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Abstract

In this paper, using of pseudo path algebras, we generalize the Gabriel’s Theorem on ele-
mentary algebras to left Artinian algebras over a field £ when the quotient algebra can be lifted,
in particular, when the Dimension of the quotient algebra decided by the n’th Hochschild coho-
mology is less than 2 (e.g. k is finite or chark = 0); and, using of generalized path algebras, the
Generalized Gabriel’s Theorem is given for finite dimensional algebras with 2-nilpotent radicals.
As a tool, the so-called pseudo path algebras are introduced as a new generalization of path
algebras, which can cover generalized path algebras (see Fact 2.5).

The main result is that (i) for a left Artinian k-algebra A and r = r(A) the radical of A, when
the quotient algebra A/r can be lifted, it holds that A = PSFEy(A, A, p) with J5 C (p) C J
for some s (Theorem 3.2); (ii) for a finite dimensional k-algebra A with r = r(A) 2-nilpotent
radical, it holds that A 2 k(A, A, p) with J2 C (p) C J? + JNKery (Theorem 4.3), where A is
the quiver of A and p is a set of relations.

In all cases we discuss, the uniqueness of such quivers A and generalized path algebra/pseudo
path algebras satisfying the isomorphism relations is obtained (see Theorem 3.5 and 4.4).

2000 Mathematics Subject Classifications: 16G10

1 Introduction

We will always suppose that k& denotes a field and all modules are unital. A left Artinian algebra
implies that it satisfies the descending chain condition on left ideals.

As well-known, for a finite dimensional algebra A over k an algebraically closed field and its
nilpotent radical N = J(A), the quotient algebra A/N is semisimple, that is, there are uniquely
positive integers n; < ng < --- < n, such that A = M, (k)& - - - @& M,, (k) where M,, (k) denote
the algebras of n; by n; matrices with entries in k£, which are k-simple algebras. In the special case
that A is an elementary algebra, due to the definition, every n; = 1, i.e. M, =k, or say, A/N is a
direct sum of some k as k-algebras, writing A/N = [],.(k).

It is known that every finite dimensional path algebra is elementary. Conversely, according
to the famous Gabriel’s Theorem (see [1]), for each elementary algebra A, one can construct the
correspondent quiver I'(A) of A such that A is isomorphic to a quotient algebra of the path algebra

*Project (No.102028) supported by the Natural Science Foundation of Zhejiang Province of China.
tfangli@zju.edu.cn



ET'(A). On the other hand, the module category of any algebra A must be Morita equivalent to
the module category of one certain elementary algebra A (see [3]). Therefore, in the view point of
representation theory, it may be enough for us to research representations of elementary algebras,
i.e. of quotient algebras of path algebras. In particular, it provides the description of the finitely
generated modules over some given algebras (see, for instance [1], [5]).

However, in the view point of structures of algebras, researching on finite dimensional algebras
can not be replaced with that on elementary algebras. For example, it is important to give a
possible classification for finite dimensional algebras.

In this reason, Prof. Shao-xue Liu, one of the authors of [2], raised an interesting problem, that
is, how to find a generalization of path algebras so as to obtain a generalized Gabriel Theorem for
arbitrary finite dimensional algebras to be isomorphic to a quotient algebra of such a generalized
path algebra. The first step on this idea was finished by himself with his cooperator in [2] where
the valid concept of generalized path algebras was introduced (see Section 2). But, the further
research could not be found before our article.

The aim of this paper is to answer the Liu’s problem affirmatively through generalized path
algebras under the meaning of [2] and pseudo path algebras. We give some preliminary results in
Section 2. In fact, we find generalized path algebras is not enough to characterize more algebras
unless the algebras are finite-dimensional with 2-nilpotent radicals. In this reason, the so-called
pseudo path algebras are introduced as a new generalization of path algebras, which can cover
generalized path algebras (see Fact 2.5). In Section 3, using of pseudo path algebras, we generalize
the Gabriel’s Theorem on elementary algebras to left Artinian algebras over a field & when the
quotient algebra can be lifted, in particular, when the Dimension of the quotient algebra decided
by the n’th Hochschild cohomology is less than 2 (e.g. k is finite or chark = 0). In Section 4, using
of generalized path algebras, the Generalized Gabriel’s Theorem is given for finite dimensional
algebras with 2-nilpotent radicals. In all cases we discuss, the uniqueness of such quivers A and
generalized path algebra/pseudo path algebras is obtained (see Theorem 3.5 and 4.4).

It is interesting to note in our Generalized Gabriel’s Theorems, the dependence on the ground
field is not very necessary under some certain conditions, which implies the possibility to make an
approach to modular representations of algebras and groups. Also, note that if A = k(A,.A)/{p) or
A= PSEL(A, A)/(p). Then the structure of A is decided by the generated ideal (p) of the set p of
some relations. From this, we can try to classify those associative algebras satisfying the theorems,
which include many important classes of algebras. All these above are the works we are processing
after this paper, which will present the farther significance of this paper.

2  On Generalized Path Algebras And Pseudo Path Algebras

In this section, we firstly introduce the definitions of generalized path algebra from [2] and pseudo
path algebra. Then, we discuss their properties and relationship.

A quiver A is given by two sets Ag and A; together with two maps s,e: Ay — Ag. The elements
of Ag are called vertices, while the elements of A; are called arrows. For an arrow a € Ajp, the
vertex s(a) is the start verter of a and the vertex e(a) is the end vertex of a, and we draw
s(a) % e(a). A path p in A is (alay - - - ay|b), where o; € Ay, for i = 1,---,n, and s(a;) = a,
e(a;) = s(ajpq) fori=1,--- n+1, and e(a,,) = b. s(aq) and e(«,) are also called respectively the
start vertex and the end vertex of p. Write s(p) = s(a1) and e(p) = e(ay,). The length of a path
is the number of arrows in it. To each arrow «, one can assign an edge @ where the orientation is



forgotten. A walk between two vertices a and b is given by (a|aq - - - @y |b), where a € {s(a1),e(a1)},
b e {s(an),e(an)}, and for each i = 1,---;n — 1, {s(a;),e(a;)} N{s(it1),e(a;r1)} # 0. A quiver
is said to be connected if for each pair of vertices a and b, there exists a walk between them.

In this paper, we will always assume a quiver A is finite, i.e. the number of vertices |Ag| < co.

Definition 2.1 For two algebras A and B, the rank of a finitely generated A-B-bimodule M is
defined as the least number of all generators. In particular, if M = 0, we say it is a special finitely
generated A-B-bimodule with rank 0.

Clearly, the rank in Definition 2.1 exists uniquely.

Generalized Path Algebra And Tensor Algebra

Let A = (Ap, A1) be a quiver and A = {4, : i € Ap} be a family of k-algebra A; with identity
ei, indexed by the vertices of A. The elements a; of ;ca, A are called the A-paths of length zero,
whose start vertex s(a;) and the end vertex e(a;) both are i. For each n > 1, an A-path P of length
n is given by a151a202 -+ anfBnant1, where (s(81)|01 - - - Bule(Brn)) is a path in A of length n, for
each i = 1, -+ n, a; € Ay, and an11 € Agg,). s(B1) and e(3,) are also called respectively the
start vertex and the end vertex of P. Write s(P) = s(a;) and e(P) = e(ay,). Now, consider the
quotient R of the k-linear space with basis the set of all A-paths of A by the subspace generated
by all the elements of the form

m
a1Br - Bi—1(aj + -+ al)Biajp1  Bransr — D a1Pr - Bi—1asBiaji1 - - - Buangr
=1

where (s(31)|61+-Bnle(Bn)) is a path in A of length n, for each i = 1,---,n, a; € Ayg,), ant1 € Ae(s,)
and aé- € Ayp;) for I = 1,---,m. Define in R the following multiplication. Given two elements
la1B1a2B2 - - - anfpans1] and [b1y1bay2 - - - bpynbpt1] in R, define
la1B1a202 - - - anfpansi] - [b171b2y2 - - - by ynbnsi]
[a1B1a2B2 - - - anfn(anst1b1) 710272 - - - bpnbpsi], if anq1,b1 € A; for same 4
0, otherwise

It is easy to check that the above multiplication in R is well-defined and gives to R an structure of k-
algebra. This algebra R defined above is called the A-path algebra of A. Denote it by R = k(A, A).
Clearly, R is an A-bimodule.

Remark that (i) R = k(A, A) has identity if and only if Ag is finite; (ii) Any path (s(81)|51 -
-+ Bnle(Bn)) in A can be considered as an A-path with a; = e;. Hence the usual path algebra
EA can be embedded into the A-path algebra k(A,.A). Or say, if A; = k for each i € Ay, then
kE(A, A) = kA; (iii) For R = k(A, A), dimipR < oo if and only if dimiA; < oo for each i € Ag and
A is a finite quiver without oriented cycles.

Associated with the pair (4,4 M4) for a k-algebra A and an A-bimodule M, we write the n-fold
A-tensor product M @4 M ®---®@4 M as M", then T(A,M) = ASM&M?*@---OM"@--- as an
abelian group. Writing M® = A, then T(A, M) becomes a k-algebra with multiplication induced
by the natural A-bilinear maps M* x M7 — M7 for i > 0 and j > 0. We call T(A, M) a tensor
algebra.

