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Abstract

In this paper we study the motion of relativistic strings in the Minkowski space R1+n which

is governed by n nonlinear partial differential equations of second order. Surprisingly, we obtain

a general solution formula for this complicated system of nonlinear equations. Furthermore,

based on this solution formula, we show that the motion of closed strings is always time-

periodic. We further extend our solution formula to finite relativistic strings.
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1 Introduction

In particle physics, the string model is frequently used to study the structure of hardrons. A free

string is a one-dimensional physical object whose motion is represented by a time-like surface. In

this paper, we study the nonlinear dynamics of relativistic strings moving in the Minkowski space

R1+n (n ≥ 2). Let X = (t, x1, · · · , xn) be a position vector of a point in the (1 + n)-dimensional

Minkowski space R1+n. Consider the motion of a relativistic string and let xi = xi(t, θ) (i =

1, · · · , n) be the local equation of its world surface, where (t, θ) are the the surface parameters.

The equations governing the motion of the string read (see [13])

|xθ|2xtt − 2〈xt, xθ〉xtθ + (|xt|2 − 1)xθθ = 0. (1.1)

The system (1.1) contains n nonlinear partial differential equations of second order. These equa-

tions also describe the extremal surfaces in the Minkowski space R1+n. Consider the Cauchy

problem for the equations (1.1) with the following initial data

t = 0 : x = p(θ), xt = q(θ), (1.2)

where p is a given C2 vector-valued function and q is a given C1 vector-valued function. The Cauchy

problem (1.1)-(1.2) describes the motion of a free relativistic string in the Minkowski space R1+n

with the initial position p(θ) and initial velocity (in the classical sense) q(θ). In particular, when

p(θ) and q(θ) are periodic, the string under consideration is a closed one. Although it has shown

that the global smooth solution of the Cauchy problem (1.1)-(1.2) exists and is unique (see [13]),

the closed form expression of the solution remains as a difficult open problem, this is due to the

fact that the system (1.1) is highly nonlinear and contains n partial differential equations of second

order.

It is well known that closed form representations of solutions for partial differential equations

are very important and fundamental in both mathematical analysis and physical understanding.

Unfortunately, nonlinear partial differential equations in general do not possess representations of

solutions in closed form. Surprisingly, in this paper, we discover a general solution formula in closed

form for this set of n nonlinear partial differential equations of second order. By introducing a new

concept of generalized time-periodic function, we prove that, if the initial data is periodic, then the

smooth solution of the Cauchy problem (1.1)-(1.2) is generalized time-periodic, namely, the space-

periodicity also implies the time-periodicity. This fact yields an interesting physical phenomenon:

the motion of closed strings is always generalized time-periodic. We further extend our result to the

initial-boundary value problems for finite strings with homogenous Dirichlet boundary conditions
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at their end points. We also present a new method to solve the initial-boundary value problems

for strings with the inhomogenous Dirichlet boundary conditions. This kind of problem plays an

important role in the string theory and particle physics. The key of this method is to establish a

characteristic-quadrilateral identity (see Theorem 6.2). Several concrete examples are presented.

Kibble and Turok showed a very interesting result: any initially static string will collapse after

half an oscillation period, and there exist solutions in which the strings never self-intersect (see

[12]). Here we would like to point out that our solution formula can be used to investigate the

self-intersection of general closed strings including initially static or non-static strings. We show

that initially non-static strings may also collapse in finite time.

The paper is organized as follows. Some basic properties of the system (1.1) are briefly sum-

marized in Section 2. Section 3 is devoted to deriving the solution formula. In Section 4 we

study the generalized time-periodicity property of closed relativistic strings, and show that the

space-periodicity also implies the time-periodicity for the classical solution of the Cauchy problem

(1.1)-(1.2). In Section 5, we derive the solution formula for the initial-boundary value problems for

the system (1.1) with homogenous Dirichlet boundary conditions. However, the solution formula in

Section 5 can not be extended to finite relativistic strings with inhomogenous boundary conditions

at their end points. For such systems, a new solution method is developed in Section 6. In Section

7 we show several concrete examples to illustrate the main results. A summary and discussions

are given in Section 8.

2 Preliminaries

In this section we recall some basic properties of the dynamics of relativistic strings.

Let

Λ±(θ) =
1

|p′(θ)|2
(
−〈q(θ), p′(θ)〉 ±

√
〈q(θ), p′(θ)〉2 − (|q(θ)|2 − 1)|p′(θ)|2

)
(2.1)

and

L (θ) = 〈q(θ), p′(θ)〉2 − (|q(θ)|2 − 1)|p′(θ)|2. (2.2)

Here Λ±(θ) are the initial characteristic propagation speeds of the point parameterized by θ, and

L (θ) is the Lagrangian energy density. The following theorem on the existence and uniqueness of

the global smooth solution has been proved in [13]:

Theorem A Suppose that there exist two constants Λ∗ and Λ∗ such that

Λ∗ ≤ Λ±(θ) ≤ Λ∗ and Λ−(θ) < Λ+(θ), ∀ θ ∈ R. (2.3)
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Then the Cauchy problem (1.1)-(1.2) admits a unique global C2 solution x = x(t, θ) on R+×R, if

and only if, for every fixed θ2 ∈ R, it holds that

Λ−(θ1) < Λ+(θ2), ∀ θ1 ∈ (−∞, θ2). (2.4)

Moreover, under the assumptions (2.3)-(2.4), the global C2 solution x = x(t, θ) satisfies that, for

any arbitrary fixed (t, θ) ∈ R+ × R, either xθ(t, θ) = 0 or

〈xt(t, θ), xθ(t, θ)〉2 − (|xt(t, θ)|2 − 1)|xθ(t, θ)|2 > 0. (2.5)

As a consequence, when the initial data (1.2) is periodic, Theorem A can be restated in the

following form.

Theorem B Suppose that the initial data p(θ) and q(θ) are periodic functions with a period P,

and

L (θ) > 0, ∀ θ ∈ [0,P]. (2.6)

Then the Cauchy problem (1.1)-(1.2) admits a unique global C2 solution x = x(t, θ) on R+×R, if

and only if,

max
θ∈[0,P]

Λ−(θ) < min
θ∈[0,P]

Λ+(θ). (2.7)

Moreover, under the assumptions (2.6)-(2.7), the global C2 solution x = x(t, θ) satisfies that, for

any arbitrary fixed (t, θ) ∈ R+ × R, either xθ(t, θ) = 0 or

〈xt(t, θ), xθ(t, θ)〉2 − (|xt(t, θ)|2 − 1)|xθ(t, θ)|2 > 0. (2.8)

The first inequality in (2.3) implies that the initial characteristic speeds are bounded, and the

second one implies that the initial moving speed (in the sense of relativity) of the string is less

than the speed of light. The inequality (2.4) is a necessary and sufficient condition that guarantees

the global existence of the extremal surface which contains no space-like or light-like points, but

may contain singular points.

Let

u = xt, v = xθ, (2.9)

where u = (u1, · · · , un) and v = (v1, · · · , vn). Then (1.1) can be equivalently rewritten as




ut − 2〈u, v〉
|v|2 uθ +

|u|2 − 1
|v|2 vθ = 0,

vt − uθ = 0

(2.10)
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for classical solutions, provided that |v|2 > 0. Setting U = (u, v)T , we can rewrite (2.10) as

Ut + A(U)Uθ = 0, (2.11)

where

A(U) =



−2〈u, v〉

|v|2 In×n
|u|2 − 1
|v|2 In×n

−In×n 0


 . (2.12)

By a direct calculation, the eigenvalues of A(U) are

λ1 ≡ · · · ≡ λn = λ−, λn+1 ≡ · · · ≡ λ2n = λ+, (2.13)

where

λ± =
1
|v|2

(
−〈u, v〉 ±

√
〈u, v〉2 − (|u|2 − 1)|v|2

)
. (2.14)

By [13], the characteristic fields λ± are linearly degenerate in the sense of Lax (cf. [15]), and the

system (2.11) is rich (cf. [19]). The Riemann invariants for the system (2.11) constructed in [13]

are

Ri = ui + λ−vi, Ri+n = ui + λ+vi (i = 1, · · · , n). (2.15)

They satisfy
∂Ri

∂t
+ λ+

∂Ri

∂θ
= 0,

∂Ri+n

∂t
+ λ−

∂Ri+n

∂θ
= 0 (i = 1, · · · , n). (2.16)

Our recent work showed an important fact that λ± satisfy the following equations (see [13])

