On Hydrodynamics of Viscoelastic Fluids

Fang-Hua Lin^∗ Chun Liu^† Ping Zhang^‡

June 28, 2004

Abstract

In this paper, we will study a hydrodynamic system describing fluids with viscoelastic properties. After a brief examination on the relations between several models,we shall concentrate on a few analytical issues concerning them. In particular, we establish local existence and global existence (with small initial data) of classical solutions for an Oldroyd- system without artificially postulated damping mechanism.

1 Introduction

Viscoelastic material can be viewed as the intermediate states between the fluids and solids. The material exhibits elastic behavior, such as the memory effects, as well as the fluid properties. Many complicated hydrodynamic and rheological behavior of complex fluids can be regarded as consequences of the internal elastic properties. Often these microscopic or molecular elastic properties can also be attributed to heterogeneity and the electro-magnetic behavior of the materials [19, 26, 1, 3]. It is the interaction between these (microscopic) elastic properties and the (macroscopic) fluid motions that gives not only the rich and complicated rheological phenomena, but also formidable challenges in analysis and numerical simulations.

In this first one of a series of papers on the subject, we will make a preliminary mathematical study on these systems. In fact, we shall concentrate on a simple hydrodynamic system for viscoelastic fluids that it can be also viewed as an Ericksen-Leslie system (for the evolutions of liquid crystals or polymeric liquids) without certain viscous and dissipative effect in parts of the equations.

∗Courant Institute, New York University, New York, NY 10012, linf@math1.nyu.edu. †Department of Mathematics, Pennsylvania Sate University, State College, PA 16802, liu@math.psu.edu.

‡Academy of Mathematics and System Science, Chinese Academy of Science, Beijing 100080, China zp@mail.amss.ac.cn.

1.1 Flow map and deformation tensor

In the context of hydrodynamics, the basic variable is the flow map (particle trajectory) x(X, t). X is the original labeling (Lagrangian coordinate) of the particle. It is also referred to as material coordinate. x is the current (Eulerian) coordinate and referred to as reference coordinate. For a given velocity field v(x, t) the flow map is defined by the following ordinary differential equation:

x_t(X, t) = v(x(X, t), t), x(X, 0) = X. (1.1)

The deformation tensor F (X, t) is defined as

F (X, t) = ∂x ∂X . (1.2)

When look in the Eulerian coordinate, we can define F̃ (x, t) such that F̃ (x(X, t), t) = F (X, t). With no ambiguity, we will not distinguish these two notations in this paper. Applying the chain rule, we see that F (x, t) satisfies the following transport equation [21, 11, 19]:

F_t + v · ∇F = ∇vF, (1.3) which stands for F_{ij t} + v_k∇_kF_{ij} = ∇_kv_iF_{kj} . Here we point out that in this paper, we use the notation F_{ij} =^{∂xi}_{∂Xj} and (∇v)_{ij} =^{∂vi}_{∂xj} . This is different from notations in other papers by a transpose, for instance [19].

The incompressibility is represented as

det F = 1. (1.4)

By the identity of the variation of the determinant of a tensor

δdet F = det F tr (F^{−1}δF ), (1.5)

we see that ∇ · v = 0. Moreover, we assume that the density ρ = ρ_0 to be a constant. This will replace the equation for the conservation of mass :

ρ_t + ∇ · (ρv) = 0. (1.6)

Let us denote (∇ · F )_j = (∇_iF_{ij} ), then we have [21, 11, 19]

(∇_iF_{ij} )_t + v_k∇_k(∇_iF_{ij} ) + ∇_iv_k(∇_kF_{ij}) = ∇_kv_i(∇_iF_{kj}) + ∇_i∇_kv_iF_{kj}.

Using the incompressibility and switch the indices i and k of the first term on the right hand side, we have:

(∇ · F )_t + v · ∇(∇ · F ) = 0. (1.7) To describe the elastic properties of the fluid, we associate the Lagrangian for the fluid motions with an elastic energy functional for some internal variables. In this case, the internal variable is the deformation gradient of the fluid, F (x, t). Though our discussions below will be for a special elastic energy functional of the Hookean linear elasticity, it does not reduce the essential difficulties for analysis. Indeed, all the results we described here can be easily generalized to a more general class of elastic energy functionals for the deformation tensor F (x, t) (see [21] for some related discussions).

1.2 Force Balance and Oldroyd-B systems

For a general viscoelastic fluid, we start from the following equation for the conservation of momentum :

ρ(v_t + v · ∇v) = ∇ · τ, (1.8)

where τ is total stress. In a Newtonian flow, one assume the constitutive relation τ = −pI + μD, where p is the pressure, μ the viscosity and D =^{∇v+∇T v}_2 is the strain rate.

There have been many attempts to capture different phenomena for non-Newtonian fluids, such as those of Ericksen-Rivlin [29, 27] or for high-grade fluid [15], Ladyzhenskaya [18] where τ is nonlinear in the strain rate D, and by Necas’s group where viscosity depending on both D and p [13, 24]. All these models involve only instantaneous constitutive relation between the stress and strain.

For the nonlocal (in time) constitutive equations, there are the Maxwell model τ_t + γτ = μD, the transport model τ_t + v · ∇τ + γτ = μD, and the Oldroyd (upper convective) model τ_t + v · ∇τ − ∇vτ − τ∇v^T + γτ = μD, (1.9)

The constant γ in the above models represents the time scale for the elastic relaxation. It is associate to the Debra number De =^μ_γ , which indicates the relation between the characteristic flow time and the characteristic elastic time scales [1].

We note that, there are other types of Oldroyd models. Some are associated with the different ways in which the stress tensor is transported. For instance, the Johnson- Segaman model is just a linear combination of the upper convective and the lower convective Oldroyd models.

We can also look at the following modified Oldroyd model:

τ = −pI + μD + τ_1, (1.10)

and the elastic stress τ_1 satisfies the transport equation:

τ_{1t} + v · ∇τ_1 − ∇vτ_1 − τ_1∇v^T + γτ_1 = δI, (1.11)

The equation (1.11) is related to the modified Oldroyd model (1.9) by a simply change of variable as τ_1 = τ − ηI, where η = μ/2 [25].

Denote by C = F F^T , the tensor is usually called the Cauchy-Green strain tensor and B = C^{−1} is the finger tensor [19, 11, 25]. In particular, the equation (1.11) is equivalent to

(F^{−1}τ_1F^{−T} )_t + v · ∇(F^{−1}τ_1F^{−T} ) = −γ(F^{−1}τ_1F^{−T} ) + δF^{−1}F^{−T} ,

Hence, we can implicitly write the solution in the form :

τ_1(x, t) = exp{−γt}F (x, t)τ_1(x, 0)F^T (x, t) (1.12) +δ ∫_t −∞ exp{−γ(t − s)}F (x, t)F^{−1}(x, s)F^{−T} (x, s)F^T (x, t) ds.

From this, it is obvious that τ_1 is positive definite. In fact, in this case, we can define the induced deformation tensor F_1 = √ τ_1.

The following fact is obvious.

Lemma 1.1 If a tensor τ satisfies the equation:

τ_t + v · ∇τ − ∇vτ − τ∇v^T = 0, (1.13)

and the initial condition τ(x, 0) = τ_0(x) is positive definite, then

τ(x, t) = F τ_0F^T . (1.14)

Moreover, the induced deformation tensor F_1 = √ τ satisfies the same equation as (1.3):

(F )_t + v · ∇F = ∇vF.

We remark that this lemma, together with the results in [21] will allow us to obtain global (Larey) weak solutions for the case the induced strain of viscoelasticity is small. We notice that this type of results are different from the existence results of [9, 10, 26]. It is based on arguments in [21] and the following energy law for the Oldroyd model: d dt ∫ Ω 1 2 ρ|v|^2 + 1 2 tr τ_1 dx = − ∫ Ω μ|D|^2. (1.15)

We shall outline in the next subsection the basic approach for existence of weak solutions of [21]. However the main goal of this paper is to establish the global existence of classical solutions. Recently, there are some mathematical results concerning these systems, see for examples [20, 2, 5]. However, even for the global existence of small (in a suitable sense) weak solutions, our results here are stronger because we do not add additional damping mechanisms or (viscous) dissipative effects.

1.3 Energetic Variational Formulation

As in [21], in order to study the mixture of a fluid with a visco-elastic solid, one writes the momentum equation for the viscoelastic materials in the Eulerian framework. Assuming the elastic energy of the material is W (F ) where F = [∂x/∂X] is the deformation tensor (strain). The following system (in weak form) gives the force balance equations (linear momentum equations): ∫ Ω [ρ(v_t + (v · ∇)v) · u − p∇ · u + τ · ∇u dx = ∫ Ω ρf · udx, (1.16)

for any test function u, the elastic stress: τ = μD(v) + (1/J)S(F )F^T , where S(F ) = [∂W/∂F ] takes the Piola Kirchhoff form. Here we also adopt the constraint J = det(F ) = 1 for incompressibility. This momentum equation can be derived through the least action principle (Hamilton’s principle). The action functional take the form:

A(x) =

∫_T 0 ∫ Ω_0 1 2 ρ|x_t(X, t)|^2 − W (F ) dXdt, (1.17) where Ω_0 is the original domain occupied by the material. We use the fact that J = det F = 1.

Let us take any one-parameter family of volume preserving flow map x^ϵ(X, t) with

dx^ϵ

dϵ |_{ϵ=0} = y. From the fact that J = det F = 1 and the identity (1.5), we have that ∇·y = 0. Now the equation (1.16) (without the viscous dissipation term) can be viewed as the following first variation of A with respect to the flow map (or the deformation) x: d dϵ A(x^ϵ)|_{ϵ=0} = 0. (1.18)

Conventionally, one studies the elasticity through the force balance equations, using the Lagrangian coordinate. For the problems here we use the trajectory x(X, t) as the unknown variable (or the displacement x − X). The equation reads as

ρx_{tt} = − δW δx = ∇_X · W_F + ∇_X · (pF^{−1}), (1.19)

where p is the Lagrangian multiplier due to the incompressibility condition, and it satisfies the energy law: d dt ∫ Ω_0 1 2 ρ|x_t|^2 + W (F ) dX = 0, (1.20)

noticing the relation that F^{−1} : F_t = tr(F^{−1}F_t) =^1_{detF}^d_{dt} detF = 0. In the case of Hookean (linear) elasticity, W (F ) = |F |^2 = tr (F F^T ), it becomes the usual wave equation:

ρx_{tt} = ∇_X · W_F = ∇_X · F + ∇_X · (pF^{−1}) = Δ_X x + ∇_X · (pF^{−1}). (1.21)

A closely related problem to the above system was recently studied by Sideris-Thomases [28], see also the last two sections of the present paper for a more detailed discussion.

We point out that it will be difficult to input the frame indifferent viscous term in the above equations.

For the system (1.16), one can easily check that it satisfies the energy law (second law of thermodynamics [11]): d dt ∫ Ω 1 2 ρ|v|^2 + W (F ) dx = − ∫ Ω μ|D|^2 dx. (1.22)

We note that even in the case of linear elasticity for the (microscopic)internal variable F (x, t), the (macroscopic) elastic stress term τ_2 = W_F F^T = F F^T is still nonlinear. In fact, it is always of the same order of the nonlinearity as the elastic energy density. This is probably the main analytical difficulty for these Oldroyd type systems. On the other hand, we can make the following observation. Using the fact that F satisfies the transport equation (1.3), we have

τ_{2t} + v · ∇τ_2 − ∇vτ_2 − τ_2∇v^T = 0 (1.23) and we can recover the Oldroyd system (without the damping). Notice in this case that W (F ) = tr τ_2. Hence the two energy laws are also consistent with each other.

