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1. INTRODUCTION

Based on string duality Marifio and Vafa [10] conjectured a closed formula on
certain Hodge integrals in terms of representations of symmetric groups. This
formula was first explicitly written down by the third author in [13] and proved
in joint work [8] of the authors of the present paper. For a different approach see
[12]. Our proof follows the strategy of proving both sides of the equation satisfy
the same cut-and-join equation and have the same initial values.

In this note we will describe a proof of the ELSV formula relating Hurwitz
numbers and Hodge integrals:
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along the same lines. By the Burnside formula, the Hurwitz numbers are related
to the representations of symmetric groups, hence so is the Hodge integral on the
right-hand side of the above formula.

Marifio and Vafa have remarked that in principle it is possible to obtain all
Hodge integrals involving up to three Hodge classes from their formula. Another
purpose of this note is to show that our method is not only useful in proving the
MYV and ELSV formulas, but also is powerful in deriving some consequences from
them. For example, as easy consequences of the MV formula and the cut-and-join
equation, we will present unified simple proofs of the Ay conjecture [3]
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for k1 4+ -+ + kn = 29 — 3+ n, and the following identities for Hodge integrals [2]:
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We also describe a method to compute general A\,_; integrals. To summarize, our
results in this work partly verify Marino and Vafa’s anticipation for the applications
of their formula.
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2. PRELIMINARIES

2.1. Mumford’s relations. Let E be the Hodge bundle over ﬂg,n, and let \; =
¢;(E). Define

g g
c(B) = t'A;, A () =D (1) xto
=0 1=0
Then we have
1
ct(E) = t(EY) = (—t)gA;(f)-

Mumford’s relations are given by:

(1) ct(E)e_(E) = 1.
Equivalently,
(2) Ay (A (—t) = (=1)9¢%.

2.2. Some consequences. From the following well-known relation between New-
ton polynomials and elementary symmetric polynomials (cf. e.g. [9]):

we get:

(3) > nlt" ! ch, (B) = = ¢, (E)¢_,(E).

n>1

It can be rewritten as

g g
D onlt e, (B) = ihi(—t) Y At
i=1 7=0

n>1 ' =
Hence chy(E) = 0 for k > 2¢g, and
(4) nlchy(B) = > (1) i),

i+j=n
It is not hard to see that
(5) chon (E) = 0,
(6) (29 = Dichag-1(E) = (=1)""Ag-1Ag,
(7) (29 — 3)!Ch2973(E) = (_1)9_1(3)‘973)‘9 - )‘971)‘9*2)-
We will need the following results:
Lemma 2.1.
(8) AY (DAY (=1) = (=1)7 g + > K(=1)" " chy (),
E>1

d

) (A MAY DAY (= 1) = A+ 9

=0
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In particular the degree 3g — 3 part of the left-hand side of (9) is
(=19 A A1 X g2
Proof.

= (=1)¢ (—1)9 Zm 1)’€ 1chk(IE)
k>1
d \Y%
| _ ( Ag(T)AS (=7 = 1))
\% d \Y \% \% d \%
= AY( CT ) AY(— )+Ag(1)Ag(0).%TZOAg(_T_n

= A1 —( 1)9A Av( )(Ag) (1)
= A1+ 0h = Ag D KI(=1)FT chy (B).

k>1

O

3. CUT-AND-JOIN EQUATION, MARINO-VAFA FORMULA AND ELSV FORMULA

We recall in this section the Marifio-Vafa formula recently proved in [8]. We
also describe a proof of the ELSV formula along the same lines. Both of these
formulas can be proved by the cut-and-join equation method. These formula relate
the geometry of moduli spaces of Riemann surfaces encoded in Hodge integrals to
combinatorics of the representations of symmetric groups, and hence to the theories
of affine Kac-Moody Lie algebras and symmetric functions.

3.1. Marino-Vafa formula. For every partition p = (11 > - - - p1y¢,y) > 0), define
[p]+1(p) L(p) ,u,—l
Conlr) = —Y [r(r 1yt [ Hest W7 1) z W+a)
| Aut(p)]

=1
[ s
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Note that
[ MM L s
Mosw T = ) Moo TLE(1 = pith)
for I(p) > 3, and we use this expression to extend the definition to the case I(u) < 3.

Introduce formal variables p = (p1,p2,---,Pn,---), and define

Pu = Pur * " Priyy
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for a partition p = (u1 > -+ > py(uy > 0). Define the following generating series

C(\;7;p) ZC (A T)p

|ul>1

This finishes the definitions of the geometric side of the Marino-Vafa formula.

