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Abstract

In this paper, we first give a lower bound of the lifespan and some estimates of classical
solutions to the Cauchy problem for general quasi-linear hyperbolic systems, whose
characteristic fields are not weakly linearly degenerate and the inhomogeneous terms
satisfy Kong’s matching condition. After that, we investigate the lifespan of the classical
solution to the Cauchy problem and give a sharp limit formula. In this paper, we only

require that the initial data are sufficiently small in the L' sense and the BV sense.
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1 Introduction and main results

Consider the following quasi-linear hyperbolic system of first order

ou ou

E-FA(u)a—x = B(u), (1.1)
where u = (u1,--- ,u,)? are the unknown vector-valued functions of (¢,z), A(u) = (a;;(u)) is an
n x n matrix and B(u) = (B1(u), Ba(u), -+, B,(u))? are n—dimensional vector-valued functions.

By hyperbolicity, for any given uw on the domain under consideration, A(u) has n real eigen-

values Ay (u),- -+, Ap(u) and a complete system of left (resp. right) eigenvectors Iy (u), -, 1, (u)
(resp. r1(u), -+ ,rn(u)). In this paper, we assume that (1.1) is a strictly hyperbolic system, i.e.,
A(u) < Ag(u) < -+ < Ap(u). (1.2)

Without loss of generality, we suppose that on the domain under consideration
Li(w)rj(u) = 05, L (wri(u) =1 (i,5=1,---,n),

where d;; stands for the Kronecker’s symbol.

The following definitions come from Kong [7].
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Definition 1.1 The i—th characteristic \;(u) is weakly linearly degenerate, if, along the i—th

) (4) )
characteristic trajectory u = u(?) (s) passing through u = 0, defined by dud—s(s) =r;(u?(s)), s=0:
u =0, we have

Vi(w)ri(u) =0, Vls| small, (1.3)

namely

i (D () = A0), V|s| small. (1.4)

If all characteristics \j(u) (i = 1,2,---,n) are weakly linearly degenerate, then the system (1.1)

1s called weakly linearly degenerate.

Definition 1.2 The inhomogeneous term B(u) is called to be satisfied the matching condition,

if, along the i—th characteristic trajectory u = u\)(s) passing through u = 0, B(u) =0, i.e.,
B (s)) =0, V|s| small. (1.5)

Definition 1.3 If there exists a sufficiently smooth invertible transformation v = u(a) (u(0) =0)
such that in the u— space, for eachi=1,2,---  n, the i—th characteristic trajectory passing through

=0 coincides with the u—axis at least for |u;| small, namely

ri(aie;) = e, Y |ug| small, (1.6)

(@) - L .
where e; = (0,---,0,1,0,---,0)". Such a transformation is called a normalized transfor-
mation and the corresponding unknown variables @ = (@1, 1z, - , i) are called normalized

variables or normalized coordinates.

If the system (1.1) is strictly hyperbolic, then there always exists the normalized transformation
(cf. [8]). In this paper, for the sake of simplicity, we assume that the unknown variables u are

already normalized variables. That is to say,
ri(uiei) = e;. (1.7)

It is easy to see

7:(0) = e;, 1;(0) = el (1.8)

K2

At the same time, (1.4) and (1.5) can be deduced to
)\i(uiei) =0 (19)

and

B(uiei) =0 (110)

respectively.

We consider the Cauchy problem of the hyperbolic system (1.1) with the following initial data

t=0:u(0,2)= f(e,x), (1.11)
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where f(e,z) is a C! vector-valued function of €, z such that

o2 f

f(O, CE) = 0, %

(6,) € (CT[0,e1])", 0 <7 <1, (1.12)

where € € [0,€1], €1 is a sufficiently small positive constant. Then we know that

lim Hew) _0f

e—0t € Oe

(0,2) £ 4(x) € (C'(R))". (1.13)

For the case that the initial data f(e,x) satisfies the following decay property: there exists a

)} < +00 (1.14)

is sufficiently small, by means of the normalized coordinates Li et al proved that the Cauchy

constant > 0 such that

o2 swp{1el) ' (17 + | G

problem (1.1) and (1.11) admits a unique global classical solution, provided that the system (1.1)
is weakly linearly degenerate (see [12]-[15] and [8]). Kong and Yang [11] studied the asymptotic
behavior of the classical solution. In their works, the condition g > 0 is essential. If 4 = 0, a
counterexample was constructed by Kong [7] showing that the classical solution may blow up in a
finite time, even when the system (1.1) is weakly linearly degenerate.

For the quasi-linear strictly hyperbolic system with linearly degenerate characteristic fields, A.
Bressan [1] proved the global existence of classical solution with initial data of small BV norm.
If the characteristic fields are weakly linearly degenerate, Zhou [19] proved the global existence of
classical solution with initial data of small L' norm and BV norm. Dai and Kong [4] and Dai [2]
studied the asymptotic behavior of the classical solution.

When system (1.1) is not weakly linearly degenerate, there exists a nonempty set J C {1,2,--- ,n}
such that A;(u) is not weakly linearly degenerate if and only if i € J.

Noting (1.4), we observe that for any fixed i € J, either there exists an integer o; > 0 such that

dotin (u(s)
=0 (I=1,---,a;), but ——g;%r—l £ 0, (1.15)

s=0 s=0

d'Ni (ul(s))
ds!

or

d'\; (u(i) (s))

o =0 (I=1,2---). (1.16)
S

s=0
In the case that (1.16) holds, we define o; = +o0.

For the normalized coordinates, conditions (1.15) and (1.16) simply reduce to

(Z:{(O) =0 (I=1-,0q), but %;:\11(0) #0
and !
%Z() 0(=12-")
respectively.