Now, we define a special class of tensor algebras so as to characterize generalized path algebras.
An A-path-type tensor algebra is a tensor algebra T'(A, M) satisfying that (i) A = @,;cp, A for a
family of k-algebras A = {4; : i € Ao}, (ii) M = D, je;:M; for finitely generated A;-Aj-bimodules
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iMj for all t and j in I and Ay -; M; = 0if k # i and ;M;- A, = 0if k # j. A free A-path-type tensor
algebra is an A-path-type tensor algebra T'(A, M) whose each finitely generated A;-A;-bimodule
iM; for i and j in I is a free bimodule with a basis and the rank of this basis equals to the rank of
iM; as finitely generated.

A-path-type tensor algebras and generated path algebras can be constructed each other as
follows.

For an A-path algebra k(A, A), let A = @;cp, Ai- For any i and j, let 1MJF be the free A;-Aj-
bimodule with free generators given by the arrows from 7 to j. Easily, the number of free generator
is the rank of 1MJF as finitely generated. Define Ay -; MJF =0if k #4 and ZMJF A =0if k #£ j.
Let M = D,_.;iM JF , which is clearly an A-bimodule. Then we get uniquely the free A-path-type
tensor algebras T'(A, MT).

Conversely, assume that T(A, M) is an A-path-type tensor algebra with a family of k-algebras
A = {4; : i € I} satisfying that A = @,c; A; and finitely generated A;-A;-bimodules ;M; for
all 7 and j in I satisfying M = @, je;iM;, Ax -« My = 0if k # i and ;M; - Ay, = 0 if k # j.
Trivially, ;M; = A;MA;. Let the rank of ;M; be r;;. Now we can associate with T'(A, M) a quiver
A = (Ap,Aq) and its generalized path algebra R = k(A,.A) in the following way. Let the set of
vertices Ag = I. For 4,j € I, let the number of arrows from 7 to j in A be the rank r;; of the
finitely generated A;-Aj;-bimodules ;M;. Obviously, if ;M; = 0, then there are no arrows from i
to j. Thus, we get a quiver A = (A, Ay) called the quiver of T(A, M), and its A-path algebra
R = k(A, A) which is called the corresponding A-path algebra of T'(A, M).

Remark that since it is possible two non-isomorphic finitely generated bimodules possesses the
same rank, there are two A-path-type tensor algebras T'(A, M;) and T'(A, Ms), with non-isomorphic
My and Ms, inducing a same quiver and its A-path algebra in the way above.

From the above discussion, every A-path-type tensor algebra T'(A, M) can be used to construct
its corresponding A-path algebra k(A,A); but, from this A-path algebra k(A,.A), we can get
uniquely the free A-path-type tensor algebra T'(A, M*"). Thus, we have:

Lemma 2.1 FEvery A-path-type tensor algebra T(A, M) can be used to construct uniquely the free
A-path-type tensor algebra T(A, MT). There is a surjective k-algebra morphism ©: T(A, MF) —
T(A, M) such that W(ZMJF) =; Mj for anyi,j € 1.

Proof: It is sufficient to prove the second conclusion. For T'(A, M), let the rank of ;M; be r;;. Thus,
for the corresponding A-path algebra k(A,A), the number of the arrows from i to j is r;;, and
then, in T'(A, MT), the rank of the free generators of ; M JF given by the arrows is also r;;. Define :
T(A, M¥) — T(A, M) by giving a bijection between the set of the free generators of zMJF and the
set of the chosen generators of ;M; with number of the rank. Then 7 can be expanded to become
into a surjective k-algebra morphism with 7 (; M ]F ) =i Mj for any i,j € I.

#

Next, we will show in the following Proposition 2.4 that every A-path-type tensor algebra is a
homomorphic image of its corresponding A-path algebra.

The following criterion (i.e. Lemma III.1.2 in [1]) for constructing algebra morphisms from
tensor algebras to other algebras is useful.

Lemma 2.2 Let A be a k-algebra and M an A-bimodule. Let A be a k-algebra and f : A& M — A
a map such that the following two conditions are satisfied:
(i) fla: A — A is an algebra morphism;



(ii) Viewing f(M) as an A-bimodule via fla : A — A then flpyr : M — f(M) C A is an
A-bimodule map.
Then there is a unique algebra morphism f: T(A, M) — A such that ﬂA@M = f and generally,
Fosgmy @ @mi) = Y3 fmh) -+ f(m) for mi @ - @ my € M.

Note that it is enough for the proof of (ii) in [1] under the condition that f(M) is an A-bimodule
via fla: A — A.

Clearly, all A-paths of length zero, i.e. the elements of [J;c5, Ai can generate a subalgebra of
k(A,A), denote it by k(Ay, . A). Denote by k(A1,.A) the k-linear space consisting of all .A-paths of
length 1 and J the ideal in a A-path algebra k(A,.A) generated by all elements in k(Aj, A). It is
easy to see that k(Aj, A) is an A-subbimodule of k(A, A).

Pseudo Path Algebra And Pseudo Tensor Algebra

Let A = (Ap, A1) be a quiver and A = {A; : i € Ay} be a family of k-algebra A; with identity
ei, indexed by the vertices of A. The elements a; of ;cp, Ai are called the A-pseudo-paths of
length zero, whose start vertex s(a;) and the end vertex e(a;) both are i. For each n > 1, an pure
A-pseudo-path P of length n is given by a1 /1b1 - a2f2bs - ... - ay by, where (s(81)|01 - - Bunle(Brn)) is
a path in A of length n, for each i = 1,---,n, b1 € Ag(g,_,),a; € Ayg,) With s(8;) = e(Bi-1). s(51)
and e(8,) are also called respectively the start vertex and the end vertex of P. Write s(P) = s(f1)
and e(P) = e(f,). An general A-pseudo-path Q of length n is given in the form

a1 -Cl Q2 -C2 " ... Ck O
or

Co-(x1 - C1 -9 -C2 " ... Ck - O
or

a1 -Cl-Q2+C2* ... Ck O+ Cltq
or

Co -1+ ClL Q2 +C" ... C O * Cly1
where «; is an pure A-pseudo-path of length n; and Z;ﬂ:l n; = n, and the start vertex of ;41 is
just the end vertex of a;, i.e. e(a;) = s(aiy1) and ¢; € Ag(q,)-

Let V' be the k-linear space with basis the set of all general A-paths of A.

Consider the quotient R of the k-linear space V' by the subspace generated by all the elements
of the form

a1Piby - ..o ajBi(by + .. + b7 -y =D aiBiby - ... a;Bb -y (1)
=1

- (a% + ...+ a")Biby - .- anBpbn — Za . allﬁlbl <o apfnbn (2)
=1

(ab) -cfd —a- (b-cfd), afb-(cd) — (afb-c)-d (3)

aBb-1—aBb, 1-aBb— afb (4)

where a, b, ¢, d, bé-, ay € Uiea, 4i and 1 is the identity of A.
Define in R the following multiplication. Given two elements [a1/51b1 - a2B2b2 - ... - an(,by] and
[c171d1 - coyads - ... - ¢y Ymdy,] in which at least one is of length n > 1, define



[a181b1 - a2B2ba - ... - anBnby] - [c171d1 - c2y2da - ... - CaYmdi]
[a181b1 - agBaby - ... - anfrby, - c1y1dy - cayads - ... - CpYmdm], if by, c1 € A; for same i
0, otherwise
Given two elements a, b of length zero, i.e. a,b € U;cp, Ai, define
0 b— { ab, if a,b are in one same A;
0, otherwise
where ab means the product of a,b in A;.

It is easy to check that the above multiplication in R is well-defined and gives to R an structure
of k-algebra. This algebra R defined above is called the A-pseudo path algebra of A. Denote it by
R = PSE(A, A). Clearly, R is an A-bimodule for A = @,;ca, A

Remark that (i) R = PSE)(A, A) has identity if and only if Ay is finite; (ii) Any path (s(51)|51-
-+ Bple(Br)) in A can be considered as an A-path with a; = e; the identity of A;. Hence the usual
path algebra kA can be embedded into the A-pseudo path algebra PSEL (A, A). Or say, if A; =k
for each i € Ay, then PSEL(A, A) = kEA; (iii) For R = PSEL(A, A), dimiR < oo if and only if
dimgA; < oo for each i € Ag and A is a finite quiver without oriented cycles.

Associated with the pair (A,4 M4) for a k-algebra A and an A-bimodule M, we write the n-
fold k-tensor product M @ M @ - - - @, M as M"™; 3" np apy.oan, M1 @ Mo ®p -+ - @ My, as M(n)
where M; is either M (at least there exists one) or A but no two A’s are neighbouring, then define
PT(AM)=AdM1)®M2)®---® M(n)®--- as an abelian group. Denote M (n,l) the sum
of these items M ®; My ®y, - - - ® My, of M(n) in which there are [ M;’s equal to M. Clearly,
(n—1)/2 <1< mnand M(n) = 3 (,_1)/2<1<n M(n,1). Writing M° = A, then P7 (A, M) becomes
a k-algebra with multiplication induced by the natural k-bilinear maps:

Mix M) — M7 fori>1, j>1;

MixA—M@,A fori>1;

Ax M) — A®, M7 for j>1
and the natural A-bilinear map:

AxA— A4 A=A
Note that the associative law of P7 (A, M) is from the fact (A®a4 A) Qs M = A®4 (A®, M). We
call PT (A, M) a pseudo tensor algebra.

Now, we define a special class of pseudo tensor algebras so as to characterize pseudo path
algebras. An A-path-type pseudo tensor algebra is a pseudo tensor algebra P7 (A, M) satisfying
that (i) A = @;ecn, Ai for a family of k-algebras A = {4; : i € Ao}, (i) M = D, je1iM; for finitely
generated A;-Aj;-bimodules ;M; for all ¢ and j in I and Ay -; M; = 0if k # ¢ and ;M; - Ay, = 0 if
k # j. A free A-path-type pseudo tensor algebra is an A-path-type pseudo tensor algebra P7 (A, M)
whose each finitely generated A;-Aj-bimodule ;M; for 7 and j in I is a free bimodule with a basis
and the rank of this basis equals to the rank of ;M; as finitely generated.

