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Abstract

In this paper we introduce the hyperbolic mean curvature flow and prove that the corre-
sponding system of partial differential equations are strictly hyperbolic, and based on this,
we show that this flow admits a unique short-time smooth solution and possesses the nonlin-
ear stability defined on the Euclidean space with dimension larger than 4. Nonlinear wave
equations satisfied by geometric quantities have been obtained. Moreover, we also discuss
the relation between the equations for hyperbolic mean curvature flow and the equations for

extremal surfaces in the Minkowski space-time.
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1 Introduction

Classical differential geometry is on the study of curved spaces and shapes, in which the time in
general does not paly a role. However, in the last few decades, mathematicians have made great
strides in understanding shapes that evolve in time. There are many processes by which a curve or
surface or manifold can evolve, among them two successful examples are the mean curvature flow
and the Ricci flow. For the Ricci flow, there are many deep and outstanding works, for example, it
can be used to successfully solve the Poincaré conjecture and geometrization conjectures. In this
paper we will focus on the mean curvature flow.

It is well known that the mean curvature flow is related on the motion of surfaces or manifolds.

dx
dt

Much more well-known motion of surfaces are those equating the velocity with some scalar
multiple of the normal of the surface. The scalar can be the curvature, mean curvature or the
inverse of the mean curvature with suitable sign attached. This is the traditional mean curvature
flow. For the traditional mean curvature flow, a beautiful theory has been developed by Hamilton,
Huisken and other researchers (e.g., [4], [6], [10]), and some important applications have been
obtained, for example, Huisken and Ilmanen developed a theory of weak solutions of the inverse
mean curvature flow and used it to prove successfully the Riemannian Penrose inequality (see [11]).

A natural problem is as follows: in the above argument if we replace the velocity % by the

X

acceleration %5, what happens? In fact, Yau in [15] has suggested the following equation related

to a vibrating membrane or the motion of a surface

2
dd% = Hii, (1.1)
where H is the mean curvature and the 7 is the unit inner normal vector of the surface, and pointed
out that very little about the global time behavior of the hypersurfaces (see page 242 in [15]). In
deed, according to the authors’ knowledge, up to now only a few of the results on this aspect
have been known: a hyperbolic theory for the evolution of the plane curves has been developed by
Gurtin and Podio-Guidugli [5], and some applications to the crystal interfaces have been obtained
(see [14]).

Here we would like to point out that the traditional mean curvature flow equation is parabolic,
however the equation (1.1) is hyperbolic (see Section 2 for the details). Therefore, in this sense,
we name the equation (1.1) as the hyperbolic version of mean curvature flow, or hyperbolic mean
curvature flow. Analogous to our recent work [13], in which we introduced and studied the hyper-
bolic version of the Ricci flow — the hyperbolic geometric flow, in this paper we will investigate

the hyperbolic mean curvature flow.



The paper is organized as follows. In Section 2, we introduce the hyperbolic mean curvature
flow and give the short-time existence theorem. In Section 3, we construct some exact solutions to
the hyperbolic mean curvature flow, these solutions paly an important role in applied fields. Section
4 is devoted to the study on the nonlinear stability of the hyperbolic mean curvature flow defined
on the Euclidean space with the dimension larger than 4. In Section 5, we derive the nonlinear
wave equations satisfied by some geometric quantities of the hypersurface X (-, t), these equations
show the wave character of the curvatures. In Section 6, we illustrate the relations between the
hyperbolic mean curvature flow and the equations for extremal surfaces in the Minkowski space

Rl,n

2 Hyperbolic mean curvature flow
Let .# be an n-dimensional smooth manifold and
X(t): A — R

be a one-parameter family of smooth hypersuface immersions in R**1. We say that it is a solution
of the hyperbolic mean curvature flow if

82
wX(agt) = H(z,t)i(z,t), Vaoed, Vit>0, (2.1)
where H(x,t) is the mean curvature of X (x,t) and 7i(z, t) is the unit inner normal vector on X (-, ).