Our first goal in this paper is to give the following uniform a priori estimates of the classical

solution to the Cauchy problem (1.1) and (1.11).
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Theorem 1.1 Suppose that the system (1.1) is strictly hyperbolic, A (u), B(u) is suitably smooth
in a neighborhood of w = 0 and B(u) satisfies the matching condition, suppose furthermore that
the initial data (1.11) satisfies

[ e

oo

v < K /+Oo|f( dz < —22 (1.17)
r < Kie, & z)ldr < e, )

— 00

where € is a sufficiently small positive constant and K1, Ko and M £ sup ‘g—i’(x)’ are constants
z€R

independent of €. Suppose finally that system (1.1) is not weakly linearly degenerate and
a=min{q; |i € J} < o0, (1.18)

where «; is defined by (1.15)-(1.16). Then, on the existence domain [0,T] x R of the C* solution
u=1u(t,x), there exist positive constants K3, K4, K5, K¢ independent of ¢, M, T such that

Vi(T), Vi(T) < K3(e + eo‘+2T), Wi (T), Wi(T), Uso(T), Voo (T) < Kse, (1.19)
where
Te*ts < K, (1.20)
and
W (T) < Kse, (1.21)
where
Te* ™ < K. (1.22)

In (1.19) and (1.21), Vi(T), Vi(T), Wi(T), Wi(T), Us(T), Vao(T), Wuo(T) are defined as
follows: For any fized T > 0,

Un(T) = sup suplu(t,z)], Vao(T) = sup supv(t,z)]
0<t<T z€R 0<t<T z€R

WaolT) = sup_sup [w(t, )],
0<t<T z€R

+oo +oo
n = s [ jpeoldn W@ = sw [ o),

0<t<T J -0 0<t<T J -0

lvs(t, z)|dt,  Wi(T) :maxsgp/ |w; (t, )| dt,

EE—

i) C, C’j i#£] C;

where | -| stands for the Buclidean norm in R™, v = (vy, -+ ,v,)T and w = (w1, -+ ,w,)T in which
v; = li(w)u and w; = li(u)u, are defined by (2.1) in §2, C; stands for any given j-th characteristic
on the domain [0,T] x R.

Remark 1.1 By (1.21)-(1.22), we know that the life span of the classical solution T(€) > Kge(@+1),
It is obvious that (1.14) implies (1.17). Therefore, Theorem 1.1 is a generalization of corresponding
results of Li et al [15] and Kong [8] where the decay initial data was considered.
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For the critical case, i.e., in (1.18), a = 400, from Theorem 1.1 and its proof in §3, we can

easily get the following corollary.

Corollary 1.1 Assume that the assumptions except (1.18) in Theorem 1.1 hold. In (1.18), we
assume that « = +o00. Then, for any given integer N > 1, there exists g = ¢o(N) > 0 so small
that for any fized € € (0, o], the lifespan T(e) of the C* solution u = u(t, z) to the Cauchy problem
(1.1) and (1.11) satisfies

T(e) > Cye ™,

where C is a positive constant independent of €.

Next we consider the blow-up of the classical solution to the Cauchy problem of the hyperbolic
system (1.1) with the initial data (1.11). If the hyperbolic system (1.1) is not weakly linearly
degenerate, Li et al [15] and Kong [8] estimated the lifespan of classical solution to the Cauchy
problem (1.1) with the special initial data u(0,2) = e¢(x) which satisfies the following decay
property: there exists a constant p > 0 such that

A
o = sup{(1+ j2) (1o ()] + ¢ (@)D} < +o0 (1.23)
re
and the zero or matching inhomogeneous term B(u).
Our second goal is to investigate the lifespan of classical solution to the Cauchy problem (1.1)

and (1.11) when the system (1.1) is not weakly linearly degenerate.
Theorem 1.2 Suppose that the assumptions in Theorem 1.1 hold. Let

Jo={ilieJ a,=a} #0. (1.24)
If there exists ig € J1 and a point o € R such that

9T,

8uo¢+1 (O) ?1/}£0 (IO) < Oa (125)

i

where P(x) € (CI(R))n is defined in (1.13), then there exists g > 0 so small that for any fized
€ € (0,¢€0], the first order derivatives of the C' solution u = u (t,z) to the Cauchy problem (1.1)
and (1.11) must blow up in a finite time and the lifespan T (€) of u = u (t,z) satisfies

(_ 1 aa-ﬁ-l)\i

Lo\l
lim (eo‘+1T(e)) =maxsup { —— -7

Tim s Ot (@) vi(o)). (1.26)
Remark 1.2 [t is obvious that the decay property (1.23) implies (1.17). Therefore, Theorem 1.2
is a generalization of responding results of Li et al [15] and Kong [8] and results of L. Hormander
[5], John [6], Liu [16] where the decay initial data and the compactly supported initial data are

considered respectively.

Remark 1.3 For the hyperbolic system (1.1) with constant multiple characteristic fields, we can

obtain the similar results in Theorem 1.1 and Theorem 1.2 if we prove them as in this paper and

in [2]-[3].
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Remark 1.4 Similar to Kong and Li [10], if along i—th characteristic x = x;(t,y), wi(t, z;(t,y)) =
Li(w)ug (t, z5(t,y)) blow up at the lifespan T(€), then we have

w;(t, zi(t,y)) = O((T(e) —t)™1), when t — T(e)~.
Remark 1.5 For the conservation laws, shock will appear (see Kong [9]).

This paper is organized as follows. In §2, we recall John’s formula on the decomposition of
waves with some supplements for the hyperbolic system (1.1). Then we give some uniform a priori
estimates for the Cauchy problem (1.1) and (1.11) and prove Theorem 1.1 in §3. In §4, we obtain
some important uniform estimates by making use of an invertible characteristics’ transformation
of the hyperbolic system (1.1). Finally, we investigate the lifespan of the classical solution to the
Cauchy problem (1.1) and (1.11) and give the proof of Theorem 1.2 in §5.

2 Preliminaries and Decomposed Formulas of Waves

For the sake of completeness, in this section we briefly recall John’s formula on the decomposition
of waves with some supplements for the hyperbolic system (1.1), which play an important role in
our proof.