A-path-type pseudo tensor algebras and pseudo path algebras can be constructed each other as
follows.

For an A-pseudo path algebra PSEL (A, A), let A = @;cp, Ai- For any i and j, let Z]\JJF be the
free A;-Aj-bimodule with free generators given by the arrows from i to j. Easily, the number of free
generator is the rank of ZM]F as finitely generated. Define Ay -; MJF =0if k #¢ and ZJ\JJF cAL=0
if k # 5. Let MF = @iﬁjiMjF , which is clearly an A-bimodule. Then we get uniquely the free
A-path-type pseudo tensor algebras PT (A, MT).

Conversely, assume that P7 (A, M) is an A-path-type pseudo tensor algebra with a family of



k-algebras A = {A; : i € I} satisfying that A = @,<; A; and finitely generated A;-A;-bimodules
iMj for all i and j in I satisfying M = D, je;iMj, Ax - M; =01if k # 4 and ;M; - Ay =0 if k # j.
Trivially, ;M; = A;MA;. Let the rank of ;M; be r;;. Now we can associate with P7 (A, M) a
quiver A = (Ag, A1) and its pseudo path algebra R = PSE)(A, A) in the following way. Let the
set of vertices Ag = I. For 4,5 € I, let the number of arrows from i to j in A be the rank r;;
of the finitely generated A;-Aj-bimodules ;M;. Obviously, if ;M; = 0, then there are no arrows
from i to j. Thus, we get a quiver A = (Ag, A1) which is called the quiver of PT (A, M), and its
A-pseudo path algebra R = PSE} (A, A) which is called the corresponding A-pseudo path algebra
of PT(A,M).

Remark that since it is possible two non-isomorphic finitely generated bimodules possesses the
same rank, there are two A-path-type pseudo tensor algebras P7 (A, M) and P7 (A, M), with
non-isomorphic M7 and My, inducing a same quiver and its A-pseudo path algebra in the way
above.

From the above discussion, every A-path-type pseudo tensor algebra P7 (A, M) can be used
to construct its corresponding A-pseudo path algebra PSEy(A, A); but, from this A-pseudo path
algebra PSE)(A, A), we can get uniquely the free A-path-type pseudo tensor algebra P7 (A, MT).
Thus, we have:

Lemma 2.3 Every A-path-type pseudo tensor algebra PT (A, M) can be used to construct uniquely
the free A-path-type pseudo tensor algebra PT (A, MT). There is a surjective k-algebra morphism
m: PT(A, M) — PT (A, M) such that 7T(7;MJF) =; M; for any i,j € I.

Proof: 1t is sufficient to prove the second conclusion. For P7T (A, M), let the rank of ;M; be 7.
Thus, for the corresponding A-pseudo path algebra PSEi(A, A), the number of the arrows from 4
to j is ri;, and then, in P7 (A, MT'), the rank of the free generators of ;M. ]F given by the arrows
is also 7j. Define m: P7 (A, M¥) — PT (A, M) by giving a bijection between the set of the free
generators of ;M jF and the set of the chosen generators of ;M; with number of the rank. Then
m can be expanded to become into a surjective k-algebra morphism with 7T(ZMJF ) =i M; for any
1,7 € 1.

#

Next, we will show in the following Proposition 2.4 that every A-path-type pseudo tensor algebra
is a homomorphic image of its corresponding A-pseudo path algebra.

The following criterion for constructing algebra morphisms from tensor algebras to other alge-
bras is useful, which is alternated from Lemma III.1.2 in [1].

Lemma 2.4 Let A be a k-algebra and M an A-bimodule. Let A be a k-algebra and f : A& M — A

a k-linear map such that fla : A — A is an algebra morphism. Then there is a unique algebra

homomorphism f : PT (A, M) — A such that f|agr = [ and generally, f(3°0 o m} @y --@pm!) =
neo f(m7) - f(mg) for my @y -+ @ my € M(n).

Proof: Consider the map ¢ : M x M — A defined by ¢(m1,ma) = f(m)f(mg) for m; and mg in
M. We have for a € k that ¢(mia, me) = f(mia)f(ma) = f(m1)f(amsa) = ¢(m1,amsy). Hence
there is a unique group morphism fo : M ®; M — A such that fo(m; ®; me) = f(my)f(ma).
Of course, fo is moreover a k-linear map. It is similar for the map ¢ : M x A — A defined by
p(m,a) = f(m)f(a) for m € M and a € A to induce the k-linear map fo : M ®; A — A satisfying
fo(m @k a) = f(m)f(a).



By induction, one obtains the unique k-linear map f,, : M(n) — A satisfying f,(v1®g - ®@pvn) =
f(v1)-- f(vy). Since f|4 is a k-algebra homomorphism, we define f : PT (A, M) — Aby flagm = f

and f(Sp2gml @ -+ @ mik) = Yoo f(ml) - - - f(m}) for m} @y - - - @ mp € M(n), which can
be checked easily to be a k-algebra homomorphism uniquely determined by f.
In fact, for m; ®k - - - @ my, € M(n) and my Qf - - - @ my € M(1), if my,, m1 € A, then

F((my @ Qpmp) - (M1 @k -+ - Q1)) = 1 ®p -+ - D M1 D M @ 4 T D Ty D - - - D, Ty

(M1 @+ ++ B Myp—1 @k MMy @ M2 P -+ @ my) = f(ma) -+ fmn—1) f(mpima) f(ma) -~ f (1)

f
f(ma) - f(mn—1) f(mn) f(ma) f(m2) - () = fm1 @ - - @ ma) f (1M1 @ - - - @k M)

The other cases are also easy to be proved. #

S~

Comparing the definitions of generalized path algebra, tensor algebra and pseudo path algebra,
pseudo tensor algebra, we can find the following facts:

Fact 2.5 (1) There is a natural surjective homomorphism «: PSER(A, A) — k(A, A) with
kerv = (afb - c — afbe, c-afb— cafb, aab - cfd — aal - be - 16d)
for any a,b,c,d € A = ®;A;, o, 8 € Ay, where 1 is the identity of A. It follows that
PSEL(A, A)/kert = kE(A, A)

as algebras.
(2) There is a natural surjective homomorphism 7 :PT (A, M) — T(A, M) with

kerr=(m®c—mec®1, c®m—1®cm, mb®cn —m® bc®n)
for any b,c € A, m,n € M, where 1 is the identity of A. It follows that
PT(A,M)/kert =T(A, M)
as algebras.

Clearly, all A-pseudo-paths of length zero (equivalently, A-paths of length zero), i.e. the
elements of (J;cn, Ai can generate a subalgebra of PSEL(A,A) (resp. k(A,A)), denote it by
PSE(Ao, A) (resp. k(Ao, A)). Then, PSEL(Ao, A) = k(Ao, A), or say, Lpgg, (Ay,4) = id. Denote
by PSEk(A1, A) (resp. k(A1,.A)) the k-linear space consisting of all pure A-pseudo-paths (resp.
all A-paths) of length 1 and J (resp. J) the ideal in PSEL(A, A) (resp. k(A, A)) generated by all
elements in PSE (A1, A) (resp. k(A1 A)).

It is easy to see that PSEj(Aq,.A) (resp. k(A1,.A)) is an A-subbimodule of PSE(A, A) (resp.
k(A, A)), and (i) ((PSEy(A1, A) = k(A1 A), (i) o] =J, 1T =J.

Now, we will show some useful properties which hold similarly for both .4-pseudo-path algebra
and A-path algebra under the relationships in Fact 2.5.

Lemma 2.6 Let PT (A, MT) be the free A-path-type pseudo tensor algebra built by a A-pseudo
path algebra PSER(A, A). Then there is a k-algebra isomorphism ¢: PT (A, M¥) — PSEy(A, A)
such that for anyt > 1,

o(EP MF(n,1)) = J".

n,l>t



Proof: By the multiplication in PSER(A,A), [a;] - [a;] = 0 for i # j and a; € A;, a; € Aj.
Obviously, we have a k-algebra isomorphism f: A = @,;c; Ai — PSER(Ao, A) by fla1+---+a,) =
[a1] 4 - -+ [ay]. And, define f: M¥ = EBMENMJF — PSE(A1, A) by giving a bijection between a
chosen basis for each ;M jF and the set of arrows from i to j, that is, f(amq,;b) = ac;;b where a;;
is an arrow from i to j and m,,; is the correspondent element in the basis of ;M. JF ,a,b€ A. Since
PSE}(Ag, A) is a k-subalgebra of PSE)(A, A), there is by Lemma 2.2 a k-algebra morphism f:
PT (A, M) — PSEL(A, A) such that

ﬂA@MF =f

and

FO-mi@---@mp) =3 f(m{)- .. f(m})
n=0 n=0

for m? @ ---@m" € M¥(n). Thus, f((A®, MF @, A)t) = (A- PSE,(A1, A) - A) and moreover,
(@, 1= MF (n,1)) = J, in particular, f(@,s; MF (k) = J. But, PSEL(A, A) = PSE(Ag, A)U
JU---UJtU---. Hence fis surjective.

