space T is diffeomorphic to Mp×T
as a C∞ family where p ∈ T is any point and Mp is the corresponding CY manifold. In fact
one can construct the universal family by patching the local Kuranishi family together. Such a
treatment for Riemann surfaces was done by Arbarello and Cornalba in [2].

3. Deformation of Complex Structures on CY Manifolds

In this section we briefly recall the local deformation theory of complex structures especially
in the case of polarized CY manifolds. We will also describe the canonical sections of the first
Hodge bundle over the Teichmüller space of polarized CY manifolds and the invariance of the
Kähler forms of the polarized CY metrics.
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3.1. Local Deformation Theory. LetX be a smooth manifold of dimension dimR X = 2n and
let J0 be an integrable complex structure on X. We denote by M0 = (X,J0) the corresponding
complex manifold.

Notation 3.1. Let M be any complex manifold and let E be a smooth complex vector bundle

over M . In the following we will use Ap,q(M,E) to denote E-valued (p, q)-form on M .

Let ϕ ∈ A0,1
(
M0, T

1,0
M0

)
be a Beltrami differential. We can view ϕ as a map

ϕ : Ω1,0(M0) → Ω0,1(M0).

By using ϕ we define a new almost complex structure Jϕ in the following way. For a point
p ∈M0 we pick a local holomorphic coordinate chart (U, z1, · · · , zn) around p. Let

Ω1,0
ϕ (p) = spanC{dz1 + ϕ(dz1), · · · , dzn + ϕ(dzn)}(3.1)

and

Ω0,1
ϕ (p) = spanC{dz1 + ϕ(dz1), · · · , dzn + ϕ(dzn)}

be the eigenspaces of Jϕ with respect to the eigenvalue
√
−1 and −

√
−1 respectively.

The almost complex structure Jϕ is integrable if and only if

∂ϕ =
1

2
[ϕ,ϕ](3.2)

where ∂ is the operator on M0.
Let us fix the sign convention for contractions. For any polarized CY manifold (M,L),

let Ω0 be a nowhere vanishing holomorphic (n, 0)-form on M . We choose local holomorphic
coordinate chart (U, z) where z = (z1, · · · , zn) such that Ω0 |U= dz1 ∧ · · · ∧ dzn. Now we

let ϕ ∈ A0,1
(
M,T 1,0

M

)
be a Beltrami differential such that with respect to the above chosen

coordinates we have the expression ϕ = ϕi
j
dzj ⊗ ∂

∂zi
= ϕi ∂

∂zi
where ϕi = ϕi

j
dzj is a local

(0, 1)-form. We define

ϕyΩ0 =
∑

i

(−1)i−1ϕi ∧ dz1 ∧ · · · ∧ d̂zi ∧ · · · ∧ dzn.(3.3)

By using this notation if ϕ,ψ ∈ A0,1
(
M0, T

1,0
M0

)
are Beltrami differentials with ϕ = ϕi ∂

∂zi
and

ψ = ψk ∂
∂zk

, then

[ϕ,ψ] =
∑

i,k

(
ϕi ∧ ∂iψk + ψi ∧ ∂iϕk

)
⊗ ∂

∂zk
(3.4)

where ∂iψ
k =

∂ψk

l

∂zi
dzl and

[ϕ,ψ]yΩ0 =
∑

i,k

(−1)k−1
(
ϕi ∧ ∂iψk + ψi ∧ ∂iϕk

)
∧ dz1 ∧ · · · ∧ d̂zk ∧ · · · ∧ dzn.(3.5)

Similarly, for k Beltrami differentials ϕ1, · · · , ϕk ∈ A0,1
(
M,T 1,0

M

)
, if we express ϕα = ϕiα

∂
∂zi

where each ϕiα is a local (0, 1)-form, we have

ϕ1 ∧ · · · ∧ ϕk =
∑

i1<···<ik


 ∑

σ∈Sk

ϕi1
σ(1) ∧ · · · ∧ ϕik

σ(k)


 ⊗

(
∂

∂zi1
∧ · · · ∧ ∂

∂zik

)
(3.6)

7



where Sk is the symmetric group of k elements. Especially we have

∧k ϕ = k!
∑

i1<···<ik

(
ϕi1 ∧ · · · ∧ ϕik

)
⊗

(
∂

∂zi1
∧ · · · ∧ ∂

∂zik

)
.(3.7)

Thus we define

(ϕ1 ∧ · · · ∧ ϕk)yΩ0 = ϕ1y(ϕ2y(· · ·y(ϕkyΩ0)))

=
∑

I=(i1,··· ,ik)∈Ak

(−1)|I|+
(k−1)(k−2)

2
−1


 ∑

σ∈Sk

ϕi1
σ(1) ∧ · · · ∧ ϕik

σ(k)


 ∧ dzIc

(3.8)

where Ak is the index set

Ak = {(i1, · · · , ik) | 1 ≤ i1 < · · · < ik ≤ n}.
Here for each I = (i1, · · · , ik) ∈ Ak, we let |I| = i1 + · · · + ik and dzIc = dzj1 ∧ · · · ∧ dzjn−k

where j1 < · · · < jn−k and jα 6= iβ for any α, β. By using these notations, for any Beltrami

differentials ϕ,ψ ∈ A0,1
(
M,T 1,0

M

)
one has the following identity which was proved in [41], [36]:

∂ (ϕ ∧ ψyΩ0) = −[ϕ,ψ]yΩ0 + ϕy∂(ψyΩ0) + ψy∂(ϕyΩ0).(3.9)

Based on the above formula, it was proved in [41] and [36] that the local deformation of a
polarized CY manifold is unobstructed.

Theorem 3.1. The universal deformation space of a polarized CY manifold is smooth.

The operation of contracting with Ω0 plays important role in converting bundle valued differ-
ential forms into ordinary differential forms. The following lemma is the key step in the proof
of local Torelli theorem.

Lemma 3.1. Let (M,L) be a polarized CY n-fold and let ωg be the unique CY metric in the

class [L]. We pick a nowhere vanishing holomorphic (n, 0)-form Ω0 such that
(√

−1

2

)n

(−1)
n(n−1)

2 Ω0 ∧ Ω0 = ωng .(3.10)

Then the map ι : A0,1
(
M,T 1,0

M

)
→ An−1,1(M) given by ι(ϕ) = ϕyΩ0 is an isometry with respect

to the natural Hermitian inner product on both spaces induced by ωg. Furthermore, ι preserves

the Hodge decomposition.

Proof. If we pick local coordinate z1, · · · , zn on M such that Ω0 = dz1 ∧ · · · ∧ dzn locally and

ωg =
√
−1
2 gijdzi ∧ dzj, then the condition (3.10) implies that det[gij ] = 1. The lemma follows

from direct computations.
�

In [41] the existence of flat coordinates was established and the flat coordinates played an
important role in string theory [6]. Here we recall this construction. Let X be the universal
family over T and let π be the projection map. For each p ∈ T we let Mp = (X,Jp) be the
corresponding CY manifold. In the following we always use the unique CY metric on Mp in the
polarization class [L].

