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ABSTRACT. The purpose of this paper is to investigate the solutions of refinement
equations of the form

p(x) = Y al@pMz-a), xR’
VA

where the vector of functions ¢ = (1, ..., )T isin (Lp(R*))",0 < p < 00, a(a), a €
75, is a finitely supported sequence of r X r matrices called the refinement mask,
and M is an s X s integer matrix such that lim,—.c M ™™ = 0. In this article, we
characterize the existence of Lj-solution of refinement equation for 0 < p < co. Our
characterizations are based on the p-norm joint spectral radius.

1. Introduction.

A refinement equation is a functional equation of the form

o(zr) = Z a(a)p(Mz — a), x € R? (1.1)

a€EZLS

where ¢ = (p1,...,¢.)T is in (L,(R%))",0 < p < oo, a is a finitely supported
refinement mask such that each a(«) is an r X r (complex) matrix and M is an
s X s integer matrix such that lim, .. M~™ = 0. The equation (1.1) is called a
homogeneous refinement equation and the matrix M is called a dilation matrix.
It is well-known that refinement equations play an important role in wavelet anal-
ysis. Most useful wavelets in applications are generated from refinable functions.
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2 L, SOLUTIONS OF VECTOR REFINEMENT EQUATIONS

The approximation and smoothness properties of wavelets are determined by the
corresponding refinable functions.

For 0 < p < oo, by (L,(R*))" we denote the linear space of all vectors f =
(f1y -y f)T such that || f]], < oo, where

£l = Z/ fldz| . 1<p<oo,
j=1"%

||fup:=2/ fPdr,  0<p<l,
j=1"R

and ||f||s is the essential supremum of maxi<;<, |f;| on R*. When 1 < p < o0,
|| - ||, is @ norm and, equipped with this norm, (L,(R®))" is a Banach space. For
0<p<1,]|| -]l is a invariant metric, with this metric, (L,(R®))" is a complete
metric linear space.

The Fourier transform of a vector of functions in (L;(R?))" is defined by

[© = | f@e ™tde, LR, (12)

where x - £ denotes the inner produce of two vectors x and & in R®.

The shifts of compactly supported functions f1, ..., fr € L,(R*)(0 < p < 00) are
said to be L-stable if there exist two positive constants C'; and C such that, for
arbitrary b1, ...,b, € (,(Z°),

Cleb ||p<HZZb a)fi(- —a ||p<022||b lps

j=1 a€Zs

where £,(Z°) denotes the linear space of all sequence ¢ for which ||c||, < oo, the
¢p,-norm or quasi-norm of c is defined by

1/p
||0||p=<2|0(04)|p> , 0<p<oo,

aElLs

and ||c||eo is the supremum of |c| on Z*. Clearly, || - ||, is @ norm for 1 < p < oo,
and is a quasi-norm for 0 < p < 1.

In [1], Jia and Micchelli established the following characterization for L,-stability
when 1 < p < oo : The shifts of f1, ..., f, are Ly-stable if and only if, for any £ € R?,
the sequence (f(¢ 4 267))pezs(k = 1,...,r) are linear independent. In [2], Jia ob-
tained a similar characterization for L,-stability of the shifts of a finite number of
compactly supported distributions when 0 < p < 1.
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Taking the Fourier transform of both sides of (1.1), we obtain

p(&) = H(M")T'Op((M")71e),  EeR’, (1.3)

where M7 denotes the transpose of M, and

- 1 —ita-€ s
H(¢) = Gt agzzsa(a)e ., EER’ (1.4)

Evidently, H (&) is 2m-periodic. If ¢(0) # 0, then ¢(0) is an eigenvector of the
matrix H(0) corresponding to eigenvalue 1.

Let ¢ = (1, ..., )T be a vector of compactly supported functions in (L1 (R®))”
satisfying refinement equation (1.1). It was proved in [3] and [4] that if $(0) # 0
and span {¢(27(3) : € Z°} = C". Then H(0) satisfies condition E. We say that a
matrix A (or an operator A defined on a finite dimensional linear space) satisfies
condition E if p(A) < 1, 1 is the unique eigenvalue on the unit circle and 1 is
simple (the spectral radius of A is denoted by p(A)).

