ALGEBRAIC HYPERBOLICITY AND KOBAYASHI
CONJECTURE

XI CHEN

1. Basic NOTIONS

1.1. Poincare Metric on A. Let A = {|z| < 1} be the unit disk. The

Poincare Metric pa is a complete Riemannian metric on A defined by
dzdz

(1—[2?)?

The following is so-called distance decreasing property of Poincare metric.

(1.1) ds* =

Proposition 1.1 (Schwartz-Alhfors). For any holomorphic map f : A —
A, frds* < ds?, i.e., pa(f(p), f(q)) < pa(p,q) for any two points p,q € A.

1.2. Kobayashi-Royden Pseudo-Metric. Let X be a complex manifold
(not necessarily compact). The Kobayashi-Royden pseudo-metric px is de-
fined in the following way.

Let p,qg € X. Choose a sequence of points pg = p, p1, ..., Pn = q and
holomorphic maps f; : A — X with p;_1,p; € fi(A). Then

1.2 = inf Al p —L(p,
(1.2) px (p, oo ZP i—1), [ (pi)
An alternative way to define px is to define the norm || - || : Tx — R on

the holomorphic tangent space T'x of X.

Let p € X and let v € T'x ), be a holomorphic tangent vector at p. We
consider all the holomorphic maps from Ar = {|z| < R} to X satisfying
f(0) =pand f,(0/0z) =v. Then

1
1.3 v|| = inf —=
(13) o = inf
Geometrically, we are trying to “squeeze” a disk as large as possible into X.
The pseudo-metric induced by || - || is exactly px defined above.

Proposition 1.2. px satisfies

(1) Triangle Inequality: px(p,q)+px(q,7) > px(p,r) for anyp,q,r €
X.

(2) Distance Decreasing: Let f : X — Y be holomorphic. Then
py (f(p); f(2)) = px(p:q)-
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1.3. Kobayashi Hyperbolicity. In general, Kobayashi-Royden pseudo-
metric is not a metric, i.e., it might degenerate (px(p,q) = 0 for some

P #q).

Example 1.3. Let X = C. For any point zp € C and any number R > 0, we
have the map f : Ar — C which simply sends z to z + zy. Using the second
definition of px, we see ||[v|| =0 for any v € Tx ,,.

Ezample 1.4. Indeed, as long as there is a nonconstant holomorphic map
f: C — X, px degenerates along f(C). For example, px degenerates
everywhere for any complex torus X = C"/A.

We call a complex manifold hyperbolic in the sense of Kobayashi if px is
a metric. If px is metric, it is obviously Riemannian.

We call a complex manifold X Brody hyperbolic (B-hyperbolic) if there
does not exist any nonconstant holomorphic map f : C — X. Obviously,
hyperbolic implies B-hyperbolic. The converse is true for compact complex
manifolds [Br].

Theorem 1.5 (R. Brody). A compact complex manifold is hyperbolic if and
only if it is B-hyperbolic.

1.4. Examples of Hyperbolic Manifolds. Usually, it is difficult to con-
struct interesting examples of hyperbolic manifolds and even more difficult
to prove a certain manifold to be hyperbolic. But at least in dim X = 1,
we know exactly which X is hyperbolic. Let X be a Riemann surface (not
necessarily compact). Let 7 : Y — X be the universal cover of X. Then Y
must be one of P!, C and A. If Y = P! or C, there are obviously noncon-
stant holomorphic maps f: C — Y — X and hence X is not hyperbolic; if
Y = A, it is not hard to see that px = m.py does not degenerate. Hence X
is hyperbolic if and only if the universal cover of X is A.

In the case that X is quasi-projective and dimX = 1, let X = C —
{p1,p2, ..., pn}, where C is a compact Riemann surface and {p;} are n points
on C. Then X is hyperbolic if and only if

(1.4) 29(C)—24+n>0
In particular,
Proposition 1.6. P! — {3 points} is hyperbolic.
Indeed this is equivalent to the classical Little Picard Theorem (LPT).

Example 1.7. Consider the solutions of " + y™ = 2" over the field of mero-
morphic functions over C. Every such solution z = z(t), y = y(t) and
z = 2(t) gives a holomorphic map f:C — C = {a" +y" = 2"} C P2. The
solution is trivial iff f is constant. Therefore, it has nontrivial solutions if
and only if g(C) > 2, i.e.,, n = 4.