By the Kodaira-Spencer theory and Hodge theory, we have the following identification

T 1,0
p T ∼= H0,1

(
Mp, T

1,0
Mp

)

where we use H to denote the corresponding space of harmonic forms. We have the following
expansion of the Beltrami differentials:

8



Theorem 3.2. Let ϕ1, · · · , ϕN ∈ H0,1
(
Mp, T

1,0
Mp

)
be a basis. Then there is a unique power

series

ϕ(τ) =

N∑

i=1

τiϕi +
∑

|I|≥2

τ IϕI(3.11)

which converges for |τ | < ε. Here I = (i1, · · · , iN ) is a multi-index, τ I = τ i11 · · · τ iNN and

ϕI ∈ A0,1
(
Mp, T

1,0
Mp

)
. Furthermore, if Ω is a nowhere vanishing holomorphic (n, 0)-form, then

the family of Beltrami differentials ϕ(τ) satisfy the following conditions:

∂Mpϕ(τ) =
1

2
[ϕ(τ), ϕ(τ)]

∂
∗
Mp
ϕ(τ) = 0

ϕIyΩ = ∂MpψI

(3.12)

for each |I| ≥ 2 where ψI ∈ An−2,1(Mp). Furthermore, by shrinking ε we can pick each ψI
appropriately such that

∑
|I|≥2 τ

IψI converges for |τ | < ε.

Proof. This theorem was proved in [41]. For the convergence of
∑

|I|≥2 τ
IψI , since we have

∂ψI = ϕIyΩ0, we can pick ψI = ∂∗G(ϕIyΩ0). It follows that

‖ψI‖k,α ≤ C(k, α)‖ϕIyΩ0‖k−1,α ≤ C ′(k, α)‖ϕI‖k−1,α.

The desired convergence follows from the estimates on ϕI . We note that the convergence of
(3.11) follows from standard elliptic estimates. See [41], [29] for details.

�

Remark 3.1. The coordinates constructed in the above theorem are just the flat coordinates

described in [6]. They are unique up to affine transformation and they are also the normal

coordinates of the Weil-Petersson metric at p.

As a corollary, the following one parameter version was proved in [41]. The second part also
characterizes the flat coordinate line segments.

Corollary 3.1. For any ϕ ∈ H0,1
(
Mp, T

1,0
Mp

)
, there is a unique power series

ϕ(τ) = τϕ+

∞∑

i=2

τ iϕi

which converges when |τ | < ε such that

∂Mpϕ(τ) =
1

2
[ϕ(τ), ϕ(τ)]

∂
∗
Mp
ϕ(τ) = 0

ϕiyΩ = ∂Mpψi

(3.13)

for i ≥ 2 where ψi ∈ An−2,1 (Mp) such that
∑

i≥2 τ
iψi converges. The last condition of (3.13) is

equivalent to the fact that the harmonic projection of ϕ(τ) to H0,1
(
Mp, T

1,0
Mp

)
lie in a complex

line when τ varies.
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3.2. Canonical Forms. By using the local deformation theory, in [41] Todorov constructed a
canonical local holomorphic section of the line bundle Hn,0 = Fn over any flat coordinate chart
U ⊂ T in the form level. This canonical section plays crucial role in the proof of the global
Torelli theorem.

We first consider the general construction of holomorphic (n, 0)-forms in [41].

Lemma 3.2. Let M0 = (X,J0) be a CY manifold where J0 is the complex structure on X. Let

ϕ ∈ A0,1
(
M0, T

1,0
M0

)
be a Beltrami differential on M0 which define an integrable complex structure

Jϕ and let Mϕ = (X,Jϕ) be the CY manifold whose underlying differentiable manifold is X.

Let Ω0 be a nowhere vanishing holomorphic (n, 0)-form on M0 and we pick local holomorphic

coordinates z1, · · · , zn with respect to J0 such that

Ω0 = dz1 ∧ · · · ∧ dzn
locally. Then

Ωϕ = (dz1 + ϕ(dz1)) ∧ · · · ∧ (dzn + ϕ(dzn))

is a well-defined smooth (n, 0)-form on Mϕ. It is holomorphic with respect to the complex

structure Jϕ if and only if ∂(ϕyΩ0) = 0. Here ∂ is the operator with respect to the complex

structure J0. Furthermore,

Ωϕ =

n∑

k=0

1

k!
(∧kϕyΩ0).(3.14)

This lemma was proved in [41] by a different method. Here we give a proof based on direct
computations.

Proof. Let z = (z1, · · · , zn) be local holomorphic coordinates onM0 and let w = (w1, · · · , wn)
be local holomorphic coordinates on Mϕ. With respect to the local coordinate z the Beltrami

differential ϕ has expression ϕ = ϕi
j
∂
∂zi

⊗ dzj .

Since each wα is a local holomorphic function on Mϕ, we have

∂wα
∂zj

= ϕi
j

∂wα
∂zi

.(3.15)

We denote by γi = dzi + ϕ(dzi) for 1 ≤ i ≤ n. Then we have

dwα =
∂wα
∂zi

dzi +
∂wα
∂zj

dzj =
∂wα
∂zi

γi.(3.16)

Now we let A = [Aαi] be the matrix where Aαi = ∂wα

∂zi
and A−1 =

[
Aiα

]
be its inverse. By

the above formula we have γi = Aiαdwα. This implies

Ωϕ = γ1 ∧ · · · ∧ γn = det
[
Aiα

]
dw1 ∧ · · · ∧ dwn = det

(
A−1

)
dw1 ∧ · · · ∧ dwn.

Thus we only need to show that ∂
∂wβ

det
(
A−1

)
= 0 for each β. This is equivalent to

Aiα
∂

∂wβ
Aαi = 0.(3.17)

By (3.15) we know that

∂zk
∂wβ

= −ϕk
l

∂zl
∂wβ

(3.18)

which implies

∂

∂wβ
Aαi =

∂

∂zk
Aαi

∂zk
∂wβ

+
∂

∂zl
Aαi

∂zl
∂wβ

=

(
∂Aαi
∂zl

− ϕk
l

∂Aαi
∂zk

)
∂zl
∂wβ

.(3.19)

10



Now we have

∂Aαi
∂zl

=
∂

∂zi

(
∂wα
∂zl

)
=

∂

∂zi

(
ϕk
l

∂wα
∂zk

)
=

∂

∂zi
ϕk
l
Aαk + ϕk

l

∂Aαk
∂zi

and
∂Aαk
∂zi

=
∂Aαi
∂zk

.

By inserting the above two formulae into (3.19) we have

∂

∂wβ
Aαi =

∂

∂zi
ϕk
l
Aαk

∂zl
∂wβ

which implies

Aiα
∂

∂wβ
Aαi = Aiα

∂

∂zi
ϕk
l
Aαk

∂zl
∂wβ

=
∂

∂zi
ϕi
l

∂zl
∂wβ

.

Since the matrix
[
∂zl

∂wβ

]
is local invertible due to the Newlander-Nirenberg Theorem, by the

above formula we know formula (3.17) is equivalent to
∑

i

∂

∂zi
ϕi
l
= 0.(3.20)

But formula (3.20) just means ∂(ϕyΩ0) = 0. We finished the proof of the first part. The
second part follows from the above notation and a direct computation.

�

As a corollary we have the following identity which was proved in [41].

Corollary 3.2. Let ϕ ∈ A0,1
(
M0, T

1,0
M0

)
be a Beltrami differential which defines an integrable

complex structure such that ∂(ϕyΩ0) = 0. Then for any 1 ≤ k ≤ n− 1 we have

∂
(
∧kϕyΩ0

)
+

1

k + 1
∂

(
∧k+1ϕyΩ0

)
= 0.(3.21)

Proof. Since ∂ϕΩϕ = 0 by type consideration and, by the above theorem, ∂ϕΩϕ = 0, we know

dΩϕ = 0 which implies d
(∑n

k=0
1
k!(∧kϕyΩ0)

)
= 0. The corollary follows from type considerations

and the assumption.
�

Theorem 3.3. We fix a nowhere vanishing holomorphic (n, 0)-form Ω0 on Mp and suppose

ϕ(τ) is the family of Beltrami differentials defined by (3.12). Let

Ωc = Ωc(τ) =

n∑

k=0

1

k!