In fact, we can start with the above energy law and derive the linear momentum equations (hence the constitutive equations). This is also the approach that was used by Ericksen in the study of liquid crystal materials [6] and Gurtin for phase transitions [7].

We finally note that the linear transport equation F_t + (v · ∇)F = ∇v F for the tensor case may not be treated directly in the framework of [4] or [16]. Nonetheless, one may apply the div-curl lemma [30] to obtain weak solutions [21] in some cases. In general, however, it is rather difficult to achieve the compactness of sequences of solutions, see [20]. The method used in [21] was to consider the polar decomposition. Let R be the rotation part and let the symmetric part U be small. In these new variables, one has the equations R_t + u · ∇R = W (v)R, U_t + v · ∇U = R^T D(v)R, where F = R(I + U), D(v), W (v) are the symmetric skew components of ∇v. This is not the usual linear elastic formulation, rather, it is in the same sitting as that in the famous work of F. John [14]. If we linearize the elastic stress

DW(F )F^T = R(DW(I) + DW(I)U + C(U) + O(U^2))R^T . (1.24)

Here C(U)_{jβ} = D^2W(I)(U)_{jβ} =^{∂2W}_{∂Fiα∂Fjβ} (I)U_{iα}. The special form of the equation of R allowed one to get an approximate system for R and to generalize the tools for scalar transport equations [4] to this small strain case, and eventually leaded to the global existence of the approximate system [21].

The paper is written as follows. In section 2.1, we shall discuss various equivalent formulations of the Oldroyd models,and some related evolution systems. Then the rest of the paper will simply devoted to a study of a particular system which is closely related also to the Ericksen-Leslie system, see [22]. This particular system is equivalent to the Oldroyd model in the 2-D case. It turns out many analysis on this particular model can be easily generalized to the Oldroyd models as well, we shall simply add, at various places of the paper, remarks to indicate how that can be done. To simply the presentations, we consider only the Cauchy problems on either the entire space or on a periodic domain. The problems on a bounded smooth domain with the Dirichlet conditions are treated in our forthcoming paper. In the section 2.2, we established local existence and uniqueness of smooth solutions. We also characterize when a local smooth solution may blow up in a finite time. In section 2.3, we establish global existence of smooth and small solutions. Such a result can naturally be used to establish global existence of large solutions when the viscosity is sufficiently large. In section 3, we discuss possible compactness of solutions,and the last two sections are devoted to the inviscid case. These problems in the inviscid case was recently studied by Sideris-Thomases also, see [28]. They used dispersive estimates for certain linear wave equations to obtain global existence of small (in certain weighted Sobolev spaces) solutions. Here we observed first that the system is, in fact, a non-standard symmetric hyperbolic system that also takes into account of the incompressibility of the fluids. Then we establish the local existence of smooth solutions.

2 Existence of Solutions

2.1 Preliminaries

We shall study the basic existence and uniqueness questions for the Cauchy problem of the Oldroyd systems. Let the spatial domain Ω be either a bounded domain in R^2 (or R^3) with smooth boundary,or the entire plane (space), or a periodic box. The (linear) viscoelastic fluid system of the Oldroyd model takes the following form:

F_t + v · ∇F = ∇vF, v_t + v · ∇v + ∇p = μΔv + ∇ · (F F^T ), ∇ · v = 0,

(2.1)

where the i−th component of ∇ · (F F^T ) on the right hand side of the momentum equation is ∇_j (F_{ik}F_{jk}). The initial conditions for unknowns are:

F (x, 0) = F_0(x), v(x, 0) = v_0(x), (2.2)

In the case of bounded domains, we choose the following Dirichlet boundary condition: for any x on the boundary ∂Ω,

F (x, t) = I, v(x, t) = 0, (2.3)

As noted before, the system has formally the basic energy identity : d dt ∫ Ω 1 2 |v|^2 + 1 2 |F |^2 dx = − ∫ Ω μ|∇v|^2 dx. (2.4)

From the identity (∇ · F )_t + v · ∇(∇ · F ) = 0, and if we assume that ∇ · F_0 = 0,then for all latter time we have that ∇ · F = 0. Thus F = ∇ × ϕ where ϕ is a matrix. In the 2-dimensional case, F = ( −∂_2ϕ_1 −∂_2ϕ_2 ∂_1ϕ_1 ∂_1ϕ_2 ) (2.5)

Hence

F F^T = ( −∂_2ϕ_1 −∂_2ϕ_2

∂_1ϕ_1 ∂_1ϕ_2 ) ( −∂_2ϕ_1 ∂_1ϕ_1 −∂_2ϕ_2 ∂_1ϕ_2 )

= ( (∂_2ϕ_1)^2 + (∂_2ϕ_2)^2 −∂_1ϕ_1∂_2ϕ_1 − ∂_2ϕ_2∂_1ϕ_2 −∂_1ϕ_1∂_2ϕ_1 − ∂_2ϕ_2∂_1ϕ_2 (∂_1ϕ_1)^2 + (∂_1ϕ_2)^2 )

and ∇ · (F F^T ) = ( ∂_1((∂_2ϕ_1)^2 + (∂_2ϕ_2)^2) − ∂_2(∂_1ϕ_1∂_2ϕ_1 + ∂_2ϕ_2∂_1ϕ_2) −∂_1(∂_1ϕ_1∂_2ϕ_1 + ∂_2ϕ_2∂_1ϕ_2) + ∂_2((∂_1ϕ_1)^2 + (∂_1ϕ_2)^2) )

= ∇((∂_2ϕ_1)^2 + (∂_2ϕ_2)^2 + (∂_1ϕ_1)^2 + (∂_1ϕ_2)^2) − ( ∂_1((∂_1ϕ_1)^2 + (∂_1ϕ_2)^2) + ∂_2(∂_1ϕ_1∂_2ϕ_1 + ∂_2ϕ_2∂_1ϕ_2) ∂_1(∂_1ϕ_1∂_2ϕ_1 + ∂_2ϕ_2∂_1ϕ_2) + ∂_2((∂_2ϕ_1)^2 + (∂_2ϕ_2)^2) ) .

Moreover

∂_1((∂_1ϕ_1)^2 + (∂_1ϕ_2)^2) + ∂_2(∂_1ϕ_1∂_2ϕ_1 + ∂_2ϕ_2∂_1ϕ_2)

= Δϕ_1∂_1ϕ_1 + Δϕ_2∂_1ϕ_2 + 1 2 ∂_1(|∂_1ϕ_1|^2 + |∂_1ϕ_2|^2 + |∂_2ϕ_1|^2 + |∂_2ϕ_2|^2), and ∂_1(∂_1ϕ_1∂_2ϕ_1 + ∂_2ϕ_2∂_1ϕ_2) + ∂_2((∂_2ϕ_1)^2 + (∂_2ϕ_2)^2)

= Δϕ_1∂_2ϕ_1 + Δϕ_2∂_2ϕ_2 + 1 2 ∂_2(|∂_1ϕ_1|^2 + |∂_1ϕ_2|^2 + |∂_2ϕ_1|^2 + |∂_2ϕ_2|^2).

If we denote ϕ = (ϕ_1, ϕ_2), then the Oldroyd system can be transformed (after adjusting the order and sign) into:

ϕ_t + v · ∇ϕ = 0, v_t + v · ∇v + ∇p = μΔv −

∑_2

i=1 Δϕ_i∇ϕ_i, ∇ · v = 0.

(2.6)

The initial conditions become:

ϕ(x, 0) = ϕ_0, v(x, 0) = v_0(x). (2.7)

In the case of bounded domains, the boundary conditions take the form: for any x on the boundary ∂Ω, ϕ(x, t) = x, v(x, t) = 0. (2.8) Finally the basic energy law becomes: d dt ∫ Ω 1 2 |v|^2 + 1 2 |∇ϕ|^2 dx = − ∫ Ω μ|∇v|^2 dx. (2.9)

For convenience,from here on we will denote

∑_2

i=1 Δϕ_i∇ϕ_i by Δϕ∇ϕ.

Remark. The induced stress Δϕ∇ϕ can also be derived from the part of the action functional representing the elasticity of the fluids:

∫_T 0 ∫ Ω_0

W (F ) dXdt =

∫_T 0 ∫ Ω_0 1 2 |∇^⊥ϕ|^2 dXdt =

∫_T 0 ∫ Ω_0 1 2 |∇ϕ|^2 dxdt.

The least action principle (variations with respect to the domain deformations) yield

τ = ∇ϕ ⊗ ∇ϕ − 1 2 |∇ϕ|^2,

and ∇ · τ = Δϕ∇ϕ. This argument is also valid in the 3-dimensional case. Indeed,since ∇_iF_{ij} = 0, we have that F = ∇ × A^j where A^j are divergent free vectors. Moreover, from the equation for F , these A^′s will satisfy the transport equation of the form:

A_t − v × (∇ × A) + ∇b = 0, where b is a scalar function. Hence in the cases of Ω being either the entire space or a periodic box, ∫ Ω_0

W (F ) dX = ∫ Ω_0

|F |^2 dX = ∫ Ω_0 3∑ j=1 |∇ × A^j|^2 dX. = ∫ Ω_0 3∑ j=1 |∇A^j|^2 dX.

In the case that Ω is a bounded domain, since the boundary conditions of v = 0, and hence also A = A_0 are independent of the time t, we have 2 ∫ Ω_0

W (F ) dX = ∫ Ω |F |^2 dx = ∫ Ω |∇ × A|^2 dx = ∫ Ω |∇A|^2 + ∇ · ((∇A)A − (∇ · A)A) dx.

We note that the last term on the right hand side of the above equation is a boundary integral which depends only on the Dirichlet condition of A [3, 6, 12]. Thus it is a fixed constant that determined by the initial condition A_0, and we have 2 ∫ Ω_0

W (F ) dX = ∫ Ω_0

|∇ × A|^2 dX + C.

We then, as before, can derive the following induced elastic force ∇ · τ = ΔA∇A, through the variations of the flow maps x(X, t).

From the energy law (2.9), we see that ϕ is a H^1 mapping from Ω into itself, with the Jacobian of the map never changing sign (being a constant). The following lemma gives the continuity of the mapping ϕ,though we shall not need it in this paper. Lemma 2.1 Let D be a two dimensional Lipschitz domain, ϕ : D → D be a map satisfies:

• ϕ(x) = x, on the boundary ∂D; • det(∇ϕ) = 1;

• |∇ϕ|_L2_{(D)} ≤ M for some constant M. Then the following is true: sup x,y∈B_r(a)∩D

|ϕ(x) − ϕ(y)| ≤

CM^{1/2} √ log(1/r)

. (2.10)

Sketch of the proof. First, we assume that B^√_r(a) ⊂ D,r is less than 1. Since ϕ ∈ H^1(Ω), M ≥ ∫ B^√_r (a)\B_r (a)

|∇ϕ|^2 dx =

∫_r √ r ρ ∫ ∂B_ρ(a)

|∇ϕ|^2 ρ dSdρ ≥ 1 2 min ρ∈[r, √ r] (ρ ∫ ∂B_ρ(a)

|∇ϕ|^2 dS) log 1 r . In particular, there exists a ρ_0 ∈ [r, √ r], such that

ρ_0 ∫ ∂B_{ρ0} (a)

|∇ϕ|^2 dS ≤ 4M log(1/ρ_0) . On the other hand, from the Sobolev imbedding theorem on ∂B_{ρ0} , we have sup x,y∈∂B_{ρ0} (a)∩D

|ϕ(x) − ϕ(y)|^2 ≤ Cρ_0 ∫ ∂B_{ρ0} (a)

|∇ϕ|^2 dS ≤ C 4M log(1/ρ_0) . Since ϕ is incompressible, in particular, a local diffeomorphism on D, sup x,y∈B_r (a)∩D

|ϕ(x) − ϕ(y)| ≤ sup_{x,y∈∂Bρ}

0 (a)

|ϕ(x) − ϕ(y)| ≤

CM^{1/2} √ log(1/r) . If a ∈ ∂D, then again we have a ρ_0 ∈ [r, √ r], such that

ρ_0 ∫ ∂(B_{ρ0} (a)∩D)

|∇ϕ|^2 dS ≤ 4M log(1/ρ_0)

, (2.11)

The similar argument as that for the interior case along with the continuity of the map at the boundary will lead to the desired result.

