A PROOF OF THE FABER INTERSECTION NUMBER CONJECTURE

KEFENG LIU AND HAO XU

ABSTRACT. We prove the Faber intersection number conjecture and other more general results
by using a recursion formula of n-point functions for intersection numbers on moduli spaces of
curves. We also present several conjectural properties of Gromov-Witten invariants generalizing
results on intersection numbers.

1. INTRODUCTION

Let ﬂg,n be the moduli space of stable n-pointed genus g complex algebraic curves and ;
the first Chern class of the line bundle corresponding to the cotangent space of the universal
curve at the ¢th marked point.
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We use Witten’s notation

Around 1993, Faber [1] proposed remarkable conJectures about the structure of tautological
ring R*(My). An important part of Faber’s conjectures is the intersection number conjecture
which asserts that the following relations hold in RI~2(M,),
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where 7 : Mg,n — ﬂg is the forgetful morphism.

The Faber intersection number conjecture computes all top intersections in the tautological
ring R*(M,) and determines its ring structure if we assume Faber’s perfect pairing conjecture
(which is still open!).

The Faber intersection number conjecture is equivalent to
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where By, denotes the Bournoulli number. By Mumford’s formula [9] for the Chern character
of Hodge bundles, the above identity is equivalent to
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where d; > 1, >7% 1 dj =g +n—2.
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The identity (2) can be derived from the degree 0 Virasoro conjecture for P? [3]. Givental
[4] has announced a proof of Virasoro conjecture for P”. Y.P. Lee and R. Pandharipande are
writing a book supplying the details.

Goulden, Jackson and Vakil [5] recently give a more enlightening proof of identity (1) for up to
three points. Their remarkable proof uses relative virtual localization and a combinatorialization
of Hodge integrals.

Now we explain our approach to prove identity (3), hence the Faber intersection number
conjecture. We will use a recursion formula of n-point functions

n

d:

Fg(l‘l,...,ﬂjn> = § <Td1"'Tdn>9ij]'
Jj=1

Z dj :39—3+n

Lemma 1.1. [7, 8] Let g > 0 and n > 1. Then

(Z?:l xj) ’

(29+n_1)Fg(1‘17>$n): 12 Fgfl(l‘l?"'axn)
1 g
+n72 Z (Z.%‘Z) (le> Fh SU[ g— h(.’EJ).
Q(ijlfﬂj) h=0n—11]J \iel i

Proof. By induction, we have

4
n
1 (Z =1 xj)
Fy(z1,...,20,0) = ’ F,

= 29-|-n 12 g,1($1,...,l‘n)

Sy oy (zx> (Zx> Fyonls) + Zx] @)

h=0n=IT[J \i€l ic
n
ij Fy(xi,...,zp).
j=1
So we need only verify that Fy(y,z1,...,xy), recursively defined as above, satisfies Witten’s

KdV coefficient equation (regarding as an ODE in y). By the uniqueness of ODE solutions,
this will prove that they are indeed the n-point functions for intersection numbers on moduli
spaces of curves. The verification is straightforward but tedious. We have included it in the
appendix. O

One uses the notation

g
Lg’b(y, xTy... ,xn) = Z Z (y + Z xi)“(—y + Z :L‘i)th(y, J?[)Fg_h(—y, xj).

h=0n=I]J iel ieJ
We now prove that the Faber intersection number conjecture can be reduced to statements about
the above functions.

Proposition 1.2. The following three statements together imply identity (3), hence the Faber
intersection number conjecture.

i)
[Lg’o(y, 1. .. 7$n)]y2972 =0;
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ii) For k> 2g,
2,2 — 0
[Lg (yaljl-"axn)] kT Oa
iii) Ford; > 1 and }%_,dj = g+n,

N B (29 +n+1)!
Mo e T 49(2g + DT (2d; — DI

[Lz’Q(y, T1...,T

Proof. Since one and two-point functions in genus 0 are

1 1 1 z a2
= "o F0($7y): = D)
T Tty Yy oy

it’s consistent to define
(T—2)0 =1, (eT—1-1)o = (=1)¥, k> 0.
Let A denotes the following term

29—2 n
Z > 0 [ e (raga-s [ radg- + HTd 7909 = D (Ta 201 [ [ 7acd
n=I[]J j=0 iel ieJ = j=1 i#j
and
1 2g—2 . n 1
B = 3 Z (—1) <ng—2—j’7'j HTdi>g_1 = [2Fg_1(y, —Y, T, ... ,xn)] .
j=0 i=1 y29—2

Note that the right-hand side of identity (3) is exactly A+ B. By allowing the index to run over

all integers, we have
Z Z(— TJHTd (Tog—o— JHTd

n=I]]J j€EZ el ieJ
g
= Z Z Fyp(y,xr)Fg—n(—y,2.1)
h=0n=I]]J y29-2 T, x:_ii
= [Lg,o(y, I1,... ,;cn)]y%_2 I, o = 0.