(
∧kϕ(τ)yΩ0

)
.(3.22)

Then Ωc(τ) is a well-defined nowhere vanishing holomorphic (n, 0)-form on Mτ and depends on

τ holomorphically. We call such families the canonical families around p.

Proof. The fact that Ωc
τ is a nowhere vanishing holomorphic (n, 0)-form on the fiber Mτ

follows from Lemma 3.2 directly. In fact we only need to check that ∂(ϕ(τ)yΩ0) = 0. By
formulae (3.11) and (3.12) we know that

ϕ(τ)yΩ0 =

N∑

i=1

τi(ϕiyΩ0) +
∑

|I|≥2

τ I(ϕIyΩ0) =

N∑

i=1

τi(ϕiyΩ0) + ∂


 ∑

|I|≥2

τ IψI


 .

Since each ϕi is harmonic, by Lemma 3.1 we know ϕiyΩ0 is also harmonic and thus ∂(ϕiyΩ0) = 0.
Furthermore, since

∑
|I|≥2 τ

IψI converges when |τ | is small, we know ∂(ϕ(τ)yΩ0) = 0.
11



The holomorphic dependence of Ωc(τ) on τ follows from formula (3.22) since ϕ(τ) depends
on τ holomorphically.

�

Lemma 3.3. The canonical family is independent of the choice of flat coordinate system around

p. It depends on the choice of Ω0 linearly.

Proof. The linear dependence of Ωc on Ω0 is clear due to its construction (3.22). To prove

the first part, we let (ϕ1, · · · , ϕN ), (ϕ̃1, · · · , ϕ̃N ) ⊂ H0,1
(
Mp, T

1,0
Mp

)
be two set of bases and let

τ, τ̃ be the corresponding flat coordinate system. For any point q close to p with coordinates
τ0 and τ̃0 respectively, by the uniqueness part of Theorem 3.2 we know that ϕ(τ0) = ϕ̃(τ̃0).
Thus by Lemma 3.2 we know that the canonical family is independent of the choice of local flat
coordinates.

�

Now we look at the deRham cohomology classes represented by Ωc(τ). For any point q ∈ T
if Ω is a holomorphic (n, 0)-form on Mq then dΩ = ∂qΩ + ∂qΩ = 0. Thus [Ω] defines a deRham
cohomology class in Hn(Mq,C). We recall the Hodge decomposition on Mq:

Hn
d (Mq,C) =

n⊕

k=0

Hn−k,k(Mq)

where

Hn−k,k(Mq) = Hn−k,k
d (Mq) =

{η ∈ An−k,k(Mq) | dη = 0}
dAn−1(Mq,C) ∩An−k,k(Mq)

.(3.23)

See [16] for details.
As a corollary of Theorems 3.2 and 3.3 we have the expansion of the deRham cohomology

classes of the canonical form:

Corollary 3.3. Let Ωc(τ) be a canonical family defined by (3.22) where ϕ(τ) is defined as in

(3.12). Then we have the expansion

[Ωc(τ)] = [Ω0] +
N∑

i=1

τi[ϕiyΩ0] +
1

2

∑

i,j

τiτj [H(ϕi ∧ ϕjyΩ0)] + Ξ(τ)(3.24)

where Ξ(τ) ⊂ ⊕n
k=2H

n−k,k(Mp) and Ξ(τ) = O(|τ |3).
Proof. By Theorem 3.2 and Theorem 3.3 we have

Ωc(τ) =Ω0 +
N∑

i=1

τi(ϕiyΩ0) +
∑

|I|≥2

τ I(ϕIyΩ0) +
∑

k≥2

1

k!

(
∧kϕ(τ)yΩ0

)

=Ω0 +
N∑

i=1

τi(ϕiyΩ0) + ∂


 ∑

|I|≥2

τ IψI


 +

∑

k≥2

1

k!

(
∧kϕ(τ)yΩ0

)

=Ω0 +

N∑

i=1

τi(ϕiyΩ0) + d


 ∑

|I|≥2

τ IψI


 +A

(3.25)

where

A = −∂


 ∑

|I|≥2

τ IψI


 +

∑

k≥2

1

k!

(
∧kϕ(τ)yΩ0

)
∈

n⊕

k=2

An−k,k(Mp).(3.26)
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By the expression of A we know that A = O(|τ |2). Since the differential forms Ωc(τ), Ω0 and

d
(∑

|I|≥2 τ
IψI

)
are d-closed and

∑N
i=1 τi(ϕiyΩ0) is harmonic which means it is also d-closed,

we know dA = 0. Thus we have

[Ωc(τ)] = [Ω0] +

[
N∑

i=1

τi(ϕiyΩ0)

]
+ [A] = [Ω0] +

N∑

i=1

τi[ϕiyΩ0] + [A].(3.27)

By using formulae (3.23) and (3.26) we know A ∈ ⊕n
k=2H

n−k,k(Mp). Since A can be written as
a power series of τ and dA = 0, We know that the degree k term of A is d-closed for each k ≥ 2.

Now we look at the degree two term A2 in A. It is clear that dA2 = 0. Furthermore,

A2 =
1

2

∑

i,j

τiτj
(
ϕi ∧ ϕjyΩ0 − 2∂ψij

)

which implies

[A2] = [H(A2)] =
1

2

∑

i,j

τiτj [H(ϕi ∧ ϕjyΩ0)] .

The corollary follows from the above formula and formula (3.27).
�

The most important application of the cohomological expansion (3.24) is the invariance of
the CY Kähler forms. The theorem plays the central in the proof of the global Torelli theorem.
This theorem was implicitly proved in [4]. Here we give a simple and self-contained proof.

Theorem 3.4. For each point p ∈ T , let ωp be the Kähler form of the unique CY metric on

Mp in the polarization class [L]. Then ωp is invariant. Namely,

∇GMωp = 0.

Furthermore, since T is simply connected, we know that ωp is a constant section of the trivial

bundle A2(X,C) over T .

To prove this theorem we need the follow lemma about harmonicity.

Lemma 3.4. Let (M,L) be a polarized CY n-fold and let ω = ωg be the CY metric in the

polarization class. If ϕ ∈ H0,1
(
M,T 1,0

M

)
is a harmonic Beltrami differential then ϕyω is a

harmonic (0, 2)-form.

Proof. Let η = ϕyω. We need to show that ∂η = 0 and ∂
∗
η = 0. The identity ∂η = 0 follows

directly from ∂ϕ = 0 and the fact that ω is Kähler.
Let Ω be a nowhere vanishing holomorphic (n, 0)-form on M . We pick local coordinate chart

(U, z) such that Ω |U= dz1 ∧ · · · ∧ dzn. Let ϕ = ϕi
j
dzj ⊗ ∂

∂zi
and ω =

√
−1
2 gijdzi ∧ dzj. Then we

have

η =

√
−1

4

∑

j,l

(
ϕi
j
gil − ϕi

l
gij

)
dzj ∧ dzl.