We note that it is classically well-known the above lemma is valid under much weak conditions. But we shall not elucidate it any further here. We also note that (2.6) is closely related to the Ericksen-Leslie systems, see for example [22]. Unlike [22], here we have, in addition, that ∇ · F vanishes.

2.2 Local existence of smooth solution

In this subsection, we are going to prove the local well-posedness of smooth enough solution to (2.6)–(2.8). The main result can be stated as follows:

Theorem 2.1 Let k ≥ 2 be a positive integer, ∇ϕ_0 ∈ H^k(Ω), v_0 ∈ H^k(Ω), then there exists a positive time T, which depends only on |∇ϕ_0|_H2 and |v_0|_H2 , such that the system (2.6)-(2.8) possesses a unique solution in the time interval [0, T ] with

∂^j_t ∇^α_x v ∈ L^∞([0, T ]; H^{k−2j−|α|}(Ω)) ∩ L^2([0, T ]; H^{k−2j−|α|+1}(Ω)), ∂^j_t ∇^α_x ∇ϕ ∈ L^∞([0, T ]; H^{k−2j−|α|}(Ω)), (2.12) for all j, α satisfying 2j + |α| ≤ k. Moreover, if T^∗ is the maximal time of existence, then ∫_{T ∗} 0 |∇v|^2_H2 ds = +∞. (2.13)

Proof. We use Galerkin’s approximation method to construct the approximate solutions to v equation, then use this approximate v and the transport equation to get the approximate solutions for ϕ. In the arguments for proving the convergence for the approximate solutions, it is essential to obtain a priori estimate for the approximate solutions. For simplicity, we will establish a priori estimates for the smooth solutions of (2.6)-(2.8). Therefore, let us assume in the rest of this subsection that (v, ϕ) is a local smooth solution to (2.6)-(2.8) on some time interval. As the proof is rather long, we divide it into two main steps.

step 1. H^2 estimate.

Integrate (2.9) over [0, t], one obtains 1 2 ∫ Ω ( |v|^2 + |∇ϕ|^2 ) dx + μ

∫_t 0 ∫ Ω |∇v|^2 dx ds = 1 2 ∫ Ω ( |v_0|^2 + |∇ϕ_0|^2 ) dx. (2.14)

Let us take the L^2 inner product of the second equation of (2.6) with v_t, observe that v_t = 0 on the boundary, we can use integration by parts to get μ 2 d dt |∇v|^2_L2 + |v_t|^2 = (v ⊗ v, ∇v_t) + (∇ϕ ⊗ ∇ϕ, ∇v_t) ≤ ( |v|^2_L4 + |∇ϕ|^2_L4 ) |∇v_t|_L2 .

This together with the interpolations (in 2-D)

|v|^2_L4 ≤ C|v|_L2 |∇v|_L2 , |∇ϕ|^2_L4 ≤ C|∇ϕ|^{32}_{L2} |∇△ϕ|^{12}_{L2} . (2.15)

imply that μ 2 d dt |∇v|^2_L2 + |v_t|^2 ≤ C ( |∇v|^2_L2 + |∇△ϕ|_L2 ) + μ 8 |∇v_t|^2_L2 . (2.16)

While by taking t derivative of the second equation of (2.6), then taking the L^2 inner product of the resulting equation with v_t, and noticing again that v_t = 0 on the boundary, we can use integration by parts to obtain 1 2 d dt |v_t|^2 + μ|∇v_t|^2_L2 = ((v_t ⊗ v) + (∇ϕ ⊗ ∇ϕ)_t, ∇v_t) ≤ (|v|_L∞ |v_t|_L2 + 2|∇ϕ|_L∞ |∇ϕ_t|_L2 ) |∇v_t|_L2 .

By the Sobolev imbedding

|v|_L∞ ≤ C(|v|_L2 + |△v|_L2 ), |∇ϕ|_L∞ ≤ C(∇ϕ|_L2 + |∇△ϕ|_L2 ), (2.17) we get 1 2 d dt |v_t|^2 + μ|∇v_t|^2_L2 ≤ C((1 + |△v|_L2 )^2|v_t|^2_L2 (2.18)

+(1 + |∇△ϕ|_L2 )^2|∇ϕ_t|^2_L2 ) + μ 4 |∇v_t|^2_L2 ,

where in the last step of the above derivation, we used the basic energy law (2.14). Next, by taking the L^2 inner product of the momentum equation with △v and using integration by parts again, we arrive at

μ|△v|^2_L2 = (v_t, △v) − (∇v∇v, ∇v) + (△ϕ∇ϕ, △v) ≤ C ( |v_t|_L2 |△v|_L2 + |v|^{12}_{L2} |∇v|_L2 |△v|^{32}_{L2} + |∇ϕ|_L∞ |∇ϕ|^{12}_{L2} |∇△ϕ|^{12}_{L2} |△v|_L2 )

≤ C ( |v_t|^2_L2 + |∇v|^4_L2 + (1 + |∇△ϕ|_L2 )^2|∇△ϕ|_L2 ) + μ 2 |△v|^2_L2 ,

and hence |△v|^2_L2 ≤ C ( |v_t|^2_L2 + |∇v|^4_L2 + (1 + |∇△ϕ|_L2 )^2|∇△ϕ|_L2 ) . (2.19) We now take one space derivative to the transport equation in (2.6),to deduce that

|∇ϕ_t|_L2 ≤ C ( |∇ϕ|_L∞ |∇v|_L2 + |v|_L∞ |∇^2ϕ|_L2 ) (2.20) ≤ C ((1 + |∇△ϕ|_L2 )|∇v|_L2 + (1 + |△v|_L2 )|∇△ϕ|_L2 ) .

Putting these estimates (2.19), (2.20) into the inequality (2.18), we obtain d dt |v_t|^2_L2 + μ|∇v_t|^2_L2 ≤ f_1(|∇v|_L2 , |v_t|_L2 , |∇△ϕ|_L2 ), (2.21)

where f_1(·, ·, ·) is a nonnegative and increasing function of its variables.

At this stage, it is clear we need to estimate third order derivatives of ϕ. We take triple derivatives to the transport equation of ϕ:

∇Δϕ_t + ∇(v · ∇Δϕ) = −∇(Δv · ∇ϕ + 2∇v · ∇∇ϕ). (2.22)

Multiply ∇Δϕ both sides, integrate over the domain, we get d dt 1 2 |∇Δϕ|^2_L2 = −(∇Δv∇ϕ + ∇v∇Δϕ + Δv∇∇ϕ + (2.23) 2∇∇v∇∇ϕ + 2∇v∇∇∇ϕ, ∇Δϕ)

Now let us estimate the right hand side of the above equation term by term as follows:

|(∇Δv∇ϕ, ∇Δϕ)| ≤ |∇ϕ|_L∞ |∇Δv|_L2 |∇Δϕ|_L2 , (2.24)

|(∇v∇Δϕ, ∇Δϕ)| ≤ |∇v|_L∞ |∇Δϕ|^2_L2 , (2.25) |(Δv∇∇ϕ, ∇Δϕ)| ≤ |∇Δϕ|_L2 |Δv|_L4 |∇∇ϕ|_L4 , (2.26)

|(∇∇v∇∇ϕ, ∇Δϕ)| ≤ |∇Δϕ|_L2 |Δv|_L4 |∇∇ϕ|_L4 , (2.27) |(∇v∇∇∇ϕ, ∇Δϕ)| ≤ |∇v|_L∞ |∇Δϕ|^2_L2 . (2.28) Using again the interpolation |∇∇ϕ|_L4 ≤ C|∇ϕ|^{1/4}_{L2} |∇Δϕ|^{3/4}_{L2} , and combining these inequalities, we have d dt |∇Δϕ|^2_L2 ≤ C ( (1 + |∇Δv|_L2 )|∇Δϕ|^2_L2 + |∇Δv|^{34}_{L2} |∇Δϕ|^{74}_{L2} ) . (2.29)

Next, by applying ∇_x to the momentum equation of (2.6), and taking the L^2 inner product of the resulting equation with ∇Δv, we obtain

μ|∇Δv|^2_L2 = (∇v_t, ∇Δv) + (∇(v∇v), ∇Δv) + (∇(Δϕ∇ϕ), ∇Δv) ≤ ( |∇v_t|_L2 + |v|_L∞ |Δv|_L2 + |∇v|^2_L4 + |∇ϕ|_L∞ |∇Δϕ|_L2 + |Δϕ|^2_L4 ) |∇Δv|_L2 ≤ C (|∇v_t|_L2 + |v|_H2 |Δv|_L2 + (|∇ϕ|_L2 + |∇Δϕ|_L2 )|∇Δϕ|_L2 ) |∇Δv|_L2 ,

which implies that

|∇Δv|^2_L2 ≤ C{|∇v_t|^2 + (1 + |Δv|_L2 )^2|Δv|^2_L2 (2.30) +(1 + |∇Δϕ|_L2 )^2|∇Δϕ|_L2 }.

Substituting (2.19) and (2.30) into (2.29), we find d dt |∇Δϕ|^2_L2 ≤ f_2(|∇v|_L2 , |v_t|_L2 , |∇Δϕ|_L2 ) + μ 8 |∇v_t|^2_L2 , (2.31)

where f_2 has exactly the same properties as f_1 in (2.21).

Combining (2.16), (2.21) and (2.31), we finally arrive at d dt ( μ|∇v|^2_L2 + |v_t|^2_L2 + |∇Δϕ|^2_L2 ) + |v_t|^2_L2 + μ|∇v_t|^2_L2 (2.32) ≤ f(|∇v|_L2 , |v_t|_L2 , |∇Δϕ|_L2 ),

Since ∇ · v_t = 0, we see, by the second equation of (2.6), that

|v_t(x, 0)|_L2 ≤ C(|v_0|_H2 , |∇ϕ_0|_H2 ). (2.33)

This last estimate together with (2.32) and the Gronwall inequality yield that there exist positive constants T, M_2 which depend only on |v_0|_H2 + |∇ϕ_0|_H2 , such that

|∇v|^2_L2 + |v_t|^2_L2 + |∇Δϕ|^2_L2 +

∫_t 0 ( |v_t|^2_L2 + μ|∇v_t|^2_L2 ) ds ≤ M_2, (2.34)

for 0 ≤ t ≤ T.