Let

and

Then we have

and
Blu) = kznlbk (W) (2.4
Let 7
d% - % + /\i(u)a% (2.5)

be the directional derivative along the i-th characteristic. We have (see [13]-[15] or [8])

Zz_jz = > Bur(wvjwr + Y vigr(w)vsby(u) + bi(u) £ Fi(t,2) (2.6)
‘ 3 k=1 Jrk=1
and
dwi n n A
L Z Yijr (w)wjwy + Z ok (W w;ibk(u) + (bi(uw))s = Gi(t, z), (2.7)

k=1 J.k=1
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where
Bige(uw) = (Ae(w) = Xi(u))li(u) Vrj(u)re(u) (2.8)
vijr(u) = —Li(u)Vrj(u)ry(u), (2.9)
Yijre(u) = (Ae(u) = A (w)li(w)Vr (w)rk(u) — VA;(u)re(uw)di;, (2.10)
oije(u) = Li(w)(Vri(u)r;(u) = Vrj(u)re(u)) (2.11)
Equivalently we also get
% + W = Z Bijk(u)’l)jwk + Z Vijk (w)vjbg (u) + bi(u)
Jik=1 j,k=1
2 Fyt ), (2.12)
d[vz(d:c — /\Z(u)dt)] = i Bijk(u)vjwk + i Vijk (u)vjbk(u) + bl(u)] dt N\ dz
G k=1 G k=1
2 F(t,z)dt Ad (2.13)
and
On  QNI0) S g+ onk(wusbu(e) + (u(w),
G k=1 G k=1
2 Gt ), (2.14)
dlwi(de = XN(w)dt)] = | Y Ak (@wjwe + Y oije(w)w;bg(u) + (bi(u))m] dt A dx
Jik=1 j.k=1
2 Gi(t,x)dt A da, (2.15)
where
Bign(w) = Bijk(w) + VAi(w)r(u)di, (2.16)
Yijk(w) = ijr(u) + %[W\j(u)rk (u)dij + V Ak (u)r; (w)dix]- (2.17)

From (2.8), (2.10) and (2.16)-(2.17), we see that
Bijitu) = 0, Fij;(w) =0, Vi, je{l,2,---,n}, Vl|u| small, (2.18)
Yijj(u) = 0, Bii(u)=0, Yji#i, ¥ l|ul small (2.19)

As we already assume that u are the normalized coordinates, making use of (1.7), the following

relations hold (see [8]):
61'3‘3‘ (’U,j&j) = O, Vijj (ujej) = O, O'ijj(Ujej) = O, |uj| small, Y i,j, (220)
Bijj (’U,j&j) = O, v |’U,J| small, Vi }é ] (221)

When the inhomogeneous term B(u) satisfies the matching condition, then in the normalized

coordinates u (see [8]),

bi(u) = Y bir(wujug, V|u|small, Vi€ {1,2,-- ,n}, (2.22)
J#k
(bi(u))e = bk (u)wy, (2.23)
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where byji,(u) is a C* function and by (u) = 3. %ﬁ)rkl(u) satisfies that
i=1

Eik(ukek) =0, V|ug/small, Vke{l,--- n} (2.24)

3 Uniform Estimates—Proof of Theorem 1.1

In this section, we shall establish some uniform estimates under the assumptions in Theorem 1.1
and give the proof of Theorem 1.1.
First we recall some basic L! estimates. They are essentially due to Schartzman [17], [18] and

Zhou [19].
Lemma 3.1 Let ¢ = ¢(t,z) € C* satisfy
b+ (ANt 2)p)s = F(t,x), 0<t<T,zeR, ¢(0,z)=g(),

where A € Ct. Then

+oo “+o0 T “+o0
[ wettanar < [ lg@lde [ [ pGadsde, ve<T
—o0 — 00 0 —00

provided that the right hand side of the inequality is bounded.
Lemma 3.2 Let ¢ = ¢(t,z) and v = (t,x) be C! functions satisfying

¢e + (A, 2)9)e = F(t,2), 0<t<T,zeR, ¢(0,z)=gi(x),
and

Yo+ (1, 2)9)e = Gt,z), 0<t<T,xzeR, ¢(0,z)=g2(x),

respectively, where \, p € C' such that there exists a positive constants &y independent of T

verifying
p(t,x) = A(t,x) >0, 0<t<T, zeR.

)

Then
Jy I o a)lw@aldedt < C ([ g1 (@)lda+ [} [17 1Pt @)ldedt) x
(ff;o lgo()|dz + [ [ |G, x)|d:vdt)

provided that the two factors on the right hand side of the inequality is bounded.

By the existence and uniqueness of local C'! solution to the Cauchy problem, in order to prove
Theorem 1.1, it suffices to establish a prior estimates on the C° norm of v and % on the existence
domain of C! solution u = u(t, ).

By (1.2), there exist positive constants dg, 6; and § such that

|)\l(’u)—)\J(’U)| 260, |)\Z (u)—)\l (’U)| S(Sl, V|u|, |’U| S(S, VZ#] (31)
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For the time being it is supposed that on the existence domain [0, 7] x R of the C! solution

u=u(t,x) we have
lu(t, z)| < Kre, (3.2)

where K7 is a positive constant independent of €, ¢, x. At the end of the proof of Theorem 1.1,
we shall explain that this hypothesis is reasonable. Then, (3.1) hold if we take § = Kre.

Introduce

Qw(T) = Z/ /|wj t, )| |wy (t, z)|dtdx,

J#k
Qvw(T) = Z [v;(t, x)||wg (t, x)|dtdx,
A
Qv(T) = [vj (¢, x)||vg (¢, z)|dtdx.
r) = 5 [t

As we already assume that u are the normalized coordinates, by (1.7) it can be easily seen that
Z lu;| < Cy Z |vs], for fixed j; Z luiw;| < Cq Z lviw;l; Z luiu;| < Cy Z |vivj].
i#] i#] i#] i#] i#] i#]

Here and hereafter C; (j = 1,2,---) stand for some positive constants independent of €, M, T.

It follows from (2.12) and (2.18)-(2.24) that

E(t,il?) = Z vjwk + Z Vz;k 'Ujbk )+ bz(u)

J,k=1 7,k=1
= > Bir(wvwy + Z Biji(u) = Bigj (ujes) ojw; + Biii(uieq)viw;
J#k J=1
+ Z Vijk ()v; Z brpg (W) uptg + Z bipg () upug.
Jk= P#q p#q
On the other hand,
~ O\
Bii(uies) = VAi(uieq)ri(uie;) = m— (use;).
8’[1,1'
Therefore, we have
Eu(t,2)] < Co | Y lvjwr] + Y [vjok] + |ui*[viws| | - (3.3)

ik ik

By (2.14) and (2.18)-(2.24), we have

Gilt,w) = > Fipwwjwe + > ougr(wwibp(u) + (bi(u))s

jk=1 jik=1
n
= Y Agp@wjwp+ Y our(u)w; > bipg(w)upug
J# Jik=1 p#q

_|_

k
> " (bir(u) — bir(urer))ws.

k=1
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Then we get

Gi(t,x)| < Cs

Z |’Uj’wk| + Z |ijk|] . (34)

J#k J#k
By (2.12), (2.14), (3.3)-(3.4), it follows from Lemma 3.2 that

¢ (m [ 16w |dm)2

Ca(W1(0) + Qw (T) + Quw (T))?
Ci(e+ Qw(T) + Quw(T))?, (3.5)

c (m S |dm)2

Ca(Vi(0) + Qv(T) + Qvw (T) + |[Uso(T)|* T W(T) - T')?