Since ∂
∗
ϕ = 0 we have

∂

∂zk

(
ϕi
j
gil

)
gkj = 0.(3.28)

By Lemma 3.1 we know that ϕyΩ is harmonic and thus ∂(ϕyΩ) = 0. This implies
∑

k

∂kϕ
k
j

= 0(3.29)
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for each j. Now ∂
∗
η = 0 is equivalent to

∂k

(
ϕi
j
gilg

pj − ϕp
l

)
gkl = 0

which follows from formulas (3.28), (3.29) and direct computations.
�

Now we prove Theorem 3.4.
Proof. Since this result is local in nature, we only need to show that for any point p ∈

T and any local holomorphic coordinates (t1, · · · , tN ) around p such that t(p) = 0, we have

∇GM
∂

∂ti

ωt

∣∣∣∣
t=0

= 0. Without loss of generality, we can use the flat coordinate around p.

Let (U, τ) be a flat coordinate chart around p such that τ(p) = 0 and let ωτ be the Kähler
form of the CY metric on Mτ in the polarization class. Let V =

∫
c1(L)n and let Ω0 be a

holomorphic (n, 0)-form on Mp such that
(√

−1

2

)n

(−1)
n(n−1)

2

∫

Mp

Ω0 ∧ Ω0 = V.

Let Ωτ be the canonical family constructed in Theorem 3.3. Then the Calabi-Yau equation is

ωnτ =
V∫

Ωτ ∧ Ωτ

Ωτ ∧ Ωτ .(3.30)

By formulae (3.25) and (3.26) we know that Ωτ ∧ Ωτ = Ω0 ∧ Ω0 +O(|τ |2) and hence
∫

Ωτ ∧ Ωτ =

∫
Ω0 ∧ Ω0 +O(|τ |2).

These imply

ωnτ =

(√
−1

2

)n

(−1)
n(n−1)

2 Ω0 ∧ Ω0 +O(|τ |2).

Thus

∂

∂τi

∣∣∣∣
τ=0

ωnτ = 0(3.31)

for each i. Now we pick local holomorphic coordinate z1, · · · , zn on Mp and let

ei(τ) = dzi + ϕ(τ)(dzi).

We know that {ei(τ)} is a local basis of T 1,0(Mτ ). Thus we can write

ωτ =

√
−1

2
gαβ(z, τ, τ )ei(τ) ∧ ej(τ)

since ωτ ∈ A1,1(Mτ ). Thus we have

∂ωτ
∂τi

∣∣∣∣
τ=0

=

√
−1

2

∂gαβ(z, τ, τ )

∂τi

∣∣∣∣
τ=0

dzα ∧ dzβ + ϕiyω0

where ϕi is the harmonic Beltrami differential on Mp corresponding to the tangent vector ∂
∂τi

.

Since we fix the polarization, we know the cohomology class [ϕiyω0] = 0. Furthermore, since ϕi is
harmonic with respect to the CY metric ω0, by the above lemma we know that ϕiyω0 is harmonic

and thus ϕiyω0 = 0 since its cohomology class is 0. This implies that ∂ωτ

∂τi

∣∣∣∣
τ=0

∈ A1,1(Mp). Since

[ω0] = [ωτ ] = c1(L) we know that ∂ωτ

∂τi

∣∣∣∣
τ=0

is d-exact. By the ∂∂-lemma there is a scalar function
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f on Mp such that ∂ωτ

∂τi

∣∣∣∣
τ=0

= ∂∂f . Now equation (3.31) implies ∂∂f ∧ ωn−1
0 = 0. This means

f is harmonic with respect to the CY metric ω0 and hence f is a constant. Thus ∂ωτ

∂τi

∣∣∣∣
τ=0

= 0.

We can repeat the above process by taking derivatives with respect to τ j and get the same
conclusion. This finished the proof.

�

4. Classifying Space of Polarized Hodge Structures

In this section we recall the construction of the classifying space of variation of polarized
Hodge structures and its basic properties such as the description of its real and complex tangent
spaces and the Hodge metric. See [32] for details.

In the construction of the Teichmüller space T we fixed a marking of the background man-
ifold X, namely a basis of Hn(X,Z)/tor. This gives us canonical identifications of the middle
dimensional de Rahm cohomology of different fibers over T . Namely for any point p ∈ T we
have the canonical identification

Hn(Mp) ∼= Hn(X)

where the coefficient ring is Q, R or C.
Since the polarization [L] is an integer class, it defines a map

L : Hn(X,Q) → Hn+2(X,Q)

given by A 7→ c1(L) ∧ A for any A ∈ Hn(X,Q). We denote by Hn
pr(X) = ker(L) the primitive

cohomology groups where, again, the coefficient ring is Q, R or C. For any p ∈ T we let

Hk,n−k
pr (Mp) = Hk,n−k(Mp) ∩ Hn

pr(Mp,C) and denote its dimension by hk,n−k. The Poincaré
bilinear form Q on Hn

pr(X,Q) is defined by

Q(u, v) = (−1)
n(n−1)

2

∫

X

u ∧ v

for any d-closed n-forms u, v on X. The bilinear form Q is symmetric if n is even and is skew-
symmetric if n is odd. Furthermore, Q is non-degenerate and can be extended to Hn

pr(X,C)
bilinearly. For any point q ∈ T we have the Hodge decomposition

Hn
pr(Mq,C) = Hn,0

pr (Mq,C) ⊕ · · · ⊕H0,n
pr (Mq,C)(4.1)

which satisfies

dimC H
k,n−k
pr (Mq,C) = hk,n−k(4.2)

and the Hodge-Riemann relations

Q
(
Hk,n−k
pr (Mq,C),H l,n−l

pr (Mq,C)
)

= 0 unless k + l = n(4.3)

and
(√

−1
)2k−n

Q (v, v) > 0 for v ∈ Hk,n−k
pr (Mq,C) \ {0}.(4.4)

The above Hodge decomposition of Hn
pr(Mq,C) can also be described via the Hodge filtration.

Let fk =
∑n

i=k h
i,n−i. We let

F k = F k(Mq) = Hn,0
pr (Mq,C) ⊕ · · · ⊕Hk,n−k

pr (Mq,C)

and we have decreasing filtration

Hn
pr(Mq,C) = F 0(Mq) ⊃ · · · ⊃ Fn(Mq).

We know that

dimC F
k = fk,(4.5)
15



Hpr(X,C) = F k(q) ⊕ Fn−k+1(q)(4.6)

and

Hk,n−k
pr (Mq,C) = F k(Mq) ∩ Fn−k(Mq).(4.7)

In term of the Hodge filtration Fn ⊂ · · · ⊂ F 0 = Hn
pr(Mq,C) the Hodge-Riemann relations can

be written as

Q
(
F k, Fn−k+1

)
= 0(4.8)

and

Q (Cv, v) > 0 if v 6= 0(4.9)

where C is the Weil operator given by Cv =
(√

−1
)2k−n

v when v ∈ Hk,n−k
pr (Mq,C). The

classifying space D of variation of polarized Hodge structures with data (4.5) is the space of all
such Hodge filtrations

D =
{
Fn ⊂ · · · ⊂ F 0 = Hn

pr(X,C) | (4.5), (4.8) and (4.9) hold
}
.

The compact dual Ď of D is

Ď =
{
Fn ⊂ · · · ⊂ F 0 = Hn

pr(X,C) | (4.5) and (4.8) hold
}
.

The classifying space D ⊂ Ď is an open set. We note that the conditions (4.5), (4.8) and (4.9)
imply the identity (4.6).

An important feature of the variation of polarized Hodge structures is that both D and Ď can
be written as quotients of semi-simple Lie groups. Let HR = Hn

pr(X,R) and HC = Hn
pr(X,C).