For the representation theoretical side, for a partition i, denote by x,, the charac-
ter of the irreducible representation of ), indexed by x, and by C(u) the conjugacy
class of S|, indexed by p. Define:

_ sin [(pa — iy +b —a)A/2]
Vi) = H sin[(b— a)A/2]
. 1
T T4, 2sin [(v — i+ 1(1)A/2]

(10) 1<a<b<I(p)

This has an interpretation in terms of quantum dimension [10]. Define

R(Xmip) =) 7(7111%1

n>1

Z Z H Z XV’ ﬁ(7+%)KViA/2VVi ()\) Pu-

o \Up pi=p =l vl =|pt u
The Marifio-Vafa formula is:
(11) C(\i7ip) = R(A; 73 p).

These formulas were explicitly written down in this form in [13]. In [7, 8] it is
proved by showing C and R both satisfy the following cut-and-join equation:

o =1\ 0T or or or
12 — = — i i i
(12) o 5 g;(yoﬂa ) +]P+ga o +(+J)pPJaZ+J>
and have the same initial values:
.0- V d+lpd
(13) C(X;0;p) = R(X; 0;p) Zmn @)

3.2. A proof of ELSV formula by cut-and-join equation. Given a partition
p of length [(x), denote by H, , the Hurwitz numbers of almost simple Hurwitz

covers of P! of ramification type p by connected genus ¢ Riemann surfaces. The
ELSV formula [1, 5] states:

l(ﬂ) (1)
Moo TI (1= i)

We now describe how to prove this formula by the cut-and-join equation.

(2g—2+|u|+l
| Aut(u

(14)  Hyu =
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Define
A29—2+ pl+1(p)
q) )\ — H n )
W) =2 o 5 S 1)

920

P =32,y

l )
-3 2292+ ||+ (1) l(l‘_fuu/ | AY(1) |
g>0 [Aut(u)] 2wl JA, ) I1; (M)(l — pithi)

p) = Z \P/L()‘)pu-

The ®(\;p) and ¥(A; p) both satisfy the following cut-and-join equation:
00 1 0?0 00 00 00
15 == Piti o+ P o ; .
(15) ) ”2;1 (Up,ﬂ 0D, +ipiig p; + i+ J)pivj 5 — Zﬂ)
For ® this was proved in [4] by combinatorial method, and in [6] by symplectic

method. For ¥ one can apply the method of [8]. The initial values can be easily
determined as follows. It is easy to see that

HO,//, = 5#»(1)’
hence
®(0;p) = p1.

On the other hand, since 2g — 2 4 || + () > 0 unless g = 0 and p = (1), it is
straightforward to see that

¥(0;p) = p1.
Hence after transferring the cut-and-join equation to a sequence of systems of ODEs
for e® and e?, one sees that

This proves the ELSV formula.
By the Burnside formula, one easily gets the following expression (see e.g. [13]):

o(Ap) = Z Z > H > XM - HiA/QdilmviﬁWp”'

n>1 B U pi=p =1y | = p |

This reveals the close relationship between the Marino-Vafa formula and the ELSV
formula.
4. A SiMPLE PROOF Or THE A\; CONJECTURE

The following formula is called the A, conjecture:

ki ey _ (294 7n—3) 227" — 1By
for ky +-+- 4+ kn =29 —3+mn, g > 0. It is proved in [3] in a very complicated way.

We will give in this section a simple proof based on the Marino-Vafa formula and
the cut-and-join equation.
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4.1. A reformulation of the )\; conjecture. We begin with the following refor-
mulation:

Lemma 4.1. the A\, conjecture is equivalent to

A dX\/2
17 29 n—g — dn_3.77
" QZZE) My [z (1= pathi) sin(d\/2)

for all partitions of d.
Proof. The left-hand side of (17) is

Z}\Qg )\9
mg,n Hl:l(l - /'I”LQ/JZ)

920

A% ok
) S I /Mm w1

g>0 ki+--+kpn=29g—34ni=1
By (32) in the Appendix the right-hand side is:

229-1 1 |B |

n73 29

1+ Z 9229—1 )l (d)\)
g>1

y- Lk (294 n—3) 22971 — 1| By
Zuz YT Huf.(kglv.'ﬁkn)?gl (2;3’!.

g>1 Zik‘i:2973+n i=1

The Lemma is proved by comparing the coeflicients. ([

4.2. A simple proof of the )\, conjecture by the Marino-Vafa formula.
The following result has been proved in [13] by the cut-and-join equation.