In a local coordinate system {2’} (1 < i < n), the induced metric g = {g;;} and the second

fundamental form A = {h;;} on .# can be computed as follows

_(0X(x,t) 0X(x,t)
@) = (5= )
- 02X (x,t
his(a,t) = (7o), 7axi(8xj))
Thus, the mean curvature H (z,t) reads

H= gijhij

Recall that the Gauss-Weingarten relations

627)(_ kal+h,,ﬁ on _ _, om0X
dxidxs — U ogk T T oz I Ggm
Thus, we have
02X p 0X

NgX =gV, V; X = gij( ) — ¢'hyi = Hii.

0xidzi Y ork



So the hyperbolic mean curvature flow equation (2.1) can be equivalent by written as

0?°X
m2:%X:W(

02X i 0X ) (2.2)

dxidxd U Pak

It is easy to see that the equation (2.2) is not strictly hyperbolic. Therefore, instead of con-
sidering the equation (2.2) we will follow a trick of DeTurck [3] by using harmonic coordinates
under which (2.2) turns out to be strictly hyperbolic, so that we can apply the standard theory of
hyperbolic equations.

A coordinate chart (z!,---,2") on a Riemannian manifold (.#, g) is called harmonic if
Al =0 j=1,---,n.
DeTurck [3] pointed out that a coordinate function z* is harmonic if and only if

2,

k_pk ij _ k_
" =Tryg” = Az =0.
He also proved the following theorem on the existence of harmonic coordinates.

Lemma 2.1 Let the metric g on a Riemannian manifold (#,g) be of class C** (for k > 1)
(resp. C¥) in a local coordinate chart about some point p. Then there is a neighborhood of p in
which harmonic coordinates exist, these new coordinates being C*TH% (resp. C*) functions of the

original coordinates. Moreover, all harmonic coordinate charts defined near p have this regularity.

By Lemma 2.1, we can choose the harmonic coordinates around a fixed point p € .# and for a

fixed time ¢ € RT. Then the hyperbolic mean curvature flow (2.2) can be equivalent by written as

92X 02X
— A
o2~ 9 orioxi - (2:3)

By the standard theory of hyperbolic equations, we have the following result.

Theorem 2.1 (Local existences and uniqueness) Let .# be an n-dimensional smooth compact
manifold, and Xy be a smooth hypersuface immersion of M into R"T1. Then there exists a constant

T > 0 such that the initial value problem

83X (1) = H )i, 1)
i (2.4)
X|,_y = Xo(x), E(x,t) o Xi(z)

has a unigque smooth solution X (x,t) on A4 x[0,T'), where X1(x) is a smooth vector-valued function

on M.



3 Exact solutions

In order to understand further the hyperbolic mean curvature flow, in this section we investigate
some exact solutions. These exact solutions play an important role in applied fields. To do so, we
first consider the following initial value problem for an ordinary differential equation

1
Tt = ——

r (3.1)
r(0)=ro>0, 7(0)=r.

For this initial value problem, we have the following lemma.

Lemma 3.1 For arbitrary initial data ro > 0, if the initial velocity r1 < 0, then the solution
r = r(t) decreases and attains its zero point at time ty (in particular, when r1 = 0, we have
to = \/gro); if the initial velocity is positive, then the solution r increases first and then decreases

and attains its zero point in a finite time tq.

Proof. The proof is similar to the arguments in [14]. The following discussion is divided into two
cases.

Case I  The initial velocity is nonpositive, i.e., r; < 0.

We argue by contradiction. Let us assume that r(¢) > 0 for all time ¢ > 0. Then r; < 0 and
r¢(t) < r4(0) =71 <0 for t > 0. Hence there exists a time to such that r(tg) = 0 (see Fig.1). This
is a contradiction.

Moreover, for the case r1 = 0, we can derive the explicit expression for ¢y according to the
equation (3.1). Multiplying both side of ry; = —% by r:, integrating, applying the initial condition
r4(0) < 0 and r(tp) = 0, integrating once again yields

to [e'e] 5
/ th:/ e " du:ﬁ,
0 0

27‘0 2

=
where u = , /In —2. Thus we obtain
r

™
to = 57‘0.



r r
To
r=r(t)
Fig. 1: r1 <0 Fig. 2: r1 >0
Case II  The initial velocity is positive, i.e., r1 > 0.
By (3.1), we obtain
rtg =—-2Inr+2Inry +r% .