In this paper we assume that H(0) satisfies condition E. Thus, there is a non-
singular matrix V so that VH(0)V 1 has the form

((1) R) (1.5)

where A is an (r — 1) x (r — 1) matrix that satisfies lim, ., A” = 0. Define
b(a) = Va(a)V ™1, then ¢ = Vi satisfies the refinement equation

=Y bla)p(M-—a), xR’ (1.6)

s

where ¢ is a solution of (1.1). Therefore, we may assume that the r X r matrix
H(0) has the form (1.5), without losing anything.

For j =1,2,...,7, we use e; to denote the jth column of the r X r identity matrix.
It is easily seen that
H(O)Gl = €1. (17)

The question of existence of solutions of refinement equations (1.1) has attracted
much attention from mathematicians in approximation theory and wavelet anal-
ysis. The existence of the compactly supported distribution solution of (1.1) was
considered by Heil and Colella [4], by Cohen, Daubechies and Plonk [5] for the
case s = 1 and M = 2, by Zhou [6] for the case r = 2, M = 2] and by Jiang and
Shen [7] for the case M = 21. Micchelli and Prautzsch [8] obtained necessary and
sufficient condition for the existence of continuous solutions of refinement equa-
tions (1.1) for r = 1,s = 1 and M = 2. Heil and Colella [9] also characterized
the existence of continuous solutions for the case M = 2 and r = 1. The contin-
uous solutions and L,-solutions (1 < p < 00) of refinement equations (1.1) were
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also characterized in [10],[11] and [12] for the case s = 1 and M = 2. Under the
assumption that H(0) has the form (1.5), Jiang [13] provided a characterization
of the existence of Ly-solutions of the equation (1.1). It is well-known that if the
subdivsion schemes associated with mask a and dilation matrix M converges to
some ¢ in Ly-norm, then the lim ¢ is a solution of (1.1) in L,, space. Therefore, it
is also an efficient way to characterize the existence of the L,-solution of equation
(1.1) by investigating the convergence of the subdivsion schemes associated with
equation (1.1) in L, space. Under the condition that H(0) has the form (1.5),
the L,-convergence of subdivsion schemes was studied by author in [14] for the
case 1 < p < co. However, from example 1 provided by Jia, Lau and Zhou in [11],
we know that the L,-convergence of subdivsion schemes is a sufficient but not a
necessary condition for the existence of L,-solutions. Therefore, it is necessary to
give a complete characterization of L,-solutions of refinement equations (1.1).

The purpose of this article is to give a characterization of the existence of L,-
solutions of refinement equation (1.1) in terms of the p-norm joint spectral radius
of a finite collection of some linear operators determined by the sequence a and
the set F restricted to a certain invariant subspace when 0 < p < oo, where the set
FE is a complete set of representatives of the distinct cosets of the quotient group
Z° /M7 containing 0. We point out that when 0 < p < 1, the results given in this
paper are new even for r =1,s =1 and M = 2.

2. Characterization of L,-Solutions.

In this section we give a characterization for the existence of L,-solutions of
the refinement equation (1.1) by using of some ideas of [10],[14] and [15]. Our
characterizations are based on p-norm joint spectral radius of a finite collection of
some linear operators determined by the sequence a and the set E restricted to a
certain invariant subspace, where the set E is a complete set of representatives of
the distinct cosets of the quotient group Z*/MZ?® containing 0.

Let (¢9(Z?))" denote the linear space of all finitely supported sequences of r x 1
vectors on Z°.