∂λ−
∂t

+ λ+
∂λ−
∂θ

= 0,
∂λ+

∂t
+ λ−

∂λ+

∂θ
= 0. (2.17)

Consider the Cauchy problem for the system (2.17) with the following initial data

t = 0 : λ± = Λ±(θ), (2.18)

where Λ±(θ) are defined by (2.1). Define

ρ(θ) =
∫ θ

0

2
Λ+(ξ)− Λ−(ξ)

dξ (2.19)

and

Θ(t, σ) =
1
2

∫ σ+t

0

Λ+(%(ξ))dξ − 1
2

∫ σ−t

0

Λ−(%(ξ))dξ. (2.20)

Let θ = %(σ) be the inverse function of σ = ρ(θ) and η = Φ(t, θ) be the inverse function of

θ = Θ(t, η). The solution of the Cauchy problem (2.17)-(2.18) can be expressed as (cf. [13])

λ±(t, θ) = Λ±(%(Φ(t, θ)± t)). (2.21)
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Consider the Cauchy problem for the system (2.16) with the initial data

t = 0 :





Ri = qi(θ) + Λ−(θ)p′i(θ)
4
= R0

i (θ),

Ri+n = qi(θ) + Λ+(θ)p′i(θ)
4
= R0

i+n(θ)
(i = 1, · · · , n), (2.22)

where pi and qi are the i-th components of p and q, respectively. The solution of the Cauchy

problem (2.16), (2.22) reads

Ri(t, θ) = R0
i (%(Φ(t, θ)− t)), Ri+n(t, θ) = R0

i+n(%(Φ(t, θ) + t)) (i = 1, · · · , n). (2.23)

In terms of λ±(t, θ) and Rj(t, θ) (j = 1, · · · , 2n), the solution of the Cauchy problem (1.1)-(1.2) is

given by (cf. [13])

x(t, θ) = p(θ) +
∫ t

0

u(s, θ)ds, (2.24)

where u = (u1, · · · , un) and

ui =
λ+(t, θ)Ri(t, θ)− λ−(t, θ)Ri+n(t, θ)

λ+(t, θ)− λ−(t, θ)
(i = 1, · · · , n). (2.25)

The expression (2.24) involves two independent and arbitrary vector-valued functions, p(x) and

q(x), of general solution of the system (1.1), where p(x) and q(x) should be chosen such that the

conditions (2.3)-(2.4) are satisfied. However, (2.24) is only a formal solution. It is difficult to

analyze the properties of the solution of the Cauchy problem (1.1)-(1.2) from the representation

(2.24). Therefore, in the next section we develop a parametric form of the solution formula (2.24)

which allows us to analyze the time-periodicity and other properties of the solution of the Cauchy

problem (1.1)-(1.2).

3 Solution formula in parametric form

In this section, we develop a parametric version of the solution formula (2.24) of the Cauchy

problem (1.1)-(1.2). In this paper, we assume that (2.3)-(2.4) hold.

Introduce two new variables θ±(t, θ), which are determined by

σ ± t =
∫ θ±

0

2
Λ+(ζ)− Λ−(ζ)

dζ, (3.1)

where, as before, σ = Φ(t, θ) is the inverse function of θ = Θ(t, σ). It follows from (3.1) that

t =
∫ θ+

θ−

1
Λ+(ζ)− Λ−(ζ)

dζ. (3.2)

In terms of θ±, the equation (2.20) can be written as

θ =
∫ θ+

0

Λ+(ζ)
Λ+(ζ)− Λ−(ζ)

dζ −
∫ θ−

0

Λ−(ζ)
Λ+(ζ)− Λ−(ζ)

dζ. (3.3)
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This is equivalent to

∫ θ+

θ

Λ+(ζ)
Λ+(ζ)− Λ−(ζ)

dζ =
∫ θ−

θ

Λ−(ζ)
Λ+(ζ)− Λ−(ζ)

dζ. (3.4)

Define

Λ±+(t, θ) = Λ+(θ±(t, θ)), Λ±−(t, θ) = Λ−(θ±(t, θ)). (3.5)

Then, (2.25) becomes

ui(t, θ) =
Λ+

+(q−i + Λ−−p′−i )− Λ−−(q+
i + Λ+

+p′+i )
Λ+

+ − Λ−−
(i = 1, · · · , n), (3.6)

where

q±i = qi(θ±), p′±i = p′i(θ±), (3.7)

in which pi and qi are the i-th components of the initial data p and q, respectively. The component

form of (2.24) is

xi(t, θ) = pi(θ) +
∫ t

0

ui(τ, θ)dτ (i = 1, · · · , n). (3.8)

In what follow, by means of θ− and θ+, we derive the representation of the integral
∫ t

0
ui(τ, θ)dτ .

Differentiating both sides of (3.2) gives

dt =
1

Λ+
+ − Λ+

−
dθ+ − 1

Λ−+ − Λ−−
dθ−. (3.9)

Hence it follows from (3.6) that

∫ t

0

ui(τ, θ)dτ =
∫ θ+

θ

Gi(τ, θ)

{
1

Λ+
+(τ, θ)− Λ+

−(τ, θ)
− 1

Λ−+(τ, θ)− Λ−−(τ, θ)
dθ̃−
dθ̃+

}
dθ̃+, (3.10)

where

Gi(τ, θ) =
Λ+

+(q−i + Λ−−p′−i )− Λ−−(q+
i + Λ+

+p′+i )
Λ+

+ − Λ−−
(τ, θ) (3.11)

and

τ =
∫ eθ+

eθ−

1
Λ+(ζ)− Λ−(ζ)

dζ. (3.12)

Notice that, for any fixed θ, the relation between θ+ and θ− are determined by (3.4). Then it

follows from (3.4) that
Λ+

+

Λ+
+ − Λ+

−
dθ+ =

Λ−−
Λ−+ − Λ−−

dθ−,

namely,
dθ−
dθ+

=
Λ+

+(Λ−+ − Λ−−)
Λ−−(Λ+

+ − Λ+
−)

. (3.13)
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Substituting (3.13) into (3.10) leads to

∫ t

0

ui(τ, θ)dτ =
∫ θ+

θ

Gi(τ, θ)
Λ+

+(τ, θ)− Λ+
−(τ, θ)

(
1− Λ+

+(τ, θ)
Λ−−(τ, θ)

)
dθ̃+

= −
∫ θ+

θ

Λ+
+(q−i + Λ−−p′−i )− Λ−−(q+

i + Λ+
+p′+i )

Λ−−(Λ+
+ − Λ+

−)
(τ, θ)dθ̃+

=
∫ θ+

θ

q+
i + Λ+

+p′+i
Λ+

+ − Λ+
−

(τ, θ)dθ̃+ −
∫ θ+

θ

Λ+
+(q−i + Λ−−p′−i )
Λ−−(Λ+

+ − Λ+
−)

(τ, θ)dθ̃+

=
∫ θ+

θ

q+
i + Λ+

+p′+i
Λ+

+ − Λ+
−

(τ, θ)dθ̃+ −
∫ θ−

θ

q−i + Λ−−p′−i
Λ−+ − Λ−−

(τ, θ)dθ̃−

=
∫ θ+

θ

qi + Λ+p′i
Λ+ − Λ−

(ζ)dζ −
∫ θ−

θ

qi + Λ−p′i
Λ+ − Λ−

(ζ)dζ,

(3.14)

where, from the third equality to the fourth equality in (3.14), we have applied (3.13) to the second

integral. Therefore, noting (2.1), we obtain from (3.14) that

∫ t

0

ui(τ, θ)dτ =
1
2

∫ θ+

θ−

|p′(ζ)|2qi(ζ)− 〈q(ζ), p′(ζ)〉p′i(ζ)√
〈q(ζ), p′(ζ)〉2 − (|q(ζ)|2 − 1)|p′(ζ)|2 dζ+

1
2

{∫ θ+

θ

p′i(ζ)dζ +
∫ θ−

θ

p′i(ζ)dζ

}
.

(3.15)

Substituting (3.15) into (3.8) yields

xi(t, θ) =
pi(θ+) + pi(θ−)

2
+

1
2

∫ θ+

θ−

|p′(ζ)|2qi(ζ)− 〈q(ζ), p′(ζ)〉p′i(ζ)√
〈q(ζ), p′(ζ)〉2 − (|q(ζ)|2 − 1)|p′(ζ)|2 dζ. (3.16)

This gives a parametric version of the solution formula (2.24). The formula (3.16) has the following

advantages:

(a) For arbitrary fixed θ, by (3.2) and (3.4), we observe that θ± are the functions of t ∈ R+.