Then we have

7‘2
r < 6717‘0 .
. . . . il 1

If r increases for all time, i.e., 7 > 0 for all time ¢, we have 1y < r < e2 rg and —5 < Tu <

2 1
_71%. Thus, the curve r; can be bounded by two straight lines r» = ——¢ 4+ r; and r; =

To

2

1

—%67775 4+ 71. On the other hand, r; is a convex function since

r
('rt)tt = ’I“% > 0.

attains its zero point in a finite time (see Fig. 2). The proof is finished.

Therefore, r; will change sign and becomes negative at certain finite time, this contradicts to the

hypothesis that r is always increasing. Thus, in this case, r increases first and then decreases and

In what follows, we are interested in some exact solutions of hyperbolic mean curvature flow

(2.1).

Example 1: Consider a family of spheres

X (z,t) = r(t)(cos acos B3, cos asin 3, sin o),

™

2}, B € [0,2n].

where a € [—g7

Clearly, the induced metric and the second fundamental form are, respectively,

2 2 2
g11=7", g2=r"cos"a, gi2=gs1 =0



and

hll =T, h22 = T’COS2 «, h12 = hgl =0.

The mean curvature is

2
H=-.
r
On the other hand, the Christoffel symbols read
I, =T, =0, '}, = cosasina,
3, =12, =0, T2=-20¢
11 22 5 12 cos O
Thus, we obtain from (2.1) or (2.2) that
2
Tt = —;. (33)

By Lemma 3.1, it can be easily observed that, for arbitrary r(0) > 0, if r;(0) < 0, the evolving
sphere will shrink to a point; if 7,(0) > 0, the evolving sphere will expand first and then shrink to
a point. |

In fact, this phenomena can also be interpreted by physical principles. From (3.2), we have
X (z,t) = ry(t)(cos acos B, cos asin 3, sin ) (34)

and

Xy (z,t) = 14 (t) (cos acos B, cos asin 3, sin ). (3.5)

By (3.3) and (3.5), the direction of acceleration is always the same as the inner normal vector.
Thus, due to (3.4), if 7,(0) < 0, i.e., the initial velocity direction is the same as inner normal
vector, then evolving sphere will shrink to a point; if r;(0) > 0, i.e., the initial velocity direction
is opposite to inner normal vector, then the evolving sphere will expand first and then shrink to a
point.

Example 2: We now consider an exact solution with axial symmetry. In other words, we focus

on the cylinder solution for the hyperbolic mean curvature flow which takes the following form
X(x,t) = (r(t) cosa, r(t)sina, p),

where a € [0, 27], p € [0, po].

Obviously, the induced metric and the second fundamental form read, respectively,
gn=1> gn=1, g2=g1=0

and

hiit =71, ho =0, hig=hy =0.



The mean curvature is

<=

Moreover, the Christoffel symbols are
Iy, =0, Vi, 5 k=1,2.

Then, we obtain from (2.1) or (2.2) that

1
Tt = ——-
T

By Lemma 3.1, it can be easily found that the evolving cylinder will always shrink to a straight

line for arbitrary po > 0,7(0) > 0 and r(0). |

4 Nonlinear stability

In this section, we consider the nonlinear stability of the hyperbolic mean curvature flow defined
on the FEuclidean space with the dimension larger than 4.
Let .# be an n-dimensional (n > 4) complete Riemannian manifold. Given the hypersurfaces

Xi(z) and Xo(x) on 4, we consider the following initial value problem

2

0 _
ﬁX(m’,t) = H(z,t)n(z,t) ,

4.1
X(z,0) = Xo(x) + eX1(x), 0X 1)

E(I, 0) = EXQ(I),
where € > 0 is a small parameter.