Let {z)}\ denote a k-basis of A. For M ¥ (n,l), we have a k-basis formed by some elements as

Try, @ Tx; MITy, O Ty, @ Ty, Moy, & - QTy, @ Ty, MUTy, - -
where there is some A-pseudo-path

[Tx;, - Ta, B1Ta, - Ty, Ty, BTy, o ot T

i -:L')\jlﬂx)\kl . ]

i1 )

in PSE(A,A) such that m; is amongst the chosen basis elements in s(3))M S}Z B41) of the corre-
spondent arrow (3; for j =1,---,t. Then
f(an, @z, mizy, @y, ® Ty, MaTy, @+ @Tx, @ Ty MYTA, X+ °)

= [Tx,, @y, B1Tx, - Ty, - Ty, B2y, o Ty, Ty BTy, ]
It implies that distinct basis elements are mapped to distinct .A-pseudo-paths. And, for ay+--+a, #
Oin A, f(a1+---+apn) = [a1] + -+ [an] # 0. Hence f is injective. Therefore, ¢ = f is a k-algebra

isomorphism with the desired properties.

” ot ot
From Lemma 2.6, PSEL(A,A) = PT(A MF), then easily kert = kerr. Thus, a nat-
_ o
ural induced algebra homomorphism ¢—! is obtained from ¢! so that PSER(A,A)/kert =
PT (A, MF)/kerr. Moreover, by Fact 2.5, we get the following ¢ from ¢—1 as above so as to

gain the result on A-path algebra as similar as on A-pseudo-path algebra:

Lemma 2.7 Let T(A, MF) be the free A-path-type tensor algebra built by a A-path algebra k(A, A).
Then there is a k-algebra isomorphism ¢: T(A, M¥) — k(A, A) such that for any t > 1,

S M) = T

Jjt



Moreover, we can obtain the commutative diagram:

PT(A, MF) —2

PSEL(A, A)

T L (5)

T(A, M) —2

k(A, A)

Proposition 2.8 Let PT (A, M) be an A-path-type pseudo tensor algebra with the correspond-
ing A-pseudo path algebra PSER(A, A). Then there is a surjective k-algebra homomorphism ¢:
PSEL(A, A) — PT (A, M) such that for any t > 1,

e(J") = P M(n,1).

n, 1>t

Proof: Let PT (A, MT') be the free A-path-type pseudo tensor algebra built by the A-pseudo path
algebra PSEy(A,A). Then by Lemma 2.3, there is a k-algebra isomorphism ¢: P7 (A, M) —
PSEy(A, A) such that for any t > 1, (B, ;s MF (n,1)) = J*.

On the other hand, by Lemma 2.1, there is a surjective k-algebra morphism m: P7 (A, MF) —
PT (A, M) such that W(ZMJF) =; M; for any i,j € I, so 7(M*) = M.

Therefore, ¢ = m¢~': PSER(A, A) — PT(A,M) is a surjective k-algebra morphism with
SO(Jt) = W(@n, 1>t MF(n,l)) = @n, 1>t M(n,1) for any ¢ > 1.

#

According to ¢ = ¢! and the description of ker. and kerr in Fact 2.5, we have ¢(ker:) =kerr.
Then, by Proposition 2.8, we induce naturally a surjective k-algebra homomorphism

¢ : PSER(A, A)/kert — p(PSEK(A,A))/o(kert) = PT (A, M)/kerr.

Thus, the similar result holds for A-path-type tensor algebra:

Proposition 2.9 Let T(A, M) be an A-path-type tensor algebra with the corresponding A-path
algebra k(A, A). Then there is a surjective k-algebra homomorphism @: k(A, A) — T(A, M) such

that for any t > 1, N
o(Jh) =P M*.
Jj=t
Also, we obtain the commutative diagram:
PSE(A, A) —— PT(A, M)
L T (6)

k(A A) —2—+ T(A, M)

A relation o on an A-pseudo path algebra PSEy(A,A) (resp. A-path algebra k(A,A)) is a
k-linear combination of some general A-pseudo paths (resp. some A-paths) P; with same start
vertex and same end vertex, i.e. 0 = k1P + -+ k, P, with k; € k and s(P;) = --- = s(P,) and
e(P)) =---=¢e(P,). If p={ot}ter is a set of relations on PSE(A, A) (resp. k(A,.A)), the pair
(PSER(A,A),p) (resp. (k(A,A),p)) is called an A-pseudo path algebra with relations (resp. A-
path algebra with relations). Associated with (PSE(A,A), p) (resp. (k(A,A),p)) is the quotient

10



k-algebra PSE} (A, A, p) of PSEL(A, A)/(p) (resp. k(A, A, p) o k(A,A)/(p)), where (p) denotes

the ideal in PSE(A,.A) (resp. in k(A, A)) generated by the set of relations p. When the length
I(P;) of each P; is at least j, it holds (p) C J7 (resp. (p) C J7).

For an element x € PSE(A, A) (resp. € k(A,A)), we write by Z the corresponding element
in PSER(A, A, p) (resp. k(A, A, p)).

Fact 2.10 § € k(A, A) is a relation if and only if all o € 171(8) are relations on PSE(A,A).

This fact can be seen easily from the definition of «. Note that the lengths of paths in a relation
do not been restricted here. So, we have:

Proposition 2.11 Suppose that A is a finite quiver, i.e. | Ay |=n < co.
(i) Fach element x in PSEL(A,A) (resp. k(A,A)) is a sum of some relations;
(ii) Every ideal I of PSER(A,A) (resp. k(A,.A)) can be generated by a set of relations.

Proof. (i) Let 1 be the identity of A, e; the identity of A; for i € Ag. Then 1 = Y ,ca€; is a
decomposition into primitive orthogonal idempotents e;.

r=1-2-1=3 cr, € T ej. Due to the multiplication of | Ag [=n < oo, €; - x - ¢; can be
expanded as a k-linear combination of some such A-paths which have the same start vertex ¢ and
the same end vertex j, so e; - x - e; is a relation on PSE}(A, A).

(ii) Assume I is generated by {zx}rea. By (i), each z) is a sum of some relations {o ;}. Then
I is generated by all {oy ;}.

#

From the definition of J, we have
PSER(A, A, p)/J = (PSER(A, A)/(p))/(T/{p)) = PSER(A, A) /T = Bica, A

Suppose all A; are k-simple algebras and J! C (p) for some integer t. Then PSEL(A, A, p)/J =
@Bien,A; is semisimple and Jt = 0. It follows that J = radPSE(A, A, p). The similar discussion
can be made for J of k(A,.A). Hence we get:

Proposition 2.12 (i) Let (PSE,(A,.A), p) be an A-pseudo path algebra with relations where A; are
simple for all i € Ag. Assume that J* C (p) for some t. Then the image J of J in PSEL(A, A, p)
is radPSEL(A, A, p), i.e. J=radPSEL(A, A, p);

(ii) Let (k(A,A),p) be an A-path algebra with relations where A; are simple for all i € Ag.

Assume that Jt < (p) for some t. Then the image J of J in k(A, A, p) is radk(A, A, p), i.e.

J =radk(A, A, p).

Now, suppose A is a left Artinian algebra over k, r = r(A) the radical of A. Then for all [ > 0,
the ring r! /r'*! is an A-bimodule by a-(r! /r'*1)-b = arlb/r*! for a,b € A. From r-r!/r*1 = 0 and
rl/ri*1 . r = 0, we know that ! /7*1 is a semisimple left and right A-module. For z = 2 +r € A/r,
let Z - (rl/ri*1h) def . (rl/rt* Yy = orl /Pt and (rl/ri*Y) -z = (U 2 = rla /et then !/

is also an A/r-bimodule and a semisimple left and right A/r-module.

Proposition 2.13 Let A be a left Artinian algebra over k, r = r(A) the radical of A. Write
Alr = @5 A; where A; is a simple subalgebra for each i. Then, for all 1 > 0,

(i) rt/ri*t s finitely generated as an A/r-bimodule;

(ii) Z—M;l) def Ay vl /et A s finitely generated as A;-Aj-bimodule for each pair (i, 5).
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Proof. (i) Since A is left Artinian, r! /r/*! is finitely generated as a left A-module by Corollary 1.3.2
in [1]. So, we can write ! /rt! = 3% | Az, with some T, € r//r™1. But, due to the definitions
of actions, AT, = (A/r)T, Then, r'/rt =0 (A/r)Z,. Moreover, r!/rttt = ¢l /rttl . Afr =
(g1 (A/T)Tp)(A/1) = >0 1 (A/1)Tp(A/7), which means rl/r!*1 is finitely generated as an A/r-
bimodule.

(i) M) = At Ay = A (S (AT (Afr) Ay = S B v LA AA) =

Sy AiTpAj. Hence, ;M J(l) is finitely generated as A;-Aj-bimodule.

In particular, for [ = 1, one sees that ; M; def A;-r/r? -Aj is finitely generated as A;-A;-bimodule
for each pair (4, ). Below, the rank of ;M; will be denoted by t;;.

For k # i, A s Mj = A - (A;-r/r? - A;) = (A A;) - (r/r?- A;) = 0-7/r? - A; = 0; similarly, for
k # j, iM;j - Ay, = 0. Thus, we can obtain the A-path-type pseudo tensor algebra P7T (A/r,r/r?)
and the A-path-type tensor algebra T(A/r,r/r?) and the corresponding A-pseudo path algebra
PSE(A, A) and A-path algebra k(A, A) respectively, with A = {4; : i € Ao}, where A is called
as the quiver of the left Artinian algebra A.

In the sequel, we will always assume that A is a left Artinian algebra. We will firstly show that
under some important conditions, a left Artinian algebra A is isomorphic to some PSE}(A, A, p).