Let M be a fixed dilation matrix with m = |detM|. Then the coset spaces
7° |MZ? consists of m elements. Let v, +MZ® k= 0,1,...,m—1 be the m distinct
elements of Z°/M7° with 79 = 0. We denote E = {yx,k = 0,1,...,m — 1}. Thus,
each element o € Z® can be uniquely represented as € + M~, where ¢ € E and
v € Z° For e € E, and a € (€x(Z*))"*", the linear space of all finitely supported
sequences of r x r matrices, we define the linear operators A on ({o(Z°))" as

Acu(e) =) ale+ Ma—B)u(B), a€Z’uc (lo(Z°).  (21)
BELS

The main tool in our study is the joint spectral radius of a finite collection
of some linear operators defined by (2.1). The uniform joint spectral radius was
introduced by Rota and Strang in [16]. The mean spectral radius was introduced
by Wang in [17]. The p-norm joint spectral radius was introduced by Jia in [18]
for 1 < p < oo and was used implicitly by Lau and Wang [12] independently.
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When 0 < p < 1, the p-norm joint spectral radius appeared in [19] and [20].
These concepts play an important role in the investigation of wavelets. Zhou [20]
provided an efficient formula to compute the p-norm joint spectral radius in terms
of the spectral radius of some finite matrix when p is an even integer. Let us
review some notions of p-norm joint spectral radius from [21].

Let A = {A: : e € E},W = ({o(Z*))", where A. is given by (2.1). A vector
norm || - || on W induces a norm on the linear operators on W as follows:

||A]] := max {[|Av][}.

llv][=1

As usual, for 0 < p < oo, the ¢, norm or quasi-norm of an element ¢ = (cy, ..., ¢,)
in (¢o(Z°))" is defined by

1/p

lellp =D > le@P |

j=1acZzs

and ||c||c is the supremum of max;<;<, |c;| on Z*.

A subspace of W is said to be A-invariant if it is invariant under every operator
in A. For w € W, we call the intersection of all A-invariant subspace of W con-
taining w the minimal A-invariant subspace generated by w, denoted as W (w).
For a positive integer n we denote by A" the Cartesian power of A :

A" = {(Al, ...,An) AL A, E .A}

When n = 0, we interpret A" as the set {I}, where I is the identity mapping on
w.
Let
[|A" |00 := max{||A1--- Ay : (A1,..., 4p) € A"}

Then the uniform joint spectral radius of A is defined to be

poo(A) := lim ||A"(|L" (2.2)

The p-norm joint spectral radius of A is defined to be

polA) = lim [}/, (2.3
where
1/p
[ A™]p == Y flA AP 0<p<oo

(A1,...,Ap)EA"

It is a classical fact that this limit exists and equals the infimum:

i [JA7[[/" = inf [JA7[[}/" (2.4)
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Clearly, p,(A) is independent of the choice of the vector norm on W.
We denote, for 0 < p < co,w € W,

1/p
Al i= (oA Aul?)

and, for p = oo,
[|A"w||oo := max{||A47 - - - Apw]|| : (41, ..., Ap) € A" }.

It was proved in [21] and [19] that there exist two positive constants C'5 and Cj
such that

Cs||A"wllp < [lA"lw)llp < Caf|[A"wl[,, neN, 0<p<oo, (2.5)

where W (w) denotes the minimal common .4- invariant subspace generated by w.
In order to study L,-solutions of the refinement equation we shall employ the
following iteration scheme. Let @), be the linear operator on (L,(R?®))" given by

Quf(x):= ) a(a)f(Mz —a), fe (L,([R"))" (2.6)

aELS

Let oo be an r x 1 initial vector of functions in (L,(R?*))"(0 < p < o0). For
n=12,..let ¢, = Qlyo. If (¢n)n=1,2... converges to some ¢ in the L, space
for 0 < p < oo, then the limit ¢ is a solution of (1.1) in (L,(R*))"(0 < p < o0).
Iterating (2.6) n times gives

2900(1.) = Z an(a)ng(Mnx_a)ﬂ n= 1727"'3 (27)
a€ZS

where for n = 1,2, ...,a; = a and a,, is defined by following iterative relations,

an(a) = Z an—1(Bala — MpB), «o€Z?. (2.8)

Lemma 2.1. Let A={A.:c€ E} andv € ({o(Z°))". Then
A" 0llp = [lan * v]lp, 0 <p <o,

where, for an, € (Lo(Z°))™™" and v € (Ly(Z7))", the discrete convolution of a, and
v, denoted a, x v, is given by

ap, *v(a) = Z an(a — B)w(B), a€eZ’, (2.9)

Bezs
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and a,, is defined by (2.8).