Using the above estimate, we may deduce from (2.19), (2.20) and (2.30), that

|Δv|^2_L2 + |∇ϕ_t|^2_L2 +

∫_t 0 |∇Δv|^2_L2 ds ≤ M_2, 0 ≤ t ≤ T. (2.35)

This proves (2.12) for k = 2,and that is the most important item in our proof of the existence theorem.

step 2. Higher order energy estimate. In this step, we are going to prove inductively that

|∂^j_t ∇^α_x v|_L2 + |∂^j_t ∇^α_x ∇ϕ|_L2 +

∫_t 0 |∂^j_t ∇^α_x ∇v|_L2 ds ≤ M_k(|v_0|_Hk , |∇ϕ_0|_Hk ), (2.36)

for all j, α satisfying 2j + |α| ≤ k and 0 ≤ t ≤ T, with T being determined in (2.34). With the result in step 1, we assume (2.36) holds for all j and α satisfying 2 ≤ 2j + |α| ≤ k − 1, we are going to prove that (2.36) holds for all j and α satisfying 2 ≤ 2j + |α| ≤ k. If k is an odd number, we denote j_1 =^{k−1}_2 , j_3 =^{k−3}_2 , · · · , if k is an even number, we denote j_0 =^k_2 , j_2 =^{k−2}_2 , · · · . Before proceeding any further, we apply ∂^j_t to (2.6) to get ∂^{j+1}_t ∇ϕ + ∂^j_t (v · ∇∇ϕ) + ∂^j_t (∇v · ∇ϕ) = 0, (2.37) ∂^{j+1}_t v + ∂^j_t (v∇v) + ∇∂^j_t p = μΔ∂^j_t v − ∂^j_t (Δϕ∇ϕ). (2.38) step 2.1. If k is an odd number, let us take j = j_1 in (2.38), and taking the L^2 inner product of the resulting equation with ∂^{j1+1}_t v, then since ∂^{j1}_t v = 0 on the boundary, we can use integration by parts to get μ 2 d dt |∇∂^{j1}_t v|^2_L2 + |∂^{j1+1}_t v|^2_L2 = −(∂^{j1}_t (v∇v), ∂^{j1+1}_t v) − (∂^{j1}_t (Δϕ∇ϕ), ∂^{j1+1}_t v) ≤ 4 ( |∂^{j1}_t (v∇v)|^2_L2 + |∂^{j1}_t (Δϕ∇ϕ)|^2_L2 ) + 1 2 |∂^{j1+1}_t v|^2_L2 . (2.39)

Note also |∂^{j1}_t (v∇v)|_L2 ≤ ∑ m_1+m_2=j_1

|∂^{m1}_t v∂^{m2}_t ∇v|_L2 . (2.40)

If m_1 or m_2 = 0, |v∂^{j1}_t ∇v|_L2 ≤ |v|_L∞ |∂^{j1}_t ∇v|_L2 , |∂^{j1}_t v∇v|_L2 ≤ |∇v|_L∞ |∂^{j1}_t v|_L2 . (2.41) Since 2(j_1 − 1) + 2 ≤ k − 1 by the definition, we deduce, by the inductive assumption, that

|∂^{m1}_t v∂^{m2}_t ∇v|_L2 ≤ C|∂^{m1}_t v|^{12}_{L2} |∂^{m1}_t ∇v|^{12}_{L2} |∂^{m2}_t v|^{12}_{L2} |∂^{m2}_t ∇v|^{12}_{L2} ≤ M_{k−1}. (2.42) Summing up the above, we obtain |∂^{j1}_t (v∇v)|_L2 ≤ M_{k1} ( 1 + |∂^{j1}_t ∇v|_L2 + |∇Δv|_L2 ) . (2.43) By a similar argument, we also have

|∂^{j1}_t (Δϕ∇ϕ)|_L2 ≤ |∇ϕ|_L∞ |∂^{j1}_t Δϕ|_L2 + ∑ m_1+m_2=j_1,1≤m_1≤j_1−1

|∂^{m1}_t ∇ϕ|_L4 |∂^{m2}_t Δϕ|_L4 + |∂^{j1}_t ∇ϕ|_L4 |Δϕ|_L4

≤ M_{k−1} ( 1 + |∂^{j1}_t Δϕ|_L2 + |∂^{j1}_t Δϕ|^{12}_{L2} |∂^{j1}_t ∇ϕ|^{12}_{L2} ) ≤ M_{k−1} ( 1 + |∂^{j1}_t Δϕ|_L2 ) . (2.44)

Combining (2.39) through (2.44), we conclude that μ d dt |∇∂^{j1}_t v|^2_L2 + |∂^{j1+1}_t v|^2_L2 ≤ M_{k−1} ( 1 + |∂^{j1}_t ∇v|_L2 + |∂^{j1}_t Δϕ|_L2 + |∇Δv|_L2

)_2

. (2.45)

On the other hand, by taking j = j_1 in (2.37), then applying ∇· to the resulting equation, we find 1 2 d dt |∂^{j1}_t Δϕ|^2_L2 + ( ∂^{j1}_t (v · ∇Δϕ) + ∂^{j1}_t (∇v∇^2ϕ) + ∂^{j1}_t ∇(∇v∇ϕ), ∂^{j1}_t Δϕ ) = 0. (2.46)

In particular for j_1 = 1 in (2.46), we get

|(∂_t(v∇△ϕ), ∂_tΔϕ)| = |(∂_tv∇△ϕ, ∂_tΔϕ)| ≤ |∂_tv|_L∞ |∇Δϕ|_L2 |∂_tΔϕ|_L2 (2.47) ≤ M_2(|∂_tv|_L2 + |∂_tΔv|_L2 )|∂_tΔϕ|_L2 .

While by taking j_1 = 1 in (2.38), and taking the L^2 inner product of the resulting equation with Δv_t, we obtain

μ|Δv_t|^2_L2 = (v_{tt}, Δv_t) + ((v∇v)_t, Δv_t) + ((Δϕ∇ϕ)_t, Δv_t). (2.48)

This leads us to

|Δv_t|^2_L2 ≤ C ( |v_{tt}|^2_L2 + |(v∇v)_t|^2_L2 + |(Δϕ∇ϕ)_t|^2_L2 ) ≤ M_2 ( |v_{tt}|^2_L2 + |∇Δv|^2_L2 + |∇v_t|_L2 + |Δϕ_t|_L2 ) . (2.49)

Substituting (2.49) into (2.47), we obtain

|(∂_t(v∇△ϕ), ∂_tΔϕ)| ≤ M_2 (1 + |v_{tt}|_L2 + |∇Δv|_L2 + |∇v_t|_L2 + |Δϕ_t|_L2 ) |Δϕ_t|_L2 . (2.50)

Using (2.49) again, we finally deduce

|(∂_t(∇v∇^2ϕ), ∂_tΔϕ)| ≤ |∇v|_L∞ |Δϕ_t|^2_L2 + |∇v_t|_L4 |∇^2ϕ|_L4 |Δϕ_t|_L2 ≤ |∇v|_L∞ |Δϕ_t|^2_L2 + M_2 ( |∇v_t|^2_L2 + |Δϕ_t|^2_L2 + |∇Δv|^2_L2 ) + 1 4 |v_{tt}|^2_L2 , (2.51)

Following an almost identical argument as that we used in deriving the estimates (2.50) and (2.51), we can deduce a desired estimate for the last term in (2.46). Summing up (2.46), (2.50) and (2.51) together, we obtain d dt |Δϕ_t|^2_L2 ≤ M_2 ( 1 + |∇Δv|^2_L2 + |∇v_t|^2_L2 + (1 + |∇v|_L∞ )|Δϕ_t|^2_L2 ) + 1 2 |v_{tt}|^2_L2 . (2.52)

Take j_1 = 1 in (2.45), and combine it with (2.52), we have d dt ( μ|∇v_t|^2_L2 + |Δϕ_t|^2_L2 ) + 1 2 |v_{tt}|^2_L2

≤ M_2 ( 1 + |∇Δv|^2_L2 + |∇v_t|^2_L2 + (1 + |∇v|_L∞ )|Δϕ_t|^2_L2 ) . (2.53)

We can also deduce from (2.35) that

∫_T 0 |∇v|_L∞ ds < M_2. Since

|Δϕ_t(x, 0)|_L2 = |Δ(v_0∇ϕ_0)|_L2 ≤ |v_0|_H2 |∇ϕ_0|_H2 , (2.54)

one can apply the Gronwall inequality to obtain that

|∇v_t|^2_L2 + |Δϕ_t|^2_L2 +

∫_t 0 |v_{tt}|^2_L2 ≤ M_3, 0 ≤ t ≤ T. (2.55)

This along with (2.30) and (2.49) yield that

|∇Δv|^2_L2 +

∫_t 0 |Δv_t|^2_L2 ds ≤ M_3, 0 ≤ t ≤ T. (2.56)

As for the proof of (2.30), one can use (2.56) to conclude

|Δ^2v|_L2 ≤ C (|Δv_t|_L2 + |v|_L∞ |v|_H3 + |∇ϕ|_L∞ |∇ϕ|_H3 ) (2.57) ≤ C (|Δv_t|_L2 + M_3(1 + |∇ϕ|_H3 )) .

Similarly, by the transport equation for ϕ, we have 1 2 d dt |∇^4ϕ|^2_L2 = − ( ∇^3(v∇∇ϕ) − v∇∇^4ϕ, ∇^4ϕ ) − ( ∇^3(∇v∇ϕ), ∇^4ϕ ) ≤ M_3 ( 1 + |∇^4ϕ|^2_L2 + |Δ^2v|^2_L2 ) . (2.58)

(2.55), (2.57) together with Gronwall inequality imply that

|∇^4ϕ|^2_L2 +

∫_t 0 |Δ^2v|^2_L2 ds ≤ M_3, 0 ≤ t ≤ T. (2.59)

By (2.55), (2.56) and (2.59), we have thus proved (2.36) for k = 3. Following the same procedure, we can prove (2.36) for k being general odd number.

step 2.2. If k is an even number, let us set j = j_0 in (2.38), and take the L^2 product of the resulting equation with ∂^{j0}_t v, again by the boundary condition that ∂^{j0}_t v = 0 on the boundary, we use integration by parts to get 1 2 d dt |∂^{j0}_t v|^2_L2 + μ|∇∂^{j0}_t v|^2_L2 = ( ∂^{j0}_t (v ⊗ v + ∇ϕ ⊗ ∇ϕ), ∇∂^{j0}_t v ) , (2.60)

and thus d dt |∂^{j0}_t v|^2_L2 + μ|∇∂^{j0}_t v|^2_L2 ≤ 1 μ ( |∂^{j0}_t (v ⊗ v)|^2_L2 + |∂^{j0}_t (∇ϕ ⊗ ∇ϕ)|^2_L2 ) . (2.61)

Next let us estimate the right hand side term by term. First of all,

|∂^{j0}_t (v ⊗ v)|_L2 ≤ ∑ m_1+m_2=j_0

|∂^{m1}_t v∂^{m2} v|_L2 . (2.62)

