6. Bochner formulas and basic vanishing theorems IIT !

1. Bochner formulas on K&hler manifolds. Let (M,w) be a compact Kidher manifold.
If V is the complexifiied Levi-Civita connection and V = V' 4+ V”. The formal adjoint operators
of V', V" and V with respect to the Kahler metric are denoted by ¢’, ¢”"and ¢. For any ¢ €
(M, AP9T*M) and u € T'(M, AP~59T* M),

(V)= [ Vung=- [ C1prunv g = [ wnslT0 = -9 xg)
M M M

that is
8 = — x V'

Similarly, we have
'"=—%xV'x and J=—xVx

Now we consider the (1, 1) operator L defined by
Lu=wAu

and its adjoint operator is A:
(u, Av) = (Lu,v)

Lemma 0.1. We have _
0, L) =+v—10, [0",L]=—/—10
A, 0] = —vV/—10*, [\, 0] =+—-10

and

(6", L] = V-1V, 6/, L] = —/—1V"
A, V'] =—vV-18, [AV]=v-1

Proof. We just prove the identities for V. We have w = g;dz" A dz’. Then
L(p:w/\@:ggdzi/\dzj/\dzl/\dz"

Now we set

Lo =T, S dZO N NdEPANAFON - N dF

i0-ipJo g

where

p q
o +s+t _ -
jjiO"'ipjo"'jq - ( 1)p Z ZgiSjtSOiO"‘i;"'ipgo"';t‘jq
s=0 t=0
On the other hand
8"(Lp) = —g*ig, Vi(Lp) = (=1)°¢"ViT, o 55,5, 420 A - Adz? NAF A - A dZ

that is

p q ) . . . .
0"(Lp) = (=1 >N 9715, i, G20 N NP NAEN N dZ

lj13¢dq
s=0 t=1
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The second part is

(—1)svisgpio_._is__.ipdzi0 N A dzip A dz]l NN dziq — VIQD

Similarly )
L(O"¢) = LU= 9"V aps gy, g, A2 N oo dz NdZ o dZP)
P q
[ 1\s+t ke _ R N 1 R i I A L g
= (-1) ; ; g glst¢io---isip8jl---jtjqdz Ao ANdz" NdZPP N - N dZ'

Then we have
0" L] = v—1V'

Here we add the v/—1 in the operator L. The other identities are the conjugate and adjoint of
this. 0

Corollary 0.2. If (X,w) is a Kdhler manifold, then
J0+08 =09 +00" =0
and )
Ny =Ag=-Ay
2
Theorem 0.3. Az, Ay and A; commute with all operators *, 0, 9, 0%, 8, L and A.
Proof. By the Kéahler identities above. O]

Theorem 0.4. We have
A// — A/

Proof. We have

A” — 5//v// + vl/(;/l

—V=1(AV' = V'A)V" — V=1V"(AV' — V'A)

= —V—IAVV 4+ V=1V (—V=18'V"A) — V=1(V/=18 + AV")V' + V/-1V"V'A
A/ + \/__1[v//v/ + VUV/, A]

= A

for
[V'V'+ V"V’ A] = 0(Ezercise!)

We should notice that V' and V" are not the (Chern) connections on T*"0AM and T*%! M. O

2. Bochner formulas on holomorphic vector bundles over compact Kahler manifolds.
If (E,h,V¥) is a holomorphic vector bundle over a compact Kihler manifold (M,w) with Chern
connection V¥, then we have the decomposition

vE — v/ + v//

As above, the formal adjoint operators ¢’, 8" could be defined similarly.



Lemma 0.5. We have

0" L] = v—1V', [0, L] = —v/—1V"
A, V' =—v=18, [AV]=V-1¢"
Proof. The proof is the same as Lemma 0.1. [

Theorem 0.6. We have
A=A+ v—l[@E,A]

Proof. We have

A = A+ VEINV'V + V'V A
= A +/=1[67 A

for OF = V"V’ + V'V". O
3. Basic vanishing Theorems.
Lemma 0.7. Let (M,w) be a compact Kihler manifold. Then
(L, AJlu=(p+qg—n)u
if u e (M, AP9T* M),

Theorem 0.8 (Dolbeault).
HE9(M, B) = (M, (E))

Theorem 0.9 (Serre duality). The bilinear pairing
HP(X,E) x H"™P"=U(X,E*) — C,  (s,t) — / sAt
M

1S a non-degenerate, i.e.
HPY(X E)= HVP" X, E)*

Now we can give the statement the following theorem

Theorem 0.10 (Kodaira-Nakano). Let L be a holomorphic line bundle on the compact complex
manifold M.
(a) If L is negative, then