Definition 4.1 Xy(z) possesses the (locally) nonlinear stability with respect to (X1(x), Xa2(x)), if
there exists a positive constant g9 = €o(X1(x), Xo(z)) such that, for any € € (0,&0], the initial
value problem (4.1) has a unique (local) smooth solution X (x,t);

Xo(x) is said to be (locally) nonlinear stable if it possesses the (locally) nonlinear stability with

respect to arbitrary X (z) and Xo(x).
Theorem 4.1 Xy(z) = (z',2%,---,2",0) (n > 4) is nonlinearly stable.

Proof. Choose the harmonic coordinates around a fixed point p € .# and for a fixed time t € R*.

Then the equation (4.1) can be written as

o? o 0%X

il — i

gz @) =975 a ox (4.2)
X (2,0) = Xo(z) + eX1(x), E(ax,()) =eXy(z) .



Define Y (x,t) = (y%,- -+ ,y™, y"!) in the following way
X(z,t) = Xo(x) + Y (x,t) .

Then for small Y (z,t), we have

B 0X 0X s oyl Oy N
95 = (gt gr) = 00+ 55 + gy * V0 (4.3)
and
s Oyl oy 2
ij st _ Y9 oo
g7 =0 = 55— g5 v T OURID, (4.4)
where

07 17&](17]:17771)7

_.*@Y oy _ - 9yP oy”
Yij = oxt’ dzi)

Oxt Ox3 ’
p=1

oyP
)‘_<%) (p_1727"'7n+17 q_1727"'7n)'

The equation (4.2) can be rewritten as

02 i 8yj 8y7 0%y
- — (g - L 2L 2

Y(2,0) =eXi(z), —(x,0)=ceXa(z).

Define

- 8y’m aQym _ ' _
A= (%’W) (m—1,~~7n+1, k7l—1,--~,n)7

then for all p we have

0%yP 0%yP Oyd oy’ 9 0%yP
2~ orior (_ 9ai ~ oas Y T OURD )axiaxa‘
= OV oy
T 9xidxt ’

By the well-known result on the global existence for nonlinear wave equations (e.g., see [2], [7],
[12]), there exists a unique global smooth solution Y = Y (x, t) for the Cauchy problem (4.5). Thus,

the proof is completed. |

5 Evolution of metric and curvatures

From the evolution equation (2.1) for the hyperbolic mean curvature flow, we can obtain the

evolution equations for some geometric quantities of the hypersurface X (-, ¢).



Lemma 5.1 Under the hyperbolic mean curvature flow, the following identities hold
Ahi]’ = VZVJH + Hhilglmhmj — ‘A‘zhij7 (51)

AAP =2g% g ViV H + 2|V A|? + 2Htr(A3) — 2| A%, (5.2)

where

Al = g g" hirhji . tr(A%) = g7 g" g™ highimhn, -
Lemma 5.1 can be found in Zhu [16].

Theorem 5.1 Under the hyperbolic mean curvature flow, it holds that

82g¢j 62X 82X
gz~ i +2(8t8x“ Gtaxﬂ')’ (5-3)
i _ i 0H 90X lj(ﬁ GQX)[Q kl(al 32X)87X kl(({LX 02X )37)(_ GQX}
o2 g Ozt OxJ T Otoxt OzJ’ otoxl /) Ox* Oz!’ OtdzI ) dxk  OtOxI
(5.4)
and
D%h; . ) v (o 02X \/. 0°X oy, /. 92X
gz = Ol = Hhahagg™ + A hi +g his (7 ataxk)("’ ataxl) o (7 ataxk)'
(5.5)

Proof. With the aids of the definitions of the metric, the second fundamental form and the Gauss-
Weingarten relations, we can give a complete proof of Theorem 5.1. In fact, by the definition of

the metric, we have

D%gi;  0° ((’)X 8X) 7( PX 8X) 2(82)( 82X) (8X PX

Oxt’ Ot20xI )

otz 92 \9xi’ 9xI 020z’ OxI oozt Otdwi
9 . 0X 22X 9?X ox o
= (5o 5.5) +2 (51507 31807) + (507> 57 )

0X 0X 02X 92X 0X 0X

k1< YA Dadalal A kLY
aml’axa‘) 2(atami’ataxj> " (axi’ ikg axl)
92X 92X )