Therefore, (3.16) gives an exact description on the trajectory of the point θ on the string.

(b) The parametric form also has advantages in numerical evaluation. To vary t and θ, we can

simply vary θ+ and θ−. Then we can determine the value of x(t, θ) in the whole (t, θ)-plane by

(3.2), (3.4) and (3.16). The periodicity of x(t, θ), which we will establish in Section 4, implies that

we only need to evaluate the expressions (3.2), (3.4) and (3.16) for one period only. This will make

the evaluation even much fast and more accurate.

Summarizing the above argument gives

Theorem 3.1 Under the assumptions (2.3)-(2.4), the Cauchy problem (1.1)-(1.2) admits a unique

global C2 solution x = x(t, θ) on R+×R, and this solution can be expressed by (3.16), where θ±(t, θ)

are determined by (3.2) and (3.4).
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Remark 3.1 The extremal surfaces in the Minkowski space include the following four types: space-

like, time-like, light-like or mixed types. The surface defined by the solution (3.16) of the Cauchy

problem (1.1)-(1.2) is globally time-like. The space-like extremal surfaces in the Minkowski space

are essentially regarded as minimal surfaces in the Euclidean space. The Bjorling problem in

classical differential geometry is a geometrical problem of constructing an extremal surface which

passes through a given curve and is tangent to a family of planes given along that curve. Coordinates

of the minimal surface in the three-dimensional Euclidean space are defined by the Schwarz formula

(see [9]); and for general n-dimensional Euclidean space, by the Beckenbach formula (see [3]):

xi(z, w) =
xi(z) + xi(w)

2
+
√−1

2

n∑

j=1

∫ z

w

Zijdxj . (3.17)

where z and w are complex variables. This surface passes through a given curve whose coordinates

xi(·) are analytic functions. The planes tangent to the minimal surface have, along this curve,

direction cosine given by analytic functions Zij(·):

ZijZij′ = δjj′ , Zij = −Zji.

The direction cosine Zij can be expressed by the metric tensor and vectors tangent to the surface:

Zij =
1√
g

∂(xi, xj)
∂(z, w)

. (3.18)

Inserting (3.18) into (3.17) gives the Euclidean analog of the formula (3.16).

Remark 3.2 The solution formula (3.16) of the Cauchy problem (1.1)-(1.2) in the relativistic

string theory represents reformulation for the hyperbolic (time-like) case of the Bjorling problem in

the Minkowski space. However, the formula (3.17) gives reformulation for the elliptic (space-like)

case of the Bjorling problem. Equations (3.16) and (3.17) are the counterparts of time-like and

space-like extremal surfaces, respectively, in the framework of Bjorling problem in the Minkowski

space.

Now we would like to provide a geometric interpretation of the new variables θ±(t, θ). To do

so, we consider the Cauchy problem (2.17)-(2.18). For every fixed point (t, θ) in the domain where

the smooth solution exists, we can draw two characteristics passing through the point (t, θ). It

follows from the first inequality in (2.3) that these two characteristics intersect the θ-axis at two

points, denoted by (0, α(t, θ)) and (0, β(t, θ)) respectively, where (0, α(t, θ)) (resp. (0, β(t, θ))) is

the intersection point of the θ-axis with the fast (resp. slow) characteristic passing through the

point (t, θ). Obviously,

α(t, θ) ≤ β(t, θ).
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Such (α, β) are called the characteristic coordinates of the point (t, θ). On the other hand, for

any given (α, β) with α ≤ β, we may draw the fast (resp. slow) characteristic passing through the

point (0, α) (resp. (0, β)). Under the assumptions of (2.3) and (2.4), these two characteristics must

intersect and we denote the intersection point by (t, θ). By the standard method of characteristics,

it is easy to prove

t =
∫ β

α

dζ

Λ+(ζ)− Λ−(ζ)
< ∞ (3.19)

and

θ =
1
2

{
α + β +

∫ β

α

Λ+(ζ) + Λ−(ζ)
Λ+(ζ)− Λ−(ζ)

dζ

}
=

∫ β

0

Λ+(ζ)
Λ+(ζ)− Λ−(ζ)

dζ−
∫ α

0

Λ−(ζ)
Λ+(ζ)− Λ−(ζ)

dζ. (3.20)

Comparing (3.19) and (3.20) with (3.2) and (3.3), we observe that (θ−, θ+) are nothing but the

characteristic coordinates of the point (t, θ). Sometimes (t, θ) is called the image of (θ−, θ+), while

(θ−, θ+) is called the preimage of (t, θ). The geometric meaning of θ± is illustrated in Figure 1

where C± stand for the λ±-characteristics passing through the point (t, θ). θ− remains constant

on C+ and θ+ remains constant on C−.

-

6t

0 θ

(t, θ)

θ− θ+

C+ C−

Figure 1: Geometric meaning of θ− and θ+

We comment that the Cauchy problem for the Born-Infeld equation

(1 + ψ2
θ)ψtt − 2ψtψθψtθ + (ψ2

t − 1)ψθθ = 0 (3.21)

with the initial data

ψ(0, θ) = ψ0(θ), ψt(0, θ) = ψ1(θ), (3.22)

is a special case of motion of relativistic strings in the (1+2)-dimensional Minkowski space R1+2,

where ψ0(θ) and ψ1(θ) are smooth functions satisfying ψ2
1 − ψ′0

2
< 1. To show this, we consider

x = (x1, x2) with the initial data

p(θ) = (θ, ψ0(θ)), q(θ) = (0, ψ1(θ)).
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Then the x2-component of (1.1) is identical to (3.21). It follows from (3.2), (3.4) and (3.16) that

the solution of the Cauchy problem (3.21)-(3.22) is given by

t =
1
2

∫ θ+

θ−

1 + ψ′0
2(ζ)√

1 + ψ′0
2(ζ)− ψ2

1(ζ)
dζ, (3.23)

θ =
θ− + θ+

2
− 1

2

∫ θ+

θ−

ψ′0(ζ)ψ1(ζ)√
1 + ψ′0

2(ζ)− ψ2
1(ζ)

dζ, (3.24)

x2 = ψ =
ψ0(θ−) + ψ0(θ+)

2
+

1
2

∫ θ+

θ−

ψ1(ζ)√
1 + ψ′0

2(ζ)− ψ2
1(ζ)

dζ. (3.25)

In this case, x1 = θ. The expressions (3.23)-(3.25) are identical to the ones obtained previously by

Lochak [17]. Therefore, the Cauchy problem (3.21)-(3.22) for the Born-Infeld equation is indeed a

special case of motion of relativistic strings in the Minkowski space.

4 Generalized time-periodicity of the motion of closed strings

In this section, we consider the motion of a closed string in the Minkowski space R1+n. The motion

of the closed string corresponds to the case that the initial data p(θ), q(θ) are periodic functions. By

introducing a new concept named as generalized time-periodic function, we prove that the smooth

solution of the Cauchy problem (1.1)-(1.2) with periodic initial data is generalized time-periodic.

In other words, the motion of closed strings possesses the generalized time-periodicity. Throughout

this section, we assume that (2.6) and (2.7) are satisfied.

4.1 Generalized time-periodic functions

In this subsection, we introduce the following concept named as generalized time-periodic functions.

Consider a vector-valued function f(t, θ) defined on the domain R+ × R.

Definition 4.1 The function f(t, θ) is called to be generalized time-periodic, if there exists a pos-

itive constant T independent of t and θ, a constant ϕ(T ) and a constant vector D(T ) such that

f(t + T, θ + ϕ(T )) = D(T ) + f(t, θ), ∀ (t, θ) ∈ R+ × R, (4.1)

where ϕ(T ) and D(T ) depend only on T but are independent of t and θ. We call T , ϕ(T ) and

D(T ) the generalized period, phase shift and translation displacement of f , respectively.

Remark 4.1 Obviously, if f(t, θ) is a classical periodic function with respect to the variable t, i.e.,

for every fixed θ ∈ R
f(t + T, θ) = f(t, θ),
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then f(t, θ) must be generalized time-periodic. In general, the converse is not true. For example,

the function f(t, θ) = t + sin(t + θ) is generalized time-periodic, but not classical time-periodic.

Remark 4.2 If f = f(t, θ) is a k-dimensional vector function, say, f = (f1(t, θ), · · · , fk(t, θ)),

then the function f(t, θ) defines a surface S in the Minkowski space R1+k with the coordinates

(x0, x1, · · · , xn), which can be expressed by:

x0 = t, xi = fi(t, θ) (i = 1, · · · , k).