Let X be a smooth quasi-projective variety. We call X Weakly Algebraic
Hyperbolic (WAH) if there does not exist an algebraic subvariety ¥ C X
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such that the normalization Y of Y is either P! — {2 points} = C* or an
elliptic curve C/A. Obviously, B-hyperbolic implies WAH.

Very little is known in higher dimension. The first important result in
higher dimension is the following:

Theorem 1.8 (Generalized LPT by A. Bloch). P* — (HyUH2U...UHap41)
is B-hyperbolic for 2n + 1 hyperplanes Hi, Ha, ..., Hony1 C P™ in general
position, i.e., no n+ 1 of them have nonempty intersection.

This is proved using value distribution theory [B]. It is easy to see the
number of hyperplanes, 2n + 1, is optimal. Suppose that we only remove
2n hyperplanes Hi, Hs, ..., Ho, from P*. Let p = HHNHoN..N H,, g =
H,i1NHyoN...N Hey and L = pqg be the line passing through p and q.
Obviously, L — {p,q} = C* ¢ X = P" — (H; U Hy U ... U Hy,). Therefore,
removing 2n hyperplanes is not enough.

B-hyperbolic does not imply hyperbolic in this case since the manifold is
not compact. Hyperberlicity of P* — (Hy U Ho U...U Hay, 1) is proved by M.
Green using the techniques of Brody.

Theorem 1.9 (M. Green). P* — (Hy U Hy U ... U Hapt1) is hyperbolic for
2n+1 hyperplanes Hy, Ho, ..., Hapy1 C P™ in general position, i.e., no n+1
of them have nonempty intersection.

Although most research in hyperbolicity centered around hypersurfaces
and their complements in the projective space such as Theorem 1.8 and
1.9. There are some other interesting spaces which has been proved to be
hyperbolic or B-hyperbolic.

Theorem 1.10 (Siu-Yeung, Dethloff-Lu, Demailly). X — D is B-hyperbolic
for any abelian variety X and any ample divisor D C X.

Theorem 1.11 (Viehweg-Zuo). The moduli space My of curves of genus g
is B-hyperbolic for g > 2.

1.5. Notions of “being general” and “very general”. Many state-
ments of algebraic geometry contain the terms such as “general”, “generic”,
“very /sufficiently general”. I want to clarify their meanings here.

Usually, a proposition in algebraic geometry deals with a class of algebraic
varieties with certain properties. More often than not, there is a space M
which parameterizes such varieties and is an algebraic vareity itself. This is
quite a unique phenomenon of algebraic geometry. Just think of the space
parameterizing compact real manifolds of dimension one; it does not even
have finite dimension.

We say proposition A holds for a general member [C] € M if there exists
a closed subvariety Y C M such that A holds for every [C] € M —Y.

We say proposition A holds for a very/sufficiently general member [C] €
M if there exists a sequence of closed subvarieties Y; C M such that A
holds for every [C] € M — U2,Y;. Note that this only makes sense over an
uncountable field such as C.
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Example 1.12. A general curve C' of genus > 3 has no nontrivial automor-
phism. Here the parameter space is M,.

Ezample 1.13 (Noether-Lefshetz). The Picard group of a very general sur-
face X C P3 of degree d > 5 is Pic(X) = Z. Here the parameter space is
the linear series |Ops(d)| = PV where N = (d'g?’) — 1L

2. KOBAYASHI CONJECTURE

Conjecture 2.1 (S. Kobayshi). (1) X is hyperbolic for a very general
hypersurface X C P™ of sufficiently high degree.
(2) P™ — D is hyperbolic for a very general hypersurface D C P™ of
sufficiently high degree.

In its original form, Kobayashi conjecture did not give the lower bound
for deg X and deg D. Zaidenberg proposed the bound deg X > 2n — 1 in
part (1) based on the following results.

Theorem 2.2 (H. Clemens). X is WAH for a very general hypersurface
X CP" of deg X > 2n.

Theorem 2.3 (G. Xu). X is WAH for a very general quintic surface X C
P3.

Theorem 2.4 (C. Voisin). X is WAH for a very general hypersurface X C
P" of deg X > 2n — 1.

He also proposed the bound deg D > 2n + 1 for part (2) based on the
observation that there are lines meeting D at only two points if deg D = 2n.
Here is the refined version of Kobayashi conjecture.