We consider the real and complex semi-simple Lie groups

GR = {σ ∈ GL(HR) | Q(σu, σv) = Q(u, v)}
and

GC = {σ ∈ GL(HC) | Q(σu, σv) = Q(u, v)}.
The real group GR acts on D and the complex group GC acts on Ď where both actions are
transitive. This implies that both D and Ď are smooth. Furthermore, we can embed the real
group into the complex group naturally as real points.

We now fix a reference point O = {F k0 } ∈ D ⊂ Ď and let B be the isotropy group of O

under the action of GC on Ď. Let
{
Hk,n−k

0

}
be the corresponding Hodge decomposition where

Hk,n−k
0 = F k0 ∩ Fn−k0 . Let V = GR ∩B. Then we have

D = GR/V and Ď = GC/B.(4.10)

Following the argument in [32] we let

H+
0 =

⊕

i is even

H i,n−i
0 H−

0 =
⊕

i is odd

H i,n−i
0

and let K be the isotropy group of H+
0 in GR. We note that H+

0 and H−
0 are defined over R

and are orthogonal with respect to Q when n is even. When n is odd they are conjugate to
each other. Thus K is also the isotropy group of H−

0 . In both cases K is the the maximal

compact subgroup of GR containing V . This implies that D̃ = GR/K is a symmetric space of

noncompact type and D is a fibration over D̃ whose fibers are isomorphic to K/V .

Remark 4.1. In the following we will only consider primitive cohomology classes and we will

drop the mark “pr”. Furthermore, Since we only need to use the component of GR contain-

ing the identity, we will denote again by GR and K the components of the real group and its

corresponding maximal compact subgroup which contain the identity.
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We fix a point p ∈ T and let O = Φ(p) ∈ D ⊂ Ď. For 0 ≤ k ≤ n we let Hk,n−k
0 = Hk,n−k(Mp).

Now we let g = gC be the Lie algebra of GC and let g0 = gR be the Lie algebra of GR. The
real Lie algebra g0 can also be embedded into g naturally as real points. The Hodge structure{
Hk,n−k

0

}
induces a weight 0 Hodge structure on g. Namely g =

⊕
p gp,−p where

gp,−p =
{
X ∈ g | X

(
Hk,n−k

0

)
⊂ Hk+p,n−k−p

0

}
.

Let B be the isotropy group of O ∈ Ď under the action of GC and let b be the Lie algebra of
B. Then

b =
⊕

p≥0

gp,−p.

Let V = B ∩GR be the isotropy group of O ∈ D under the action of GR and let v be its Lie
algebra. We have

v = b ∩ g0 ⊂ g.

Now we have

v = g0 ∩ b = g0 ∩ b ∩ b = g0 ∩ g0,0.

Let θ be the Weil operator of the weight 0 Hodge structure on g. Then for any v ∈ gp,−p we
have θ(v) = (−1)pv. The eigenvalues of θ are ±1. Let g+ be the eigenspace of 1 and let g− be
the eigenspace of −1. Then we have

g+ =
⊕

p even

gp,−p and g− =
⊕

p odd

gp,−p.

We note here that, in the above expression, p can be either positive or negative. Let k be the
Lie algebra of K, the maximal compact subgroup of GR containing V . By the work of Schmid
[32] we know that

Lemma 4.1. The Lie algebra k is given by k = g0 ∩ g+. Furthermore, if we let p0 = g0 ∩ g−,

then

g0 = k ⊕ p0

is a Cartan decomposition of g0. The space p0 is AdV invariant.

We call such a Cartan decomposition the canonical Cartan decomposition. Here we recall
that if g0 = k ⊕ p0 is a Cartan decomposition of the real semisimple Lie algebra g0, then we
know that k is a Lie subalgebra, [p0, p0] ⊂ k and [p0, k] ⊂ p0.

By the expression of v and k we have the identification

k/v ∼= g0 ∩


 ⊕

p 6=0, p is even

gp,−p


(4.11)

and the identification

TR
OD

∼= k/v ⊕ p0.(4.12)

Now we look at the complex structures on D. By the above identification we know that for
each elementX ∈ TR

OD we have the unique decomposition X = X++X− whereX+ ∈ ⊕
p>0 g−p,p

and X− ∈ ⊕
p>0 gp,−p. We define the complex structure J on TR

OD by

JX = iX+ − iX−.(4.13)

Now we use left translation by elements in GR to move this complex structure to every point in
D. Namely, for any point α ∈ D we pick g ∈ GR such that g(O) = α. If X ∈ TR

αD, then we
define JX = (lg)∗ ◦ J ◦

(
lg−1

)
∗ (X).
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Lemma 4.2. J is an invariant integrable complex structure on D. Furthermore, it coincides

with the complex structure on D induced by the inclusion D ⊂ Ď = GC/B.

This lemma is well known. See [18] and [28] for details.
There is a natural metric on D induced by the Killing form. By the Cartan decomposition

g0 = k⊕p0 we know that the Killing form κ on g0 is positive definite on p0 and is negative definite
on k/v. By the identification (4.12), for real tangent vectors X,Y ∈ TR

OD, if X = X1 +X2 and
Y = Y1 + Y2 where X1, Y1 ∈ k/v and X2, Y2 ∈ p0, we let

κ̃(X,Y ) = −κ(X1, Y1) + κ(X2, Y2).(4.14)

Then κ̃ is a positive definite symmetric bilinear form on TR
OD. Now we use left translation of

elements in GR to move this metric to the real tangent space of every point in D and we obtain
a Riemannian metric on D. This is the Hodge metric defined by Griffiths and Schmid in [18].

5. Global Torelli Theorem

In this section we prove the global Torelli theorem. The key point is that the invariance of
the CY Kähler forms guarantee that the holomorphic tangent bundles of a CY manifold will not
intersect the anti-holomorphic tangent bundle of another CY manifold on the same Teichmüller
space.

We first take a closer look of Beltrami differentials on a complex manifold. Let M be a

complex manifold of dimension dimCM = n. Let ϕ ∈ A0,1
(
M,T 1,0

M

)
be a Beltrami differential.

Let z = (z1, · · · , zn) be any local holomorphic coordinates on M near a point p. Then we can

express ϕ as ϕ = ϕi
j
dzj ⊗ ∂

∂zi
. We can view ϕ as a map ϕ(p) : Ω1,0

p (M) → Ω0,1
p (M) which is

given by ϕ(p)(dzi) =
∑

j ϕ
i
j
(p)dzj . We can also view ϕ as a map ϕ(p) : T 1,0

p (M) → T 0,1
p (M)

which is given by ϕ(p)
(

∂
∂zj

)
=

∑
i ϕ

i
j

∂
∂zj

.

Now we let 0, 1 ∈ T be two distinct points whose corresponding fibers are M0 and M1. Let
X be the background smooth manifold. By the discussion in Section 2 we know that for any
point p ∈ X we can view

T 1,0
p M0 ⊕ T 0,1

p M0 = TC
p X = T 1,0

p M1 ⊕ T 0,1
p M1

as two different splitting of the complex tangent bundle of X. The same picture holds for the
cotangent bundle. Let ι1 : TC

p X → T 1,0
p M0 and ι2 : TC

p X → T 0,1
p M0 be the projection maps.

We restrict these maps to T 1,0
p M1.

Lemma 5.1. For each point p ∈ X, the map

ι1 |
T

1,0
p M1

: T 1,0
p M1 → T 1,0

p M0

is a linear isomorphism. Thus there exists a unique Beltrami differential ϕ ∈ A0,1
(
M0, T

1,0
M0

)

such that the complex structure on M1 is obtained by deforming the complex structure on M0

via ϕ as described by formula (3.1) in Section 3.