Thus, xi = fi(t, ·) (i = 1, · · · , k) defines a plane curve, denoted by Ct, which is the intersector

curve between the surface S and t-hyperplane. If f(t, θ) is a generalized time-periodic function

in the sense of Definition 4.1, then the intersector curve Ct+T is a translation displacement of Ct.

Therefore, they have identical shapes. But we point out that the corresponding points on these

curves may not have the same value of parameters due to the phase shift. More precisely, if f(t, θ)

is a generalized time-periodic function, then there exists a translation mapping T depending on T

but independent of t and θ such that

Ct+T = T Ct. (4.2)

In particular, if the translation displacement vanishes, that is, D(T ) = 0, then the curves Ct and

Ct+T coincide in the projective space Rn in the t-direction of the Minkowski space R1+n. This

shows that the motion of the curve C0 (or more generally, Ct for every fixed t) possesses the time

periodicity.

Remark 4.3 Consider a generalized time-periodic function f(t, θ), and assume that the spatial

parameter θ has a classical period P. In general, the phase shift ϕ(T ) may not be multiple of

the spatial period P. Only when ϕ(T ) is a multiple of P, the function f is time-periodic in the

classical sense; otherwise, it is generalized time-periodic.

As in Remark 4.2, let Ct be the plane curve induced by the function f(t, θ). We introduce

Definition 4.2 The motion of the plane curve C0 is said to possess the generalized time-periodicity,

if there exist a positive constant T and a translation mapping T depending on T but independent

of t and θ such that (4.2) holds for every t ∈ R+.

Remark 4.4 The definition of generalized periodicity can be easily extended to a (vector-valued)

function f(t, θ) defined on the domain R×R and a (vector-valued) function f(t, θ1, · · · , θn) defined

on the domain R+ × Rn or R× Rn.

12



The concept “generalized time-periodic function” defined by Definition 4.1 plays an important

role in the present paper. In what follows, we give two simple examples to illustrate this concept.

Example 4.1 Consider the following function

f(t, θ) = (f1(t, θ), f2(t, θ)) = (a1t + c1 cos t cos(θ + bt), a2t + c2 cos t sin(θ + bt)), (4.3)

where a1, a2, b, c1, c2 are constants. It is easy to see

f(t + 2π, θ − 2πb) = (2πa1, 2πa2) + f(t, θ). (4.4)

Obviously, f(t, θ), defined by (4.3), is a generalized time-periodic function, and the correspond-

ing generalized period T , phase shift ϕ(T ) and translation displacement D(T ) are 2π, −2πb and

(2πa1, 2πa2), respectively.

In Example 4.1, if (a1, a2, b) = (0, 0, 0), then f(t, θ) becomes a classical periodic function with

respect to the variable t. If b is a rational number, say, k/m, where k is an integer, and m is

a positive integer. After m periods, the aggregated phase shift is −2πmb, namely, −2kπ. This

implies that, for any fixed θ at the time t, after m periods, it goes back to the original position,

that is, f(t + 2mπ, θ − 2kπ) = f(t, θ). On the other hand, if b is an irrational number, even when

the shape of string at a late time coincides with that at the initial time, no point on the string will

return to its original location.

Remark 4.5 If we replace the terms a1t and a2t in (4.3) by a1t
2 and a2t

2, respectively, then the

resulting function f(t, θ) is no longer generalized time-periodic function, since we can not find a

positive constant T such that (4.1) holds. In fact, there are some intersectional terms including the

factor tT in the formula of f(t + T, θ + ϕ(T )), and these terms make (4.3) no longer generalized

time-periodic.

Example 4.2 Consider the following Cauchy problem for linear wave equation




utt − uxx = 0 in (0, ∞)× R,

u = g, ut = h on {t = 0} × R,
(4.5)

where g, h are periodic functions with period T . The d’Alembert’s formula gives its solution

u(t, x) =
g(x + t) + g(x− t)

2
+

1
2

∫ x+t

x−t

h(ζ)dζ. (4.6)
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We calculate u(t + T, x):

u(t + T, x) =
g(x + t + T ) + g(x− t− T )

2
+

1
2

∫ x+t+T

x−t−T

h(ζ)dζ

=
g(x + t) + g(x− t)

2
+

1
2

{∫ x−t

x−t−T

+
∫ x+t

x−t

+
∫ x+t+T

x+t

}
h(ζ)dζ

=
g(x + t) + g(x− t)

2
+

1
2

∫ x+t

x−t

h(ζ)dζ +
∫ T

0

h(ζ)dζ

= u(t, x) +
∫ T

0

h(ζ)dζ.

(4.7)

Clearly, (4.7) shows that the solution u(t, x) is a generalized time-periodic function in the sense of

Definition 4.1, and the corresponding generalized period, phase shift and translation displacement

are T , 0 and
∫ T

0
h(ζ)dζ, respectively.

4.2 Generalized time-periodicity of the motion of closed strings

In this subsection, we prove that the solution formula (3.16) is a generalized time-periodic function

in the sense of Definition 4.1, if the initial data p(θ), q(θ) are periodic functions.

Let P be the period of p(θ) and q(θ), and (θ−, θ+) be the characteristic coordinates of (t, θ).

We next calculate the image, denoted by
(
t̃, θ̃

)
, of the characteristic coordinates (θ−, θ+ + P). It

follows from (3.2) that

t̃ =
∫ θ++P

θ−

1
Λ+(ζ)− Λ−(ζ)

dζ

=

{∫ θ+

θ−
+

∫ θ++P

θ+

}
1

Λ+(ζ)− Λ−(ζ)
dζ

= t +
∫ P

0

1
Λ+(ζ)− Λ−(ζ)

dζ

4
= t + T.

(4.8)

Furthermore, by (3.3) we have

θ̃ =
∫ θ++P

0

Λ+(ζ)
Λ+(ζ)− Λ−(ζ)

dζ −
∫ θ−

0

Λ−(ζ)
Λ+(ζ)− Λ−(ζ)

dζ

=

{∫ θ+

0

+
∫ θ++P

θ+

}
Λ+(ζ)

Λ+(ζ)− Λ−(ζ)
dζ −

∫ θ−

0

Λ−(ζ)
Λ+(ζ)− Λ−(ζ)

dζ

= θ +
∫ P

0

Λ+(ζ)
Λ+(ζ)− Λ−(ζ)

dζ

4
= θ + ϕ+(T ).

(4.9)
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We now calculate x(t + T, θ + ϕ+(T )).

It follows from (3.16) that

xi(t + T, θ + ϕ+(T )) = xi

(
t̃, θ̃

)

=
pi(θ+ + P) + pi(θ−)

2
+

∫ θ++P

θ−
Qi(ζ)dζ

=
pi(θ+) + pi(θ−)

2
+

{∫ θ+

θ−
+

∫ θ++P

θ+

}
Qi(ζ)dζ

= xi(t, θ) +
∫ P

0

Qi(ζ)dζ,

(4.10)

where

Qi(ζ) =
|p′(ζ)|2qi(ζ)− 〈q(ζ), p′(ζ)〉p′i(ζ)

2
√
〈q(ζ), p′(ζ)〉2 − (|q(ζ)|2 − 1)|p′(ζ)|2 . (4.11)

In (4.10), we have made use of the periodicity of p and q.

Equation (4.10) shows that the solution x = x(t, θ), given by (3.16), is a generalized time-

periodic function in the sense of Definition 4.1, and the corresponding period, phase shift and

translation displacement are T , ϕ+(T ) and D(T ) = (D1(T ), · · · ,Dn(T )), respectively, where

T =
∫ P

0

1
Λ+(ζ)− Λ−(ζ)

dζ, ϕ+(T ) =
∫ P

0

Λ+(ζ)
Λ+(ζ)− Λ−(ζ)

dζ, Di(T ) =
∫ P

0

Qi(ζ)dζ. (4.12)

Remark 4.6 Consider the motion of a point θ in the string and let θt be the position of θ at the

time t. The equation (4.9) implies that the transition length of θ is ϕ+(T ) when θ+ moves one

period P, say, from some θ̄+ to θ̄+ +P. In other words, in this case we have θt+T − θt = ϕ+(T ),

where ϕ+(T ) is given by the second equality in (4.12).