Theorem 4.2. Write R(A;7;p) = >_, Ru(A;7)pu. Then one has

()

. 2—-Il(p 1 ( T 1) H] m](lu)'
(18) }IL%)\ ! )( (14 1))lmw—1 H uz'u( + T )FIMIH(M) Ru(Xi7)
_glw-s N2
sin(d\/2)

By the Marifio-Vafa formula, the left-hand side of (18) is

S [ MOBOKED o, o[ A,

—r
9>0 Mg T — patdy) 9>0 Mo T (1= patpy)
Therefore, we have established (17) hence proved the A, conjecture (16).

5. DERIVATION OF SOME OTHER HODGE INTEGRAL IDENTITIES

In this section we show how to derive from the Marino-Vafa formula and the
cut-and-join equation the following formula proved in [2] by different method:

1 | Bag 2| | Bag|
(19) / >‘g—2>\g—1)\g = 2( 9 g

™, 29-2)!29g-2 29’
2g—1
Ag—1 I 1 (291 — 1)!(2g2 — 1)!
(20) /7 - = by T Z ] bg,bgs
M, L — U1 =t 2 o, (29 — 1)!
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b 1, g=0,
g — ) 229711 |Bay|

T2EmT (29)0) g>0.

5.1. The derivative. We begin with the following special case of the Marino-Vafa
formula:

2 AjMAJ(=r=DAJ(T) A (d—1)! .
(21) g]A /M = S s a) @5 7).

Lemma 5.1.

where

_ _1d+1)\
) Vol

(22) 8sin(iA/2)sin(jA/2)

Riay(Xi7) =
=0 i+j=d,i#j

d
dr
Proof. This is an easy consequence of the cut-and-join equation:

d V=TA . .
— — (i Ri,5)(A; 0) + i3 Ri) (X; 0) Ry (X; 0))
i+j=d

V=I) > /s L EAS
L 2isin(iA/2) 2jsin(jA/2)

Rgy(M1) =
0

T=

=
_ T
Z 8sin(i\/2) sin(jA/2)"

i+j=d

Corollary 5.1. We have
d
(A;/(l)A;/(T)A;/(—T — 1))

2g dr 7=0
Z A /* 1 —dyn

9>0 Mg
d—1

_ 1 dr/2 A?
T Zl o dsm(@nz) " ﬂz;d 8sin(iA/2) sin(jA/2)

a=

(23)

Proof. Take derivative in 7 and set 7 = 0 on both sides of equation (21). By (22)
we get

d (A (AY (T)AY (=7 — 1))

29 dr |lr=0
2 /— 1= din

g>0 Mg
A d (d—1)! A d
= ——a = e BaoWN0) - —7 —=|  Ray(NiT)
\/_—1d+1 dr o ngi(dr—i—a) (d) \/_—ld+1 dr o (d)
N b SRR i
~ “Za dsin(d)\/2) i+j:d8sin(i)\/2) sin(jA/2)
O

Now the left-hand side of (22) is a polynomial in d hence so must be the right-
hand side. If we find explicit expressions for the right-hand side, then by comparing
the coeflicients, we get Hodge integral identities. This is how we prove (19) and
(20).
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5.2. The right-hand side. We have
1 A2
- — = byd*9=1)\29
Zl a dsin(d\/2) Z Z

g>0

hence the coefficient of A%9 is

-1
24 - bd?lL
(24) Z;a o

This cancels with a similar term from the second term on the right-hand side of
(23).
We also have

)\2
; 8 sin(i)\/Q) sin(jA/2)

i+j=d
_ § ' E 291 , E 292
- bgl Z)‘ bgz .7)‘
’L+J d 91>0 g22>0
2 -2g1—1 2g2—1
— 5 E A g E bg1bgz E 7 g1 j 92 i
920 91+92=g i+j=d

By (34) in the Appendix we have for g1,g92 > 0, and ¢1 + g2 = ¢,

2q1 1 2q2 1 2q1 1 _ 2(]2 1
91’92 § v v 7’

i+j=d
2g2—1 295 — 1 d—1

= Z (_1)292—1—k< 2 )dkz 291 +2g2—2—k

k=0 i=1
29 —1—k
2g2—1 2g 1 2g—2—k !