From Lemma 1.1, we have

(Z?:l xj)4 P

ZJU; Fy 1$1,---7$n>:m g—2($1>---,1‘n)

+2(29+1n—1) 515 7n) +Z > (Z%> (Z%) =Y 1) Fy1-n(27)

h=0n=I1]J \iel icJ

If we assume statements (ii) and (iii), then we can inductively prove

1
|:Fg(y7 yalila--w*rn):| :0, fOI‘]{?>g
2 ka

and we have

1%~ (29 +n—2)
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which, by applying string equation and inducting on the maximum index among d; (see [6]),
implies

B (29 +n —3)!
22971 (29 — DT, (2d; — DI
So we see that B is just the constant at the left-hand side of identity (3). O

Proposition 1.2 tells us that in order to prove the Faber intersection number conjecture, we
need only prove the three statements (i), (ii) and (iii) about n-point functions. Actually we will
prove more general results which are stated as our main theorems, Theorems 2.4, 2.5, 2.6 in the
next section. Proposition 1.2, therefore the Faber intersection number conjecture, is a special
case of these theorems.

2. PROOF OF MAIN THEOREMS

The binomial coefficients (i), for £k > 0,p € Z are given by

0, k<0,
(i) = {1, k=0,
p(P—l)""c(!P—k-H)’ E>1.

Lemma 2.1. Let a,b€ Z andn > 0. Then

ﬁi i+a\(n—i+b\ (n+a+b+1
o\ i n—i ) n '

py_(p—1 p—1
() =) G2
denoting the left-hand side of the above equation by A, (a,b), we have
Ap(a,b) = Ap(a—1,b) + Ap—1(a,b).

First we use induction on n and |b| to prove

Proof. Since

1
A,(0,b) (n+b+ )
n
Then we use induction on n and |a| to prove
b+1
An(ab) = (n—i—a:t— + >

We now prove two lemmas that will serve as base cases for our inductive arguments.

Lemma 2.2. Leta, b€ Z and k >2g9g—3+a+b. Then
i)
L' w)| =0,
ii)
(129 —24a+b)
y20—4+atbpg+l 49(2g + 1!

L5 (g )]
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Proof. We have
Z Lg’b(y7 1., Tp)

920
E?:l l‘? a b
=exp | =) D0 Y w)(—y+ ) w)'Gly, G-y xy),
n=I1]J icl icJ
where G is the normalized n-point function defined by

— Y]

51 >'F(x1,...,xn).

G(x1,...,x,) = exp <

In particular,

k
6=ty )= Yt (G n))

_x+yk>0

The one-point function is due to Witten [10] and the two-point function is due to Dijkgraaf.
For statements (i) and (ii), it’s not difficult to see that we need only prove

(1" 2=y + 2)°Gy(—p,2) + (1) 2y + 2)°Cyly,2)| | =0, fork>29-3+a+b,
Y
and

1Y (20— 2+ a
12y 4 )Gyl ) + ()2 + 20 Gy, )] - U2t

y29—A+atbgg+l 49(2g + 1!
Both follow easily from the explicit formula of G(y, x). O
Lemma 2.3. Leta,be Z and k> a+b—3. Then
i)
{Lg’b(y, Tlyeeo,Tp) " =0,
ii)

Y, _(Vatbin-g)
0 s LlyeeeyIp ya+b74H;}:1xj (a—|—b—3)'

Proof. We have
Lgvb(y,xl ceey ) = Z (y + in)|l\—2+a(_y i Zmi)|J|—2+b.

dj

For any monomial y* H?Zl z;’ in Lg’b(y,xl ..y y), if K > a+ b — 3, then there must be some

d; = 0. We may assume d,, = 0, then

L (.01, 0-1,0)

= Z ((y‘l‘zxi)U1+a(_y+2xi)|J|2+b+(y+zxi)l|2+a(_y+zxi)|J|1+b>

n—1=I1]J iel icJ el iceJ

-1
= nzél?j ST (w+ w4 S
j=1

n—1=I1]J iel icJ
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—1
ij LEPy 21 .. 2 1).