Proof. Suppose a = €1 + Mey + --- + M" e, + M"~, where €1, ...,e, € E
and v € Z*°. Then by Lemma 2.1 of [22] we have

an xv(a) = A., .. Az v(7).

Hence Lemma 2.1 is true for p = co. When 0 < p < oo we have

[lan x0l[P =) Jan *v(a)?

aEZLS

= > D> A, AL u(p)P.

€1,..,én€EE yEZS

This verifies Lemma 2.1 for 0 < p < oc.
For B € Z°, we denote by dg the sequence on Z° given by

1, for o=/,

O9(e) = { 0, foraez\{A}.

In particular, we write ¢ for dy. For a vector \ € Z%, the difference operator V,
on {(Z®) is given by

Vv =v—v(-—\), A € U(Z7).

For simplicity, we write V; for V., 7 =1,...;s.

We are in a position to give characterizations for the existence of L,-solutions
and continuous solutions of refinement equations.

Theorem 2.2. Let A = {A. : ¢ € E},1 < p < oo, where A. are the linear
operators on (Lo(Z°))" given by (2.1). Let M be a general dilation matriz with m =
|detM|, a € (Lo(Z3))"*" such that H(0) defined by (1.4) has the form (1.5). Let V
be the minimal common A-invariant subspace generated by e1V ;9,e2V 0, ..., €,V 0,
where j =1,2,...,s. If

pp(Alv) <m'/?, (2.10)
then there exists a compactly supported solution ¢ € (L,(R*))"(¢ € (C(R®))" in
the case p = o) of refinement equation (1.1) with mask a and dilation matriz
M subject to $(0) = (1,0,...,0)T. Conversely, if ¢ € (L,(R*))"(¢ € (C(R%))" in
the case p = o0) is a compactly supported solution of (1.1) such that the shifts of
©1, ...y @ are stable, then (2.10) holds true.

Proof. We choose f to be el ¢g, where g is the function given by

wo(x) = H x(x;), x = (x1,...,25) € R?,
j=1
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and x(t) is the characteristic function of the interval [0,1). We want to prove that
(Q7 f)n=1,2,... is a Cauchy sequence in (L,(R*))". From (2.7) we have

Qi f—Quf=Qrfo= Y an(@)fo(M"z — ),

QELS

where fo = Q.f — f.

By simple computation, we obtain
1Qzfolly = [ l(@zf)@)Pda
=S o @@

Putting z = M ~"(y + () in the above integral, it follows from Lemma 2.1 that

Q™ foll2 = m~ /l) 1S an(@) oy + B — a)lPdy
BEZ®S €l
—m [ Jlan % vy l2dy
[0,1)s
=m " o [ A™ vy ||Pdy, (2.11)

where vy(a) = fo(y + @) for a € Z°%,y € [0,1)° and for a vector of functions
= (1,0, )T € (Lp(R¥))", [P = Y27, [00;(2)|P. By (2.6), we know that for
€ (0,15, € Z°,
vy(a) = Qaf(y +a) — fly+ )
= > a(@)f(My+ Ma - 8) — e15(a)

= D _a(MB—n)f(My+n—p)—eid().
Note that for any y € (0, 1]°, there exists a unique n, € Z°, such that My + 1, €

(0,1]°. It follows from that there exist v, € Z° and ~; € E such that

vy(@) = a(Ma - y)er — ex8(a) = a(Ma — My, +7) — e1(a)
= A (e1d)(a — ) — e1d(a).