From (2.35), one has that |v|_L∞ ≤ M_2 for 0 ≤ t ≤ T. If m_1 or m_2 equals 0, then |v∂^{j0}_t v|_L2 ≤ M_2|∂^{j0}_t v|_L2 , (2.63) otherwise, |∂^{m1}_t v∂^{m2} v|_L2 ≤ |∂^{m1}_t v|_L4 |∂^{m2} v|_L4 ≤ C|∂^{m1}_t v|^{12}_{L2} |∇∂^{m1}_t v|^{12}_{L2} |∂^{m2}_t v|^{12}_{L2} |∇∂^{m2}_t v|^{12}_{L2} . (2.64) Note that 1 ≤ m_i ≤ j_0 − 1, 2m_i + 1 ≤ k_1, therefore by the inductive assumption, we arrive at |∂^{m1}_t v∂^{m2} v|^2_L2 ≤ M_{k−1}(1 + |∇∂^{j0−1}_t v|^2_L2 ). (2.65) To summarize, we have so far obtained |∂^{m1}_t v∂^{m2} v|^2_L2 ≤ M_2 ( 1 + |∂^{j0}_t v|^2_L2 + |∇∂^{j0−1}_t v|^2_L2 ) (2.66) Next we note, as for (2.66), that |∇ϕ|_L∞ ≤ M_2, j_0 ≤ k − 1 for k ≥ 2, we find |∂^{j0}_t (∇ϕ ⊗ ∇ϕ)|_L2 ≤ M_{k−1} ( 1 + |∂^{j0}_t ∇ϕ|_L2 ) . (2.67) Combining (2.61), (2.66) and (2.67), we find d dt |∂^{j0}_t v|^2_L2 + μ|∇∂^{j0}_t v|^2_L2 ≤ M_{k−1} ( 1 + |∂^{j0}_t v|^2_L2 + |∇∂^{j0−1}_t v|^2_L2 + |∂^{j0}_t ∇ϕ|_L2 ) . (2.68)

On the other hand, by taking j = j_0 in (2.37), and taking the L^2 inner product of the resulting equation with ∂^{j0}_t ∇ϕ, we get 1 2 d dt |∂^{j0}_t ∇ϕ|^2_L2 = −(∂^{j0}_t (v∇∇ϕ), ∂^{j0}_t ∇ϕ) − (∂^{j0}_t (∇v∇ϕ), ∂^{j0}_t ∇ϕ). (2.69)

Again for a clear presentation of the main idea, we take j_0 = 2 in the above, then by integration by parts, we get

|(∂^2_t (v∇∇ϕ), ∂^2_t ∇ϕ)| = |(∂^2_t (v∇∇ϕ) − v∇∂^2_t ∇ϕ, ∂^2_t ∇ϕ)| ≤ C ( |∇^2ϕ|_L∞ |v_{tt}|_L2 + |v_t|_L∞ |∂^2_t ∇ϕ|_L2 ) |∂^2_t ∇ϕ|_L2_.

This together with (2.55) and (2.59) imply that |(∂^2_t (v∇∇ϕ), ∂^2_t ∇ϕ)| ≤ M_3 ( |∂^2_t v|_L2 + |v_t|_L∞ ) |∂^2_t ∇ϕ|_L2 . (2.70) The second term on the right hand side of (2.69) can be estimated as follows: |(∂^{j0}_t (∇v∇ϕ), ∂^{j0}_t ∇ϕ)| ≤ C{|∇ϕ|_L∞ |∂^2_t ∇v|_L2 (2.71) +|∇v_t|^{12}_{L2} |Δv_t|^{12}_{L2} |∇ϕ_t|^{12}_{L2} |Δϕ_t|^{12}_{L2} +|∇v|_L∞ |∂^2_t ∇ϕ|_L2 }|∂^2_t ∇ϕ|_L2 .

This last inequality together with (2.20) and (2.55) lead to

|(∂^{j0}_t (∇v∇ϕ), ∂^{j0}_t ∇ϕ)| ≤ M_3 ( 1 + |∂^2_t ∇ϕ|_L2 + |Δv_t|_L2 ) + μ 4 |∂^2_t ∇v|^2_L2 . (2.72)

By summarizing estimates (2.69) through (2.72), we obtain d dt |∂^2_t ∇ϕ|^2_L2 ≤ M_3 ( 1 + |v_{tt}|^2_L2 (1 + |v_t|_L∞ )|∂^2_t ∇ϕ|^2_L2 + |Δv_t|_L2 ) + μ 4 |∂^2_t ∇v|^2_L2 . (2.73)

Finally by taking j_0 = 2 in (2.68), and using (2.73), we get d dt ( |∂^2_t v|^2_L2 + |∂^2_t ∇ϕ|^2_L2 ) + μ|∇∂^2_t v|^2_L2 (2.74)

≤ M_3 ( 1 + |v_{tt}|^2_L2 (1 + |v_t|_L∞ )|∂^2_t ∇ϕ|^2_L2 + |Δv_t|_L2 ) . Gronwall inequality together with (2.56) and (2.74) yield

|∂^2_t v|^2_L2 + |∂^2_t ∇ϕ|^2_L2 +

∫_t 0 |∇∂^2_t v|^2_L2 ds ≤ M_4, 0 ≤ t ≤ T. (2.75)

Following the exactly same procedure as that from (2.56) to (2.59), we can prove

|Δv_t|^2_L2 + |Δ^2v|^2_L2 + |Δ∇ϕ_t|_L2 + |∇^5ϕ|^2_L2 ≤ M_4, 0 ≤ t ≤ T. (2.76)

This proves (2.36) for k = 4. Similar to the above procedure, we can prove (2.36)for k being a general even number.

The proof itself implies that there holds (2.13), therefore we have completed the proof of the Theorem.

Remark. The above results also holds for the 3-dimensional case. The differences in the estimates are that, instead of (2.15), we will need following interpolation inequalities:

|v|^2_L4 ≤ C|v|^{1/2}_{L2} |∇v|^{3/2}_{L2} , |∇A|^2_L4 ≤ C|∇A|^{54}_{L2} |∇△A|^{34}_{L2} ,

and also the inequality :

|∇∇A|_L4 ≤ C|∇A|^{18}_{L2} |∇△A|^{78}_{L2} .

We should also point out that the above local time existence is still valid for the Oldroyd systems in variables (v, F ) by the same type of estimates. In fact, our proof works even for the cases of Oldroyd systems with general initial data (without the divergent zero condition on F ).

2.3 Global existence for small data

The main difficulty in our system is the lackness of the damping mechanism on F (or in ϕ in our formulation). This is different from the cases studied in [20] where the contribution of the strain rate (symmetric part of ∇v) in the constitutive equation is ignored, [2] and many others where a linear damping term is present.

Realizing the above difficulty and at the same time, noticing that the induced stress term Δϕ∇ϕ in the momentum equation is derived from the energy, we believe it should provide a certain dissipation to the system. Here we will restrict ourself to the case of small datum, namely, ϕ is closed to the identity map (F is closed to the identity matrix). Our goal is to prove the global existence of solutions with small initial data. To make a clear presentation of the main idea, we will only consider the case that Ω is either a periodic box or the whole space R^2. The Dirichlet boundary case is studied in our forthcoming work,see also remarks at the end of this subsection. We introduce

ψ(x) = ϕ(x) − x, (2.77)

and rewrite the system (2.6) into:

ψ_t + v · ∇ψ = −v, v_t + v · ∇v + ∇p = μΔv − Δψ − Δψ∇ψ, ∇ · v = 0.

(2.78)

The initial conditions become:

ψ(x, 0) = ψ_0, v(x, 0) = v_0(x). (2.79)

Set w = v −^1_μ ψ, and by subtracting the two equations,we have

w_t − μΔw = −v · ∇w − ∇p − Δψ∇ψ + v μ . (2.80)

The basic energy conservation law reads: 1 2 d dt (|v|^2_L2 + |∇ψ|^2_L2 ) + μ|∇v|^2_L2 = 0. (2.81)

Next we apply ∇Δ to the both sides of the ψ equation in system (2.78), and multiply the resulting equation by ∇Δψ, integrate over Ω to get: 1 2 d dt |∇Δψ|^2_L2 + (∇Δ(v · ∇ψ), ∇Δψ) = −(∇Δv, ∇Δψ). (2.82)

The Moser type inequality (see P. 43 of [23]) implies,

|(∇Δ(v · ∇ψ), ∇Δψ)| = |(∇Δ(v · ∇ψ) − v · ∇∇Δψ, ∇Δψ)| ≤ C(|∇v|_L∞ |∇Δψ|^2_L2 + |∇ψ|_L∞ |∇Δv|_L2 |∇Δψ|_L2 ), then by (2.17) and the fact that ψ = μ(v − w), we obtain |(∇Δ(v · ∇ψ), ∇Δψ)| ≤ C((|∇v|_L2 + |∇Δv|_L2 )|∇Δψ|^2_L2 + |∇ψ|_H2 |∇Δv|_L2 |∇Δψ|_L2 ) ≤ Cμ|∇ψ|_H2 (|∇v|^2_L2 + |∇Δv|^2_L2 + |∇Δw|^2_L2 ). (2.83) This leads to 1 2 d dt |∇Δψ|^2_L2 + (∇Δv, ∇Δψ) ≤ Cμ|∇ψ|_H2 (|∇v|^2_L2 + |∇Δv|^2_L2 + |∇Δw|^2_L2 ). (2.84)

Similarly, after applying Δ to the v equation in the system (2.78), multiplying by Δv and integrating over Ω, we have 1 2 d dt |Δv|^2_L2 + μ|∇Δv|^2_L2 = −(Δ(v · ∇v), Δv) − (Δ^2ψ, Δv) − (Δ(Δψ∇ψ), Δv). (2.85)

Now let us estimate the right hand side term by term. First of all,by (2.15), we get |(Δ(v · ∇v), Δv)| = |(∇(v · ∇v), ∇Δv)| ≤ |∇v|^2_L4 |∇Δv|_L2 + |v|_L4 |Δv|_L4 |∇Δv|_L2 ≤ C ( |∇v|_L2 |∇Δv|^2_L2 + |v|^{1/2}_{L2} |∇v|^{1/2}_{L2} |Δv|^{1/2}_{L2} |∇Δv|^{1/2}_{L2} |∇Δv|_L2 ) ≤ C{|∇v|_L2 |∇Δv|^2_L2 + |v|_L2 |∇v|^2_L2

+|v|_L2 |∇Δv|^2_L2 + |Δv|_L2 |∇Δv|^2_L2 } ≤ C(|v|_L2 |∇v|^2_L2 + |v|_H2 |∇Δv|^2_L2 ). (2.86) Next, integration by parts, one has (Δ^2ψ, Δv) = −(∇Δψ, ∇Δv). (2.87) Finally, using the fact that ψ = μ(v − w), we have

|(Δ(Δψ∇ψ), Δv)| = |(∇(Δψ∇ψ), ∇Δv)| (2.88) ≤ |∇ψ|_L∞ |∇Δψ|_L2 |∇Δv|_L2 + |Δψ|^2_L4 |∇Δv|_L2 ≤ (|∇ψ|_L∞ + |Δψ|_L2 )|∇Δψ|_L2 |∇Δv|_L2 ≤ Cμ|∇ψ|_H2 (|∇Δv|^2_L2 + |∇Δw|^2_L2 ).

Substitute these results into (2.85), one concludes 1 2 d dt |Δv|^2_L2 + μ|∇Δv|^2_L2 ≤ (∇Δψ, ∇Δv) (2.89) + C(|v|_L2 |∇v|^2_L2 + (|v|_H2 + μ|∇ψ|_H2 )|∇Δv|^2_L2 + μ|∇ψ|_H2 |∇Δw|^2_L2 ).

While by applying the Laplacian to the both sides of (2.80), then multiplying by Δw, and integrating over the domain, we have d dt 1 2 |Δw|^2_L2 + μ|∇Δw|^2_L2 (2.90)

= −(Δ(v · ∇w − ∇p − Δψ∇ψ + v μ ), Δw).