In the above argument, we fix θ− and let θ+ vary over one period P. Similarly, if we fix θ+

and let θ− vary over one period, then we will have a phase shift ϕ−(T ) given by

ϕ−(T ) =
∫ P

0

Λ−(ζ)
Λ+(ζ)− Λ−(ζ)

dζ. (4.13)

This implies that the phase shift may not be unique (see Figure 2).
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6t

0

t + T

(t, θ)

(t + T, θ + ϕ−(T )) (t + T, θ + ϕ+(T ))

θ− θ+ θ
θ− −P θ+ + P

6 6
¾ -

Figure 2: Phase shifts ϕ+(T ) and ϕ−(T )

We now consider a point of the string at the time t, denoted by θt. After one-generalized-period

motion, the point θt moves to the point θt+T
+ at the time t+T , if we fix θ−. On the other hand, θt

moves to the point θt+T
− at the time t + T , if we fix θ+. The corresponding phase shifts are ϕ+(T )

and ϕ−(T ), respectively. Therefore we have

θt+T
+ = θt + ϕ+(T ), θt+T

− = θt + ϕ−(T ). (4.14)

By (4.14), it follows from the second equation in (4.12) and (4.13) that

θt+T
+ − θt+T

− = ϕ+(T )− ϕ−(T ) = P. (4.15)

This shows that θt+T
+ and θt+T

− stand for the same point in the string at the time t + T since the

string is a closed one with the period P (see Figure 3).

θt+T
±

~

θt
6

ϕ−(T )
6

ϕ+(T )Y

Figure 3: The solution has different phase shifts ϕ±(T ) due to different moving ways, but the

resulting positions θt+T
± stand for the same point in the string at the time t + T . It is easy to

generalize this discussion to different ways of increasing both θ+ and θ−. As long as the combined

increments of θ+ and θ− is one period, they all correspond to the same point after taking into

account the periodicity of the string.
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Summarizing the above discussions, we have the following theorem.

Theorem 4.1 Under the assumptions (2.6) and (2.7), the Cauchy problem (1.1)-(1.2) admits a

unique global C2 solution x = x(t, θ) on R+ × R, and this solution can be expressed by (3.16).

Moreover, the solution x = x(t, θ) defined by (3.16) is a generalized time-periodic function in

the sense of Definition 4.1, and the corresponding generalized period T , phase shift ϕ+(T ) and

translation displacement D(T ) are given by (4.12).

As the end of this section, we would like to point out that, Theorem 4.1 shows an interesting

physical phenomenon: the motion of closed strings possesses the generalized time-periodicity in

the sense of Definition 4.2. On the other hand, it is well-known that, a closed string stands for

an elementary particle in particle physics, the period of the motion of closed string represents the

frequency of the corresponding elementary particle. Theorem 4.1 provides a rigorous mathematical

proof on this important physical fact.

5 Initial-boundary value problems with homogenous Dirich-

let boundary conditions

In this section, we study the motion of a string with open ends. Thus we must include the boundary

conditions at the end points. We will consider homogenous Dirichlet boundary conditions in this

section and inhomogenous Dirichlet boundary conditions, which has considerable complication, in

the next section.

We study the classical C2 solution, x = x(t, θ), satisfying (1.1) on a time-space region of the

form [0,∞)× [0, L] and obeying the homogenous Dirichlet boundary conditions

x(t, θ)|θ=0,L = 0 for t > 0 (5.1)

at the end points of the string together with the initial conditions

x(0, θ) = f(θ), xt(0, θ) = g(θ), (5.2)

where (f, g) ∈ C2([0, L])× C1([0, L]). In order for x belonging to C2([0, δ]× [0, L]) for arbitrarily

small δ > 0, the initial data f and g must necessarily satisfy the compatibility conditions

f(θ)|θ=0,L = f ′′(θ)|θ=0,L = 0, g(θ)|θ=0,L = 0. (5.3)

We have
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Theorem 5.1 Suppose that the compatibility conditions in (5.3) are satisfied and suppose further-

more that

min{ inf
θ∈[0,L]

Γ+(±f(θ), g(θ))} > max{ sup
θ∈[0,L]

Γ−(±f(θ), g(θ))}, (5.4)

where Γ± are defined by

Γ±(µ(θ), ν(θ)) =
1

|µ′(θ)|2
[
−〈µ′(θ), ν(θ)〉 ±

√
L (µ′(θ), ν(θ))

]
, (5.5)

in which

L (µ′(θ), ν(θ)) = 〈ν(θ), µ′(θ)〉2 − (|ν(θ)|2 − 1)|µ′(θ)|2. (5.6)

Then the initial-boundary value problem (1.1), (5.2), (5.1) admits a unique global C2 solution

x = x(t, θ) on [0,∞) × [0, L]; Moreover, the global C2 solution x = x(t, θ) satisfies that, for any

(t, θ) ∈ [0,∞)× [0, L], either xθ(t, θ) = 0 or

〈xt(t, θ), xθ(t, θ)〉2 − (|xt(t, θ)|2 − 1)|xθ(t, θ)|2 > 0. (5.7)

Remark 5.1 As a special case, if

Γ+(f(θ), g(θ)) > 0 > Γ−(f(θ̃), g(θ̃)), ∀ θ, θ̃ ∈ [0, L],

then the hypothesis (5.4) is satisfied, and then the conclusions of Theorem 5.1 hold.

Proof of Theorem 5.1. Due to the homogenous Dirichlet boundary conditions (5.3), we can

extend any C2 solution x = x(t, θ) from the interval [0, L] to the interval [−L,L] by

x̃(t, θ) =





x(t, θ) for θ ∈ [0, L],

−x(t,−θ) for θ ∈ [−L, 0],
(5.8)

and then the extended x̃(t, θ) is 2L-periodic. One easily checks that if the given initial data has

the property (5.3), the extended initial data given by

f̃
4
= x̃(0, θ) =




−f(−θ) for θ ∈ [−L, 0],

f(θ) for θ ∈ [0, L],
g̃
4
= x̃t(0, θ) =




−g(−θ) for θ ∈ [−L, 0],

g(θ) for θ ∈ [0, L]
(5.9)

is 2L-periodic. When the compatibility conditions in (5.3) are satisfied, this extended solution x̃ is

a C2 solution of the equations (1.1) with the initial data (f̃ , g̃). Therefore, under the assumptions

of Theorem 5.1, we make use of Theorem B and obtain the following lemma.

Lemma 5.1 Under the assumptions of Theorem 5.1, the Cauchy problem for (1.1) with the fol-

lowing 2L-periodic initial data

x(0, θ) = f̃(θ), xt(0, θ) = g̃(θ) (5.10)
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admits a unique global C2 solution x = x̃(t, θ) on the domain R+ × R; moreover, for any (t, θ) ∈
[0,∞)× [0, L], either x̃θ(t, θ) = 0 or

〈x̃t(t, θ), x̃θ(t, θ)〉2 − (|x̃t(t, θ)|2 − 1)|x̃θ(t, θ)|2 > 0, ∀ (t, x) ∈ R+ × R. (5.11)

Let x(t, θ) be the restriction of x̃(t, θ) on the region [0,∞) × [0, L]. It is obvious that x(t, θ)

is the unique global C2 solution of the initial-boundary value problem (1.1), (5.1) and (5.2), and

(5.7) directly follows (5.11). This proves Theorem 5.1. ¥

If we replace the initial data (p, q) by (f̃ , g̃) in (3.2), (3.3) and (3.16), then the resulting formula

is the solution formula to the Cauchy problem for system (1.1) with initial data (5.10). Let x(t, θ)

be the restriction of this formula in the region [0,∞)× [0, L]. Clearly, x(t, θ) is the solution formula

to the initial-boundary value problem (1.1), (5.1) and (5.2).

Notice that the period of the initial data (5.10) is 2L. We denote the initial characteristic

speeds corresponding to (f̃ , g̃) by Λ±(f̃(θ), g̃(θ)). In the present situation, the generalized period

for the solution of the Cauchy problem (1.1) and (5.10) is

T =
∫ 2L

0

1

Λ+(f̃(ζ), g̃(ζ))− Λ−(f̃(ζ), g̃(ζ))
dζ, (5.12)

the translation displacement D(T ) = (D1(T ), · · · ,Dn(T )) is given by

Di(T ) =
∫ 2L

0

|f̃ ′(ζ)|2g̃i(ζ)− 〈g̃(ζ), f̃ ′(ζ)〉f̃ ′i(ζ)

2
√
〈g̃(ζ), f̃ ′(ζ)〉2 − (|g̃(ζ)|2 − 1)|f̃ ′(ζ)|2

dζ (i = 1, · · · , n), (5.13)

and the phase shifts read

ϕ±(T ) =
∫ 2L

0

Λ±(f̃(ζ), g̃(ζ))

Λ+(f̃(ζ), g̃(ζ))− Λ−(f̃(ζ), g̃(ζ))
dζ, (5.14)

where ϕ±(T ) are the phase shifts induced by θ±.