3 When The Quotient Algebra Can Be Lifted

Firstly, we introduce the concept of the set of primitive orthogonal simple subalgebras of a left
Artinian algebra. For a left Artinian algebra A and A/r = @;_; A; with simple subalgebras A;
for all ¢ where r = r(A) is the radical of A, assume there are simple k-subalgebras By, - -, Bs
of A satisfying B; = A; as k-algebras for all i under the canonical morphism 7: A — A/r and
B;, ifi=j
0, ifi#j
subalgebras of A.
Obviously, A;4; =

B;Bj = . Then we will call B = {Bi, -+, Bs} the set of primitive orthogonal simple

A ifi=j
0, ifi#j
simple k-subalgebra of A, so B = By + - - - + Bg is a semisimple subalgebra of A.

Our original idea is to introduce the concept of primitive orthogonal simple subalgebras as a
generalization of primitive orthogonal idempotents and then transplant the method of primitive
orthogonal idempotents in elementary algebras into a left Artinian algebras.

In a left Artinian algebra A, we will show as follows the existence of the set of primitive
orthogonal simple k-subalgebras when A/r can be lifted.

An algebra morphism e: A/r — A such that ne = 1 will be called a lifting of the quotient algebra
A/r. In this case, we call A/r can be lifted. Evidently, a lifting € is always a monomorphism and
Ime = B is a subalgebra of A while is isomorphic to A/r. Then, B is semisimple. Moreover,
A = B®r as a direct sum of k-linear spaces. Hence, A/r can be lifted if and only A is split over
its radical r.

Now, we assume that A/r can be lifted such that A = B @ r as above. For the canonical
morphism 7: A — A/r, Imn|p = (B+7r)/r = A/r. And, Kern|gp = 0 due to r N B = 0. Thus,

nlB
n(B) = A/r and B = A/r as k-algebras. Since B is semisimple, we can write B = @;j_; B; with

. From the definition, n(B;) = 4; for any i. Every B; is a

12



Bi, ifi=j
0, ifi#j
where 7(B;) are simple k-subalgebras of A/r. Denote A; = n(B;). It is seen that B = {By,--, B}
is the set of primitive orthogonal simple subalgebras of A.

simple k-subalgebras B; for all i. Then B;B; = { . Moreover, n(B) = >5_; n(B;)

Lemma 3.1 Assume A is a left Artinian k-algebra with r = r(A) the radical of A and A/r can be
lifted such that A = B ®r with B= {Bi,: -+, Bs} the set of primitive orthogonal simple subalgebras
of A as constructed above. Write A/r = @;_, A; where A; are simple algebras for all i. The
following statements hold:

(i) Let {rx : X € I} be a set of elements in r with the index set I such that the images T in
r/r? for all X € I generate v/r? as an A/r-bimodule. Then By U---U BsU{ry : X\ € I} generates
A as a k-algebra;

(ii) There is a surjective k-algebra homomorphism f : PT(A/r,r/r?) — A with

@ @ M(n,l)CKerfC@M(j)

n>rl(A) max{ri(A), (n—1)/2}<I<n Jj=2
where Tli(A) denotes the Loewy length of A as a left A-module.

Proof. (i) Since r is nilpotent, there is the least m such that ™ = 0 but r™~! #£ 0. It is easy to
see that m is just the Loewy length rl(A).

In the follows, we will prove this result by in the induction on m.

When m = 1, then r = 0 and A is semisimple. Thus B; = A;. Hence A is generated as a
k-algebra by By U - - - U Bs.

When m = 2, we have r> = 0. For the canonical morphism 7, n(B;) = A;. So, as a k-
algebra, A/r can be generated by (By +r)U---U(Bs+ 7). Write A/r = (By +r,---,Bs +1)/r.
And, (By +r, -+, Bs+1)/r = ((B1,- -+, Bs) +r)/r. Thus, A/r = ((By,---,Bs) + r)/r. Hence
A= (By, -+ Bs)+r. But, r/r? = Y,  AJr - Ta = o Afr - (ra +12) = Yo (Ary +12) =
(X aer Ara) +72 Then from 72 = 0, we get 7 = > \c; Ary. It follows A = (By,- -+, Bs) +7r = (By, -
',Bs>+2)\e](<Bl,"'7Bs>+T)TA = <Bl7"';Bs>+Z>\€]<Bl7 "-,BS>’I”)\ = <31U‘-'UBSU{T‘)\ AE I}>
as a k-algebra.

Assume now that the claim holds for m = > 2 and consider the case that m =1+ 1.

Let P be the k-subalgebra of A generated by By U----UBsU{ry : A € I}. Firstly, we will show
that P/(PNrl) = A/rl.

Since (A/r!)/(r/r!) = A/r is semisimple, then r(A/r!) = r/r!. By the induction assumption,
ri*1 =0 and 7% # 0 for any i < 1. For any t, (r/r!)!(A/r") = rtA/rl = rt/rl since r*A = r* due to
the existence of identity of A. Thus, (r/r!)*(A/r") = 0 if and only if ¢ > 1. (If there were ¢ < I such
that * = 7!, then 't = /1 = 0. It contradicts to rl(A) = m = [ + 1). Therefore rl(4/r!) = 1.

Let ¢: A — A/r! be the canonical morphism and B; = ((B;) are simple algebras for all i, 7 the
canonical morphism from A/rt to (A/rY)/(r/r') = A/r. Then ¢ = . It follows that 7(B;) = A;.
This means that B = {E, . ,E} is the set of primitive radical-orthogonal simple algebras of
A/rl. We have that all elements in {7y : A € I} in r/r? generate /72 as an A/r-module. But,
Afr = (A/rY)(r/rY), r/r2 = (r/rY)/(r/rH)2. So, all elements in {7y : A € I} in (r/r!)/(r/r")?
generate (r/r')/(r/r")? as an (A/r")/(r/r)-module. Let 7\ = ((ry) € r/r!. Then n(r)) = T .
Thus, by the induction assumption, By U---U B, U {7y : A € I'} generates the k-algebra A/r!.
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On the other hand, B; U ---UByU{ry : A € I} generates P. Then By U---UB,U{ry : A € I}
generates the k-algebra P/(PNr!). But, P/(PNr!) can be embedded into A/r!. Therefore, we get
that P/(PNrl) = A/rl.

Below it is proved that in fact P = A, which means that By U---U BsU{r) : A € I} generates
A.

Let © € A. Then there exists y € P such that = + 7' = y + PNl It follows 2 — y € L.
Thus there are a; € '~ and f; € r such that z —y = I «ifBi. But, a; + rt and f; + 7l in
A/rt and A/rl = P/(PNr!). Then there are a; and b; in P such that «; + 1! = a; + P N7l and
ﬂi—krl =b;+Pnrt. Dueto oy € i1 and §; € r, we have a; € rt=1and b; € r. Let a;, = a; —a; and
b, = B; — b;. Then a/,b; € r'. Hence a;3; = (a; + a})(b; +b.) = a;b; + aib; + a;bl + alb; = a;b; € P
for all 4 where alb; € r'*! =0, a;b; € 271 = 0, a}b; € r?! = 0. Tt follows that + —y € P. Then
x e P.

(ii) r/r2 = Afr-r/r?- A/r = fim1 A -7 /r?- A; is a direct sum decomposition due to Z? = A;

and ZiZj = 0 for ¢ # j. Corresponding to this, in A, we denote W = Zf,j:1 B;rB;, where B; & A;.
W is a direct sum of B;rB; due to B? = B; and B;B; = 0 for i # j. Obviously, W is a subalgebra
of 7 and then of A. And, r/r? is a (A/r)-bimodule with the action of A/r as above.

(A/r) @ (r/r?) is a k-algebra in which the multiplication is taken through that of A/r and r/r?
and the A/r-bimodule action of r/r?.

For each pair of integers ¢, with 1 < ¢,5 < s, choose elements {yff}uegw in B;rBj such that
{¥7 Yueq,, is a k-basis for A;-r/r?- A; for 74 = yfj +r? the image in r/r?. Then U; ;o {7 }ueq,, is
a basis for r/r2. Tt follows from (i) that U; ;. {¥s bueq,; UB1U- - U B generates A as a k-algebra.

It is easy to see that {y,/}ucq,; is k-linear independent in B;rB;. From the fact that W is a
direct sum of B;rBj, it follows U7 ;—1{v:/ }ueq,; i a k-linear independent set in W.

Define f : (A/r) @ (r/r?) — A by flz, = ntand f() =y Then, fla): A/r — B =

|
f(A/r) is a k-algebra isomorphism since B = A/r, and fl,2: v/r* — f(r/r?)(C W Cr) is an
isomorphism as k-linear spaces. Thus, f : (A/r) @ (r/r?) — Ais a k-linear map. Hence by Lemma
2.4, there is a unique algebra morphism f: PT(A/r,r/r?) — A such that flaameemy = f. As

said above, Ui,j’u{y};j}uegij U B1U---U Bg generates A as a k-algebra. Therefore, f is surjective.

From the definition of f, we have f((r/r2)?) = f(r/r2)} c ri C 72 for j > 2, where (r/r2)’
denotes 7/7? @5 /12 ®}, - - - @ /7% with j copies of r/r?. And, flayr and f|,. /2 are monomorphic,
moreover from the definition of f on A/r and r/r? respectively, it is easy to see that f]( A/r)a(r/r2):
(A/r)@ (r/r?) — A is a monomorphism with image intersecting 72 trivially. As denoted in Section
2, M(n) = Y up, My.oat, M1 @ My ®j - @, My, where M; is either r/r? (at least there exists one) or
A/r but no two A/r’s are neighbouring, then PT (A/r,r/r?) = A/r&oM(1)&M(2)®--®M(n)®---.
It follows that Kerf C D2 M(5).