Conjecture 2.5 (Kobayashi-Zaidenberg). (1) X is hyperbolic for a very
general hypersurface X C P" of deg X > 2n — 1.
(2) P™ — D is hyperbolic for a very general hypersurface D C P™ of
deg D > 2n + 1.

There are some major breakthroughs recently on the conjecture in dimen-
sion 2, although it still looks like intractible in any higher dimensions.

Theorem 2.6 (Siu-Yeung). P2 — D is hyperbolic for a very general curve
D C P? of deg D > 80.

Theorem 2.7 (McQuillan, Demailly-El Goul). X is hyperbolic for a very
general surface X C P3 of deg X > 24.

Theorem 2.8 (El Goul). P2 — D is hyperbolic for a very general curve
D C P? of deg D > 15.

It usually involves two steps in proving X hyperbolic:

(1) Show that every holomorphic map f : C — X is algebraically de-
generated, i.e., f(C) is contained in an algebraic curve C' C X.
(2) Show that X is WAH.
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The first step is analytic in nature and by far the more difficult part, while
the second step is purely algebro-geometrical. The first part is essentially a
version of Lang’s conjecture.

Conjecture 2.9 (S. Lang). Let X be a projective variety of general type.
Then there exists a closed subvariety Y C X such that f(C) CY for every
holomorphic map f:C — X.

3. ALGEBRAIC HYPERBOLICITY

Question 3.1. Is P" — D WAH for a very general hypersurface D C P™ of
degD >2n+ 17

The answer is yes. It is known in n = 2.

Theorem 3.2 (G. Xu). Let D C P? be a very general curve of degree d.
Then |C' N D| > d—2 for every curve C C P? with dim(C' N D) = 0.

Another proof of the above theorem was given in [C1].
The weak algebraic hyperbolicity of P — D for n > 2 was proved in [C3].
Actually, a stronger statement was proved there.

Theorem 3.3 (X. Chen). P" — D is algebraic hyperbolic for a very general
hypersurface D C P™ of degree d > 2n + 1. More precisely,

(3.1) 2g(C) — 2 +ipn(C, D) > (d — 2n) deg C
for every C C P with dim(C N D) = 0.
Of course, we need to define algebraic hyperbolicity first.

Proposition 3.4 (J.P. Demalilly). Let X be a hyperbolic compact complex
manifold and L be an ample line on X. Then there exists e, > 0, depending
only on L, such that for any curve C C X,

(3.2) 29(C)—2>¢r(C-L)=erdeg;, C

Proof. Let v : C — C C X be the normalization of C. Let wx and we be
the (1,1) forms associated to the hyperbolic metrics. Due to the distance
decreasing property of hyperbolic metric,

(3.3) V'wy Swg

Integrating both sides over C , we obtain

(3.4) Lox < [we

There exists a positive constant € > 0 such that wy > ec1(L). Therefore,

(3.5) éw>ém@=wl)
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Let ®5 be the curvature form associated to the hyperbolic metric of C.
Then @5 = —4wx. By Guass-Bonett,

(3.6) Jws=-1 /5 D= 12— 29(C))
Then (3.2) follows from (3.5) and (3.6). O

We call X algebraic hyperbolic (AH) if (3.2) holds for every curve C' C X.
For X a projective variety,

(3.7) X hyperbolic < X B-hyperbolic == X AH = X WAH

Theorem 3.5 (H. Clemens). Let X C P™ be a very general hypersurface of
degree d. Then

(3.8) 29(C)—2>(d—2n+1)degC
for every curve C C X. Hence X is AH if d > 2n.

The concept of algebraic hyperbolicity can be generalized to quasi-projective
varieties. Every quasi-projective variety can be realized as a projective vari-
ety with an effective divisor removed. Let X be a smooth projective variety
and D C X an effective divisor. We call (X, D) algebraic hyperbolic if there
exists € > 0 such that

(3.9) 29(C)—2+ix(C,D) > edegC

for every curve C' C X with dim(C' N D) = 0. Here ix(C, D) is defined as
follows. Let v : C — C C X be the normalization of C. Then ix(C,D) =
v (D).

Obviously, AH implies WAH. However, the argument of Proposition 3.4
does not go through.