Proof. Let ω0 and ω1 be the Kähler forms of the CY metrics M0 and M1 in the polarization
class L respectively. By Theorem 3.4 we know that ω0 = ω1 and we denote it by ω.

We first noticed that for any tangent vector v ∈ TC
p X, its complex conjugation v is well-

defined and is independent of the choice of complex structures on X. Furthermore, let J2 be
any complex structure on X and let M2 = (X,J2) be the corresponding complex manifold, then
for any point p ∈ X we have

T 1,0
p M2 =

{
x− iJ2(x) | x ∈ TR

p X
}

and T 0,1
p M2 =

{
x+ iJ2(x) | x ∈ TR

p X
}
.
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Thus, if a complex tangent vector v ∈ TC
p X is of type (1, 0) with respect to the complex structure

J2, then v ∈ T 0,1
p M2 is of type (0, 1) with respect to this complex structure.

Now we let (M,ω) be any Kähler manifold, let g be the Kähler metric, let J be the complex

structure and let p ∈M be a point. Then for any vector v ∈ T 1,0
p M such that v 6= 0 we know

0 < ‖v‖2 = g(v, v) = ω(v, J(v)) = −
√
−1ω(v, v).

Namely, −
√
−1ω(v, v) > 0. Since ω is skew-symmetric, we know that −

√
−1ω(u, u) < 0 for any

nonzero vector u ∈ T 0,1
p M .

Now we pick any v ∈ T 1,0
p M1 such that v 6= 0. By the above argument we have

−
√
−1ω(v, v) > 0.

Let v1 = ι1(v) ∈ T 1,0
p M0 and v2 = ι2(v) ∈ T 0,1

p M0. It follows from type considerations that
ω(v1, v2) = 0 = ω(v2, v1). If v1 = 0 then −

√
−1ω(v, v) = −

√
−1ω(v2, v2) < 0 which is a

contradiction. Thus we know v1 6= 0 which implies that ι1 |
T

1,0
p M1

is a linear isomorphism. In

fact we know
‖v1‖0 > ‖v2‖0

where the norm is measured with respect to the CY metric on M0. This inequality holds at
each point of X. In fact, since the Kähler forms of the CY metrics are invariant, we know that
all complex structures on X which corresponding to all points in T are compatible with ω and
is thus tamed by ω.

Now for any vector v ∈ T 1,0
p M0 we consider the vector ι2◦

(
ι1 |

T
1,0
p M1

)−1
(v) ∈ T 0,1

p M0. This is

well-defined since ι1 |
T

1,0
p M1

is a linear isomorphism. We define the map ϕ(p) : T 1,0
p M0 → T 0,1

p M0

by setting ϕ(p)(v) = ι2 ◦
(
ι1 |

T
1,0
p M1

)−1
(v). We know that such ϕ is the unique Beltrami

differential such that if we deform the complex structure of M0 be ϕ as described by formula
(3.1), then we get M1. Since we obtain an integrable complex structure on X by deforming the
complex structure on M0 via ϕ, we have

∂0ϕ =
1

2
[ϕ,ϕ].

Furthermore, if we view ϕ as a map ϕ : T 1,0M0 → T 0,1M0, then the norm of ϕ is less than 1
pointwisely. If we view ϕ as a map ϕ : Ω1,0M0 → Ω0,1M0, then the norm of ϕ is also less than
1 pointwisely.

�

The above lemma defines a map ρ : T → A0,1
(
M0, T

0,1
M0

)
by assigning any point q ∈ T the

Beltrami differential ϕ = ϕq on M0 such that if we deform the complex structure on M0 by ϕ
then we get Mq. We call such a map the assigning map. In fact we will show in [24] that ρ is a
holomorphic embedding. We note here that since we work on the Teichmüller space, the trivial
gauge plays the central role.

Lemma 5.2. Let ρ : T → A0,1
(
M0, T

0,1
M0

)
be the assigning map. Then ρ is holomorphic.

Proof. We will construct the local image of the assigning map in a different way. We fix the
point 0 ∈ T and let q ∈ T be another point. Let (U, t) be any holomorphic coordinate chart on
T around q where t = (t1, · · · , tN ). Let X be the background smooth manifold. For any point
α ∈ X let z = (z1, · · · , zn) be any holomorphic coordinates on M0 around α.

Now we let π : X → T be the universal family. We consider U = π−1(U). We can choose local
holomorphic coordinates (w1, · · · , wn, t1, · · · , tN ) of U. Here we shrink U if necessary. We know
that for each 1 ≤ i ≤ n we have wi = wi(z, z, t) is holomorphic in t. For each fixed t then local
functions w1, · · · , wn form a local holomorphic coordinate system on Mt = π−1(t) around α.
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Now we consider the matrix A = [aiγ ] =
[
∂wi

∂zγ

]
. By Lemma 5.1 we know that the matrix is

locally invertible around α since it is the matrix representation of the map ι1 |
T

1,0
α Mt

if we use

the basis
{

∂
∂wi

}
of T 1,0Mt and the basis

{
∂
∂zγ

}
of T 1,0M0 near the point α. Now we define the

Beltrami differential

ϕ(t) = ϕγ
β
(z, z, t)dzβ ⊗

∂

∂zγ

where ϕγ
β
(z, z, t) =

∑
i a
γi ∂wi

∂zβ
. Here A−1 =

[
aγi

]
is the inverse matrix of A. It follows from direct

computations that ϕ(t) is well defined and coincides with definition in Lemma 5.1. Furthermore,
since each wi depends on t holomorphically, we know ϕ depends on t holomorphically. Thus ρ
is holomorphic.

�

Lemma 5.3. Fix a point 0 ∈ T and let Ω0 be a nowhere vanishing holomorphic (n, 0)-form on

M0. Then ∂
∗
0ρ(q) = 0 for any q ∈ T . Furthermore, ∂0(ρ(q)yΩ0) = 0.

Proof. Let τ = (τ1, · · · , τN ) be a flat coordinate system on T around 0. Let ϕ(τ) be

the solution of (3.12). It follows from Lemma 3.1 and Theorem 3.2 that ∂
∗
0ϕ(τ) = 0 and

∂0(ϕ(τ)yΩ0) = 0. Since the assigning map ρ is holomorphic, we know that the maps

∂
∗
0 ◦ ρ : T → A0

(
M0, T

1,0
M0

)

and
∂0 (ρyΩ0) : T → An,1(M0)

are holomorphic. Now since both maps vanish when |τ | < ε, we know that both maps vanish
identically. This finishes the proof.

�

Now we look at the construction of canonical (n, 0)-forms. For any point q ∈ T we let

ϕ = ρ(q) ∈ A0,1
(
M0, T

1,0
M0

)
. We have

{
∂ϕ = 1

2 [ϕ,ϕ]

∂
∗
ϕ = 0

where the first equality follows from the fact that ϕ defines an integrable complex structure and
the second equality follows from the above lemma. Let X be the background smooth manifold
and let p ∈ X be any point. Let z = (z1, · · · , zn) be local holomorphic coordinates on M0 around
p. We let

ei = dzi + ϕ(dzi) = dzi + ϕi
l
dzl.