On the other hand, M (n, ) equals the sum of these items M ®j Mo ®y--- @y My, of M (n) in which
there are [ M;’s equal to r/r* and M(n) = > (n—1)/2<1<n M (n,1) as in Section 2. F((r/r2)7) =0

for j > ri(A) since 77 = 0 in this case, it follows f(M(n,l)) = 0 for any n and possible [ > ri(A).

Therefore we get _
@ @ M(n,l) C Kerf.
n>rl(A) max{rli(A), (n—1)/2}<I<n

#
Theorem 3.2 (Generalized Gabriel’s Theorem Under Lifting)
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Assume that A is a left Artinian k-algebra and A/r can be lifted. Then, A = PSE(A, A, p)
with J* C (p) C J for some s, where A is the quiver of A and p is a set of relations on PSEi(A, A).

Proof: Let A be the associated quiver of A. From Lemma 3.1(ii), we have the surjective k-algebra
morphism f: PT(A/r,r/r?) — A with

@ EB M(n,l)CKerfC@M(j).

n>rl(A) maz{rl(A), (n—1)/2}<I<n j>2

By Proposition 2.8, there is a surjective k-algebra homomorphism ¢: PSER(A, A) — PT (A/r,7/r?)
such that for any t > 1, p(J*) = @,,;5; M (n,1). Then fo: k(A A) — A is a surjective k-algebra
morphism with the kernel I =Ker(fp) = ¢ (Kerf).

But, ¢(J"A) = D, 1>ria) M(n,1) and ©(J?) = @, 152 M(n,1). So, by Lemma 3.1(ii),
o(JTA)) CKerf C o(J2) + M(2,1) + M(3,1).

We can show J¢ C o Lp(J) C J4+¢(D,, Bi<i_1 M (n,1))Np(Kern) for t > 1. In fact, trivially,
Jt C ¢ 1p(JY). On the other hand, ¢ = 7¢~! and then ¢! = ¢7~1. By Proposition 2.4, ¢(J') =
@, 1>¢ M(n,1). From the definition of 7 in Lemma 2.1, it can be seen that 7 1(,, ;5; M(n,1)) C
DBy 15t M (n,1) + (B, Bi<y_1 M* (n,1))NKerr. Thus, by Lemma 2.3, we have

o lo(J) = o @Dy, 150 M(1,1)) C (DB, 120 MT (0, 1) + (D, Br<y 1 M (0, 1)) N $(Kerr)
=J + (B, Br<i 1 MF (n,1)) N ¢p(Kerr).
Hence,

A € o () € ol (Kerf) = T € o~ p(2) + ¢ (M(2,1) + M(3,1))
C 2+ o(MF(3,1) + MF(2,1) + MF(1,1)) N ¢p(Kerm) + o~ (M(2,1) + M(3,1))
=J?4+ A -PSE(A1,A)- A
since ¢(MF(1,1)) N ¢(Kerr) = 0 and then ¢(MF(3,1) + MF(2,1) + MF(1,1)) N ¢(Kerr) +
e 1 (M(2,1)+ M(3,1)) = A- PSE(A1, A) - A.
But, it is clear that J? + A- PSE(Aq, A) - A = J. Therefore, we get:

JMA) c oY (Kerfy=Tc J

Lastly, by Proposition 2.5, there is a set p of relations so that I can be generated by p, i.e.
I = (p). Hence, k(A, A, p) = k(A, A)/{p) = A with (p) =Ker(fp) and J"'A) c (p) c J.

#

Usually, for a left Artinian algebra A, the set p of relations in Theorem 3.2 is infinite. But,
when A is finite dimensional, we can show p is finite.

In fact, suppose that A is finite dimensional, then A; is finite dimensional for all . Thus, the
k-space consisting of all A-pseudo paths of a certain length is finite dimensional. It follows that
J(4) is the ideal finitely generated in PSEy(A, A) by all A-pseudo paths of length rl(A). Similarly,
PSEL(AA)/ JMA) ig generated finitely as a k-space, under the meaning of isomorphism, by all
A-paths of length less than rl(A), so as well as I/J l(4) as a k-subspace. Then it is easy to know
that I is a finitely generated ideal in PSE} (A, A). Assume {01, --,0,} is a set of finite generators
for the ideal I. For the identity 1 of A/r, we have the decomposition of orthogonal idempotents
1=¢e +---+e,, where g is the identity of A;. Theno; =1-0;-1= Y 1<i j<s €i* 01" €j, where €;07€;
can be expanded as a k-linear combination of some such A-pseudo paths which have the same start
vertex i and the same end vertex j. So, ¢/ =€; - oy -€; is a relation on the A-pseudo path algebra

PSEi(A, A). Moreover, I is generated by all ¢ due to o7 = i.d o Therefore, we have a finite
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set p= {0 :1 <45 <s1<1<p}lwithI = (p). sothat k(A, A p) = k(A,A)/(p) = A.
Therefore we get the following:

Corollary 3.3 Assume that A is a finite dimensional k-algebra and A/r can be lifted. Then,
A= PSEL(A, A, p) with J° C (p) C J for some s, where A is the quiver of A and p is a finite set
of relations on PSER(A,A).

When A is elementary, A; = A; = k and ;M; = r/r? is free as a k-linear space. Thus, 7
is an isomorphism, then Kerm = 0 and Kerp = 0. By the classical Gabriel Theorem, we have
JA) < (p) c J?, which is a special case of the results of Theorem 3.2 and Corollary 3.3.

According to the famous Wedderburn-Malcev Theorem (see [4]), for a left Artinian k-algebra A
and its radical r, if DimA/r < 1, then A/r can be lifted. Here, the dimension DimA of a k-algebra
A is defined as DimA = sup{n : H}(A, M) # 0 for some A-bimodule M} and H}'(A, M) means
the n’th Hochschild cohomology module of A with coefficients in M. In particular, DimA/r = 0 if
and only if A/r is a separable k-algebra. By Corollary 10.7b of [4], when k is a perfect field (e.g.
chark = 0 or k is a finite field), A is separable. So, we have the following:

Proposition 3.4 Assume that A is a left Artinian k-algebra. Then, A =2 PSER(A, A, p) with
J% C (p) C J for some s, where A is the quiver of A and p is a set of relations of PSEy(A, A),
when one of the following conditions holds:

(i) DimA/r <1 for the radical r of A;

(ii) A/r is separable;

(iii) k is a perfect field (e.g. when chark =0 or k is a finite field).

Note that in Proposition 3.4, the condition (ii) is a special case of (i), and (iii) is that of (ii).

In Theorem 3.2, A = PSEi(A, A, p) holds where A is the quiver of A from the corresponding
A-pseudo path algebra of the A-path-type pseudo tensor algebra P7 (A/r,r/r?) by the definitions
in Section 2. Moreover, we will discuss the uniqueness of the correspondent pseudo path algebra
and quiver of a left Artinian algebra under isomorphism, that is, if there exists another quiver and
its related pseudo path algebra so that the same isomorphism relation is satisfied. In fact, we have
the following statement on the uniqueness:

Theorem 3.5 Assume A is a left Artinian k-algebra. Let A/r(A) = @F_; A; with simple algebras
A; and let A ={Aq,---, Ay}. If there is a quiver A and a pseudo path algebra PSEy(A, B) with a
set of simple algebras B = {By,- - -, By} and p a set of relations satisfying that A = PSER(A, B, p)
with JY C {(p) C Ja for some t and Ja the ideal in PSE(A,B) generated by all pure paths in
PSEL(A1,B), then A is just the quiver of A and p = q such that A; & B; fori =1,---,p after
reindexing.

Proof: According to the definition of Ja, it holds that PSEy(A,B)/Ja = B + - - - + B,. Since
JY C {p), it follows that (Ja/{p))"! = J4/(p) = 0. And,

PSER(A,B,p)/(Ja/(p)) = (PSE(A,B)/(p))/(Ja/(p)) = PSER(A,B)/Ja = B1+- -+ By
is semisimple. Hence, Ja/(p) is the radical of PSEy(A, B, p). Thus, from A = PSEk(A, B, p), it
follows that A/r(A) = PSEL(A,B)/Ja. But, A/r(A) = @®F_; A; and PSEL(A,B)/Ja = By + - -
-+ Bywith A; and Bj; are simple algebras. Therefore, p = ¢ and A; & B; for i = 1,- - -, p after
reindexing, according to Wedderburn-Artinian Theorem.
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On the other hand, A/r(A)?* = PSEy(A,B)/JX. Then, the quivers of A/r(A)? and PSEL(A, B)/JX

are same.

But, PSEL(A,B)/J3 = (PSELA,B)/(0)/(J3/(p) = PSEL(A,B,p)/(J3/(p)) and the rad-
ical of PSER(A,B,p) is Ja/(p). Then the radical of PSE(A,B)/JX is (Ja/{p))/(JX/{p)) =
Ja/JZ. So, the quivers of PSE(A,B)/JX are that of the A-path-type pseudo tensor algebra

PT((PSER(A,B)/JR)/(Ja/JR): (Ja/IR)/(JA/IR)) = PT(PSEW(A,B)/Ja, Ja/JR)-

Now, we consider the quiver T' of PT (PSEL(A,B)/Ja,Ja/J3). From the definition of the quiver
associating with an .A-path-type pseudo tensor algebra in Section 2, we know that T'y = {1,--+,¢} =
Ag. For any i,j € I'g, the number of arrows from 7 to j in I is the rank r;; of ;M; = B; - JA/Ji - Bj
as a finitely generated B;-Bj-bimodule. However, by the definition of Ja, under the meaning of
isomorphism, B;-Ja/ Ji -B; can be constructed as an B;-Bj-linear expansion of all .A-pseudo-paths
of length 1 from i to j in PSEy(A1,B). It means that r;; is equal to the number of arrows from ¢
to j in A. Thus, the number of arrows from ¢ to j in I' is equal to that of arrows from ¢ to j in A.
Then I'1 = A;. Therefore, we get I' = A.