Question 3.6. Does X — D hyperbolic imply (X, D) AH?

On the other hand, the algebraic hyperbolicity of log varieties is a natural
generalization of that of projective varieties. In particular, it behaves well
under deformation.

Proposition 3.7. Let X C PN x A be a flat family of projective varieties
over A. Suppose that X is smooth and Xo = ) Dj is a divisor of normal
crossing. If there exists € € R such that

(3.10) 29(C) -2+ 1D, (C, DN (Uj#ij)) > edegC

for every k and every curve C' C Dy, with dim(C N (Ujx,D;)) = 0, then for
a very general t € A

(3.11) 29(C) —2>edegC

for every curve C C X;. Hence Xy is AH if (Dy, DN (UjzrDy)) is for each
k.
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Theorem 3.3 is proved via a degeneration argument. First we prove it for
D a union of hyperplanes:

Proposition 3.8. Let D C P" be a union of d hyperplanes in very general
position. Then (3.1) holds.

Then we degenerate a hypersurface to a union of hyperplanes.

Here is a sketch of the proof of Proposition 3.8. Let D = H{UH>U...UH,.
Using a deformation-theoretic argument, one can show that there are only
countably many curves C' C P" satisfying

(3.12) 29(C) —2+ipn(C,HiUH2U...UHy_1) < (d—2n)degC
If (3.12) fails, we are done. Otherwise, C' meets H, transversely and hence
(3.13) |C N Hgy| =degC
Induction hypothesis gives us
(3.14)  29(C)—2+ipn(C,HIUH2U...UHy_1) > (d—2n—1)degC
Also for a very general choice of Hy, C N HyN Hy, = () for each k # d. Then
(3.\17\)/'e can also give a proof for Clemens’ theorem 3.5 using Proposition 3.7
and 3.8.

Let X C P™ x A be a pencil of degree d hypersurfaces whose central fiber

Xo = HU...UHy, is a union of d hyperplanes. On each H;, = P!, Uj2rH;
is a union of d — 1 hyperplanes. Then by Proposition 3.8,

(3.15) 29(0) -2+ L, (C, Hi N (Uj;,ngj)) > (d —2n 4+ 1) deg C
Then
(3.16) 29(C) — 2> (d—2n+ 1) deg C

for C C X;. Careful readers may point out that X is not smooth in this
case and Proposition 3.7 cannot be applied directly. This can be resolved by
desingularizing X. But I do not want to go through the extra technicalities
involved. Interested readers might refer [C3] for details.

Note that the bound deg X > 2n for X C P™ to be AH is not likely
optimal, while the bound deg D > 2n + 1 for P" — D is.

Question 3.9. Is a very general hypersurface X C P" of deg X = 2n — 1
AH? Especially, is a very general quintic surface X C P> AH?

Finally, I want to point out that this is not the only approach to prove
P — D WAH. Another way to prove it is to directly generalize Xu’s theorem
3.2.

Question 3.10. Let D be a very general hypersurface in P™ of degree d. Is
it true that |C N D| > d —2n for every curve C C P" with dim(C N D) =07¢

C. Voisin told me that she could prove |C N D| > d —2n — 2.



8 XI CHEN

REFERENCES

[B] A. Bloch, Sur les systéms de fonctions holomorphes & variétés linéaires lacunaires,
Ann. Ecole Normale 43 (1926), 309-362.

[Br] R. Brody, Compact manifolds in hyperbolicity, Trans. Amer. Math. Soc. 235 (1978),
213-219.

[C1] X. Chen, On the intersection of two plane curves, Math. Res. Lett. 7 (2000), no. 5-6,
631-642. Also preprint math.AG/0003063.

[C2] X. Chen, On algebraic hyperbolicity of log surfaces, preprint math.AG/0103084.

[C3] X. Chen, On Algebraic Hyperbolicity of Log Varieties, to appear in Comm. in Con-
temp. Math.

[C-L] L. Chiantini and A.F. Lopez, Focal loci of families and the genus of curves on
surfaces, Proc. Amer. Math. Soc. 127 (1999), no. 12, 3451-3459. Also preprint
math.AG/9903044.

[CLR] L. Chiantini, A.F. Lopez and Z. Ran, Subvarieties of generic hypersurfaces in any
variety, preprint math.AG/9901083.