— -1 2g2—1—k 2= k ~ /7B 29—1—k—1
I ) L S
k=0 1=0
292—129—-2— 2 1—k

= Z Z . 912 <292k— 1) <29 _ll - k> Byd2o—1-1,

g_ p—

k=0 1=0

It is easy to see that the coefficient of d in F}, 4,(d) receives contribution only from
the term with kK = 0 and [ = 2g — 2, hence it is

—ng,Q.

The coefficient of d*9~! in Fy, 4, (d) receives contributions from terms with [ = 0,
hence it is given by:

2@2—1 (_1)2g2—1—k 292 -1
2 —1—k o)

k=0
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We can deal with the case of g1 = 0 or go = 0 in the same fashion.

FO,g(d): Z i_1j2g 1 Zl 2q 1

i+j=d
= 29— 1\ ;e
_ 2g—1—k [ 49 — k 29g—2—k
= ) (-1)* ( ) )d qu
k=0 =1
2g—1—k
29—2 99 — 1 29—k I -1
— -1 2g—1—k - dk B d2g—1—k—l d?g—l -
2 () S e e

29— 22g2k

02971k /96— 1\ [29—-1—k 1
g g 2g—1—1 2
> lz; ( . )( l )Bldg s Z?

The coefficient of d in Fy 4(d) or Fyo(d) is

—ng,Q.
The coefficient of d*~! in F 4(d) or Fyo(d) is given by:
Z (—1)%1F (29 1Y _ Z (-1)" (29 -1
29—1-k \ k )~ ; i )
k=0 k=1

5.3. Proof of (19). By Lemma 2.1, the coefficient of dA?9 of the left-hand side of
(23) is

(25) (=17 [ didgAgadg2 = (=1)7 (29 - 2) /— AgAg—1Ag—2.
My 1 My

By the above discussions, the coefficient of dA\?9 on the right-hand side of (23) is

—Bay_s > ~Byys |Ba| 1
l bg,bg, = l ) '
— 92!
2 i, 2 29 (29 —2)!
Comparing with (25) we get

( )gB2g 2 |B2g| 1
/ Mg o2 = o0 o) Ty (29 - 2)

This is exactly (19).

5.4. Proof of (20). The coefficient of d*9~1X\%9 on the left-hand side of (23) is

Ag—
29— 1 _ g—1
/ A A= /Mg,ll—wl.

By the above discussions, it is equal to

2g2—1

2g—1 11—k
(— 2g71 (—1)202717F (29, — 1
by E E bg, bg» E 91—k k :
i=1 gl+gz k=0

917!]2>0

Hence (20) is proved by the following:
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Lemma 5.2.

292—1

Z 1)%92- 1k <292 - 1) (291 — 1)!(2g2 — 1)!
Pt 2g—1— k (29 — 1)!
29—1 ( 1) B 2g—1 1
‘ N i
i=1 =1
Proof. Let
29—
z ( 1) o
Then we have
2g—1

Hence we have

2g—1 . 1 129—2 2g—1
=1)* (29 -1 i 1
3 ()< 9 ) :/ f’(x)dm:—/ Y -a)de=-Y -
-1 0 0 =0 izl
Similarly, let
2g2—1 2g2—1—k
_ (_1) 9 292 —1 29—1—k
g(x)_kz:o 29 —1—k ko)t '
Then we have
292—1
@) = Y (-1t (2g2k‘ 1> 229727k = 201 (] )20
k=0
Hence we have by integrations by parts:
P (292 - 1)
= 29-1-k k
1 1
= / g (x)dx = / 21— )92y
0 0
(22 — 1)

1

_ 291 2g2—2
= — x 1—x dx

- / (1)

1

_ (292 - 1)(292 - 2) / .’L'le+1(1 _ $)2g2_3d$

291(291 + 1) 0
o (292 — 1)! (201 - 1)!(2g2 — 1)!

20121 + 1)+ (291 + 292 — 1) (29 —1)!

(]

5.5. Computation of the )\;,_; integrals. We now describe how to generalize
the above method to compute integrals of form

e
Ma,1(u) Hl u)(l — i)
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for a partition p of d with I(u) > 1. We rewrite the Marifio-Vafa formula as follows.