To estimate the right hand side of the above equation, we note, by (2.15), that |(Δ(v · ∇w), Δw)| = |(∇(v · ∇w), ∇Δw)| (2.91) ≤ |∇v|_L∞ |∇w|_L2 |∇Δw|_L2 + |v|_L4 |Δw|_L4 |∇Δw|_L2 ≤ C (|∇v|_L2 + |∇Δv|_L2 )|∇w|_L2 |∇Δw|_L2

+|v|^{1/2}_{L2} |∇v|^{1/2}_{L2} |Δw|^{1/2}_{L2} |∇Δw|^{1/2}_{L2} |∇Δw|_L2 ) ≤ C ( (|v|_L2 + |∇w|_L2 )|∇v|^2_L2 +(|v|_L2 + |∇w|_L2 + |Δw|_L2 )|∇Δw|^2_L2 +|∇w|_L2 |∇Δv|^2_L2 ) . Similarly one has

|(Δ(Δψ∇ψ), Δw)| = |(∇(Δψ∇ψ), ∇Δw)| (2.92) ≤ |∇ψ|_L∞ |∇Δψ|_L2 |∇Δw|_L2 + |Δψ|^2_L4 |∇Δw|_L2 ≤ (|∇ψ|_L∞ + |Δψ|_L2 )|∇Δψ|_L2 |∇Δw|_L2 ≤ Cμ(|∇ψ|_L∞ + |Δψ|_L2 )(|∇Δv|_L2 |∇Δw|_L2 + |∇Δw|^2_L2 ) ≤ Cμ(|∇ψ|_H2 |∇Δv|^2_L2 + |∇ψ|_H2 |∇Δw|^2_L2 ). and |( Δv μ , Δw)| = 1 μ |(∇v, ∇Δw)| ≤ 1 2μ^3

|∇v|^2_L2 + μ 2 |∇Δw|^2_L2 . (2.93)

On the other hand, by applying ∇· to the momentum equation, we have Δp = −∇v∇v − ∇ · (Δψ∇ψ) − Δ∇ · ψ, (2.94) from which, we get the relation

(Δ∇p, Δw) = −(Δp, ∇ · Δw) = (Δp, 1 μ Δ∇ · ψ) (2.95) ≤ 1 μ (−∇v∇v − ∇ · (Δψ∇ψ), Δ∇ · ψ) − 1 μ |Δ∇ · ψ|^2_L2 .

We estimate the right hand side of the above equation as follows:

|(∇v∇v + ∇ · (Δψ∇ψ), Δ∇ · ψ)| ≤ (|∇v|_L∞ |∇v|_L2 |∇Δψ|_L2 + |∇ψ|_L∞ |∇Δψ|^2_L2 + |Δψ|^2_L4 |∇Δψ|_L2 ) ≤ C ( |∇ψ|_H2 |∇v|^2_L2 + |∇v|_L2 |∇Δv|^2_L2 + (|∇v|_L2 + |∇ψ|_H2 )|∇Δψ|^2_L2 ) ≤ C(|∇ψ|_H2 |∇v|^2_L2 + |∇v|_L2 |∇Δv|^2_L2 )

+μ^2(|∇v|_L2 + |∇ψ|_H2 )(|∇Δv|^2_L2 + |∇Δw|^2_L2 )), To summarize, we have thus far obtained

(Δ∇p, Δw) ≤ C μ ( |∇ψ|_H2 |∇v|^2_L2 + μ^2(|∇v|_L2 + |∇ψ|_H2 )|∇Δw|^2_L2 (2.96)

+(1 + μ^2)(|∇v|_L2 + |∇ψ|_H2 )|∇Δv|^2_L2 ) − 1 μ |Δ∇ · ψ|^2_L2 .

In all these estimates, we have used the fact that |∇v|_L∞ ≤ C(|∇v|_L2 + |∇Δv|_L2 ) and the corresponding estimates for |∇w|_L∞ and |∇ψ|_L∞ . By combining (2.90)–(2.96), we conclude d dt 1 2 |Δw|^2_L2 + 1 2 μ|∇Δw|^2_L2 − 1 2μ^3

|∇v|^2_L2 + 1 μ |Δ∇ · ψ|^2_L2 (2.97) ≤ C ( (|v|_L2 + |∇w|_L2 + 1 μ |∇ψ|_H2 )|∇v|^2_L2

+(|∇w|_L2 + μ|∇ψ|_H2 + ( 1 μ + μ)(|∇v|_L2 + |∇ψ|_H2 )|∇Δv|^2_L2

+(|v|_L2 + |∇w|_L2 + |Δw|_L2 + μ|∇ψ|_H2 + μ(|∇v|_L2 + |∇ψ|_H2 ))|∇Δw|^2_L2 ) ≤ C(1 + μ + 1 μ )(|v|_H2 + |∇ψ|_H2 )(|∇v|^2_L2 + |∇Δv|^2_L2 + |∇Δw|^2_L2 ).

Finally, by adding up all these estimates (2.81), (2.84), (2.89) and (2.97), we find that d dt 1 2 (|v|^2_H2 + |∇ψ|^2_H2 + |Δw|^2_L2 ) (2.98) + μ 2 (|∇v|^2_L2 + |∇Δv|^2_L2 + |∇Δw|^2_L2 ) + 1 μ |Δ∇ · ψ|^2_L2

≤ (C(1 + μ + 1 μ )(|v|_H2 + |∇ψ|_H2 ) − μ 2 )(|∇v|^2_L2 + |∇Δv|^2_L2 + |∇Δw|^2_L2 ) + 1 2μ^3

|∇v|^2_L2 .

Therefore, if the initial data is small enough, we can find some positive T^∗, such that (|∇v|_H2 + |∇ψ|_H2 )(t) ≤ μ C(1 + μ +^1_μ )

(2.99)

for all 0 < t ≤ T^∗. Moreover, in this case, d dt (|v|^2_H2 + |∇ψ|^2_H2 + |Δw|^2_L2 ) + μ(|∇v|^2_L2 + |∇Δv|^2_L2 (2.100)

+ |∇Δw|^2_L2 ) + 2 μ |Δ∇ · ψ|^2_L2 ≤ 1 μ^3

|∇v|^2_L2 ,

hence

(|v|^2_H2 + |∇ψ|^2_H2 + |Δw|^2_L2 )(t) (2.101) + ∫_T ∗ 0 ( μ(|∇v|^2_L2 + |∇Δv|^2_L2 + |∇Δw|^2_L2 ) + 2 μ |Δ∇ · ψ|^2_L2 ) dt ≤ (|v|^2_H2 + |∇ψ|^2_H2 + |Δw|^2_L2 )(0) +

∫_T ∗ 0 1 μ^3

|∇v|^2_L2

≤ (1 + 1 μ^3

)(|v_0|_H2 + |∇ψ_0|_H2 ).

Here we have used the basic energy law in the last term of the above estimates.

In other words, if we have

(1 + 1 μ^3

)(|v_0|_H2 + |∇ψ_0|_H2 ) ≤ μ C(1 + μ +^1_μ )

(2.102)

which is equivalent to

|v_0|_H2 + |∇ψ_0|_H2 ≤ μ C(1 +^1_μ )^3(1 + μ +^1_μ )

, (2.103)

then the same estimate remains true for all the latter time with some uniform constant C independent of t. We conclude, in particular, that we can extend T^∗ to +∞ in (2.99). Moreover, we have that: ∫_∞ 0 (|∇v|^2_L2 + |∇Δv|^2_L2 + |∇Δw|^2_L2 )(t) dt ≤ M, (2.104)

for a uniform constant M. This together with Theorem 2.1 imply the following global existence theorem for small initial data.

Theorem 2.2 Let Ω is a periodic box or the whole space R^2, k ≥ 2 be a positive integer, ∇ϕ_0 ∈ H^k(Ω) and v_0 ∈∈ H^k(Ω). Furthermore, for some large enough constant C, we assume that,

|∇v_0|_H2 + |∇ψ_0|_H2 ≤ μ C(1 +^1_μ )^3(1 + μ +^1_μ )

(2.105)

then the system (2.6) will have a unique global classical solution, such that,

|v|^2_H2 + |∇ψ|^2_H2 +

∫_∞ 0 (μ|∇v|^2_H2 + 1 μ |∇Δψ|^2_L2 ) ds ≤ μ C(1 + μ +^1_μ )

, (2.106)

and (2.12) holds for T = ∞.

We point out that, although (2.6) is equivalent to (1.3) only in the 2 space dimension, the proof of Theorem 2.2 actually works also for the Oldroyd systems in 3 space dimension. In particular (2.6) has a unique global smooth solution if the initial data satisfies (2.105).

3 Approximation solutions and the defect measure

In this section, we give a remark to the global weak solution of the original system for (v, F ). For this purpose,we consider a sequence of smooth solutions to the approximate systems. For example, let (v^ϵ, F^ϵ) be a sequence of solutions to the systems: F^ϵ_t + v^ϵ · ∇F^ϵ = ∇vF^ϵ + ϵΔF^ϵ, v^ϵ_t + v^ϵ · ∇v^ϵ + ∇p^ϵ = μΔv^ϵ + ∇ · (F^ϵF^{ϵT} ), ∇ · v^ϵ = 0,

(3.1) with smooth initial data and appropriate boundary conditions. It is easy to prove the global existence of smooth solutions for these approximate systems in 2-D, and suitable weak solutions in 3-D, see [22]. Moreover, the energy law reads: 1 2 (|v^ϵ|^2_L2 + |F^ϵ|^2_L2 )(t) + μ

∫_t 0 |∇v^ϵ|^2_L2 + ϵ

∫_t 0 |∇F^ϵ|^2_L2 = 1 2 (|v^ϵ_0|^2_L2 + 4|Ω|). (3.2)

Therefore, if the initial data v^ϵ_0 → v_0 in L^2(Ω), we can pass to the limit (up to a subsequence), of the sequence (v^ϵ, F^ϵ), such that, for any T < +∞,

v^ϵ ⇀ v weakly in L^2(0, T ; H^1), (3.3) F^ϵ ⇀ F weak − ∗ in L^∞(0, T ; L^2).

Using the convexity property of the matrix F F^T , we have

lim_{ϵ→0} F^ϵF^{ϵT} = F F^T + M, (3.4)

where M(x, t) is a positive Radom (matrix) measure.

On the other hand, since we can chose ∇·F^ϵ = 0 initially, then it will be identically zero for all latter time. Thus the div-curl lemma gives the limiting equation of F , which is the same as the original one(see [21]), and the whole system becomes:

F_t + v · ∇F = ∇vF, v_t + v · ∇v + ∇p = μΔv + ∇ · (F F^T + M), ∇ · v = 0.

(3.5)

The momentum equation is understood in the following weak sense: ∫_T 0 ∫ Ω u_tv +∇u : v ⊗v −μΔuv +∇u : F F^T +∇ : M dxdt = ∫ Ω u(x, 0)v(x, 0) dx, (3.6)

for any smooth test function u with ∇ · u = 0.

Lemma 3.1 If v ∈ L^2(0, T ; Lip(Ω)), then M = 0.

Sketch of proof. If v ∈ L^∞([0, T ]; Lip(Ω)), it is easy to deduce from the transport equation of F that F ∈ L^∞([0, T ]; L^∞(Ω)), as a consequence, M ∈ L^∞(0, T ; L^∞(Ω)).