HP(M,L) =0 for p+qg<n
(b) If E is positive, then
HP(M,L) =0 for p+qg>n

Proof. The part (b) is the Serre duality of (a), so we need to prove (a). Let L be a negative line
bundle and choose a Kéahler metric on M, such that the Kéahler form satisfies

w=—v—16"
Then for any u € I'(M, AP9T*M ® L) we have

<[\/__1@L7 A]uv U> = _(p +q— n)|u|2



That is

([V=16% Alu,u) = =(p + ¢ — n)||ul’
So if u € HP(X, L), then by the Bochner formula

(A"u,u) = (A, u) + (V-1[0%, Alu, u)

we have
0> (V=10 Alu,u) = —=(p + g —n)|ul®
Thatisu=0if p+ g < n. ]

Corollary 0.11. If L is negative, then
HY(M,Q(L)) =0, for q#n
Corollary 0.12. If K}, ® L s positive, then
HY(M,Q°(L)) =0, for q#0
Proof. For we have
HY(M,Q°(L)) = H*(M,E) = H™ 9(M,L*) = H" 9(M,Q"® L*) = H" (M, Ky ® L*)
Since K}, ® L is positive, we get K); ® L* is negative. O]
5. Generalizations of the Nakano Vanishing Theorems.

Definition 0.13. Let M ba a compact complex manifold and L a hermitian holomorphic line
bundle on M. E is said to be k-positive(resp. k-negative) at the point = € M if the Chern
curvature y/—10% is semi-positive( resp. semi-negative) and has at least n — k positive (resp.
negative) eigenvalues at x. A holomorphic line bundle on M is said to be k-positive (resp. negative)
if it carries a hermitian metric that is k-positive (resp. negative) at all points of M.

Theorem 0.14 (Gibrau). Let (M,w) be a connected compact Kdhler manifold and L a k-positive
hermitian holomorphic line bundle on X. Then we have

HP(M,L)=0 forp+q>n-+k
Proof. Let’s consider a new Kahler metric on M given by
we = ew + vV—16F

Then we have
V —1@L =V —1 Zvjwj /\wj

and

We = v =1 Z(G + ’)/j)wj /\@j

for some orthonormal basis (wy, - - ,w,)( with respect to w) of T*M . Then we have
We = \/—1an AT,
J

where

= /€ + 5w



then (11, -+ ,7n,) is an orthonormal basis with respect to Kahler metric w.. Then we have

V108 = V=T e AT
J

with respect to the Kahler metric w. where

Y5
c=——¢€10,1
3, e+ [0,1)

Now we denote the operators and inner product with respect to the new metric w, by the index
€. Then we have

(V=10" Adu,u)e = (e + - + g = Wprre = =+ = ) |uf?

On the other hand we have
O<’7k+1§’7j lf]Zk‘f‘l

then
1 1 €
L+e/v; = 141/ Ve+1

Vi.e

Then we have

(WV=10" Adu,u)e > ((g—k)(1— ) = (n—p))|ul?
Vk+1
= (p+q—n—k—(qg—k)—)uf
V41
So if we choose € such that
pt+q—n—k—(qg—k) >0
Yk+1
that is N .
_n — .
0<e< %g&lﬂgwﬂ(ﬂﬁ)
then we have u € HP9(M,L) then u=0ifp+ ¢ >n+ k. ]

Corollary 0.15. Let (M,w) be a connected compact Kdihler manifold and L a k-negative hermitian
holomorphic line bundle on X. Then we have

HPYM,L)=0 forp+q<n-—k
5. Applications-Vanishing theorems on P". On P", we have
Kpn = det T*'P" = A"T*1P" = Opn(—n — 1)
Theorem 0.16. We have the following vanishing results for HP4(P", Opn (1)) = 0:
(1) p+g<n,r<0;
(2) p+qg>n,r>0;
3) p=0,g#0,r >—n—1;

(4) p=n,g#n,r<n-+1.



Proof. (1) and (2) is by vanishing theorems directly. (4) is the Serre dual of (3). For (3), we have

HYU(P" Opn(r)) = H™ 9(P", Opn(—71)) = H" 1(P", Q°(—r—n—1)) = H*""Y(P", Opn(—n—1-—7))

O
Corollary 0.17. H%(P", T*9P") =0 fori # 0, 1.
Proof. By Kodaira-Serre duality we have
HY(P", TYP") = H"'(P", Kp» @ T*P") = H"*(P",Q'(-n—1)) =0
O
We know that HO(P!, TH0P!) = C3.
Corollary 0.18. H%'(P! T1OP!) = 0.
Proof. We need
HY (P, THPY = HO(P', Opn(—4)) =0
O

On P!, we get
H(P',C) = HY'(P',C) = C, H°(P',T"P')=C’ HYW (P, TYP)=C
HOL(P,C) = HYO(PL,C) =0, HOY(PL,TYOPY) = HYY(PY, TYOM) = 0
6. Exercise: If (M,w) is a Kdhler manifold, then
V'V'+ V"'V Al =0

Hint: Use the second method in Lemma 0.1. The Key point is the Kahler condition. We will see
that if M is non-Kéhler, A” # A’.