Cy <M€+ 7 +Qv(T) +Quw(T) + \Uoo (T)|* W (T) ~T> : (3.6)

Quw(T) < C <V1( / /|Ft:c|dtdx> <W1 / /|Gtw|dtdw>

Co(V1(0) + Qv (T) 4 Quw (T) + |Uso (T)|*T W (T) - T)

(W1 (0) + Qw(T) + Quw (T))

“ <M+1+Qv< >+va<T>+IUoo<T>|a“W1<T>~T>

(e + Qw(T) + Qvw (1)), (3.7)

Qw(T)

O
=
3
A A A A A

IN

IN

IN

where F = (1”:‘1,1":‘2, s ,Fn)T, é = (él, ég, s ,én)T.
We assume that the j—th characteristic C'j intersects t = 0 with point A, intersects t = T with
point B. We draw an i—th characteristic C; from B downward and intersects ¢ = 0 with point C.

We rewrite (2.15) as
d(Jw; (L, 2)|(dz — Ai(u)dt)) = sgn(w;)Gidtdz, a.e.

and integrate it in the region ABC to get

IN

C
/ |wi(0,x)|d:v+// (G |dtd
A ABC

Cs(W1(0) + Qw (T) + Quvw (T)).

‘ / i, )| () — Aa()) e
&

IN

Noting (3.1), it follows that
[ ws(t.)ldt < ColWa(0) + QuT) + Quaw (1)) < Crle + Qu (T) + Quw(T),
hence
W1(T) < Cs(e+ Qw(T) + Quw (T)). (3.8)
In a similar way, we can deduce from (2.13) that

Vi(T') < Cy +Qv(T) + Quw (T) + [Use(T)[*T'Wi(T) - T| . (3.9)

M+1
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It follows from (2.12) and Lemma 3.1 that
+oo +oo T +oo N
/ |oi (T, z)|de < / |v; (0, x)|dx +/ / |F;(t, x)|dtdx
0 —00

— 00 — 00

T +oo
< CiwoVi(0) + 02/ / Z |vjwe| + Z [vjok| + |ui|*|viw;| | dtdx
0 Jmeo | stk Gk
< Cu |75 + QD)+ Quinl) + U D) WA(T) 7]
+1
That is to say,
VD) < O | 1757 + QulD) + QuawT) + [0 (D)D) - 7. (3.10)

In a similar way, it follows from (2.14) and Lemma 3.1 that

Wi(T) < Crzle + Qw(T) + Quw (T)]. (3.11)

It can be easily seen that

—+oo
Uso(T), Voo (T) < C13 sup / |t (t, 2)|de < CraWi(T). (3.12)

0<t<T J -0
Thus, in order to prove (1.19) it suffices to show that we can choose some constants d; (i =
1,2,3,4,5) in such a way that for any fixed Ty (0 < Ty < T') with Toe+? < K, such that
Vl (To), f/l (To) S 2d16 + 2d2€a+2T0, W1 (TQ) S 2d3€, Wl (TQ) S 2d4€,

UOO(TQ), VOO(T()) S 2d56, (313)
we have

Vi(To), Vi(To) < die + dae® 2Ty, Wi(To) < dze, Wi(Tp) < dye,

Uso(To), Voo(To) < dse. (3.14)
Substituting (3.13) into (3.5)-(3.7), we have

Qw(Ty) < Cule+Qw(Ty) + Quw(Tv))?,

2
Qv(To) < C [ML—i—l + Qv (To) + Qvw (To) + (2d5)a+1(2d3)K46%} ;

€

Qvw(To) < Cy [M—+1 + Qv (To) + Qvw (To) + (2d5)0‘+1(2d3)K46%} (e + Qw (To) + Qvw (T0)).

Denote a; = (2d5)*T1(2d3)K4. It follows that
QW(TQ) S 04(1 + 304(1%)262, QV(TQ) S 204(1%6, va(To) S 204a1€%, (315)

provided that e is sufficiently small.
Furthermore, by making use of (3.15), from (3.8)-(3.12), we get

Wi(Ty) < 2Cse, Vi(Tp) < 2Co [(

1
M T1 + 204&%)6 + (2d5)a+1(2d3)6a+2T0:| )
1
Wi(Ty) < 2Cize, Vi(To) < 201y [(M—-i-l +2Cyaf)e + (2d5)a+1(2d3)€a+2T0] ;

UOO(TQ), VOO(TO) < 2C19C4e.
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If we take
ds > 2C12, dy > 2Cs, ds > 2C12C14
and
di > 2max{Cy, C11} {MLH + 2C4aﬂ , dy > 2max{Cy, C11 }(2d5)*" (2d3),

then we obtain (3.14). Thus, if we take K3 = max {dy,ds,ds,dy,ds}, we obtain (1.19).

It follow from (2.7) that
wilt (b)) = wi0,) + [ Galtomi(tg))at,
where C; is the i—th characteristic defined by

dt

= Ni(u(t, i (t,y))), t=0:2;0,y) =y.
By (2.7) and (2.18)-(2.24), we have

Gi(t,w) = > vigp(wwiwe + > our(wwib(u) + (bi(u))s

Jik=1 Jik=1

= Z%‘jk(u)ijk + (viii (w) = yisi (wieq) )wy + viii (wie; )w;
J#k

+ > oir(ww; Y bpg(wupug + > (bik(u) — bik (uker) Jwi.
k=1

Jrk=1 P#q
On the other hand,

Yiii (uie;) = =V i (uie;)ri(ue;) = _%(Uiei)-

Therefore, we get

|Git,2)| < Cus | D (wjwi] + fojwi]) + D [vw?| + |ui*[wi]*| -
ik i

Then we obtain

Woo(T)

IN

Ci [Woe (0) + Wo(D)WA(T) + Vee (T)WA (T) + Wo (T)VA(T)
FWoe (T)2VA(T) + Uno(T)* Wo(T)? - T
< Cu [e+ Wea D)WA(T) + Voo (T)WA(T) + We (T)TA(T)

FWae (T)2VA(T) + Uno (T)* W (T))? - T] .