D10z towi )

= H( = hirg
= —2Hhy; +2(

This gives the proof of (5.3).
On the other hand,

on _ (0f 0X\ ;0X _ (. OPX N ;;0X
ot N\t o) 0w =  \"Motori )9 oz

10



then
o (aﬁ 82X) i 0X (_, PX ) i 0X (q 82X) i 1091 0X ij(ﬁ 82X) 02X

o~ \or oiow 9 50 " \" a0y )9 95 T\ piog ot O " 910wt ) otow
ol PX N\ 0X PXN\OX /. 8 N\ . 0X
= 979" (7, 5y0) (5t 917 ) 7 — (P 5 ()97 5.5
o L PX N1 PX OX X X \10X (. X\ . O°X
9 kgﬂ(”’ ataxi) [(atamk ’ @) (@’ ataxl)] oxi (” 3taxi)g  diowi
_ LOHOX o X\ O°X
7 Ot 9xd (”’W)W
ol X N1/ O2X OX 0X 92X \10X
+97¢" (” ataxi) [(atag:j ’ @) 2(@’ ataxlﬂ ozk

This proves (5.4).

By virtue of

Ohi; 8(_, X ):(aﬁ 0?°X ) (_, BX )

at  ot\'" dzidai ot dziowi ) T \" Btoriowi )
we have
0?hij _ (@ RED' ) (@ BX ) (ﬁ 0*X )
ot? o2’ 9x0xI ot 0tdxiOxI T Ot20x 07

OH 0X 92X Ll PX N\ X OPX
(838’“ Ox!’ ozt axﬂ) , ( 8t8xk) (3153;6“ 3xi8xj> ,
L 0%X 0X 0°X 0X 0°X 0X 0°X
100" (5 5 ) (5o 3vet) + 2 (50 9100 (ot 3007

3 2
-2 M( aiafk)(%’%) + (ﬁ’%(ﬁ’ﬁ))

2 2 2 2
= =gt =05 (5 ) (5 aaer) = (7 ) ( )

a Okt
2 2 2
00 (7 i) [ (G ) +2 (520 )
2 2 orr. . o2
=205 (5 i) (G ) 231" (7 1)

200 (. i) () + (7 i (G~ 10 ) )

= g (3 ) (5 )~ ()

Using (5.1), we obtain

02hi; » 2 gy (m PX N OPX oy, (. 92X
gir = Shig = 2Hg b+ AP + 9" (7, 5o ) (7 5 ) = 250 (7 i)
This proves (5.5). Thus, the proof of Theorem 5.1 is completed . |

Theorem 5.2 Under the hyperbolic mean curvature flow,

02H . 22X 92X 92X 92
=AH+ HIA|? = 2¢% ¢ h i ( =——, —— ) + H¢" (7, —— —
ot + HIA]" = 29" ](atax’“’ ataml) +Hg (" ataxk) (” ataxl)
or k (-* 627)( 99pq Ogrt 24%* gi! Ogri Ohij
ot \'7 9tozk 9ot ot ot ot '’

(5.6)

— 24"

)+2 ik JP lqh
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0? L 02X N/, 0°X
S IAP = D(AP) — 2VAP + 2141 + 21412 (7, o ) )

*otoxr )\ Dtows
th oh il i i 89 ah'k ; ; (92X 82X
2q% kl ? J — 8qgimgIn klh_ mn R — Qg gim kl}i h ( )
TR e 99 Ty gy M9 G praan
+ 2gim agpq O9mn

) ) g or?, ’X
hv’ h (2 Jip ,nq kl jn kp lq) — 44" klh ik (—" ) .
o ot lkhit(297979 +979"g 979" it ™ e

Proof. Noting

ghmgml - 6[h7
we get
89” _ z‘k:gjlagkl
ot ot ’

92gii
ot ot ot J9 o -

By a direct calculation, we have

— 94tk P lqagpq Ogr ik j1329kl

82H _ (‘929” %8h1] 82hij

= i 2 ij
oz~ o " o e Y op
ik ip 109900 09K i 107G ik 109k Ohij | ;0%hi;
— (2 ik jp lqg~IPg ik gl )hz ) ik gl ©J i ()
( S99 "9 Tar 9T Tor )M T T T T o
i ; ag agkl : ; ngl Ohy; ; - (92X 82X
=9 ik jp lqhi_ Pq ) ik gl vy ik ]lhz[—QHh 2( )i|
e T T A A T T A w12\ Gtoch to!