We know that Ω1,0
p M0 = spanC{dzi} and Ω1,0

p Mq = spanC{ei}.
Let Ω0 be a holomorphic (n, 0)-form on M0 such that

cnΩ0 ∧ Ω0 = ωn0(5.1)

where cn = (−1)
n(n−1)

2

(√
−1
2

)n
and ω0 is the Kähler form of the polarized CY metric on M0.

We assume the coordinate z is chosen in the way that

Ω0 = dz1 ∧ · · · ∧ dzn
locally. Let

Ω1 = e1 ∧ · · · ∧ en.
Then

Lemma 5.4. The form Ω1 is a holomorphic (n, 0)-form on Mq.
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This lemma follows from Lemma 3.2 and Lemma 5.3 directly. We also need the following
linear algebraic result.

Lemma 5.5. Let A,B be Hermitian n × n matrices such that A and A − B are both positive

definite and we assume that B is semi-positive definite. Then det(A) ≥ det(A − B) where the

equality holds if and only if B = 0.

Proof. Without loss of generality we first can choose a basis of Cn such that A = In is the
identity matrix and we fix this basis. Since B is Hermitian, we can choose a unitary matrix
U ∈ U(n) such that B = UDU∗ where D is the diagonal matrix with diagonal entries λ1, · · · , λn.
We note that λ1, · · · , λn are the eigenvalues of B. Since B is semi-positive definite we know that
λi ≥ 0 for all i. It follows that A−B = I − UDU∗ = U(I −D)U∗. We know that I −D is the
diagonal matrix with the diagonal entries 1−λ1, · · · , 1−λn. Since A−B is positive definite we
know that 1 − λi > 0. Thus

det(A−B) = det (U(I −D)U∗) = det(I −D) = (1 − λ1) · · · (1 − λn) ≤ 1

since 0 ≤ λi ≤ 1. The equality holds, namely det(A −B) = 1 = detA if any only if λ1 = · · · =
λn = 0. This means D is the zero matrix, namely B is zero.

�

Now we are ready to prove the global Torelli theorem.

Theorem 5.1. Let (M,L) be a polarized CY manifold of dimension n and let T be its Te-

ichmüller space. Let D be the classifying space of variation of Hodge structures according to the

middle cohomology of M . Then the period map Φ : T → D is injective.

Proof. Let Prn0 : Hn(X,C) → Hn,0(M0) be the projection map. We fix any point q ∈ T
which is not 0 and fix the notation of the construction of the canonical (n, 0)-form on Mq as
described after Lemma 5.3.

We know that
Prn0 ([Ω1]) = [Ω0].

Since dΩ0 = dΩ1 = 0, if we let η = Ω1 − Ω0, then dη = 0. Furthermore, since

η ∈ An−1,1(M0) ⊕ · · · ⊕A0,n(M0)

we know

[η] ∈ Hn−1,1(M0) ⊕ · · · ⊕H0,n(M0).(5.2)

We now prove by contradiction. If the lines Fn(M0) and Fn(Mq) coincide, since [Ω0] and [Ω1]
are generators of these lines we know that [Ω1] = c[Ω0] where c is a constant. But we know

[Ω1] = [η] + [Ω0] = c[Ω0].

By using formula (5.2) we know that c = 1 and [η] = 0. This means η = dη′ for some form
η′n−1(X,C). Then we know

cn

∫

X

Ω1 ∧ Ω1 = cn

∫ (
Ω0 + dη′

)
∧ (Ω0 + dη′) = cn

∫

X

Ω0 ∧ Ω0

by using integration by parts and the fact that dΩ0 = 0. Now we let ω0 and ωq be the CY
Kähler forms on M0 and Mq respectively. By the invariance of the CY Kähler forms we know
that ω0 = ωq. By the above formula and formula (5.1) and the CY equation we know

cnΩ1 ∧ Ω1 = ωnq = ωn0 = cnΩ0 ∧ Ω0.(5.3)

Now we look at the CY Kähler forms. On M0 we have the expression

ω0 =

√
−1

2
gijdzi ∧ dzj.(5.4)
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On Mq, by using the local frame ei we have the expression

ωq =

√
−1

2
hijei ∧ ej .(5.5)

Now we have

ei ∧ ej =
(
dzi + ϕi

l
dzl

)
∧

(
dzj + ϕj

k
dzk

)
= dzi ∧ dzj −ϕi

l
ϕj
k
dzk ∧ dzl +ϕi

l
dzl ∧ dzj +ϕj

k
dzi ∧ dzk.

It follows that

ωq =

√
−1

2
hijei ∧ ej =

√
−1

2

(
hij − ϕk

j
ϕl
i
hkl

)
dzi ∧ dzj

+

√
−1

2
ϕi
l
hijdzl ∧ dzj +

√
−1

2
ϕj
k
hijdzi ∧ dzk

=ω0 =

√
−1

2
gijdzi ∧ dzj .

(5.6)

Let G = [gij ], H = [hij ] be the Hermitian matrices and let Ψ =
[
ϕi
j

]
be the matrix where i

is the row index and j is the column index. It follows from the above formula that

G = H − ΨTHΨ(5.7)

and
∑

i

ϕi
j
hil =

∑

i

ϕi
l
hij.(5.8)

Since Ω1 = e1 ∧ · · · ∧ en, by formulas (5.3) and (5.5) we know that det(H) = 1. Similarly by
formulas (5.3) and (5.4) we know that det(G) = 1. Now we note that ΨTHΨ is a semi-positive
definite Hermitian matrix. By formula (5.7) we have the equality

det(H) = 1 = det(G) = det
(
H − ΨTHΨ

)
.

It follows from Lemma 5.5 that ΨTHΨ = 0 which means ϕ = 0. But this means that the
polarized marked complex structure onMq is the same as the one on M0 which is a contradiction.
We finished the proof.

�

As a corollary we have the following holomorphic embedding of the Teichmüller space.

Corollary 5.1. Let (M,L, γ1, · · · , γbn) be a polarized marked CY manifold of dimension n and

let T be its Teichmüller space. Then the canonical family of holomorphic (n, 0)-forms gives an

holomorphic embedding T →֒ PHn(M,C).

The proof follows from Theorem 5.1. We will give a detailed argument in [24].

6. Global Torelli of the Teichmüller Space of Polarized Hyper-Kähler

Manifolds

We note that the method we used in the above section can be used to prove the global Torelli
theorem for polarized algebraic Hyper-Kähler manifolds including the case of K3 surfaces. We
briefly explain it now. In this case we consider the period map from the Teichmüller space
of polarized hyper-Kähler manifolds to the classifying space of the second cohomology of the
hyper-Kähler manifolds.

Let M0 be a hyper-Kähler manifold of dimension dimC M0 = 2m = n ≥ 4. Let X be the
underlying smooth manifold. We let L be an ample line bundle over M0 and let T = TL be the
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Teichmüller space of M0 fixing the polarization L. Let ω = ωg be the CY metric in the class
c1(L). By the Kodaira-Spencer theory we have the identification

T 1,0
0 T ∼= H0,1

L

(
M0, T

1,0
M0

)
=

{
ϕ ∈ H0,1

(
M0, T

1,0
M0

) ∣∣∣∣[ϕyω] = 0

}
.(6.1)

By Lemma 3.4 we know that if ϕ ∈ H
0,1
L

(
M0, T

1,0
M0

)
is harmonic, then ϕyω is a harmonic

(0, 2)-form. Thus we have the identification

T 1,0
0 T ∼= H

0,1
L

(
M0, T

1,0
M0

)
=

{
ϕ ∈ H

0,1
L

(
M0, T

1,0
M0

) ∣∣∣∣ϕyω = 0

}
.(6.2)

Furthermore, we have

H1,1
pr (M0) ∼= H1,1

pr (M0) =
{
η ∈ H1,1(M0) | η ∧ ωn−1 = 0

}
.(6.3)

In local coordinates if η =
∑

i,j ηijdzi ∧ dzj and ω =
√
−1
2

∑
i,j gijdzi ∧ dzj , then η ∧ ωn−1 = 0

if and only if gijηij = 0. We note that the definition of primitivity extends to all smooth

(1, 1)-forms.
Now we let D be the classifying space of weight two Hodge structures given by the data

of H2
pr(M0,C) and let Φ : T → D be the period map. Here we use the bilinear form Q on

H2
pr(M0,C) given by Q(u, v) = −

∫
M0

u ∧ v ∧ ωn−2 for any u, v ∈ H2
pr(M0,C).