(3.16)

(3.17)

Thus, in order to prove (1.21) it suffices to show that we can choose some constant dg in such

a way that, for any fixed T} (0 < Ty < T) with T1e*t! < K,
Woo(Tl) S 2d66,
we have

WOO (Tl) S dﬁE.

(3.18)

(3.19)

12
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Substituting (1.19) and (3.18) into (3.17), we have
Weo (T1) < 2C17[1 + K§ (2dg)* Kgle.

Hence, if dg > 4C17, K¢ = W, then we have (3.19). Therefore (1.21) is proved.
It follows from (1.19) that U (T) < Kre where T satisfies (1.20), provided that e is sufficient
small and K7 > K3. Then the hypothesis (3.2) is reasonable. This proves Theorem 1.1.  [J

4 Some important uniform estimates on classical solutions

On the domain where the classical solution u = u(t,z) of the Cauchy problem (1.1) and (1.11)
exists, we denote the i-th characteristic passing through the point (0,y) by z = ¢ (t,%), which is
defined by

% Y (u (t, ) (t,y))) , ¢0,y) =y. (4.1)

Let
2Ot y) = (t,6V(ty)) (4.2)

For the sake of simplicity, we omit the upper index (i) of 2", $() etc. in this section. Then from

(1.1) we easily have
1i(2)0z = bi(2) (4.3)

and

bj(2) — lj(2)0z
Aj(2) = Ai(z)

Theorem 4.1 Under the assumptions of Theorem 1.1, we know that (¢,z) = (o(t,y), z(t,y)) is

1 (2)0yz = (0y9), Vij#i (4.4)

C' smooth with respect to (t,y) on the domain
D(M,) = {(t,y) |0 <t < min {T(e), Mle_(‘”l)} , —00 <y < oo} ;

provided that € is sufficiently small, where My is any positive constant independent of €, t, y and
T(€) is the lifespan of the C' classical solution u = u(t, x) to the Cauchy problem (1.1) and (1.11).

Moreover, we have ¢y, € CY and the following estimates hold in the domain D(My):

loe(t,y)| < Cis, [¢y(t,y)| < Cis, |dey(t,y)] < Cise,
lz(t,y)] < Cige, |ze(t,y)| < Cige, |2y(t,y)] < Cige. (4.5)

In addition, in the domain D(M),

2 b2 - ()%

/\j(Z) “Ni(2) € OO? |1Dj(t,y)| < Croe, j#1. (4.6)

wj (tv y)
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Remark 4.1 In the existence domain of the C* solution w = u(t,z) to the Cauchy problem (1.1)
and (1.11), i.e., in the domain [O,min {T(e),Mle’(o‘Jrl)}) X (=00, +00), from (1.1) and (4.4) we
have, along the i — th characteristic x = ¢(t,y) passing the point (0,y),

u(t, ¢(t,y)) = 2(t,y)
and

wy(ty) = L Sl o))

_ b)) = li(w) (=A(u)us + B(u) + Ai(w)us)
- /\J(u) _ )\l(u) (tv(b(tvy))

’LUj(t,(b(t,y)), V] 752.,

where u = u(t,z) is the C' smooth solution to the Cauchy problem (1.1) and (1.11) and w; =
Lij(w)uy is defined by (2.1). It follows from (4.6) that

[t 6(t y)| < Croe, j #14, if t€ [0,min{T(e), M7 }), yeR. (4.7)
Proof. It follows from (4.1) that

lt.9) = Ottt 00t 9)), = 3 B oy (9), 6,000 = 1.

j=1

Then, we get

' ONi(u)
inloy(t0)l = [ T wi)alt.ott.0)
(it J
Before the blow-up time, i.e., the lifespan T'(¢), we know that
by (t,y) >0, 0<t<T(e). (4.8)

The Cauchy problem (1.1) and (1.11) has a unique C! smooth solution u = u(t,x) and the trans-
formation (t,y) — (t,x) : (t,x) = (t,¢(t,y)) is C invertible before the lifespan T'(¢). Therefore,
(6,2) = (o(t,y), 2(t,y)) is C' smooth when the time 0 < ¢t < T(e). It is obvious that (4.6)
can be deduced from (4.5). Thus, in order to prove Theorem 4.1, it suffices to prove (4.5) when
0 <t < min {T(e), Mlef(o‘ﬂ)}. To do so, it is sufficient to give uniform a priori estimates of C'!
norm of z = z(t,y) and ¢ = ¢(t,y) in the domain D(My).

We fix that

0 <7 = min {eo‘JrlT(e), Ml} < M (4.9)
and introduce

Assume that

z(t,y) = ea(r,y),

14
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where we denote
T ="t
Introducing the supplemental invariants
G =1;(e0)0yo, (=T (e0) Do (5 #1), (4.11)

by (4.3)-(4.4) we have

_ k(e 1bj(ec) — ¢5)
0.0 =Y (rileo) + e tbi(eo)ri(eq), O o = / Lor; (€0) + (iri(eo). (4.12)
; ; Aj (ea) — X (e0)

We denote ¢ = ((p,--- Gy Co)tand b = (by, - - by, ,by)t which do not include ¢; and b;
respectively.

By (1.19) in Theorem 1.1, we have
|2(t, y)| = lea(t, y)| = lu(t, d(t,y))| < Uso(t) < Kse, when (t,y) € D(My). (4.13)
We now estimate k, (; and 5 Denote

K(T) = max sup |k(t, v)|,

0<t<T<rie—(a+1) yeR

@O (7 = ,
D= e B85, SR IGO0

HE) = max_,, sup Kyl

It is obvious that

K@0)=1, HY0)=0(1), H(0)=0(1).