So (i) follows by induction on n.

gy w1, )|
|: 0 (y7x17 7'7;77«) y“*b*“H”, 2

- (5 )

II\—O

2+a n—1—2+5b
1)b '§ ly L 2.1
( >< " i > apply Lemma

n
(—=1)%(a+b+n—3)
(a+b—3)!
So we proved (ii). O
Theorem 2.4. Leta,be Z and k > 2g—3+a+0b. Then

L‘;’b(y,xl ceyTp) o 0.
Proof. We will argue by induction on g and n, since the theorem holds for g = 0 or n = 1 proved
in the above lemmas. We have

(29 +n— 2)Lg’b(y, X1..o,Tp)

g
=3 e+ Y w) (—y+ Y @b+ 1] - DE(y a1 Fyon(—y, )

h=0n=I]]J i€l icJ
g
+D Y WY @) (—y+ Y @) Faly 2n)(2(g — h) + | J| = ) Fyn(—y, z).
h=0n=I1]J i€l icJ

By Lemma 1.1, we have

Z Z (?/JFZ%') y+z )P(2h 4 1| = 1) Fy(y, 21) Fy—n(—y, )

h‘:()ﬂ:[]_[‘] el ieJ ykz
1 a+3,b a,b
12 |:Lg 1 (y')xl?"'axn)]yk - |:Lg (yvxl"'axn)]yk
g
a—1 1-s,b
Y (V) T AT )
h=0 s>0 n=I]]J icl k

Y

Note that in the last term of the above equation, |J| < n. So by induction, for k > 2g—3+a+b,
the sums vanish except for h = 0 and s = 0, namely the

> O w) T LEt e (y, 2 y)

n=I[]J icl y
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Let d; > 1 for 1 < j < n. By induction, it’s not difficult to see from the above that

P Ly, 21 ..., ] |
(29 +n) | Ly"(y, 1. .., 20) I
1
= — |Lof3b Lt .
19 |: g—1 (yaxla , L )+ (y7$1> 7$n) ykl_[;;lxtjj

By induction, we have

n
0= (le> {L;ﬂ’bﬂ(y,xl, e ,xn)} fork>29—3+a+b
=1

yk

:[Lgf%bﬂ(y,:cl,..., )+La+1b+2(y,m1,...,ajn) .
y

and

O—(sz> { y,arl,...,xn)}k fork>29g—54+a+b

y
[L‘H?’ b(y,xl, ey Tp) F La b+3(y,x1, .. ,xn)} "
+3 [L;J_r%’bﬂ(y, Tly...,Tpn)+ LaJr1 b+2(y, T1,... ,xn)} "
[LH?’ b(y,xl, ey Tp) + L“ b+3(y,at1, ... ,xn)} o
So we have proved that
[Lg’b(y,xl . )} 4y = =0, ford; >1.

r H] 1%
If some d; is zero, the above identity still holds by applying the string equation

b
Lg"(y, 1., 20,0 ij Yy, 1. .., x0).

So we conclude the proof of the theorem.

Theorem 2.5. Leta,be Z, d; > 1 and Zj dj =g+n. Then

)] B (-1)%(2g —3+n+a+b)!
"] ype-avate | fﬁjj C 49(29-3+a+b) H;‘L:1(2dj -t

[Lg’b(y, T1...,T

Proof. As in the proof of the above theorem, we have

a,b
(29 + TL) |:Lg (yaxl ey .’En)] y29—4+ath H;'L:1d

J
5 [Eat o) + 155, 20|

12 y29 4+a+bH"
1
-7 [Lgff’bﬂ(y,:vn) + La+1 b+2(y,xﬂ)}

y2g—4+a+b H;’L:I d]

1,b 1
[(E xz) cH_» + y7xn)]
y2974+a+b H;_L: d

1%
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3

1 [ IX
+1 b+1

- ya fEn)} di—1 d:

4 o y2g—4+a+bx g H#j xiz

B (-=1)°(29g — 3+ n+a+b)!
4929 =3+ a+ D), 2d—1”

(-1’29 -3+n+a+ b).
4929 — 3+ a+0)! T}, (2d; — DIV’

= (29 +n)
So we have proved the theorem. O

All the three statements in Proposition 1.2 are particular cases of the Theorems 2.4 and 2.5.
We thus conclude the proof of the Faber intersection number conjecture.
Let’s use the notation