Similar to the case of K3 surfaces we know that the classifying space

D ∼= SO0(2, N)/SO(2) × SO(N)

where N = dimC T = h1,1(M0) − 1.
We now prove the global Torelli theorem for the Teichmüller space of polarized algebraic

Hyper-Kähler manifolds.

Theorem 6.1. The period map

Φ : T → D

is injective.

Proof. We fix a point 0 ∈ T and let q ∈ T be another point. Let ω0 and ωq be the Kähler
forms of the polarized CY metrics on M0 and Mq respectively. It follows from the proof of
Theorem 3.4 and formula (6.1) that ω0 = ωq. Now we consider the lines F 2(M0) = H2,0(M0)
and F 2(Mq) = H2,0(Mq). It is enough to show that these two lines do not coincide. Let
Ω0 by a nowhere vanishing holomorphic (2, 0)-form on M0 and let Ω1 be a nowhere vanishing
holomorphic (2, 0)-form on Mq. If the lines F 2(M0) and F 2(Mq) coincide, since [Ω0] and [Ω1]
are the generators of these lines we know [Ω1] = c[Ω0] for some constant c. Thus

[Ωm
1 ] = [Ω1]

m = cm[Ω0]
m = cm[Ωm

0 ].

Since [Ωm
0 ] and [Ωm

1 ] are generators of Fn(M0) and Fn(Mq) respectively, by Remark 2.1 we know
that these two lines coincide which contradicts Theorem 5.1. We finished the proof.

�

7. Appendix

In fact the conditions in Theorem 5.1 are crucial. To explain this, let us first look at different
type of global Torelli problems for CY manifolds. We have

(1) Biregular Torelli Problem: Let X and Y be two CY manifolds of the same dimension
n such that there is a Hodge isometry:

Φ : (Hn (X,Z) /Tor,Q) → (Hn (Y,Z) /Tor,Q)

where Q is the Hodge-Riemann bilinear form. Is X isomorphic to Y ?
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(2) Birational Torelli Problem: LetX and Y be two CY manifolds of the same dimension
n such that there is a Hodge isometry:

Φ : (Hn (X,Z) /Tor,Q) → (Hn (Y,Z) /Tor,Q) .

Is X birational to Y ?
(3) Polarized Torelli Problem: Let (X,L) and (Y,M) be polarized CY manifolds such

that there is a Hodge isometry

Φ : (Hn (X,Z) /Tor,Q) → (Hn (Y,Z) /Tor,Q)

such that Φ([L]) = [M ]. Is (X,L) isomorphic to (Y,M) as a polarized variety?
(4) Polarized Torelli Problem for marked CY manifolds: Let {γ1, · · · , γbn} and

{δ1, · · · , δbn} be bases of Hn (X,Z) /Tor and Hn (Y,Z) /Tor and let L and M and po-
larization classes of CY manifold X and Y . Let

Φ : (X,L, γ1, · · · , γbn) → (Y,M, δ1, · · · , δbn)

be a Hodge isometry such that ϕ([γi]) = [δi] and ϕ([L]) = [M ]. Is X isomorphic to Y
are polarized marked CY manifolds?

The polarized Torelli problem is essentially the global Torelli problem on the level of moduli
spaces. Let (M,L) be a polarized CY manifold of dimension dimCM = n and let M = ML(M)
be the moduli space. Let D be the classifying space of polarized variation of primitive Hodge
structures according to the data of Hn(M,C) as described in Section 4. Let ΓL be the mapping
class group which fixes the polarization L. The group ΓL acts on Hn(M,Z) and the period map

Φ induces a map Φ∗ : ΓL → GZ. Let Γ̃L = Φ∗ (ΓL) ⊂ GZ be the image.

The period map Φ : TL(M) → D descends down to the period map Φ̃ on the moduli level:

Φ̃ : M → D/Γ̃L.

The polarized Torelli problem asks whether the map Φ̃ is injective or not.
The polarized Torelli problem of marked CY manifolds is what we studied in this paper. This

is the global Torelli problem on the level of Teichmüller spaces. Let (M,L, γ1, · · · , γbN ) be a
marked polarized CY manifold and let T = TL(M) be the Teichmüller space. Assume that there
exists a universal family

π : X → T
of marked polarized CY manifolds and let Φ : T → D be the period map which assigns to each
point p ∈ T the corresponding Hodge decomposition of Hn

pr (Mo,C) which is a point in D. The
polarized Torelli problem of marked CY manifolds asks whether the period map Φ is injective or
not on each component of T . Theorem 5.1 asserts that the answer to this question is positive.

If we drop the conditions of fixing marking and polarization in Theorem 5.1 then we are
dealing with the biregular and birational Torelli problems. In [11] Debarre constructed a pair of
birationally equivalent irreducible holomorphic symplectic manifolds which are not isomorphic.
This gave a example that the biregular Torelli problem fails. In this case both the polarization
and the marking are changed.

In [30] Namikawa constructed examples by looking at the complex 2 torus and its dual. These
examples showed that the birational Torelli problem and polarized Torelli problem fail. In both
examples, the marking is not preserved.

In fact we have

Theorem 7.1. Let (M,L) be a polarized CY manifold and let ψ : M →M be a birational map

such that ψ(L) = L. Then ψ is a biholomorphic map.

This theorem follows from the fact that ψ preserves the holomorphic sections of Lm. Since
the singular set of ψ is complex codimension 2 or above, this fact follows from Hartogs extension
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theorem. This theorem gives many examples that the polarized Torelli problem fails. In this
case, the marking is not preserved.

In [33] and [34] Szendröi gave counter-examples to the weak Torelli problem. In those cases,
the marking is not preserved.

The failure of local Torelli problem also gives counter-examples to polarized Torelli Problem.
For examples there exists surfaces with pg = 1 such that

dim Φ−1(Φ(x)) > 1

where Φ is the period map. Of course we do have the local Torelli theorem in our case due to
Corollary 3.3.

In [3] Aspinwall and Morrison constructed a one-parameter family of CY threefolds by taking
the quotient of quintics in P4 by finite groups. This example was studied by Szendröi in [35] and
he showed that this family provided a counter-example to the polarized Torelli problem. In fact
Aspinwall and Morisson constructed a CY threefold X such that it has one dimensional moduli
space which is isomorphic P1\{1, ζ, · · · , ζ4,∞}, where ζ is a primitive root unity of degree five,
and rk (Pic(X)) = 1. Over the universal cover h of P1\{1, ζ, · · · , ζ4,∞} there exists a universal

family of polarized marked CY manifolds. In this case the map Φ∗ : ΓL → Γ̃L is not injective
and thus the polarized Torelli problem fails. In this case the marking is not preserved.
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