From the discussion above, it implies that the quivers of A/r(A)? is just A. Moreover, A/r(A) =
(A/r(A)2)/(r(A) fr(A)2) and r(A)/r(A)? = (r(A)/r(A)2)/(r(4)/r(A)?)%, where r(A)/r(A)? is the
radical of A/r(A)%. So, the quivers A of A/r(A)? is also that of

PT((A/r(A)?)/(r(A)/r(A)%), (r(A)/r(A)*)/(r(A)/r(A)%)?).
But,
PT(A/r(A),r(A)/r(A)?) = PT((A/r(A)%)/(r(A)/r(A)?), (r(A)/r(A)*)/(r(A)/r(A)*)?).

It follows that A is the quiver of A.

#

According to this theorem, we can see that for a left Artinian algebra A, the existence of a
pseudo path algebra such that A is isomorphic to its quotient algebra (i.e. Theorem 3.2) can
deduce its uniqueness, that is, it can only be the pseudo path algebra decided by the quiver and
the semisimple decomposition of A.

Our main result means when the quotient algebra of a left Artinian algebra is lifted, the algebra
can be covered by a pseudo path algebra under an algebra homomorphism. But, a generalized
path algebra must be a homomorphic image of a pseudo path algebra and its definition seem to be
more concise than that of pseudo path algebra. So, it is natural to ask why we do not look for a
generalized path algebra to cover a left Artinian algebra. In fact, this is our first idea. However,
unfortunately, in general, as shown by the following counter example, a left Artinian algebra with
lifted quotient may not be a homomorphic image of its correspondent A-path-type tensor algebra.
Thus, one cannot use the method as above (i.e. through Proposition 2.9) to gain a generalized
path algebra to cover the left Artinian algebra. The following counter example was given by W.
Crawley-Boevey at University of Leeds. The author thanks him for his effective discussion.

Example 3.1 There is an example of a finite dimensional algebra A over a field k such that

(a) A is split over its radical r, that is, A/r can be lifted;

(b) there is no surjective algebra homomorphism from T(A/r,r/r?) to A, that is, A cannot be
equivalent to some quotient of T(A/r,r/r?).
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Concretely, we describe A as follows:
(1) Let F//k be a finite field extension, and let § : F' — F' be a non-zero k-derivation. For example,
one can take k = Zy(t), F = Zy(\/t) and 6(p + q\/t) = q for p,q € Zo(t) where Zo denotes the
prime field of characteristic 2. It is easy to check ¢ as a k-derivation due to chark = 2.

(2) Define E = F & F and consider it as an F-F-bimodule with the actions:

for z,y, f € F. Let 8 and ¢ be F-F-bimodule homomorphisms respectively from F' to E and from
FE to F satisfying

0(x) = (2,0)  o(z,y) =y
for x,y € F'. Then we have the non-splitting extension of F-F-bimodules:

0-rLESF S0

In fact, if there were v : E — F an F-F-bimodule homomorphism with v - § = 1, then for all
fer,

6(f) = 0(6(f)) = »(6(f),0) = ¥(6, f)=(0, f) = ((0, 1) f) =(f(0,1)) = ¥(0,1) f = f4(0,1) = 0,
it follows 0 = 0, which contradicts to the presumption on J.
(3) Define A = F @ F @ E with multiplication given by
(z,y,e)(2',y,e') = (z2, zy' + ya' ze' + 0(yy') + ex').
Let S = {(z,0,0) : x € F}. Then S is a subalgebra of A isomorphic to F.

Let r = {(0,y,e) : y € F,e € E}. Then r is an ideal in A with 72 = {(0,0,¢) : e € Im(6)} and
r3 = 0. Thus r is the radical of A, and A =S @ r, so A is split over r.

(4) As an F-F-module, r/r? is isomorphic to F @ F due to the surjective F-F-module homo-
morphism 7 : r — F @ F satisfying 7(0,y,e) = (y, ¢(e)) with kerr = 2.

(5) By (3) and (4), the A-path-type tensor algebra T(A/r,r/r?) = T(F,F @© F). Let s = (1,0)
and t = (0,1), then F ® F = Fs @ Ft. Thus, T(F,F @ F) (equivalently, say T(A/r,r/r?)) can be
considered as the free associative algebra F'(s,t) generated by two variables s,t over F'. It follows
that the center Z(T'(A/r,r/r?)) of T(A/r,r/r?) is equal to F.

(6) If (z,y,e) € Z(A) the center of A, then for all ¢ € E, (z,y,e) commutes with (0,0,¢’),
thus (0,0, ze’) = (0,0,€'z), so ze’ = e’z. Taking ¢’ = (0,1), we get 2(0,1) = (0,1)z. But by (2),
x(0,1) = (0,z) and (0,1)z = (0(x), z). It follows that d(x) = 0. Therefore, we have:

Z(A) Cc {(z,y,e) :x,y € Foe € E,0(x) = 0}.

<
(7) If L is a subalgebra of Z(A) and is a field, then dimy L #dimyF'.
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In fact, the composition L — Z(A) — {(x,y,e) : x,y € F,e € E,0(x) =0} — {x : d(x) = 0}
is an algebra homomorphism. Assume [ = (z,y,e) € L is in the kernel of this composition, then
r=0and = (0,y,¢), sol € r the radical of A. By (3), 1> = 0. But L is a field, so [ = 0. It means
that this composition is one-one map. Therefore,

<
dimiL < dimy{x : 0(x) = 0} # dimi F
where ”#” is from 9 # 0.

(8) If there were a surjective algebra homomorphism A : T(A/r,r/r?) — A, it would induce a
homomorphism of the center Z(T(A/r,7/r?)) of T(A/r,r/r?) into the center Z(A) of A. By (5),
Z(T(A/r,r/r?)) = F. Thus, L = A\(F) would be a field and a subalgebra of Z(A4). By (7), we

<
have dimyL # dimiF. On the other hand, if there is x satisfying 0 # x €Ker\|p, i.e. A(z) = 0.
Since F' is a field, we get A(1) = A(1/x)A(z) = 0, then A = 0 is induced due to A as an algebra

homomorphism. It is impossible since A is surjective. It means KerA|p = 0, i.e. A|p is injective.
AMF <
So, F' = L. It contradicts to dimgL # dimgF'.

From (1)-(8), we finish the description of Example 3.1. Due to this example, we know a
general left Artinian algebra with lifted quotient cannot be covered by its correspondent A-path-
type tensor algebra. This is the reason we introduce pseudo path algebra and A-path-type pseudo
tensor algebra so as to replace generalized path algebra and A-path-type tensor algebra to cover
left Artinian algebras with lifted quotients.

However, there exists still some interesting class of left Artinian algebras which can be covered
by its correspondent A-path-type tensor algebra and moreover by a generalized path algebra. This
point can be seen in the next section, but we will have to restrict a left Artinian algebra to be finite
dimensional.

4 When The Radical Is 2-Nilpotent

In this section, we need the concept of the set of primitive radical-orthogonal simple subalgebras
of a finite dimensional algebra. Here we always suppose A is a finite dimensional algebra, write
A/r = @;_, A; with simple subalgebras A; for all i where r is the radical of A, assume there exist
simple k-subalgebras By, - - -, By of A satisfying B; = A; as k-algebras for all i under the canonical
morphism 7: A — A/r. Then we call B = {Bi,- -, Bs} the set of primitive radical-orthogonal
simple subalgebras of A.

In general, we have

Lemma 4.1 For the set of primitive radical-orthogonal simple subalgebras B= {B1, -+, Bs} of a

finite dimensional algebra A with radical r, it holds that B; B, = Bi, Zfl .
cr, ifi#j
. — , —— A, ifi=j
Proof. From the definition, n(B;) = A; for any 4, and from n(B;B;) = A; A; = 0, ifits

#
Every B; is a simple subalgebra of A, so By = By + - - - + B; is also a subalgebra of A.
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The existence of the set of primitive radical-orthogonal simple subalgebras can be realized for
any finite dimensional algebra A as follows.

For A/r = @;_, A; with simple subalgebras A; for all i and the canonical morphism n: A —
Afr, let A; = n71(A;). A; is an ideal of A/r, so A; is an ideal of A. We can get a series
A =A0 5 AW 5.5 A0 5 ... where AUt is an ideal of AU). Due to dimA; < +oo (this is
why we restrict dimA < +00), there exists [ such that AW is a simple algebra. Let B; = AD. Tt
follows that A; = n(4;) = n(A©) > n(AM) > ... > n(AD) = n(B;) where n(AU+Y) is an ideal
of n(AU)). Due to that A; is simple, so n(B;) = 0 or n(B;) = A;. Assume that n(B;) = 0, then
B; C r. But, since r is nilpotent, we have Bg % B;. Thus BZ-2 = 0, which contradicts to the fact
that B; is Artinian simple. Therefore, n(B;) = A;. Trivially, Kern|g, = 0. So, B; & A; for all i.
Then B = {Bi," -+, Bs} is the set of primitive radical-orthogonal simple algebras of A.