It follows from (4.1) that
Ok = by = (Ni(w))y = VAi(u)uak = VAi(u) [ D wjr;(u) | k. (4.14)
j=1

On the other hand, by the Hadamard’s formula we have

VAi(uw)ri(u) = (VAi(uwri(u) — Vi (uie)ri(ue;)) + Vi (uze;)ri(uie;)

j#i Ou;

Noting (1.7), (1.15) and (1.19), we obtain
Vi (w)ri(u)] < Cao [ D Jvj| + €
J#i
It is obvious that

wi(t, p(t, y))k(t,y) = wi(t, d(t,y)) = €i(T,y), where 7 = >t (4.15)

Then, it follows from Theorem 1.1 that

K(T) < 1+ Cn [Wa(D)K(T)+ eHO (@) (V1) + 0 )|

< 14O [eK(T) + EHD (2T + My HO) (€a+1T):| :

1 . .
Z {/ AV Ar:) (81, U1, Ujy SUit1, ,Sun)dS} uj + Vi(uiei)ri(uieq).
0

15
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Therefore, we get
K(T) < 2+ Cos My H (e2+1T), (4.16)

From (2.7), we have
dw;
d;t

- Gz(tv LL’)k + wiatk(tv y)
= Gi(t,2)k +w; Vi(u (Zwm )

> (raa(w) + i (u) + VAi(w)ri(u) w;

I#£i

+ Z Z it (W) bipg (W) upug + (bii(u) — Blz(ulez))] w;

=1 p#q

+ Z Yiji(w) wgwlk-f—zzam w]k+z (bir(u) — bi(wrer))wik

JALIIF J#i 1=1 I#i

[I>

Thus, we get

st ott) = | [ sty exp (~ [ als ot 0)as ) ds-+0.0.60.0)]
s' )

)
X exp (/Ota(s',qS( 2 )ds’) .

lw;(t, ¢(t,y))] < Coaldsz(t,y)| < Coae®2|0,0 (2, y)| < Cose(H (2 T1t) +€), Vj#i. (4.17)

From Remark 4.1, (4.12)-(4.13) and (2.22), we know that

Thus, Theorem 1.1 implies that

/ la(s, é(s,y))|ds < Cag [Wl( )+ Ve (VA (£) + f/l(t)] < Cyre

/|b o(s,y))|ds

Therefore, noting (4.15) we obtain

IN

Cas [0256( (e“F18) + )W () + Vi ()2 W1 (£) + W (t)Voo(t)}

A

< Cog(€® + H(e" 1)),
HD(7) < Cso [H@(O) +e(l+ HF)K (D7) . (4.18)
(4.4) gives
L (eo) [e*T kD 0 + (Aj (e0) — A (€0)) Oyo| = € 'bj(ea)k, V j#1i.

Differentiating it with respect to 7 and then multiplying e**! yields

€ (Vulj(€0) (1 0,0))" [k(e* 1 0,0) + (A (e0) = Ni(c0)),0]

+(ea) [T, + (Aj(e0) — Ni(€0))Dy] (e4F10,0)

+1,(€0) [(F10rk) (€F10,0) + € (Vudy(€0) = Vudile0)) (€41 9,0) " 0,0]

= €"0-(bj(eo)k).

16
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Furthermore, we have
[Tk, + (N (o) — Ni(€0))dy] ¢
—€ [kVulj(€0) (71 0,0) + (A (e0) — Xile0))(Vuls(e0)Dy0)] " (241 0r07)
e (Vulj(€0)(€2710,:0))" [K(e*10,0) + (Aj(e0) — Ai(€0))Dy0]
+;(eo) [(eo‘ﬂ@k)(eo""l&o) + e (Vudj(eo) = Vaudi(eo)) (€*T10,0))" aya}
= €"0:(bj(e0)k).
We can rewrite it in a simple form as follows
[T kD + (N (e0) — Ai(€0))dy] ¢
e [(€110,0)'QV (o) (* 100k + (¢*H10,0)' QP (¢0)(0,0)
= €0, (bj(ea)k) — O, k¢, (4.19)
here and hereafter Q@) (ec) (p = 1,2, ---,9) are matrix, column vectors or scalar quantities which

are dependent of eo continuously.

On the other hand, it follows from (4.12) that

(e“119.0)t QW (e0) (e* 10, 0)k + (2110,0) QP (e0) (D, 0)

(Z ¢ri(eo) —l—e_lbim(eo)) 1) (e0) (Z Gri(eo) 1biri(ea)) k

j#i [

i

T (Z ¢jri(eo) +615i7°i(60)) Q®(eo)

(Z Ai(eo) )krl €o) + Z Fb/l\i(m)kﬁ(w) + Cm'(ea))

k [C Q 3>(60’)< + ele(4 (eo)t Cbi + efQQ(5 (ea)bf + eiQQ(G)(ea)th)bi + eilftQm(EJ)i)
+e QW (ea)biGi + QY (e0)' (G-

Therefore, noting (2.22) and (4.13) we have |bj(ec)| < Cs1e? (V j = 1,2,---,n) and then from
(4.16) and (4.18) we get, V 7 € [0,7] C [0, 71),

(€**10:0)' QW (e0) ("1 0-0) (1, y)k(e” VT, y) + (€*110:0)' Q' (e0) (,0) (7, 9)

< G [(HE)? +ell(7) + ) K(e 07 +enD(7) + A1 HD (7). (4.20)

In the proof of (4.16), we have deduced that

[ 1orkte.lar
0

(a1~

[ ok
0
Caa [e (e F7) + EHO(7) + MH O (7)]

IN

IN

O3 (e + M HD (%)) . (4.21)

On the other hand, we easily get

e—(at1) 2

/ (bj(eo)k)dt
0

< O3 K (e @D 7), (4.22)

/0 ?(bj(ea)k)fdr
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(4.8) ensures that the family of ¢ — th characteristics do not collapse. Integrating (4.19) and
making use of (4.20)-(4.22), we obtain

H(T) < H(0)+ Csue* K (e (*T17)
+C39¢ {(E[(?F + Eﬁ(?) + 52) K(G_(O“H)f—) 4 EH(Z ( ) + H( )H(l)(f') M,

O35t (7) (e M HD (7")) . (4.23)
Therefore, we can deduce from (4.16), (4.18) and (4.23) that, ¥V T € [0, 7ye~(@TY), 7€ [0,71),
K(T) < 2+ 2C53C30 M HD(0), HY(7) < 2C50HD(0), H(7) < 2H(0), (4.24)

provided that e is sufficiently small.
Furthermore, noting (4.12)-(4.13) it follows from (4.24) that

o < Cs5, |0-0] < Case TV, 0,0] < Css (4.25)
and
|z| < Css¢,  [0i2] < Csze,  |0y2] < Csse. (4.26)
Therefore, (4.6) and (4.7) hold. Then (4.14)-(4.15) and (4.24) imply that
|oy| < Cs6,  |oey| < Csee, || = |Xi(2)] < Cse. (4.27)