Lg(y7 Zay Wh, xﬂ) = Z Z Fh(% Zly-ves%ay xI)Fgfh<_ya wi, ..., Wy, xJ)-
h=0n=I]J
Both Theorems 2.4 and 2.5 can be extended without difficulty.
Theorem 2.6. Leta >0,b>0,n>1. We have
(1) Fork>29—3+a+b,
[Lg(ya Zg, Wh, mﬂ)] yk =0.
(2) Forr;>0,s5;>0,d;j >1and > rj+> s+ dj=g+n,

[Lg(y, za; wp, Tn)] : , d;
g\Ys <a, Wh, Ln _ "5 b s
y2g 44a+b H‘;:l Zj] Hj:l wj] H;‘lzl xj]

1 . (-1)°(29 =3 +n+a+b)
[T5- (27']4-1”1_[ ((2s;+ 1)1 4929 —3+a+ )]} (2d; — DI

We may write down the coefficients of L, (y, 24, W, ) explicitly (see [6]). For example, when
a=1,b=0,

[Lo(v: 2 2n)] ke T, o Z Z TJHTd (Th— ]TrHTd

n=I]]J j=0 el i€J
n n
k
+ (o [ [ 700 = (GO g [ [ ray)g - Z Ta; ki1 | [ 7as
J=1 J=1 J= i#]
Whena=b=1,
k
[Lg(y,z,w,x@)]ykzrwsnn 4y = Z Z T]TSHTd (T JTTHTd
L S i€l icJ
n n

— Thts+1Tr H 749 — (= 1) (Thgrs17s H Td;)g

Jj=1 J=1
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3. GROMOV-WITTEN INVARIANTS

We adopt Gathmann’s convention [2] in this section which will simplify the notation, namely
we define
(T-a(pt))go = 1
and

(on (1)1 (12))g = (—1ymax(me=1=m) /X Y-, meL.

All other Gromov-Witten invariants that contain a negative power of a cotangent line are defined
to be zero.

Motivated by our previous results, we conjecture the following vanishing identities and multi-
nomial value property for Gromov-Witten invariants, which we have checked in various cases.
We will discuss them in details in a forthcoming paper.

Conjecture 3.1. Let v, \; € H*(X) and k > 29 —3+a+b. Then

SO (=1 (U (Ton) ] 7 ()00 (s (T quz )))g—n = 0.
=1

h=0 j€EZ

Conjecture 3.1 is a direct generaliztion of Theorem 2.4. For example, when a = b = 0, it
becomes
g 2k-2

{{Tar(1 th (Tarar—1(Tn)))g + ) D (1 {75 (T (k-2 (T™)) g1 = O
h=0 j=0
for k > g.
Conjecture 3.2. Let k > g. Then
2k
D (W (To) a5 (T™))) 5 = 0.
§=0

We also have

M\h‘

Z Tn)72g-2-5(T™)))g-1 = ({chzg—1(E)))g.
=0

Conjecture 3.3. Let a>b. Then

n X
<Ta(Tm)Tb(Tm)Hij(7j)> > <Ta+1( )71 ( HTpJ Y >
B

j=1 g

X

9,8

APPENDIX A. VERIFICATION FOR LEMMA 1.1

We include the derivation of Lemma 1.1 here just for reader’s convenience. We refer the
interested reader to our previous papers [7] and [8] for other interesting properties of the n-point
functions.

Witten’s KdV coefficient equation [10] implies the following ODE satisfied by n-point func-
tions.

y* y+zx3 w1, )
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OO\@

y+zl‘] g— 1%$17~-- y+zxj y,l'l, "axn)

3
+ % (y—Fin) <Z$z> + 2 <y+ 2.11) (Z 1’1> Fh(y, x[)Fg,h(;L'J)
n=I]]J iel 1€eJ iel 1eJ

2

1
-5 erZ:Uj Fy(y,z1,...,2n)

We will verify that the functions F,(y,x1,...,2,) recursively defined in Lemma 1.1 satisfy
the above ODE. The proof goes by induction on g and n, namely we assume Fj(y, z1,..., k)
satisfies Witten’s ODE if either h < g or k < n. Since Lemma 1.1 holds obviously for g = 0 or
n =1 (see [7]), we have the initial case of the induction.