In this section, we will always assume the radical r of a finite dimensional algebra A is 2-
nilpotent, i.e. »r # 0 but r> =0. Forz =z +r € A/r, let T -7 df r and r- 7 = rx, then r is
a finitely generated A/r-bimodule. For A/r = @ _; A; where A; is a simple subalgebra for each
i, r is a finitely generated Zi—zj—bimodule for each pair (4, j), whose rank is written as [;;. Now,
r=Afr-r-Afr =30 A Ay = Y5 _iM; where (M; dof 7, Aj;. Then, for k # i,
Zk ‘g Mj = Zk . (Zz A ZJ) = BkBZ'T’Bj C TT’Bj = 0, thus Zk ‘g Mj = 0; similarly, for k 7é j,
iMj - A, = 0. Hence, we get the A-path-type tensor algebra T'(A/r,r) and the corresponding
A-path algebra k(A, A) with A = {A; :i € Ag},. We call A the quiver of A. As in the case under
lifting, we have the similar results:

Lemma 4.2 Assume A is a finite dimensional k-algebra with 2-nilpotent radical r = r(A) and let
B= {B1,- -+, Bs} be the set of primitive radical-orthogonal simple subalgebras of A as constructed
above. Write A/r = @j;_, A; where A; are simple algebras for all i. The following statements hold:
(i) Let {ri,---,r¢} be a set of generators of the A/r-bimodule r. Then ByU---UBgU{ry, -, r}
generates A as a k-algebra;
(i) There is a surjective k-algebra homomorphism f : T(A/r,r) — A with Kerf = P,>a(r),
where (r)? denotes r @ 4/, T @/ -+ @4/ 7 with j copies of 1.

Proof. Tt is easy to see that r is a (A/r)-bimodule with the action as A; - r = B;r. Note that
A;A;-r=0-7=0, and on the other hand, A;A; -r = (B;Bj + ) -r = B;Bjr C rr = 0, therefore
the definition of this action is well. The proof of (i) is from that of the part of Lemma 3.1 (i) when
rl(A) = 2. Next, we discuss the proof of (ii).

r=Alr-r-Afr =371 A -r-A; =Y. BrBjis a direct sum decomposition due to
B? = B; and B;B; C r for i # j.

(A/r) @ r is a k-algebra in which the multiplication is taken through the A/r-module action of
r and the multiplication of A/r and r.

For each pair of integers 4, j with 1 <4,j < s, choose elements {y} a k-basis in B;rB;. Then
Us j=1{yi/} is a basis for 7.

Define f : (A/r) @ r — A by f|, = id. (ie. f(yY) = y¥) and flz, = n~'. Then, f|a:

Ul
A/r — B = f(A/r) is a k-algebra isomorphism since B = A/r,and fl;: r— f(r) =r C Ais

an embedded homomorphism of A/r—bi{nodules. Hence by Lemma 2.2, there is a unique algebra
morphism f: T'(A/r,r) — A such that f|a/r)er = f-

Firstly, U, ;. {yi’} C f(r)and By U---UB, C f(A/r). From (i), it follows that Ui jufyi? U
By U---U B generates A as a k-algebra and then f is surjective. On the other hand, f|4/, and
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f|r are monomorphic, so J?‘(A/r)@ﬁ (A/r) ®r — A is a monomorphism. Then Kerf C PD,>a(r).

Moreover, f((r)?) = 0 for j > 2 since 7/ = 0 in this case. Therefore, @jZQ(T)j CKerf. Thus,

Kerf = @322(7”)]

#

Note that r? = 0 assures r = >ij=1 BirBj is a direct sum decomposition, so the lifting of the
quotient of A is not necessary.

Theorem 4.3 (Generalized Gabriel’s Theorem With 2-Nilpotent Radical)

Assume that A is a finite dimensional k-algebra with 2-nilpotent radical v = r(A). Then,
A2 E(A, A, p) with J? C (p) C J2+ JNKer@ where A is the quiver of A and p is a set of relations
of k(A, A), ¢ is defined as in Proposition 2.9.

Proof: Let A be the associated quiver of A. From Lemma 4.2(ii), we have the surjective k-
algebra homomorphism f: T(A/r,r) — A. By Proposition 2.9, there is a surjective k-algebra
homomorphism @: k(A, A) — T(A/r,r) such that for any t > 1, @(J!) = @th(r)j. Then
f@: k(A, A) — A is a surjective k-algebra morphism where I =Ker(f@) = G_I(EBPQ(r)j) since
Kerf = @j22(7”)j = ¢(J?).

Just like the correspondent part of the proof of Theorem 3.2, as in a special case, we have
JEC (T € T+ (D)<, 1 (r)F7) N ¢(Kern) for ¢ > 1. Hence,

T2 C e p(J?) =g (Kerf) =1 C J? + ¢(@;<1 (1)) N ¢(Kerr) = J? + J N ¢(Kern).

But, ¢(Kerr) = ¢(7~1(0)) = ¢~ 1(0) =Ker@. Then we get J2 C I C J2 + JNKerg.

J? is the ideal finitely generated in kE(A,A) by all A-paths of length 2. k(A,.A)/ J? is generated
finitely as a k-space by all A-paths of length less than 2, so as well as I/ J? as a k-subspace.
Then [ is a finitely generated ideal in k(A, A), assume {071, - -,0,} is its set of finite generators.
Moreover, o7 = 371 <; i<, €i01€; Where €;0,€; is a relation on the A-path algebra k(A, A). Therefore,
for p={e;oe; : 1 <i,j <s5,1 <1< p}, weget I =(p). Hence k(A, A, p) = k(A,A)/(p) = A with
(p) =Ker(f@) and J2 C (p) C J? 4+ JNKer@.

#

In the proof of this theorem, since f|, = id,, it is naturally an A/r-homomorphism. So, the
condition of Lemma 2.2 is satisfied by T(A/r,r). This is not true for T(A/r,r) when r? # 0
generally.

Similarly as in Section 3, there is also the uniqueness of the correspondent A-path algebra and
quiver of a finite dimensional algebra under isomorphism, that is, if there exists another quiver and
its related A-path algebra so that the same isomorphism relation is satisfied. It is the following
statement:

Theorem 4.4 Assume A is a finite dimensional k-algebra. Let A/r(A) = @F_, A; with simple
algebras A; and let A = {Ay,---, Ap}. If there is a quiver A and a generalized path algebra k(A, B)
with a set of simple algebras B = {B1,---, Bq} and p a set of relations satisfying that A = k(A, B, p)
with J4 C {p) C Ja for some t and Ja the ideal in k(A,B) generated by all elements in k(Aq, B),
then A is the quiver of A and p = q such that A; = B; fori = 1,---,p after reindexing.

This theorem can be proved fully similarly with Theorem 3.5. It is enough to replace A-
path-type tensor algebra and A-path with A-path-type pseudo tensor algebra and A-pseudo path
respectively.
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By Fact 2.5, A-path-type tensor algebra and A-path algebra can be covered respectively by
A-path-type pseudo tensor algebra and A-pseudo path algebra. So, we can also describe the
Generalized Gabriel’s Theorem with 2-nilpotent radical through A-pseudo path algebra. As a
corollaries of Theorem 4.3 respectively, one has the following:

Proposition 4.5 Assume that A is a finite dimensional k-algebra with 2-nilpotent radical r = r(A).
Then, A= PSE(A, A, p) with J* C {p) C J where A is the quiver of A and p is a set of relations
on PSER(A,A).

Proof: We have the composition of surjective homomorphisms: PSE (A, A) L k(A A) % A
Then A = PSE(A, A)/Ker(f¢L), where Ker(f¢u) = (Ker(fg)).
From Theorem 4.3, J? C Ker(f@) C J? + JNKerg. Thus,

NI e TN (Ker(f@)) € NI + 0T N Kerd).
But, since ¢~ 1(J) = J, it follows . 1(J2) = J2? and .~ }(J N Ker@) C J. Thus, we get
J?C Ker(fou) C J.

By Proposition 2.11 (ii), there is a set p of relations on PSE(A, A) such that Ker(f@u) = (p).
Then, 4= PSEW(A, A)/Ker(f31) = PSEW(A, A)/(p) = PSE(A, A,p) and J2 C (p) C ..
#

So far, in Section 3 and this section, we have established the isomorphisms between an algebra
and its A-pseudo path algebra with relations (see Theorem 3.2 and Proposition 4.5) in the cases
either this algebra is left Artinian with splitting over its radical or it is finite-dimensional with
2-nilpotent. However, it seems to be difficult to discuss the same question for an arbitrary algebra.
Our illusion is whether it is possible to characterize an arbitrary finite-dimensional through the
combination of the two methods for a left Artinian algebra with splitting over its radical or a
finite-dimensional algebra with 2-nilpotent respectively.

In fact, for a finite-dimensional algebra A, we can start from B = A/r? where r = r(A) the
radical of A. Consider r(A/r?) = r/r?, denoted as 7. Then 7* = r?/r? = 0. By Lemma 4.2(ii),
there is a surjective homomorphism of algebras f : T((A/r%)/(r/r?), r/r?) — A/r2.

But, we have (A/r?)/(r/r?) = A/r. So,

f: T(A/r, r/r?) — AJr?

is a surjective homomorphism of algebras.

On the other hand, according to the method in Section 3, in order to gain the correspondent
Gabriel Theorem for this A, the key is to give a homomorphism of algebras « as f in Lemma 3.1.
Therefore, this question may be thought to find a surjective homomorphism of algebras a such that
the following diagram commutes:

T(A/r, r/r2)

a ~

!

™

A

Afr? 0
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where 7 denotes the natural homomorphism. If such « exists, the generalized Gabriel Theorem
should hold for this finite-dimensional algebra A.
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