[CM1] C. Ciliberto and R. Miranda, Degenerations of planar linear systems, J. Reine
Angew. Math. 501 (1998), 191-220.

[CM2] C. Ciliberto and R. Miranda, Linear systems of plane curves with base points of
equal multiplicity, Trans. Amer. Math. Soc. 352 (2000), no. 9, 4037-4050.

[C]] H. Clemens, Curves in generic hypersurfaces, Ann. Sci. Ecole Norm. Sup. 19 (1986)
629-636.

[D] J.P. Demailly, Algebraic criteria for Kobayashi hyperbolic projective varieties and
jet differentials, Algebraic geometry—Santa Cruz 1995, 285-360, Proc. Sympos. Pure
Math., 62, Part 2, Amer. Math. Soc., Providence, RI, 1997.

[DEG] J.P. Demailly and J. El Goul, Hyperbolicity of generic surfaces of high degree
in projective 3-space, Amer. J. Math. 122 (2000), no. 3, 515-546. Also preprint
math.AG /9804129.

[D-L] G. Dethloff and S.Y. Lu, Logarithmic jet bundles and applications, Osaka J. Math.
38 (2001), no. 1, 185-237.

[DSW] G. Dethloff, G. Schumacher and P.M. Wong, Hyperbolicity of the complements
of plane algebraic curves, Amer. J. Math. 117 (1995), no. 3, 573-599. Also preprint
alg-geom/9312007.

[EG] J. El Goul, Logarithmic Jets and Hyperbolicity, preprint math.AG/0102128.

[E1] L. Ein, Subvarieties of generic complete intersections, Invent. Math. 94 (1988), 163-
169.

[E2] L. Ein, Subvarieties of generic complete intersections II, Math. Ann. 289 (1991),
465-471.

[G1] M. Green, The hyperbolicity of the complement of 2n + 1 hyperplanes in general
position in P" and related results, Proc. Amer. Math. Soc. 66 (1977), no. 1, 109-113.

[G2] M. Green, Some Picard Theorems for Holomorphic Maps to Algebraic Varieties,
Amer. J. Math. 97 (1975), no. 1, 43-75.

[G-H] P. Griffiths and J. Harris, Principles of Algebraic Geometry, Wiley, New York,
1978.

[H] J. Harris, Galois Group of Enumerative Problems, Duke Math J. 46(4), 685-724
(1979).

[H-M] J. Harris and 1. Morrison, Moduli of Curves, Springer-Verlag, 1998.

[K] S. Kobayashi, Hyperbolic Manifolds and Holomorphic mappings, Marcel Dekker, New
York, 1978.

[M] M. McQuillan, Holomorphic curves on hyperplane sections of 3-folds, Geom. Funct.
Anal. 9 (1999), no. 2, 370-392.

[R] Z. Ran, Enumerative geometry of singular plane curves, Invent. Math. 97 (1989), no.
3, 447-465.



ALGEBRAIC HYPERBOLICITY AND KOBAYASHI CONJECTURE 9

[S-Y] Y.T. Siu and S.K. Yeung, Hyperbolicity of the complement of a generic smooth
curve of high degree in the complex projective plane, Invent. Math. 124 (1996), no.
1-3, 573-618.

[V] C. Voisin, On a conjecture of Clemens on rational curves on hypersurfaces, J. Diff.
Geom. 44 (1996), 200-214.

[X1] G. Xu, Subvarieties of general hypersurfaces in projective space, J. Diff. Geom. 39
(1994), no. 1, 139-172.

[X2] G.Xu, On the complement of a generic curve in the projective plane, Amer. J. Math.
118 (1996), no. 3, 611-620.

[Z1] M. Zaidenberg, Hyperbolicity in projective spaces. International Symposium ”Holo-
morphic Mappings, Diophantine Geometry and Related Topics” (Kyoto, 1992).
Sarikaisekikenkyusho Kokyaroku no. 819 (1993), 136-156.

[Z2] M. Zaidenberg, The complement to a general hypersurface of degree 2n in P" is not
hyperbolic. (Russian) Sibirsk. Mat. Zh. 28 (1987), no. 3, 91-100, 222.

632 CENTRAL ACADEMIC BUILDING, UNIVERSITY OF ALBERTA, EDMONTON, ALBERTA
T6G 2G1, CANADA
E-mail address: xichen@math.ualberta.ca