Let v; = A, (e16) — e16 for i = 0,1,...,m — 1. Then

vy(@) = vi(a) + Ay, (e10ary, ) (@) = Ay (e16)(@).
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While 6,7+, —0 can be written as a finite linear combination of V;dg,7 = 1,2,...,s,8 €
Z*. By Lemma 2.1, it is easily shown that

A" (e Vi)l = [[A™ (e V)l BEZ”. (2.12)

Following (2.2), (2.3), (2.4) and (2.5), in order to prove that the sequence (Q7 f)n=12....
converges in the L,-norm, it suffices to show that for any y € (0, 1]°

Tim (|4l < p(Aly). (2.13)

In fact, since p(Aly) < m!/P, we can choose a number ¢ such that m=1/?p(Aly) <
o < 1. Therefore, there exists a constant C' independent of n and y such that

m~YP||AMy||, < Co™.

It follows from (2.11) that (Q7 f)n=1,2,.. converges to some ¢ in the L,-norm.
In the case p = oo, since each @7 f is continuous, the lim ¢ is also continuous.
Furthermore, by simple computation, we have

QT F(0) = H(0)"f(0) = H(0)"e; = (1,0,...,0)T.

Taking the limit as n — oo in the above equation, we obtain ¢(0) = (1,0, ...,0)%.
Let us show (2.13). To prove (2.13), it suffices to show that

Tim (A" (vo + vy + - + V1) < p(Aly) (2.14)

and
i [JA™ (09— ][5/ < p(Aly), i =1,2,.m - 1. (2.15)

To verify (2.14), we observe that from (1.7)

m—1

Uo+v1+---+vm—1zz ZCLM5+% €103 — meqd
J:
m—

Since a(a) is a finitely supported sequence of r x r matrices, d3—¢ can be written as
a finite linear combination of V;d,,7 = 1,2, ..., s,n € Z*. Therefore, vg +v1 +---+
Um—1 can be written as a finite linear combination of e;(V;f3,),i = 1,2,...,7,j =
1,2,...,s8,m € Z°. By using of (2.5) and (2.12), this proves (2.14). To prove (2.15),
we observe that

Ay (@d)(@) = ) a(Ma— B)eid(B) = a(Majer = Ay (e16,,)().

Bezs
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It follows that
vo — vy = Ay (e16) — Ay, (€10) = Ay, (e1d4, — €10).
Hence, for n = 1,2, ..., we have
A" (vo = vi)llp < || A" (e1 (8, — 6))|lp-

Following above discussion, we can prove (2.15). This complete the proof of the
sufficiency part of the theorem.
Next, we establish the necessity part of the theorem. Let ¢ = (1, ..., 0,)T be a

compactly supported L,-solution of (1.1). Iterating the refinement equation (1.1)
n times, we obtain

o= an(@)p(M" - —a),

aELS

where the sequence a,(n = 1,2, ...) are defined by (2.8). It follows that

o —p(-—M ") = > Vjan(a)p(M" - —a).
aEcZs

If the shifts of ¢, ..., ¢, are stable, then there exists a constant C'5 > 0 such that
forn=1,2,..,

m”"P||Vjan|lp < Csllp — o(- — M™"e;)|lp.
Therefore, we obtain

m_n/pijaneal < 05“90 - 90( - M_nej)th J=12, "'7851 =12,..,mn¢€ N.
(2.16)
Note that ||V ane]lp, = ||lan * (e, V;0)]|]p. It follows from Lemma 2.1 that

T [[Vanel[}" = Tim [JA" (e V6)[[3/"
Since lim, . || — @(- — M ~"e;)||, = 0, then we obtain from (2.5) and (2.16)
that p(Aly) < m!/P. This complete the proof of the necessity of the theorem.