We can substitute v into u positions in the weak form (3.6) (by an approximate argument). After an integration by parts, one has 1 2 ∫ Ω |v|^2 dx + μ

∫_T 0 ∫ Ω |∇v|^2 dxdt (3.7) = 1 2 ∫ Ω |v_0|^2 dx −

∫_T 0 ∫ Ω ∇v : M + ∇v : F F^T dxdt

On the other hand, from the equation for F , we have 1 2 ∫ Ω |F |^2 dx = 2|Ω| +

∫_T 0 ∫ Ω tr(∇vF F^T ) dxdt (3.8)

Adding up above two equations, we obtain that 1 2 ∫ Ω |v|^2 dx + 1 2 ∫ Ω |F |^2 dx + μ

∫_T 0 ∫ Ω |∇v|^2 dxdt (3.9) = 1 2 ∫ Ω |v_0|^2 dx + 2|Ω| −

∫_T 0 ∫ Ω ∇v : M dxdt

Subtracting (3.9) from (3.2), we have 1 2 ∫ Ω trM dx = lim_{ϵ→0} 1 2 ∫ Ω (|F^ϵ|^2 − |F |^2) dx (3.10) ≤ ∫_T 0 ∫ Ω ∇v : M dxdt ≤

∫_T 0 |v|_L∞ ∫ Ω trM dxdt.

From the last inequality, one deduces

lim_{ϵ→0}( 1 2 ∫ Ω (|v^ϵ|^2 − |v|^2) dx − μ

∫_T 0 ∫ Ω |∇v^ϵ|^2 − |∇v|^2 dxdt) ≥ 0, (3.11)

and the Grownwell inequality leads to the conclusion of the lemma.

4 Inviscid Case

In this section, we consider the inviscid case, that is μ = 0. The system becomes:

ϕ_t + v · ∇ϕ = 0, v_t + v · ∇v + ∇p = −λΔϕ∇ϕ, ∇ · v = 0.

(4.1)

with initial condition:

ϕ(x, 0) = ϕ_0 = x + ψ_0, v(x, 0) = v_0(x). (4.2)

We note that this system is closely related to the hyperbolic system for the evolutions in the nonlinear elasticity studied recently by Sideris-Thomases [28]. Due to the hyperbolic nature of the system, we will consider the above problem in the entire space,and for the simplicity we shall consider the entire plane R^2. We will see the method works equally well for the 3-D or higher dimensional cases. The basic energy law governing the system now becomes : d dt ∫ R^2 1 2 |v|^2 + λ 2 |∇ϕ|^2 dx = 0. (4.3)

We remark that, the system (4.1) possess energy laws of more general forms: d dt ∫ R^2 1 2 |v|^2 + λ( 1 2 |∇ϕ|^2 + G(ϕ)) dx = 0, (4.4)

for any scalar function G(·). In particular, take G(x) =^1_{ϵ2} (x^2 − 1)^2, the Ginzburglandau double well energy. Formally, under the scaling λ = mϵ, in the limit of ϵ → 0, we have that:

• ϕ → ±1, with the interface coincides with Γ = {x : ϕ(x) = 0}. In fact, ϕ almost behaviors like tanh(^{d(x,t)√}_{2ϵ} ) where d(x, t) is the signed distance between x and Γ. • ∫ R^2 λ( 1 2 |∇ϕ|^2 + G(ϕ)) dx →^{2√2}_3 m(length of Γ), • ∫ R^2 (λΔϕ∇ϕ, η) dx → ∫ Γ mHν · η ds, for any divergent free test function η and H and ν are the curvature and the outerward unit normal of the free interface Γ.

Hence, we can also view the system as a approximate system for the free interface problem in Euler flows.

Without lose of generality, we will assume λ = 1 in the equation (4.1). If we follow the method as that presented in the proof of Theorem 2.1, we will have difficulties due to the lose of one space derivative for ∇ϕ. However, by taking ∇ to the ϕ equation, we can rewrite the original system as the following quasilinear first order system: { ∇ · (u_1, u_2) = 0, U_t + A_1(U)∇_1U + A_2(U)∇_2U = G. (4.5)

with initial condition U|_{x=0} = U_0. (4.6)

Here the vector U has component u_i where, i = 1, . . . , 6. and

U = u_1 u_2 u_3 u_4 u_5 u_6 , v_1 v_2 ∇_1ϕ_1 ∇_2ϕ_1 ∇_1ϕ_2 ∇_2ϕ_2 = u_1 u_2 u_3 + 1 u_4 u_5 u_6 + 1

, G =

∇_1p ∇_2p 0 0 0 0 and the coefficient matrices are:

A_1(U) = u_1 0 u_3 + 1 0 u_5 0 0 u_1 u_4 0 u_6 + 1 0 u_3 + 1 u_4 u_1 0 0 0 0 0 0 u_1 0 0 u_5 u_6 + 1 0 0 u_1 0 0 0 0 0 0 u_1 , and

A_2(U) = u_2 0 0 u_3 + 1 0 u_5 0 u_2 0 u_4 0 u_6 + 1 0 0 u_2 0 0 0 u_3 + 1 u_4 0 u_2 0 0 0 0 0 0 u_2 0 u_5 u_6 + 1 0 0 0 u_2 .

Here we would like to point out,in particular,that the Oldroyd system (2.1) for (v, F) can also be written in the above form,and our proof below applies equally well to it. Notice the left hand side of the system (4.5) is a symmetric hyperbolic system. In order to prove the existence of solutions, we shall use an iterative scheme.

Let U^0 = U_0 ∗ j_1 where j_{1/n} is the smooth mollifier.

Δp^0 = ∇v_0∇v_0 − ∇∇(∇ϕ_0∇ϕ_0). (4.7)

Inductively, we can obtain a sequence of approximation solution (U^n, p^n) which solves

∇ · (u^n_1 , u^n_2 ) = 0,

U^n_t + A_1(U^{n−1})∇_1U^n + A_2(U^{n−1})∇_2U^n = G(p^{n−1}) =

∇_1p^{n−1} ∇_2p^{n−1} 0 0 0 0 ,

U^n(x, 0) = U_0 ∗ j_{1/n}.

(4.8)

Take ∇^α to the U equation in the system, multiply by ∇^αU^n and integrate over the domain,from the fact that ∇ · (u^n_1 , u^n_2 ) = 0, we have, 1 2 d dt |∇^αU^n|^2_L2 + (∇^α(A_1(U^{n−1})∇_1U^n), ∇^αU^n) (4.9)

+ (∇^α(A_2(U^{n−1})∇_2U^n), ∇^αU^n) = 0.

Now we observe that

(∇^α(A_i(U^{n−1})∇_iU^n), ∇^αU^n) (4.10) = (∇^α(A_i(U^{n−1})∇_iU^n) − A_i(U^{n−1})∇_i∇^αU^n, ∇^αU^n) +(A_i(U^{n−1})∇_i∇^αU^n, ∇^αU^n),

and since A_i(U) is a symmetric matrix,

(A_i(U^{n−1})∇_i∇^αU^n , ∇^αU^n) = −(∇^αU^n, ∇_i(A_i(U^{n−1})∇_αU^n)) (4.11) = −(∇^αU^n, ∇_iA_i(U^{n−1})∇_αU^n) − (∇^αU^n, A_i(U^{n−1})∇_i∇_αU^n).

we thus deduce that

|(∇^α(A_i(U^{n−1})∇_iU^n), ∇^αU^n)| (4.12) ≤ |∇^α(A_i(U^{n−1})∇_iU^n) − A_i(U^{n−1})∇_i∇^αU^n|_L2 |∇^αU^n|_L2 + 1 2 |∇_iA_i(U^{n−1})|_L∞ |∇_αU^n|^2_L2 ≤ C ( |∇_iU^{n−1}|_L∞ + |∇_iA_i(U^{n−1})|_L∞ ) |∇_αU^n|^2_L2 .

In other words,we have 1 2 d dt |∇^αU^n|^2_L2 ≤ C|∇U^{n−1}|_L∞ |∇_αU^n|^2_L2 (4.13)

Summing up above estimates for all |α| ≤ k, we get 1 2 d dt |U^n|^2_Hk ≤ C|∇U^{n−1}|_L∞ |U^n|^2_Hk . (4.14)

Notice that |U^n|^2_{Hk} (0) ≤ C, it is standard to deduce from the above energy estimate that there is a positive time T such that for all 0 < t ≤ T ,

|U^n|^2_Hk (t) ≤ C(T ). (4.15)

Le us now turn to the question of convergence of the approximate solutions. Set W^n = U^n − U^{n−1} for n ≥ 1. Then W^n, having almost the zero initial condition, will satisfy:

W^n_t + A_1(U^{n−1})∇_1W^n + (A_1(U^{n−1}) − A_1(U^{n−2}))∇_1U^{n−1} (4.16) +A_2(U^{n−1})∇_2W^n + (A_2(U^{n−1}) − A_2(U^{n−2}))∇_2U^{n−1}

= ∇_1(p^{n−1} − p^{n−2}) ∇_2(p^{n−1} − p^{n−2}) 0 0 0 0 Multiply the above equation by W^n and integrate over the space variables, we have 1 2 d dt |W^n|^2_L2 + (A_1(U^{n−1})∇_1W^n, W^n) + (A_2(U^{n−1})∇_2W^n, W^n) (4.17) +((A_1(U^{n−1}) − A_1(U^{n−2}))∇_1U^{n−1}, W^n) +((A_2(U^{n−1}) − A_2(U^{n−2}))∇_2U^{n−1}, W^n) = 0.

A similar calculation as for the H^k estimates gives: 1 2 d dt |W^n|^2_L2 ≤ C|∇U^{n−1}|_L∞ (|W^n|^2_L2 + |W^{n−1}|_L2 |W^n|_L2 ). (4.18)

From the uniform bound obtained (4.15) for |U^n|^2_{Hk} and the Gronwall inequality, we see that {U^n} is a Cauchy sequence in L^∞(0, T ; L^2(R^2)). Thus by interpolation, {U^n} is also a Cauchy sequence in L^∞(0, T ; H^s(R^2)), for any s < k. Moreover,there exists a U(x, t) in L^∞(0, T ; H^k(R^2)) such that

U^n → U, in L^∞(0, T ; H^s(R^2)). (4.19)

Next by taking divergence of the first two components of the equation for U^n, we have

Δp^{n−1} = 2∑ i,j=1

∇_i∇_j(u^{n−1}_i u^n_j + ∇_iϕ^{n−1}∇_jϕ^n), (4.20)

where we used the divergence free property of (u_1, u_2). Then from the uniform bound (4.15), we see {p^{n−1}} is a uniformly bounded sequence in L^∞(0, T ; H^k(R^2)). In addition, from the convergence of U^n, {p^{n−1}} is also a Cauchy sequence in L^∞(0, T ; H^s(R^2)) for s < k. Therefore by letting n go to infinity, we get a local existence of a classical solution to the system (4.1). Similar to the above convergence proof, we can also prove the uniqueness of the smooth solution.