+g9 [viij — Hhihjrg™ +gklhij(_’ o X )(* rx ) - 281“5?]- (" X )}

" 0ak ) \"" BtoL ot \"" ook
X 92X 92X 82X
_ 2 _ ik gl Kkl = =
AH + H|A|"—2¢%g h”(@t@x’“’ataxl)+H (7 ataxk)("’ ataxl)

9Tk 92X
_ 1] 1] —
29" 5t (" otozk

This is nothing but the desired (5.6).

% 09pq Ogr1 i 5109k Ohij
2 ik _jip lqhi' rq -9 ik gl ]
)+ TI79 Mg Ty — T T o
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On the other hand, by the definition of |A|? and the formula (5.2), a direct calculation gives

(%IAI2 = 28;?5 9" hirhji + 2ag;j %lmkhﬂ - saaifgkl ag;k hji
+ 29" g*! %hﬂ +2¢" g“%%
= 2(291'”9”9“% aga':" - "mgj”%)g“hmhﬂ
+2¢"" g7 g" g1 hihyy a%':” ag;’q — g™ j”% M 8g;k hji + 29" gkl%%
A5 s 705 ) 5 ) 8 5.
+29" g7 g g i by 050 09mn _g jim gin gt O9mn O

ot ot ot ot

iy 0?°X 0?X
ij Kkl ) _ 3 pq 2(g i

= A(|AP) = 2|V AP + 2|AJ* + 2|97 (7, %) (7 aa;);)
+2gijgkl%aggl — 8" jngmhﬂaga?n 83? *4gimgjngklh““hﬂ<af;%’ 887528;(”)
+ 24t agiq aﬁg;n hahsjy (QQJ'Pgnqgkl n gjngkpglq) B 4gijgklhjlagfk (57 %)
This proves (5.7). [ ]

6 Relations between hyperbolic mean curvature flow and

the equations for extremal surfaces in the Minkowski space

Rl,n

In this section, we study the relations between the hyperbolic mean curvature flow and the equa-
tions for extremal surfaces in the Minkowski space R%™.
Let v = (vo,v1,- -+ ,v,) be a position vector of a point in the (1 4+ n)-dimensional Minkowski
space RY™. The scalar product of two vectors v and w = (wp, w1, -+ ,wy,) is
n
(v, w) = —vowp + Z viw; -
i=1

The Lorentz metric of RV'™ reads
ds® = —dt* + ) (da')? .
i=1

A massless n-dimensional surface moving in (1+4n)-dimensional Minkowski space can be defined

by letting its action be proportional to the (14 n)-dimensional volume swept out in the Minkowski

13



space. It is a natural generalization of the massless string theory, and it is interesting in its own
right, as an example in which geometry, classical relativity and quantum mechanics are deeply
connected. Hoppe et al [1], [8] and Huang and Kong [9] have obtained some interesting results
about it.

We are interested in the following motion of an n-dimensional Riemannian manifold in Rt"?+!

with the following parameter
(t7$17"'axn)_>X:(t7 X(tvxl7"'7xn))7 (61)

where (z!,--- ,2™) € .4 and X (-,t) be a positive vector of a point in the Minkowski space R+,

The induced Lorentz metric reads

do=g0= (% 08),  ii=Lon (6.2)