Therefore, the estimates in (4.5) can be deduced from (4.26)-(4.27). Thus, Theorem 4.1 is

completely proved. O

5 Estimate of lifespan—Proof of Theorem 1.2

In order to prove Theorem 1.2, i.e., (1.26), as we already assume that u are the normalized

coordinates and noting (1.24)-(1.25), it suffices to prove

lim (21T (e)) = My, (5.1)

e—0

where

My = fmesup (- LN ) (o) >}}

i€Ji zeR al dsotl

1 dotiy, -t
{z‘e{flz?(-,n}iléﬁ{ al dart OV i )}} ' (52)

In order to prove (5.1), similar to L. Hérmander [5] and Kong [7]-[8], it suffices to show that
(I). for any fixed M* > My, we have T'(e) < M*e~(+D) namely mo(e‘”‘lf(e)) < My

and
(II). for any fixed M, < My — €2, we have T(e) > M,e~ (@1 namely lim (e*F1T(€)) > M.
e—0
Let

T, = Kye @tD 7% = ppre (oD (5.3)
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where K, is the positive constant K¢ given in (1.22) and M* is an arbitrary fixed constant satisfying

that M* > M. It is easy to see that
0< T, <T*< Kye @t3), (5.4)

Let © = z;(t,y) (i = 1,2, -+ ,n) be the i — th characteristic passing through an arbitrary given
point (0,y). On any given existence domain 0 < ¢t < T (T < T*) of the C! solution u = u(t, z),

we consider (2.7) along the i — th characteristic z = z;(t,y). We can rewrite (2.7) as

C;wtz = cLO(t;i,y)wl2 + aq(t; 1, y)w; + as(t; i, y), (5.5)
where
ao(t;i,y) = vii(u), (5.6)
a(t;d,y) = Z(%U (w) + vigi (u))w; + Z oiji(u)bj(u) + (Bu(u) - Bii(uiei)), (5.7)
J#i j=1

artiiy) = Y yge@wpws+ Y Y ou(u)bi(wwe + Y bi(wwr, (5.8)

J#k g kA J=1 k#i k#i

in which v = u(t, z;(t,y)) and w; = w;(t, z;(t,y)) (j =1,2,---,n).

Lemma 5.1 On any given domain 0 < t < T(< T*) of the Ct solution v = u(t,z), there exist

positive constants Kg independent of €,y and T such that the following estimates hold:

IN

T
/Ial(t;i,y)ldt Kge, (5.9)
0
T
/ lao(t;4,y)|dt < Kge?, (5.10)
0
T T
K(i,y;0,T) £ / |ao(t; 1, y)|dt - exp / la1(t; 4, y)|dt < Kgé?. (5.11)
0 0

Proof. Tt follows from (2.18)-(2.24) and Theorem 1.1 that

T
/0 lar(ti )t < Car(Wi(T) + Vo (T)VA(T) + VA (T)) < Csse. (5.12)

In Theorem 4.1, we take My = M* + 1. Noting (4.7) and (1.19), we easily see that

T T
> [ wwdeantds < Cum-2eY [ o)
kg kA0 ki /0
S C39 (n — 2)6 Z W1 (T)
ki
< Cyoé’.
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Therefore, noting (2.22), (2.24) and Theorem 1.1, we get
T T
[ = [1] S e 35 ) Sl
0 O |isksg ki J=1 k#i P#£q
—I—Z zk ukek))wk dt

k#1

<ol ¥ / oo (5, @1 (5, ))ds + Une(T)2 WA (T) + Uso (T) W1 (T)
J#k;j, k#i

< Ogpel (5.13)

Then (5.9)-(5.11) can be easily deduced from (5.12)-(5.13). O

Similar to Lemma 1.4.1 in L. Hérmander [5], we have

Lemma 5.2 Let z = z(t) be a solution in [0,T) of the Riccadi’s differential equation:

dz

% = ao(t)22 + aj (t)Z + (Lg(f),

where a;(t) (j = 0,1,2) are continuous and T > 0 is a given real number. Let

K= /OT las(8)]dt - exp (/OT |a1(t)|dt> .

If 2(0) > K, then it follows that

T T
/ Jao(t)|dt - exp (— / |a1<t>|dt> < (2(0)—K) "
0 0

Remark 5.1 L. Hormander assumed that ag(t) > 0 in Lemma 1.4.1 (see page 230 in [5]). In
Lemma 5.2, we do not assume this. It is easy to find that we can prove Lemma 5.2 similar to

Lemma 1.4.1 in L. Hormander [5].

Next we give the estimate of the lifespan of classical solution to the Cauchy problem (1.1) and
(1.11) under the assumptions of Theorem 1.2.
(I) Upper bound of the lifespan— Estimate on lim (e*t'T(e)) < My

e—0

It follows from (2.6), (2.18)-(2.24) and (1.19) that, along the ¢ — th characteristic x = x;(t, y),

t
ilist,y) — i 0,y)] < / (s 24(5,))|ds

< / Z Z Biji (w)vjwy + Z Vigk (u)v; Z bipq (u)uptiq
k#i j=1 gk PFq
+ waq w)uptig| (s, 2:(s,y))ds
p#q
< s [Vao (WA (1) + Vae (VA (E) + Voo (VA ()]

< Cué.

20
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Then, as u are the normalized coordinates and [;(0) = e;, from (1.19) we easily get, along the i —th

characteristic = z;(t, y),

ui (i3 t, ) — ui(i;0, )| = [ui(is t,y) — file,y)| < Cuse”.

Using Hadamard’s formula and noting (1.12)-(1.13), from (5.6) we get, along the i — th char-

acteristic x = z;(t,y),

ao(f; i, y) = %‘u‘(u) = Yiii (Uiei) + (%‘u‘(u) — Yiii (Uiei))
1
0Yiii
= ui(uier) + ) [ Vo0 sy, - swimy, i, sui, ,sun)dS} u;
iz Lo Uy
1 9lte), . .
= _JW(O)(M) +O(e")
1
0Viii
+ Z [/ (‘;L‘ (SUp,y vy SUi—1, Ujy SUjg1, - ,sun)ds] uj
j#i -0 J
= —aw(o)(ew(y» +a0(e**7) + O(e' %)
! 3%‘1‘1‘
+ Z D (Su1, -+, SUi—1, Ui, SWig1, - -+ , SUyp)dS| U; (5.14)
‘= Lo j

Noting that the initial data satisfies (1.25), we observe that there exist an index ip € J; and a

point zg € R such that

My = { 1aaﬂ/\i”(0)%(&60)%20(960)} : (5.15)

ol guet?
io
Noting (2.10) and (1.15), we have

l
"Yigioio

JEER(0) =0 (1=0,1,-- .0~ 1) but 9Mininin () 1 g,
’U,,L-O

Then (5.15) becomes

My = {iM(O)dﬁo(xo)ad)go(xo)} 2 (b, ()7L (5.16)

a! Bu%

Without loss of generality, we may suppose that
b>0 and 1 (xo) > 0. (5.17)

Otherwise, changing the sign of u, we can draw the same conclusion.