Let LHS and RHS denote the left-hand side and right-hand side of the Witten’s ODE. We
have

Y (y + 20 wj)4F

(Qg—l—n)LHS: 4 g—l(ywxla"-axn)
3 2
y(y+Z§L1%‘> )
- ; F,_ e, Iy
+ 0 8y y—|—Z$J g 1(y>$17 » & )

+y > <y+zxz> <sz) Fy(y,z1)Fg—n(z)

n=I1]J i€l ieJ
n

o)y 2 2 (y+§;xz) Fa(ys o) (z) Fy ()
j=1 n=I]]J y iel i€

By induction, we substitute the differential terms using Witten’s ODE and get

4
y (y + 20 %’)
Fg

(2 + mLHS = = )
(1450, 25)’ 4 .
Yy j=1 xj) y
+ 12 8 y+zxj Fy 2(y,$n)+§ y+z;r] Fo1(y, 21,0 20)
‘7:
3 2 2
(y + zxz) (z ) » (y + z) (z ) Fou 1)y ()
n— I]_[J il ieJ iel icJ
Y. Z% Fyrgoneeoon) | 4y S (y + z) (z) n21)Fy )
n=I1]J iel icJ
n

ool
N <

o) &
j=1

n=IT]J

(?H’Z%) Fpa(y,zr) +

el

<y +> l‘z> Fr(y, 1)

i€l
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S (wzxi) (in>3+z<y+zxi)2<zxi>2 Fly, ) F(ed)

=111 iel’ iel” iel’ iel”
-5 (Z/Jrzxz) Fy(y, 1) | Fg—n(zJ) (Z%)
iel icJ

Let’s introduce some symbols to simplify notations

Ag’b = Z Z (y + sz> <Z xz> Fi(y,x1)Fy—n(xs),

h=0n=I1]J el icJ

Byh© = zg: > <y + Z:c> (Z ac) (Z ac) Fu(y,x1)Fyn().

h=0n=I[[J]]K iel icJ icK

Note that Bg’b’c = Bg’c’b.
After carefully collecting terms, we arrive at

y (y + 251 l’j)4 - (y + 251 fca‘)4 (Zgzl %‘)

4 24 Fgfl(y)xla"wxn)

(2g+n)LHS =

7
y (y + 24 %‘) 2 =1 %) y
9 Fg—Q(yvxla"'7xTI> +ly— jT A372+§A;73

Y 16 O 425 3Y 434 @A4,3 5ZA2 2

Y 1,24 1,3,3 oY 2,2.3 3,2,2
+ §Bg + §Bg + ?Bg + yBg .

_l’_

Substitute the recursion formula for Fy(z1,...,z,) to the right-hand side. We have

3
(2g—|—n)RHS:% y+Z£L'] 12 Fg72(y7$17"',xn)

+; Z <y+2xl> <le) Fi(y,xr)Fg—1-n(xr)

xj
y+Z] L2 et 1g icJ icJ

4 3
Y w)
y y (y J=1"J
Z Y+ E €5 Fg_l(y,$1,..., 5 12 F,

HM

1 ( +Z$z> <2x2> Fh y,JI[)Fg_h(l"J)

y+Z]+1 J h On=I]]J icl ic

45 ((5e) (59) 2 (5e) (5)

~1(y, 1,y )
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9
X Z (2h 4+ |I]) Fi(y,x1)Fy—n(xs) (apply Lemma 1.1 to simplify)
h=0
3 2 2
Y
15 (65 (5) 265 (57)
n=IT]J el icJ iel ieJ

g
X ZF (y,21)(29 —2h + |J| = 1)Fy_p(xs) (apply Lemma 1.1 to simplify)
h=0

s <y+2wi> (in>3+z <y+zxi>2 <Z> Fily, o1)Fyn()

h=0n=I]]J el icJ iel icJ

(y + 2 xj>3

1
_5 y-i-ij 12 Fg—l(y7$17--~7$n)+

y+z Z 2 (WZ%) (Zw) w (Y, w1) Fyn(.)

i=175 b0 n= I11J i€l i€

After carefully collecting terms, we arrive at

Yy (y+ > i xj)4 B (y+ > i 5”]')4 (ZJ 1% J)

2 HS =
(29 +n)RHS n 51

_1(y, e, x)

7
y (y +2 ﬂ?j)

D i1 T y
+ 9 _g(y,CC]_, e 7$TL) + (y - ]T A§’2 + §A;73
5 25  3Y 34 DY 43 5y 5.2
A6 A% 42 A3 2T p43 A>
Jr2491+2491 8 g=1 T T -1 1 5

Y124, Y133 oY 2,2,3 3,2,2
+ §Bg + §Bg + ?Bg + yBg

So we verified LHS = RHS.
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