N 0X 0X
9ij = Gij = (%7 %)7
By the variational method or by vanishing mean curvature of the sub-manifold .#, we can

obtain the following equation for the motion of .# in the Minkowski space R}"+1

5 PX ., 0X
Ho3 — 5B 1Y ) =
970X = (50~ Thag,s) =0 (6:3)
where a, 8 =0,1,--- ,n. It is convenient to fix the parametrization partially (see Bordemann and
Hoppe [1]) by requiring
. . (0X 0XN
Yoi = Gio = (57 61’2) - (64)
It is easy to see that the equation (6.3) is equivalent to the following system
?X 0X iy ?X 0X
g2 IR _ i X271><7.—.):0 6.5
(at2 ’ 8t) g (' t' otz dxi) (6:5)
0?X il 02X 0X 1 0’X 0X\ 0X
7 ) (X -1) - —— — | =
ot? + (&vlaqﬂ E 8:5’“) <| ! ) | X¢2—1\ 0t2° ot ) ot (6.6)
g (X DX\ OX | (OX X\ oX |
otoxt’ ot ) Oxk otox? 0xi ) ot
where
0X 90X
2 _ -
Xl _(at’ 8t)'
We observe that, when %—f — 0, the limit of the equation (6.5) reads
L 02X 0X
iJ ) =
(8t8xi7 6$j> ’ (6.7)
ie.,
9 det(gi;) = 0 (6.8)
ot ) = '

14



Moreover, the equation (2.2) is nothing but the limit of the equation (6.6) as %—f approaches to

zZero.

Acknowledgements. C.-L. He would like to thank the Center of Mathematical Sciences
at Zhejiang University for the great support and hospitality. The work of He and Kong was
supported in part by the NNSF of China (Grant No. 10671124) and the NCET of China (Grant
No. NCET-05-0390); the work of Liu was supported in part by the NSF and NSF of China.

References

[1] M. Bordemann and J. Hoppe, The dynamics of relativistic membranes II: Nonlinear waves

and covariantly reduced membrane equations, Physics Letters B325 (1994), 359-365.

[2] D. Christodoulou, Global solution of nonlinear hyperbolic equations for small initial data,

Comm. Pure Appl. Math. 39 (1986), 367-282.

[3] D. DeTurck, Some regularity theorems in Riemannian geometry, Ann. Scient. Ecole Norm.

Sup. Paris 14 (1981), 249-260.

[4] M. Gage and R. Hamilton, The heat equation shrinking convex plane curves, J. Diff. Geom.
23 (1986), 417-491.

[5] M. E. Gurtin and P. Podio-Guidugli, A4 hyperbolic theory for the evolution of plane curves,
SIAM. J. Math. Anal. 22 (1991), 575-586.

[6] R. Hamilton, Harnack estimate for the mean curvature flow, J. Diff. Geom. 41 (1995), 215-226.

[7] L. Hormander, Lectures on Nonlinear Hyperbolic Differential Equations, Mathématiques And

Applications 26, Springer-Verlag, Berlin, 1997.

[8] J. Hoppe, Quantum theory of a massless relativistic surface and a two-dimensional bound state

problem, MIT Ph.D. Thesis (1982) and Elem. Part. Res. J.(Kyoto) 80 (1989) 145.

[9] S.-J. Huang and D.-X. Kong, Equations for the motion of relativistic torus in the Minkowski
space R**™ J. Math. Phys. 48 (2007), 083510-1-083510-15.

[10] G. Huisken, Asymptotic behavior for singularities of the mean curvature flow, J. Diff. Geom.

31 (1990), 285-299.

15



[11] G. Huisken and T. Ilmanen, The inverse mean curvature flow and the Riemannian Penrose

inequality, J. Diff. Geom. 59 (2001), 353-437.

[12] S. Klainerman, Global existence for nonlinear wave equations, Comm. Pure Appl. Math. 33

(1980), 43-101.

[13] D.-X. Kong and K.-F. Liu, Wave character of metrics and hyperbolic geometric flow, J. Math.
Phys. 48 (2007), 103508-1-103508-14.

[14] H. G. Rotstein, S. Brandon and A. Novick-Cohen, Hyperbolic flow by mean curvature, Journal
of Crystal Growth 198-199 (1999), 1256-1261.

[15] S.-T. Yau, Review of geometry and analysis, Asian J. Math. 4 (2000), 235-278.

[16] X.-P. Zhu, Lectures on Mean Curvature Flows, Studies in Advanced Mathematics 32, AMS/IP,
2002.

16