Noting (1.12)-(1.13), (1.25) and (5.11), we get immediately

wia(0,30) = Ly (/e 0)) 92 (e, 20)

= 1) + 00 x | 2 (0,20) + 2L (0,.20)e + 01 *)

el (z0) + O(e'") > Kse® > K(io, 20;0,T).

Therefore, we immediately observe that Lemma 5.2 (revised version of Lemma 1.4.1 in L. Hérmander

[5]) can be applied to the initial value problem for (5.5) with the following initial condition

t=0: w, =w;(0,z0) = e (zo) + O(e'") (5.18)
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and then we obtain
T T 1
/ |a0(t;io,x0)|dt-exp <—/ |a1(t;i0,$0)|dt> < (in(O,xo) —K(io,l‘o;O,T))_ y
0 0

namely,

T
exp <—/ |a1(t;i0,x0)|dt> X
0

T
/ |a0(t; i0,$0)| (’LUZ'D (O,xo) — K(io,.fo; O,T)) dt < 1. (519)
0

Substituting (5.14) into (5.19) and noting (1.19) and the fact that T < T* = M*e~(1+®) we obtain

Tim {EQHT- im(omo(xo)w;o(xo)} <1. (5.20)

e——0 ol 8u§;

Noting (5.16), from (5.20) we get immediately

Tim (e“TT(e)) < Mo. (5.21)

e—0

(5.21) gives an upper bound of the lifespan T'(e).
(IT) Lower bound of the lifespan— Estimate on lim (eo‘+1T(e)) > M,

e—0t

To do so, it suffices to prove that, for any fixed M, satisfying that
0< M, <M —e3", (5.22)
we have
T(e) > Mye (@t (5.23)

provided that € > 0 is small enough. Hence, we only need to establish a uniform a priori estimate
on C! norm of the C! solution u = u(t, z) on any given existence domain 0 <t < T < M, e (ot
The uniform a priori estimate on C° norm of u = u(t, ) has been established in Theorem 1.1. It
remain to establish a uniform a priori estimate on C° norm of the first derivatives of u = u(t, x),
namely a uniform a priori estimate on C° norm of w = (w1 (¢, z), wa(t, ), -+, w,(t,z))7T.

In order to estimate w; = w;(t,z) on the existence domain 0 < ¢t < T (where T satisfies
T < M.e=(@tD) of the C* solution u = u(t, z), we still consider (5.5) along the i — th characteristic
x = x;(t,y) passing through an arbitrary fixed point (0,y). Without loss of generality, we may

suppose that

Pi(y) > 0. (5.24)

Otherwise, changing the sign of u, we can draw the same conclusion.

Let

aar(t;i,y) = max{ao(t;4,y),0}.
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Noting the fact that T < M,e~(®*1 and using Theorem 1.1, (5.14) and (5.18), we obtain

T
w; (0, y)/ ag (tyi,y)dt
0

1 81+0‘)\1‘
al gulte

IN

(ct)(y) + O(+7) {max {_

+Clus (aeo‘JrTT +etter 4+ ‘71(T)) }

<o><ewi<y>>a,o}T

IN

Itay
e {_ 1 M(O)(wi(y))a’ 0} Vi(y)My + Cyz(€" + €)

ol Qulte

My M, + Cage” = My (Mg — €37) + Cyge” < 1, (5.25)

IN

provided that ¢ > 0 is small enough. On the other hand, noting (5.14) and Theorem 1.1, we get

immediately
T
/ |a0(t;i,y)|dt < C49(6aT+046a+TT+€a+1T+€) < C50M*671 < C51€71. (526)
0

Then, noting (5.25)-(5.26) and Lemma 5.1, we obtain
T T
/ ag (t;4,y)dt x exp </ Ial(t;i,y)ldt> < (wi(0,y) + K (4,950, 7))~ (5.27)
0 0
and
T T
[ ettt xcexp | [ jarttipiar ) < (60,10 (5.28)
0 0

where T' < M,e(at1),
Noting (5.24) and (5.27)-(5.28), we observe that Lemma 1.4.2 in L. Hérmander [5] can be

applied to the initial value problem for equation (5.5) with the following initial condition
t=0:w; =w(0,y).
Then we have
T
(wi(T,2:(T,9))) ™" = (wi(0,y) + K(i,y;0,T)) " — / ag (t;1,y)dt
0
T
cexp ([ lalsipld ) i e (T aTg) >0 (529)
0
and
T
W@ = K60, - [ laolsi )l
0
T
X exp </ |a1(t;i,y)|dt> , A wi (T, (T, y)) < 0. (5.30)
0

Noting (5.25)-(5.26) and Lemma 5.1, from (5.29)-(5.30) we get respectively

(T 2 3 (1 37 ) (0.0 + Klags0. 7)™ (Tl D) >0 (531

and

|wi (T, 2:(T,y))| ™+ > = (K (i,y;0,T)) ", if wi(T,z:(T,y)) < 0. (5.32)

1
2
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Therefore, we have

wi(Tu :Ei(Tu y)) < (wl(ou y) + K(Zu Y; 0, T)) < C5261_%T7 if wl(Tv xl(Tv y)) >0 (533)

M,
Mo

and
|wi (T, 2:(T, y))| < 2K (i,;0,T) < 2Kge?, if w;(T,z;(T,y)) < 0. (5.34)
It follows from (5.33)-(5.34) that
i (T, 2;(T,y))| < Cszel %" (5.35)

For each i € {1,2,--- ,n} and any ¢t € [0, T], we can prove similarly that w;(¢,z;(t,y)) satisfies the

same estimate. Noting that (0,y) is arbitrary, we have

[|w(t, z)||cofo,rxr < Csae 2",
where T < M,e~ (T, Hence, (5.23) holds and then

lim (e“*'T(e)) > Mo. (5.36)

e—0t

The combination of (5.21) and (5.36) gives (1.26). Thus, Theorem 1.2 is proved completely. [
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