Noting that the functions f̃ and g̃ are odd and 2L-periodic, we obtain from (5.13) and (5.14)

that

Di(T ) =
∫ L

−L

|f̃ ′(ζ)|2g̃i(ζ)− 〈g̃(ζ), f̃ ′(ζ)〉f̃ ′i(ζ)

2
√
〈g̃(ζ), f̃ ′(ζ)〉2 − (|g̃(ζ)|2 − 1)|f̃ ′(ζ)|2

dζ = 0 (i = 1, · · · , n) (5.15)
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and

ϕ±(T ) =
∫ L

−L

Λ±(f̃(ζ), g̃(ζ))

Λ+(f̃(ζ), g̃(ζ))− Λ−(f̃(ζ), g̃(ζ))
dζ

=
∫ L

−L

−〈g̃(ζ), f̃ ′(ζ)〉 ±
√
〈g̃(ζ), f̃ ′(ζ)〉2 − (|g̃(ζ)|2 − 1)|f̃ ′(ζ)|2

2
√
〈g̃(ζ), f̃ ′(ζ)〉2 − (|g̃(ζ)|2 − 1)|f̃ ′(ζ)|2

dζ

=
∫ L

−L

−〈g̃(ζ), f̃ ′(ζ)〉
2
√
〈g̃(ζ), f̃ ′(ζ)〉2 − (|g̃(ζ)|2 − 1)|f̃ ′(ζ)|2

dζ ± L

= ±L,

(5.16)

respectively. This implies that the solution to the Cauchy problem (1.1) and (5.10) is time-periodic

in the classical sense, and time period is 2L. This leads to an interesting physical phenomenon:

when the compatibility conditions in (5.3) hold, the motion of an open finite string possesses the

time periodicity in the classical sense. See Section 7 for detailed illustrations.

6 Initial-boundary value problems with inhomogenous Dirich-

let boundary conditions

The initial-boundary value problem for the equations (1.1) with the inhomogenous Dirichlet bound-

ary conditions plays an important role in the string theory and particle physics (see [6]). This

section is devoted to solving this kind of problem.

To do so, we first establish the following characteristic-quadrilateral identity (6.1) (see (A1) in

Appendix for more general version). In the domain where the C2 solution of the Cauchy problem

(1.1) and (1.2) exists, we consider the characteristic quadrilateral with vertices A,B, C, D which

is bounded by the λ+-characteristics ÂB and D̂C and the λ−-characteristics B̂C and ÂD. See

Figure 4. Here we assume that the C2 solution of the Cauchy problem (1.1)-(1.2) can be expressed

by (3.16).
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Figure 4: Characteristic quadrilateral with vertices A,B, C, D

We have

Theorem 6.1 (Characteristic-quadrilateral identity) On the existence domain of the C2

solution of the Cauchy problem (1.1)-(1.2), it holds that

x(A) + x(C) = x(B) + x(D), (6.1)

where x(A) stands for the value of the solution x = x(t, x) at the point A, etc.

Proof. Let α and α̃ be the spatial coordinates of the intersection points of the λ+-characteristics

ÂB and D̂C with the θ-axis, and β and β̃ be the spatial coordinates of the intersection points

of the λ−-characteristics ÂD and B̂C with the θ-axis, respectively. See Figure 4. It follows from

(3.16) that




xi(A) =
pi(α) + pi(β)

2
+

1
2

∫ β

α

|p′(ζ)|2qi(ζ)− 〈q(ζ), p′(ζ)〉p′i(ζ)√
〈q(ζ), p′(ζ)〉2 − (|q(ζ)|2 − 1)|p′(ζ)|2 dζ,

xi(B) =
pi(α) + pi(α̃)

2
+

1
2

∫ eα

α

|p′(ζ)|2qi(ζ)− 〈q(ζ), p′(ζ)〉p′i(ζ)√
〈q(ζ), p′(ζ)〉2 − (|q(ζ)|2 − 1)|p′(ζ)|2 dζ,

xi(C) =
pi(α̃) + pi(β̃)

2
+

1
2

∫ eβ

eα

|p′(ζ)|2qi(ζ)− 〈q(ζ), p′(ζ)〉p′i(ζ)√
〈q(ζ), p′(ζ)〉2 − (|q(ζ)|2 − 1)|p′(ζ)|2 dζ,

xi(D) =
pi(α̃) + pi(β)

2
+

1
2

∫ β

eα

|p′(ζ)|2qi(ζ)− 〈q(ζ), p′(ζ)〉p′i(ζ)√
〈q(ζ), p′(ζ)〉2 − (|q(ζ)|2 − 1)|p′(ζ)|2 dζ.

(6.2)

(6.1) comes from (6.2) directly. Thus, the proof is complete. ¥

We now consider the initial-boundary value problem for the equations (1.1) with the inho-

mogenous Dirichlet boundary conditions. That is to say, we investigate the classical C2 solution,

x = x(t, θ), satisfying (1.1) on a time-space region of the form [0,∞)× [0, L] and obeying the initial

conditions

x(0, θ) = f(θ), xt(0, θ) = g(θ) (6.3)
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and the inhomogenous Dirichlet boundary conditions

x(t, θ)|θ=0 = h0(t), x(t, θ)|θ=L = hL(t) for t > 0 (6.4)

at the end points of the string, where h0, hL are C2-smooth functions, and (f, g) ∈ C2([0, L]) ×
C1([0, L]). Moreover, we assume that

L (θ) ≡ 〈g(θ), f ′(θ)〉2 − (|g(θ)|2 − 1)|f ′(θ)|2 > 0, ∀ θ ∈ [0, L]. (6.5)

In order for x belonging to C2([0, δ] × [0, L]) for arbitrarily small δ > 0, the initial data f and g

must necessarily satisfy the compatibility conditions




f(0) = h0(0), g(0) = h′0(0), |f ′(0)|2h′′0(0)− 2〈g(0), f ′(0)〉g′(0) + (|g(0)|2 − 1)f ′′(0) = 0,

f(L) = hL(0), g(L) = h′L(0), |f ′(L)|2h′′L(0)− 2〈g(L), f ′(L)〉g′(L) + (|g(L)|2 − 1)f ′′(L) = 0.

(6.6)

Remark 6.1 The condition (6.6) actually is sufficient for x ∈ C2. If (6.6) is not satisfied, we

would find that x has a jump along the characteristics passing through the points (0, 0) and (0, L).

For example, if f(0) 6= h0(0), then x has a jump along the characteristic passing through the origin.

Define two functions on R, denoted by f̃ and g̃, which satisfy




f̃ ∈ C2
B(R), g̃ ∈ C1

B(R),

f̃(x) = f(x), g̃(x) = g(x) on [0, L],

Λ̃−(θ1) < Λ̃+(θ2), ∀ θ1 ∈ (−∞, θ2),

L̃ (θ) > 0, ∀ θ ∈ R,

(6.7)

where Ck
B(R) stands for the class of Ck functions with bounded Ck-norm, Λ̃±(θ) and L̃ (θ) are

defined by (2.1) and (2.2), respectively, in which (p, q) is replaced by (f̃ , g̃). Noting (6.7), by

Theorem 3.1 we know that the Cauchy problem for the equations (1.1) with the initial data

t = 0 : x = f̃(θ), xt = g̃(θ) (6.8)

has a unique global C2 solution x = x̃(t, θ), moreover this solution can be explicitly expressed by

(3.16).

Definition 6.1 The boundary conditions (h0(t), hL(t)) are called to be globally solvable, if there

exist two functions f̃ and g̃ satisfying (6.7) such that

x̃(t, 0) = h0(t), x̃(t, L) = hL(t) for t > 0, (6.9)

where x = x̃(t, θ) is the C2 solution of the Cauchy problem (1.1), (6.8), which can be expressed by

(3.16).
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Theorem 6.2 Suppose that the compatibility conditions (6.6) are satisfied, and the boundary con-

ditions (h0, hL) are globally solvable. Then the initial-boundary value problem (1.1), (6.3) and

(6.4) has a unique global C2 solution x = x(t, θ) on the time-space region [0,∞)× [0, L].

The proof is obvious, here we omit it.

Remark 6.2 It follows from Section 5 that, under the hypotheses (5.3) and (5.4), the homogeneous

boundary conditions (0, 0) are globally solvable.