Remark 2.3. We remark that under the stability condition on ¢, we give a com-
plete characterization for the existence of the L,-solution of equation (1.1) with
1 <p < oo Whens =1 and M = 2, this result was established in [10]. In
[11], Jia, Lau and Zhou gave a complete characterization for the existence of the
L,-solution of equation (1.1) without assuming stability when s = 1, M = 2 and
1<p< oo

By using same method as in the proof of Theorem 2.2, we can obtain following
theorem.
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Theorem 2.4. Let A= {A.:e € E},0<p <1, where A. are the linear operators
on (bo(Z®))" given by (2.1). Let M be a general dilation matrix with m := |det M|,
a € (Lo(Z*))"*" such that H(0) defined by (1.4) has the form (1.5). Let V be
the minimal common A-invariant subspace generated by e,V ;d,e2V o, ..., e,V 0,
where j =1,2,...,s. If

pp(Aly) < m/7, (2.17)

then there exists a compactly supported solution ¢ € (L,(R*))"(0 < p < 1) of
refinement equation (1.1) with mask a and dilation matriz M. Conversely, if ¢ €
(Lp(R*))"(0 < p < 1) is a compactly supported solution of (1.1) such that the shifts
of 1, ..., are stable, then (2.17) holds true.

Remark 2.5. We remark that Theorem 2.4 is new even for s = 1,M = 2 and
r=1.

3. Characterization of the existence of continuous solution.

In this section we give a complete characterization for the existence of continu-
ous solution of equation (1.1) without assuming stability when M is an isotropic
dilation matrix. A dilation matrix M is isotropic if M is similar to a diagonal
matrix diag(oq,...,05) such that |o1| = -+ = |os|. Some other notions used in
this section are same as in section 2. Let ¢ € (C(R*))" be a nonzero compactly
supported solution of (1.1), then

pla) =Y a(Ma—B)p(B), acZ.

BeLs

By (2.1), we know that

A p(a) = p(a).
That is, the sequence u € (£o(Z*))" given by u(a) = (), € Z*, is an eigenvector
of A, associated with eigenvalue 1.

Given an eigenvector u € (¢y(Z°))" of A, associated with eigenvalue 1, we
want to find a continuous solution ¢ of refinement equations (1.1) for the case
in which M is isotropic such that ¢|zs = w. When M is an isotropic dilation
matrix, a necessary and sufficient condition for the existence of thus solution is that

Poo(A|y) < 1, where U is the minimal common A-invariant subspace generated
by Vju,j=1,2,...,s.

Theorem 3.1. Let A = {A. : € € E},a € ({o(Z°%))"™", M be defined to be an
isotropic dilation matriz and u € (Ly(Z®))" be an eigenvector of A., associated

with eigenvalue 1. Then there exists a continuous solution ¢ = (¢1,...,0,)T of
refinement equation (1.1) such that p(a) = u(a), € Z°, if and only if
poc(Alv) < 1. (3.1)

Proof. Let ¢ be a compactly supported continuous solution satisfying (1.1) with
o(a) = u(a) for every a € Z°. Iterating the refinement equation (1.1) n times, we

have
o= ap(a)p(M" —a).
[ AV
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Then

p(M~") = Y an(@)e(n — a) = an xu(n), n€ZneN.
a€Zs

By the definition of the difference operator Vy, we have
p(M™"n) —o(M™"(n —€;)) = an * Vju(n), ne€ZneN.
Since  is compactly supported, it follows that
lan * Vjulloo <[l — (- = M7 "€j)||oc — 0, n — o0.
By (2.4),(2.5) and Lemma 2.1, we show that

Poo(Alr) < 1.

Which implies the proof of the necessity part.

Next,we prove the sufficiency part. We follow the lines of [15]. Suppose that
(3.1) holds, then there exist p with peo(Aly) < p < 1 and constant C > 0 such
that

A"V ulls < Cp™, j=1,..,5, neN.

By Lemma 2.1, we have
l|an * V ulloo = ||V, (an xu)||cc <Cp™, j=1,...,5, nel (3.2)
We define the solution @ on the sets {M~"Z%|n € N} by
o) :=u(n), @M ") :=a,*u(n), neZ’, neN.
We observe from A,u = u that for n € Z° and n € N,
s u(M) = 3 an1(8) 3 ala— Mnyu(My — o)
peLs a€lLs

= 3" ana(B) A uln — )

pezs

=an_1 *xu(n).