1)
29( Up)—1 : Lg=1 (T T a) 1 “17 "’ a) Ag(DAS (=7 = 1A/ (1)
AF(r+1) v 1(p)
(26) g>0 M.q,l(u) Hi:l (1 - ,uﬂ;[}z)

 [Aut(p)[ N Ru( ;7)
- \/jlll‘l“"l(:u) Flp)—-1"
Now we take derivative in 7 and then set 7 = 0. The left-hand side is given by

2g Ay (DAY (=1)A;(0)
Z/\ (I(p) — 1)//\49,;(#) Hz(u)( )

920
L= g AY(~1)AY(0)

NI

g>0 i=1 a=1 Mg, l(#) — pit;)
+Z>‘29/ =l (Avl( JAS (=7 = DAJ(7))

9>0 M) H (“)(1 — ;)

() pi—1
d\/2 Hi _dA2
_ _)glm-3 g =3

() = 1d sin(dA/2) Z az sin(dA/2)

+ZA2“’/ gt + 80 — o Vs K1y ()
9>0 M1 Hl-(f)(l — pi;)

I(p) pi—1
d\/2 Hi _dA/2
= (I(p) —Dg'w-3_222 FUMEE:
() =1 sin(d\/2) Z az sin(d\/2)

A
[ 4444—7§}w/ Y
9>0 My T (1= pitds) 9>0 Mo [T (1= patpy)
72)\29/ Ag Zk>1 I(=1)""" chy(E)
g>0 mgyl(ur) Hl(u)( Mﬂ/h)

The last term can be computed by using Mumford’s GRR relations [11]. The
right-hand side can be computed by L’Hospital’s rule:

iy 2 (ST _ gy PO~ 00— D7)

r—0 Or \ 7lm-1 i)
B0, Ru(Nr) — (1)~ DR ()]0
()
_ TR, + 0 Ry )]0 _ 0 Ry (i) o
I(p)! U(p)! 7

hence it can be found by applying the cut-and-join equation repeatedly and by the
initial value of R. Therefore, one gets a method to compute

Z)\2g/ l Ag-1

9>0 Moo TV (1 — patds)
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APPENDIX A. BERNOULLI NUMBERS

In this Appendix we recall some well known facts about Bernoulli numbers.
These numbers are defined by the following series expansion:

t ad t
(27) et—l == Z:()Bm

The first few terms are given by

By =1, By =—-5 By =
For odd m > 1, B,, =0, and for even m, the sign of By, is (—1)"

Lemma A.1. For m > 0,

(28) Z (ml‘: 1) By =0.

k=0
Proof. Multiply both sides of (27) by ef. The left-hand side becomes

t
t
eet—l —t+E B,

the right-hand side becomes

DI SR B

m=0 k=0

Hence for m > 1, we have
By, <~ DBy
m! 2 kl(m — k)
k=0
(28) follows easily. O

Lemma A.2.

t/2 1-2m-1 B,
29 — o=y = ym
(29) sinh(t/2) ZO 2m=L )

(30) fcoth (t/2) = Z Bgn

Proof. These can be proved by easy algebraic manipulations as follows.

t/2 t i t/2 t
= e = —
sinh(¢/2) et —1 et/2 -1 et —1
> t/2 > " = 1-2m"tp,
= 2 Z B Z m Z 2m—1 Wt
m=0 m=0
t tet+1 1 t = 2
— th(t/2 - - B n .
geoth(t/) = 55— =5+ 7 =D 20 (o)

n=0
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Corollary A.1.

2 T2 T T (2n)!

1—2t-2 1—21=2 1—-2n)B
(31) S {L=20) B
i+j=n

Proof. Apply the operator t% on both sides of (30):

t t 2\ & £2n
g cothg — <sinh(t/2)) =2 Bon G =1

n=1
Hence
t/2 )2 t t S ¢2n > ¢2n
2N ot S, S oy,
—1 !
<smh(t/2) 2 2 = (2n —1)! o (2n)!
From this (31) easily follows. O
By changing ¢ to /—1t, one gets from (29) by recalling By, = (—1)""!|By,:
t/2 22971 — 1| By,
32 —_— = 1 —_— 9 t2g.
(32) sm(t/2) - F ; 251 (29)!

And (31) becomes
Z 2201 —1] |3291| 220271 — 1] |B292‘ _ |B2g| 1

33
(33) 22911 (2g)! 2292=1  (2g,)! 29 (29 —2)!

gi1+92=g
Finally recall for any positive integer m,

(m + 1)
d—1 m k
(34) d i =Y AL Bpd™ T,

i=1 k=0 m+1
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