Theorem 4.1 Let k be a positive integer larger than 3, v_0 ∈ H^k(R^2), ϕ_0(x) − x ∈ H^k(R^2), then there exists a positive time T such that the inviscid system (4.1) has a unique solution v(t, x) ∈ L^∞(0, T ; H^k(R^2)), ∇(ϕ − x) ∈ L^∞(0, T ; H^k(R^2)) and p ∈ L^∞(0, T ; H^k(R^2)). Moreover, if T^∗ is the maximal time of existence, then ∫_T ∗ 0 |∇v(·, s)|_L∞_{(R}2_) ds = +∞. (4.21)

Proof. It suffices to prove the last statement (4.21). If

∫_T ∗ 0 |∇v(·, s)|_L∞_{(R}2_) ds < +∞, then by the transport equation for ϕ, we get |∇ϕ|_L∞ < ∞ for 0 < t < T^∗. Therefore |∇U|_L∞ < ∞ for 0 < t < T^∗, then we can continue the the solution. This complete the proof of the Theorem. Remarks.

a) The equation (4.5) is not a standard symmetric hyperbolic system. The fact that div(u_1, u_2) = 0 is rather crucial in our proof. Without this property, since we only have G ∈ L^∞(0, T, H^{k−1}(R^2)), in the iteration,that will be almost impossible to get the desired estimates for U in order to make the iterative arguments to work.

b) Actually the corresponding inviscid system to (2.1) itself can be written as the following symmetric hyperbolic system: { ∇ · (v_1, v_2) = 0, V_t + B_1(V )∇_1V + B_2(V )∇_2V = G,

(4.22) where the vector G is the same as that in (4.5), and

V = v_1 v_2 F_{11} F_{12} F_{21} F_{22}

, B_1(V ) = v_1 0 −F_{11} −F_{12} 0 0 0 v_1 0 0 −F_{11} −F_{12} −F_{11} 0 v_1 0 0 0 −F_{12} 0 0 v_1 0 0 0 −F_{11} 0 0 v_1 0 0 −F_{12} 0 0 0 v_1 ,

and

B_2(V ) = v_2 0 −F_{21} −F_{22} 0 0 0 v_2 0 0 −F_{21} −F_{22} −F_{21} 0 v_2 0 0 0 −F_{22} 0 0 v_2 0 0 0 −F_{21} 0 0 v_2 0 0 −F_{22} 0 0 0 v_2 .

Similarly in 3 space dimensional cases, the inviscid system corresponding to (2.1) can also be written as the symmetric hyperbolic system as (4.22). Moreover, by the Galilean scaling invariance of this system, Sideris and Thomases [28] recently proved the global existence of smooth solutions of a related system with sufficiently small initial data by a rather different and seemly more complicated approach. Note by the weighted energy dispersive estimates in [28], one can easily prove,using our approach, the global existence of smooth solution for small initial data only when space dimension d ≥ 3. The corresponding result for two space dimension is open. However, with viscosity in the velocity equation, we already proved the existence result in the previous section for d = 2.

5 A further remark to the 3D viscous case

As mentioned in the last section, in 3 space dimensional cases, recently Sideris and Thomases [28] proved the global existence of smooth solution of a inviscid system that is closely related to (2.1) via the weighted energy estimate. Naturally their proof there could be adapted here to prove the global existence of smooth solutions to (2.1) in the 3-D cases. However, due to the specific structure of this system, we actually do not need such a complicated method here. To keep the length of this paper, we shall simply present a sketch of the proof.

Theorem 5.1 Let k ≥ 3 be an integer, v_0 ∈ H^k(R^3), F_0 − I ∈ H^k(R^3) with divv_0 = and divF = 0. There exists a sufficient small ϵ > 0 such that

|v_0|_Hk + |F_0 − I|_Hk ≤ ϵ. (5.1)

Then the system (2.1) has a unique global classical solution.

Sketch of the proof. Let us linearize the system (2.1) around (I, 0), and set F = I + H, then (2.1) can be rewritten as

∇ · (v_1, v_2) = 0, H_t = ∇v + f_1(∇H, ∇v), v_t + ∇p = μΔv + ∇ · (F + F^T ) + f_2(∇H, ∇v).

(5.2)

Here f_i, i = 1, 2, are quadratic terms.

Note by the second equation of (2.1), we have

∂_t(∇_lH_{ij} − ∇_j H_{il}) + v · ∇(∇_lH_{ij} − ∇_j H_{il}) + ∇_lv · ∇H_{ij} − ∇_jv · ∇H_{il} = ∇_kv_i(∇_lH_{kj} − ∇_j H_{kl}) + ∇_l∇_kv_iH_{kj} − ∇_j∇_kv_iH_{kl}, (5.3)

where the convention of the summation over the repeated indices are employed.

From (5.2), one expects that ∇_lH_{ij} − ∇_j H_{il} = E_{ijl} is a higher order term. Since divH = 0, we have

∇ · (H + H^T ) ==

∇_1H_{11} + ∇_2H_{12} + ∇_3H_{13} ∇_1H_{12} + ∇_2F_{22} + ∇_3H_{32} ∇_1H_{31} + ∇_2H_{32} + ∇_3H_{33}

≜ A. (5.4)

Then, one has

∇_1A_1 = ΔH_{11} + E, ∇_2A_2 = ΔH_{12} + E, ∇_3A_3 = ΔH_{13} + E, (5.5)

and so on.

With the above preparation, we apply ∇_t to the second equation of (5.2) and then substitute the third equation of (5.2) into the resulting new first equation. By using (5.5), we find

H_{tt} = ∇v_t + ∂_tf_1(∇H, ∇v)

= −∇ ⊗ ∇p + μΔH_t + ΔH + E − μ∇f_1(∇H, ∇v) + ∂_tf_1(∇H, ∇v). (5.6)

While by applying ∇_t to the third equation of (5.2) and substitute the second equation of (5.2) into the resulting new second equation, we obtain

v_{tt} + ∇p_t = μΔv_t + Δv + ∇ · f_1(∇H, ∇v) + ∂_tf_2(∇H, ∇v). (5.7)

For the new system (5.6) and (5.7), we can use the method in [17] for the damped wave equation to prove the global existence of smooth solution to the system with sufficiently small initial data. In this way, we can complete the proof of the Theorem.

Acknowledgments. This work was done when Chun Liu and Ping Zhang were visiting Courant Institute of New York University. We would like to thank the hospitality of the institute. Lin is partially supported by the NSF grant DMS-0201443, Liu is partially supported by Petroleum Research Fund (PRF) from American Chemical Society and Zhang is partially supported by NSF of China under Grant 10131050 and 10276036, and the innovation grant from Chinese Academy of Sciences.

References

[1] R. B. Bird, R. C. Armstrong, and O. Hassager. Dynamics of Polymeric Liquids, Volume 1: Fluid Mechanics. Weiley Interscience, New York, 1987.

[2] J. Y. Chemin and N. Masmoudi. About lifespan of regular solutions of equations related to viscoelastic fluids. SIAM J. MAth. Anal., 33(1):84–112, 2001.

[3] P. G. de Gennes and J. Prost. The Physics of Liquid Crystals. Oxford University Press, 1993.

[4] R. J. DiPerna and P. L. Lions. Ordinary differential equations, transport theory and Sobolev spaces. Invent. Math., 98(3):511–547, 1989.

[5] W. N. E, T. J. Li, and P. W. Zhang. Well-posedness for the dumbbell model of polymeric fluids. Preprint, 2003.

[6] J. Ericksen. Conservation laws for liquid crystals. Trans. Soc. Rheol., 5:22—34, 1961.

[7] E. Freid and M. E. Gurtin. Continuum theory of thermally induced phase transitions based on an order parameter. Physica D, 68:326–343, 1993.

[8] D. Gilbarg and N. S. Trudinger. Elliptic Partial Differential Equations of Second Order. Springer–Verlag, Berlin, New York, 1983.

[9] C. Guillopé and J. C. Saut. Existence results for the flow of viscoelastic fluids with a differential constitutive law. Nonlinear Anal., 15(9):849–869, 1990.

[10] C. Guillopé and J. C. Saut. Global existence and one-dimensional nonlinear stability of shearing motions of viscoelastic fluids of Oldroyd type. RAIRO Modél. Math. Anal. Numér., 24(3):369–401, 1990.

[11] M. E. Gurtin. An Introduction to Continuum Mechanics, volume 158 of Mathematics in Science and Engineering. Academic Press, 1981.

[12] R. Hardt, D. Kinderlehrer, and F. H. Lin. Existence and partial regularity of static liquid crystal configurations. Comm. Math. Phys., 105:547–570, 1986.

[13] J. Hron, J. Málek, J. Nečas, and K. R. Rajagopal. Numerical simulations and global existence of solutions of two-dimensional flows of fluids with pressure- and shear-dependent viscosities. Math. Comput. Simulation, 61(3-6):297–315, 2003. MODELLING 2001 (Pilsen).

[14] F. John. Rotation and strain. Comm. Pure Appl. Math., 14:391–413, 1961.

[15] D. D. Joseph. Instability of the rest state of fluids of arbitrary grade greater than one. Arch. Rational Mech. Anal., 75(3):251–256, 1980/81.

[16] S. N. Kruzkov. First order quasilinear equations in several independent variables.

Math. USSR Sbornik, 10(2):217–243, 1970.

[17] S. Kawashima and Y. Shibata, Global existence and exponential stability of small solutions to nonlinear viscoelasticity, Commum. Math. Phys., 148: 189-208, 1992.

[18] O. A. Ladyzhenskaya and G. A. Seregin. On the regularity of solutions of two-dimensional equations of the dynamics of fluids with nonlinear viscosity. Zap. Nauchn. Sem. S.-Peterburg. Otdel. Mat. Inst. Steklov. (POMI), 259(Kraev. Zadachi Mat. Fiz. i Smezh. Vopr. Teor. Funkts. 30):145–166, 298, 1999.

[19] R. G. Larson. The Structure and Rheology of Complex Fluids. Oxford, 1995.

[20] P. L. Lions and N. Masmoudi. Global solutions for some Oldroyd models of non- Newtonian flows. Chinese Ann. Math. Ser. B, 21(2):131–146, 2000.

[21] C. Liu and N. J. Walkington. An eulerian description of fluids containing viscohyperelastic particles. Arch. Rat. Mech. Ana., 159:229–252, 2001.

[22] F. H. Lin and C. Liu, Nonparabolic dissipative systems modeling the flow of liquid crystals, Comm. Pure Appl. Math., 48: 501–537, 1995.

[23] A. Majda,Compressible fluid flow and systems of conservation laws in several space variables, Applied Mathematical Sciences, 53. Springer-Verlag, New York, 1984.

[24] J. Málek, J. Nečas, and K. R. Rajagopal. Global analysis of the flows of fluids with pressure-dependent viscosities. Arch. Ration. Mech. Anal., 165(3):243–269, 2002.

[25] R. G. Owens and T. N. Phillips. Computational Rheology. Imperial College Press, London, 2002.

[26] M. Renardy, W. J. Hrusa, and J. A. Nohel. Mathematical Problems in Viscoelasticity, volume 35 of Pitman Monographs and Surveys in Pure and Applied Mathematics. Longman Scientific & Technical, Harlow, 1987.

[27] W. R. Schowalter. Mechanics of Non-Newtonian Fluids. Pergamon Press, 1978.

[28] T. C. Sideris and B. Thomases, Global existence for 3D incompressible isotropic elastodynamics via the incompressible limit, preprint 2003.

[29] M. Slemrod. Constitutive relations for Rivlin-Ericksen fluids based on generalized rational approximation. Arch. Ration. Mech. Anal., 146(1):73–93, 1999.

[30] L. Tartar. Compensated compactness and applications to partial differential equations. In R. J. Knops, editor, Research Notes in Mathematics, Nonlinear Analysis, and Mechanics, Heriot Watt Symposium, volume 4. Pitman Press, 1979.