Theorem 6.2 is a result on the global existence of the C2 solution of the initial-boundary value

problem (1.1), (6.3) and (6.4). However, it is not easy to compute the solution for this kind of

problem. In what follows, based on Theorem 6.2 we present a method to compute the solution for

the initial-boundary value problem (1.1), (6.3) and (6.4) in the time-space region [0,∞) × [0, L].

Here we would like to point out that, since our main aim is to present a method to compute the

solution and to drive the solution formula, in the following argument we assume that the solution

exists on the strip {(t, x)| t > 0, 0 < x < L}, and for the simplicity, we assume

λ− < 0 < λ+. (6.10)

We divide the strip {(t, x)| t > 0, 0 < x < L} into a number of regions by the characteristics

through the corners and through the points of intersections of the characteristics with the bound-

aries, etc. as shown in Figure 5.

-

6t

0 θLx = f(θ) xt = g(θ)

Ω1

Ω2

Ω3

Ω4

Ω5 Ω6

Ω7

x = h0(t) x = hL(t)
A

A

B

B

C

C
D

D

Figure 5: The strip divided into a number of regions by the characteristics

In the region Ω1 the solution x is determined by the formula (3.16) from the initial data alone.

In a point A of the region Ω2 we form the characteristic quadrilateral with vertices A,B, C, D and
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get x(A) from (6.1) (more precisely, (A1) in the Appendix) as

x(A) = −x(C) + x(B) + x(D),

with x(B) known from boundary condition (6.4) and x(C), x(D) known since C,D lie in Ω1.

Similarly, we get x successively in all points of the regions Ω3,Ω4, · · · . Thus, we successfully

solve the initial-boundary value problem (1.1), (6.3) and (6.4) in the whole time-space region

[0,∞)× [0, L].

In the above discussion, we show how to determine the solution over the whole region. In what

follows, we drive the solution formula for any fixed point (t, x) in terms of the boundary conditions

and the initial data.

For any fixed point C of the strip [0,∞) × [0, L], we draw two characteristics backwards in

time starting from C, denote the points of intersections of the characteristics with the boundaries

by A1, B1. Starting from A1 (resp. B1), we draw backwards in time the λ−-characteristic (resp.

λ+-characteristic), and denote the point of intersection of the characteristic with the boundary

θ = L (resp. θ = 0) by B2 (resp. A2), · · · · · · . In this way, we can obtain three sequences of

intersection points {Ai}, {Bi} and {Ci}. See Figure 6. Because of the boundedness of λ±, each

of these sequences only contains finite points. Therefore, we have four and only four cases shown

in Figure 6.

-
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Figure 6: Characteristics passing through the point C
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Figure 6: Characteristics passing through the point C (contd.)

In what follows, we give the solution formula for the initial-boundary value problem (1.1), (6.3)

and (6.4).

Case (a): the case shown in Figure 6(a)

By the characteristic-quadrilateral identity, we have




x(C) = x(A1) + x(B1)− x(C1),

x(C1) = x(A2) + x(B2)− x(C2),

· · · · · ·
x(Ck−1) = x(Ak) + x(Bk)− x(Ck).

(6.11)

It follows from (6.11) that

x(C) = (−1)kx(Ck)−
k∑

i=1

(−1)i [x(Ai) + x(Bi)] . (6.12)

In (6.12), x(Ai) and x(Bi) (i = 1, · · · , k) are given by the boundary condition (6.4), and x(Ck) is

given by the solution formula (3.16), which is analytically expressed by the initial data (6.3).

Case (b): the case shown in Figure 6(b)

In this case, (6.12) is still true. Furthermore, in the present situation we have

x(Ck) = x(Ak+1) + x(E)− x(Ak+2) (6.13)

and

x(E) = x(Bk+1) + x(Ck+1)− x(Bk+2). (6.14)
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Then, we get

x(Ck) = x(Ak+1)− x(Ak+2) + x(Bk+1)− x(Bk+2) + x(Ck+1). (6.15)

Thus, we obtain

x(C) = (−1)kx(Ck+1)−
k+2∑

i=1

(−1)i [x(Ai) + x(Bi)] , (6.16)

where x(Ai) and x(Bi) (i = 1, · · · , k + 1) are given by the boundary condition (6.4), x(Ak+2) and

x(Bk+2) are given by the initial data (6.3), and x(Ck+1) is given by the solution formula (3.16).

Case (c): the case shown in Figure 6(c)

Similar to Case (b), in this case (6.12) still holds. Moreover, in the present situation we have

x(Ck) = x(Ck+1) + x(Bk+1)− x(Bk+2). (6.17)

Therefore, we obtain

x(C) = (−1)kx(Ck+1)−
k∑

i=1

(−1)ix(Ai)−
k+2∑

i=1

(−1)ix(Bi), (6.18)

where x(Ai) (i = 1, · · · , k) and x(Bj) (j = 1, · · · , k +1) are given by the boundary condition (6.4),

x(Bk+2) is given by the initial data (6.3), and x(Ck+1) is given by the solution formula (3.16).

Case (d): the case shown in Figure 6(d)

This situation is very similar to Case (c), we can easily obtain

x(C) = (−1)kx(Ck+1)−
k+2∑

i=1

(−1)ix(Ai)−
k∑

i=1

(−1)ix(Bi), (6.19)

where x(Ai) (i = 1, · · · , k +1) and x(Bj) (j = 1, · · · , k) are given by the boundary condition (6.4),

x(Ak+2) is given by the initial data (6.3), and x(Ck+1) is given by the solution formula (3.16).

We can put the solution formulas of the above four cases into one unified form. Let m and n

be the largest indexes of A and B, respectively, namely (A1, A2, · · · , Am) and (B1, B2, · · · , Bn).

Here Am can be either a point located at the left boundary or a point at the initial line. Similar

is true for Bn. Combining (6.12), (6.16), (6.18) and (6.19), we have

x(C) = (−1)mx(Cm+n
2

)−
m∑

i=1

(−1)ix(Ai)−
n∑

i=1

(−1)ix(Bi). (6.20)

In particular, we would like to point out that |m− n| can only be 0 or 2.

(6.20) gives the solution formula for the initial-boundary value problem (1.1), (6.3) and (6.4).
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7 Illustrations

This section is devoted to some concrete examples to illustrate our main results.

In Section 3, we succeed in providing a parametric version (3.16) of general solution formula to

a system of nonlinear equations for the motion of relativistic strings in the Minkowski space R1+n.

This solution formula can describe the global time-like extremal surfaces with singular points.

Example 1 given below illustrates an extremal surface with singular points in the Minkowski space

R1+2, which is evaluated and described by the solution formula (3.16).

Example 1 Consider the motion of a unit circle with the initial velocity

t = 0 : xt = (0,−0.99 sin(3θ)). (7.1)

Figure 7 is the corresponding extremal surface (over one period) in the Minkowski space R1+2;

Figure 8 is the projection of the above extremal surface in the (x, y)-plane. From Figures 7-8, we

clearly observe that this surface contains singular points and the motion of this closed string with

an initial shape of a unit circle possesses the time periodicity.

Figure 7: An extremal surface with singular points in the Minkowski space R1+2
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Figure 8: The projection of the above extremal surface in the (x, y)-plane

In Section 5, we extend the main result to the initial-boundary value problems for strings with

homogenous Dirichlet boundary conditions at their end points. Example 2 given below describes

the dynamics of an open string with homogenous Dirichlet boundary conditions at its end points.

Example 2 Consider the motion of an open string with the initial shape

x(0, θ) = (sin(2πθ), sin(4πθ)), θ ∈ [0, 1],

the initial velocity

xt(0, θ) = (0, 0.5 sin(2πθ)), θ ∈ [0, 1]

and homogenous Dirichlet boundary conditions at their end points.

Obviously, the compatibility conditions in (5.3) are satisfied. Figure 9 bellow gives the corre-

sponding extremal surface in the Minkowski space R1+2 formed by the motion of this string; Figure

10 is the projection of the extremal surface in the (x, y)-plane; Figure 11 shows the dynamics of

the string moving in the Minkowski space R1+2. Here we particularly point out that, in Figure 9

the blue part stands for the extremal surface formed by the motion of the open string, while the

red part stands for the extremal surface formed by the motion of the extended part (image string)

on the interval [−1, 0] of the extended string. In order to understand how a point in the string

moves in the Minkowski space R1+2, we mark a point of the string with θ = 1
2 by a marker a, and

the corresponding point at θ = − 1
2 in the extended part by c, see the first picture in Figure 11.