It follows that ¢ is well-defined on the sets { M ~"Z%|n € N}, and p(a) = u(a),a €
VAR
When z € R® is not in the sets {M~"Z%|n € N}. Note that

R® = UaGZS (T + Oé), (33)
where T' = {Z;i1 M™In;_q : each n; € E}. Then z can be uniquely written as

00
JZ:Oé+ZM_j77j_1, OCEZS,UJ‘GE.
j=1
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The solution ¢ on R% \ {M~"Z%|n € N} is defined by

plz) = lim p(a+y M Ini1) = lim g, ().
j=1

To prove the existence of the limit, we only need to show that (¢ )nen s a Cauchy
sequence in (Lo (R?®))". We observe that for n € N,

Pry1(2) = pn(z)

n+1 n
= ¢(a+ Z M™nj-1) — (o + Z M™nj_1)
j=1 j=1

= Gpa1 * [u(M”Ha + M" o+ M" g 4+ -+ )
—u(M" o+ Mo + M™ g -+ M, 1)),

Since u(M™ ra+ M ng+M" I+ -+n,) —u(M"Pat+ Mg+ Mty +- -+
Mnp,—1) can be written as a finite linear combination of Vju(M"a + M™ng +
Mn_lnl ++ Mnn—l + ﬁ)a] = 15 25 ) Saﬂ € Z*. By (32)7 we see that (@n)nEN
is a Cauchy sequence in (Lo (R®))" which implies that the limit exists and ¢ is
well-defined for x € R?.

To prove the continuity of p, let ||-||g be the Euclidean norm on R®. From [23],
we know that there exists an equivalent norm || - || on R® (or on C?®) such that

| Max|| = m**||z]]. (3.4)
Let x,y € R®. Suppose that

m= <l -yl <m

for certain n € N. There exist o, 3 € Z° such that M"x € T+« and M"y € T+ 3.
By (3.4), we have

m= < ||M"z— M"y|| < 1. (3.5)
Therefore, there exists an absolute constant Cy such that

(M ™" a) — p(M™"B)|]oo

S
<13 Jlan * Viulloo

j=1

< C1Csp™. (3.6)

Since v € M~"T + M "« and y € M~"T + M~"(3. By (3.2), we have for any
n €N,

() = (M ™" a)|[oo

< Z |ent1(7) = 0 ()|

l=n+1
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and
lo(y) — (M ™" B)]|o
> lent1(m) — en @)l
l=n-+1
©0 Canrl
< l
C Z p 1=,
l=n+1
Hence

lo(@) — o)l

<lp(@) = p(M™"a)|oo + [[(y) — (M ™" B)||oo
+ (M ™" a) — (M ™" B)|| 0

2Cpn L
L=p

IN

+ CCysp”.

By (3.5), it follows that there exists an absolute constant Cy such that

(@) — @)oo < Collz — y|| = 8m1/= P,
This proves the continuity of .

Finally, we prove the refinement relation (1.1). Let n € N and o € Z7, it is easy
to prove by induction that

ansi(@) = 3 alBan(a— M), (37)

pezs

where the sequence (an)nen be given by (2.8). Hence, for any n € Z°

©(M~""1n) ZZ B)an(a — M"B)u(n — )

a€Zs BELS

= Z Yan * u(n — M"3)
BELs

= a(B)e(M "y - B).
BeEZs

This show that ¢ satisfies refinement equation (1.1) on the set {M~"Z%|n € N}.

By the continuity of ¢, we know that ¢ satisfies refinement equation (1.1) for all
x € R*. We finish the proof of Theorem 3.1.



L, SOLUTIONS OF VECTOR REFINEMENT EQUATIONS 15

Remark 3.2. Theorem 3.1 was established in [15] for the case s =1 and M = 2.
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