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Abstract
In this paper,we shall prove that for f € LIn+L(R") with compact support, there
isa g€ LlnTL(R") such that (a) g and f are equidistributed, (b) Ms(g) € L*(E) for
any measurable set E of finite measure.

1 Introduction

For a function f € Lj;,.(R™), its Hardy-Littlewood maximal function is defined by
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where @ is a cube with sides parallel to the coordinate axes, its strong maximal function
is defined by
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where P is a rectangel with sides parallel to the coordinate axes. In addition, let M*(f)(z) =
My 0+ o M(f)(z) where M; is the Hardy-Littlewood maximal operator on R! acting on
the j — th coordinate x;.
It is well-known that for f with compact support,

e M(f) € LY(E) for any measurable set E of finite measure<f € LlnTL(R"). See
Stein [5].

e M*(f) € LY(E) for any measurable set E of finite measure<>f € L(In TL)"(R").
See Jessen-Marcinkiewicz-Zygmund [4] and Fava-Gatto-Gutiérez [2].

e f e L(lntL)"(R") =Mg(f) € L*(E) for any measurable set F of finite measure,
because Mg(f) < M*(f). It was conjectured that for f € L(IntL)"~Y(R"), Mg(f) €
LY(E) for any measurable set E of finite measure= f € L(In*tL)*(R"). See [2]. In
[1] and [3], Bagby and Gomez independently proved that there are many functions
f€ LInTL(R?) such that Mg(f) € L'(E) for any measurable set E of finite measure.
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In this paper, by a different way which can be easily applied to high dimensions’ case,
we shall prove that the conjecture is also not true for n > 2. An interesting thing is that
we do not need f€ L(InTL)" 1 L(R").

Theorem 1 For f € LIn™L(R™) with compact support, there is a g € LInTL(R™) such
that (a) g and f are equidistributed, (b) Mg(g) € L*(E) for any measurable set E of finite
measure.

2 Proof of the Theorem

Before proving the above theorem, we first introduce some notations and give some lem-
mas. Let

At:{(xlv"'vmn): ?leizt}
D= {(xla"'vxn) : Z?:lxi Zn_lvxl < 1(/L: 157“)}
tx) =2 @i
v(@) = pn({y € D : t(y) < t(z)})
where p,, denotes the Lebesgue measure on R"™. Without loss of generality, we may assume
that
pn({z € R™ | f(x)] > 0}) < pn(D).
Take
_} ff(u(z)) for zeD
9(x) = { 0 for ©z¢ D

where f* is the rearrangement function of f, i.e

f(r)= )\;1(1") el int {s:Xp(s) <7}

Af(s) = pn({x € B™ : |f(2)| > s})

for » > 0. It is not difficult to show that f and g have the same distribution function, i.e.

pn({z € R" - |f(z)] > s}) = pn({z € R" : [g(z)| > s})

for all s > 0.

Let g(s) = sup{g(x) : t(z) = s}. It is easy to check that supp(g) C [n — 1,n], g €
LInTL(R") = g€ LInTL(RY), and g € Ln*L(R') = g € Lin *L(R") if p,({x € R":
F@)] > 0}) > (D).

We have

Lemma 2 Mg(g)(z) < C,M(g)(t(x)) where Mg is the strong mazimal function operator
on R™ and M is the Hardy-Littlewood mazximal function operator on R'.

Proof. For z € R", t € R, and P = [[}]a;,b;] > =, let d; =sup d(y, 4;). It is easy to
yeP
see that if PN A; # (), we have

dy > ﬁ O°1bi —>Ta;) and dy - pip—1(Ar N P) < py(P).
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So, we have
fin—1(As N P) < 2¢/n - pn(P)/ (7 bi — X7 @i).
Now, let eg = (Vn=1,---,vVn=1), Ly = (Rlep)t, and R" > z = e + 2 where z € L.
Noting that P > x implies that t(x) € [>°7 a;, Y1 bi], we have
e Jp 9wy = 15y [rieoxro XP(@)g(2)do

(P)
= /J,n%P leeO fLO XD(TGO + Z) (’1“60 + Z)dT‘dZ
1

in (P) gzjl bz/f pn1({z : reo + 2 € PY)g(ry/n)dr
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wn fz “hnea({z: Loeo + 2 € PY)(r)dr

f,un fz tin—1(A; N P)g(r)dr
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Lemma 3 For |z| > 2n, Ms(g)(xz) < C, ‘37’_ gl -

f211~(ﬂt<2wﬂ)(())

Proof. Without loss of generality, we may assume that x; > % for |z| > 2n, and
furthermore, we may assume that a; < 1, a; +>.5 b; > n—1 for P = [[}[a;, b;] containning
x and satisfying that PN D # . Let z = (1,b1,b2,- -+, by), we have

1—aq

ey Jp 9y < 5% un<a1,11xH2 wod) N Tt 904y
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From Lemmas 2-3, we can easily get the Theorem.
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