Since we only consider the homogenous Dirichlet boundary conditions, the far end point of real

part of the string and its image, namely, the far end point of extended part of the string always

coincide, then we may denote them by b (see Figure 11). Three curves in Figure 9 stand for the
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trajectories of the points a, b and c, where the black curve stands for the trajectory of the point

a, the green one is the trajectory of c, and the blue (or purple) straight line is the trajectory of

the point b. See Figure 11 for their detailed dynamic processes of these points.

Figure 9: The extremal surface formed by the motion of open string in Example 2

Figure 10: The projection of the above extremal surface in the (x, y)-plane
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Figure 11: The dynamics of the string moving in the Minkowski space R1+2

Remark 7.1 From Figure 11, we observe that topological singularities appear in the motion of

strings. In order to investigate the development of topological singularities, we have constructed

several concrete examples and made some movies which can clearly show how the topological struc-

ture changes as the strings move in the Minkowski space R1+2. Please see [14] for these interesting

movies.
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Figure 11: The dynamics of the string moving in the Minkowski space R1+2 (contd.)

8 Summary and discussions

The extremal surfaces play an important role in the theoretical apparatus of elementary particle

physics. A free string is a one-dimensional physical object whose motion is represented by a
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time-like extremal surface in the Minkowski space. In this paper we obtain the following results:

(a) We succeed in providing a general solution formula in parametric form to a system of

nonlinear equations for the motion of relativistic strings in the Minkowski space R1+n. We show

that this formula is a solution to the time-like (hyperbolic case) extremal surface of the Bjorling-

type problem in the Minkowski space, and it is a counterpart of the Beckenbach formula of the

Bjorling problem in the n-dimensional Euclidean space. In particular, our solution formula can

describe the global time-like extremal surfaces with singular points (see Figure 8).

(b) We prove that the smooth solution of this system is generalized time-periodic in the sense of

Definition 4.1, provided that the initial data is periodic with respect to spatial parameter θ. This

leads to the following physical phenomenon: the motion of closed strings possesses the generalized

time-periodicity. Therefore, the space-periodicity implies the time-periodicity for the relativistic

strings moving in the Minkowski space R1+n. This explains the phenomenon of periodicity of

string motion observed in recent numerical studies [13].

(c) We also investigate the general solution formula of a finite segment of a relativistic string

with homogenous Dirichlet boundary conditions. By introducing and proving an interesting

characteristic-quadrilateral identity we succeed in solving the initial-boundary value problem for

the equations (1.1) with the inhomogenous Dirichlet boundary conditions. It is well known that,

Neumann boundary conditions are also important in both mathematics and physics, such a kind

of problem is worthy of studying in the future.

(d) We show that the Born-Infeld equation is a special case of the motion of relativistic string in

the Minkowski space R1+2. The Born-Infeld equation is the simplest case of nonlinear modification

of the Maxwell equations, proposed by Born and Infeld [5] to resolve the electrostatic divergence

generated by point particles in classical Electrodynamics (see [11], [7]). This equation has a lot of

interesting features (see Boillat [4] for the discussion on mathematical aspects and Gibbons [10] for

its impact in modern high energy physics and string theory), and many important results have been

obtained (see [1]-[2], [7]-[8], [16]-[19]). Since the equation (3.21) can be viewed as a special case of

the equations (1.1), the following questions arise naturally: whether do the equations (1.1) possess

interesting features similar to that of (3.21) (see [1])? From the point of view of mathematics,

how do we construct the solutions of the equations (1.1) corresponding to the extremal surfaces

of mixed type? From the point of view of physics, what are the Hamiltonian structure, Lax pairs,

higher order symmetries, etc.? These problems are fundamental, important and worthy of studying

in the future.
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Appendix: General characteristic-quadrilateral identity

Let Ω be a region in R+ × R, and x = x(t, θ) be a smooth solution of the equations (1.1) in

this region, which corresponds to a piece of a time-like surface. Let A,B, C and D be points in

Ω, and assume that A and B (resp. D and C) are connected by a λ+-characteristic and A and D

(resp. B and C) are connected by a λ−-characteristic, see Figure 12. Since the solution x = x(t, θ)

corresponds to a time-like surface, this implies that the system (2.11) is hyperbolic, and that the

λ±-characteristics through the points A,B, C and D always exist in Ω. In what follows, we assume

that the characteristic quadrilateral ABCD completely lies in Ω. We have

Theorem A.1 (Characteristic-quadrilateral identity) It holds that

x(A) + x(C) = x(B) + x(D). (A1)

Proof. Let (tA, θA) be coordinates of the point A, etc.

Special case: tB = tD
4
= t0

Since x = x(t, θ) is a smooth solution of the equations (1.1), we denote

x(t0, θ)
4
= p(θ), xt(t0, θ)

4
= q(θ), ∀ θ ∈ [θB , θD].

By Theorem 3.1, we have




xi(A) =
pi(θB) + pi(θD)

2
+

1
2

∫ θD

θB

|p′(ζ)|2qi(ζ)− 〈q(ζ), p′(ζ)〉p′i(ζ)√
〈q(ζ), p′(ζ)〉2 − (|q(ζ)|2 − 1)|p′(ζ)|2 dζ,

xi(C) =
pi(θB) + pi(θD)

2
+

1
2

∫ θB

θD

|p′(ζ)|2qi(ζ)− 〈q(ζ), p′(ζ)〉p′i(ζ)√
〈q(ζ), p′(ζ)〉2 − (|q(ζ)|2 − 1)|p′(ζ)|2 dζ.

Summing up these equations gives

xi(A) + xi(C) = pi(θB) + pi(θD) = xi(B) + xi(D).

This proves the desired (A1).

General case: tB 6= tD

Without of loss of generality, we may assume tB > tD. Let B1 be the point of intersection of

the line t = tB with the characteristic ÂD, and B2 be the point of intersection of the characteristic

B̂C with the λ+-characteristic through the point B1, see Figure 12.
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Figure 12: The characteristic-quadrilateral ABCD

Case 1: tB2 = tD

In this case, noting

tB = tB1 , tB2 = tD,

similar to the above special case, we have




x(A) + x(B2) = x(B) + x(B1),

x(B1) + x(C) = x(B2) + x(D).

Summing up them yields the desired (A1).

Case 2: tB2 6= tD

Without of loss of generality, we assume tD > tB2 . Let B3 be the point of intersection of the

line t = tB2 with the characteristic D̂C, and B4 be the point of intersection of the characteristic

B̂1B2 with the λ−-characteristic through the point B3, see Figure 12.

Case 2-1: tB4 = tD

As before, in this case we have




x(A) + x(B2) = x(B) + x(B1),

x(B4) + x(C) = x(B2) + x(B3),

x(B1) + x(B3) = x(B4) + x(D).

(A2)

Summing up them gives the desired (A1).

Case 2-2: tB4 6= tD

In this case, we continue to divide the characteristic quadrilateral B1B4B3D in a way used in

the above argument. If, by finite steps, the resulting characteristic quadrilateral reduces to the

above special case, then summing up these equalities (similar to (A2)) leads to the desired (A1).

Otherwise, we continue to divide the resulting characteristic quadrilateral, and denote the resulting
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characteristic quadrilateral after n step by ÃnB̃nC̃nD (in which Ãn is the highest point, and C̃n

is the lowest one). For example, the resulting characteristic quadrilateral Ã1B̃1C̃1D after the first

step is B1B2CD, the resulting characteristic quadrilateral Ã2B̃2C̃2D after the second step is the

quadrilateral B1B4B3D, etc. See Figure 12. Noting the boundedness of the characteristics λ±, we

observe that

Ãn, B̃n, C̃n −→ D as n →∞. (A3)

Thus, 



x(A) + x(B2) = x(B) + x(B1),

x(B4) + x(C) = x(B2) + x(B3),

· · · · · ·
x(Ãn) + x(C̃n) = x(B̃n) + x(D) + [x(Ãn) + x(C̃n)− x(B̃n)− x(D)].

(A4)

Summing up them leads to

x(A) + x(C) = x(B) + x(D) + [x(Ãn) + x(C̃n)− x(B̃n)− x(D)].

Noting (A3) and letting n →∞ yields the desired (A1). The proof is complete. ¥
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[18] Lochak G.: Un modèle d’équation non linéaire conservant certaines ondes planes. C. R. Acad.

Sci. Paris 250, 2146-2148 (1960).

36



[19] Serre D.: Systems of Conservation Laws 2: Geometric Structures, Oscillations, and Initial-

Boundary Value Problems. Canmbridge University Press, Cambridge, 2000.

37


