ON THE ASYMPTOTIC EXPANSION OF BERGMAN KERNEL
XIANZHE DAI, KEFENG LIU, AND XTAONAN MA

ABSTRACT. We study the asymptotic of the Bergman kernel of the spin® Dirac operator
on high tensor powers of a line bundle.

1. INTRODUCTION

The Bergman kernel in the context of several complex variables (i.e. for pseudoconvex
domains) has long been an important subject (cf, for example, [2]). Its analogue for
complex projective manifolds is studied in [28], [26], [30], [14], [23], establishing the
asymptotic expansion for high powers of an ample line bundle. Moreover, the coefficients
in the asymptotic expansion encode geometric information of the underlying complex
projective manifolds. This asymptotic expansion plays a crucial role in the recent work
of [19] where the existence of Kéhler metrics with constant scalar curvature is shown to
be closely related to Chow-Mumford stability.

In this paper, we study the asymptotic expansion of Bergman kernel for high powers of
an ample line bundle in the more general context of symplectic manifolds and orbifolds.
One of our motivations is to extend Donaldson’s work [19] to orbifolds. Let (X,w) be a
compact symplectic manifold of real dimension 2n. Assume that there exists a Hermitian
line bundle L over X endowed with a Hermitian connection V¥ with the property that
YoLRE =, where R™ = (V)2 is the curvature of (L, V2). Let (E,h”) be a Hermitian
vector bundle on X with Hermitian connection V¥ and its curvature R,

Let ¢"* be a Riemannian metric on X. Let J : TX — TX be the skew—adjoint
linear map which satisfies the relation

(1.1) w(u,v) = g™ (Ju,v)

for u,v € TX. Let J be an almost complex structure which is (separately) compat-
ible with ¢g7* and w, then J commutes with J. Let V7¥X be the Levi-Civita connec-
tion on (T'X, g**) with curvature RT*, and V?¥ induces a natural connection V9 on
det(TM9X) with curvature R (cf. Section 2). The spin® Dirac operator D, acts on
Q"(X, L’ ® FE) = @,_, Q”(X, L’ ® E), the direct sum of spaces of (0, ¢)-forms with
values in LP @ E.

Let {S? }?21 (d, = dim Ker D,,) be any orthonormal basis of Ker D, with respect to the

inner product (2.2). We define the diagonal of the Bergman kernel of D,, (the distortion
1
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function) by
(1.2) Z SP(x (z))* € End(AMT*OVX) @ E),

Clearly B,(z) does not depend on the choice of {S?}. We denote by Icgr the pro-
jection from A(T*®YX) ® E onto C ® E under the decomposition A(T**VX) = C @
AO(T*OD X)), Let detJ be the determinant function of J, € End(7,X). A simple
corollary of Theorem 3.18 is:

Theorem 1.1. There exist smooth coefficients b.(z) € End(A(T*"VX) ® E), which
are polynomials in RT™X, R RE (and RY) and their derivatives with order < 2r — 1
(resp. 2r) and I at x, and by = (det J)/?Icgp, such that for any k.l € N, there exists
Cry > 0 such that for any x € X, p € N,

k
(1.3) By(2) = bl

Moreover, the expansion is uniform in that for any k,l € N, there is an integer s such
that if all data’s run over a set which are bounded in C° and with g™~ bounded below,

< Ck,lpn_k_l‘

there exists the constant Cy,,; independent of g7~

We also study the asymptotic expansion of the corresponding heat kernel and relates it
to that of the Bergman kernel. Let exp(—%Dﬁ)(;ﬂ, 2") be the smooth kernel of exp(—%Dﬁ)
with respect to the Riemannian volume form dvx (2).

Theorem 1.2. There exist smooth sections b,.,, of End(A(T**VX)® E) on X such that
for each uw > 0 fized, we have the asymptotic expansion in the sense of (1.3) as p — oo,

(1.4) exp(——D2 (x,x) me +O(p"* 1),
p

Moreover, there exists ¢ > 0 such that as u — 400,
(1.5) bru(x) = be(x) + O(e™).

In fact, this gives us a way to compute the coefficient b,(x), as it is relatively easy to
compute by, (x) (cf. (3.107), (3.124)). As an example, we compute b; which plays an
important role in Donaldson’s recent work [19]. Note if (X, w) is Kéhler and J = J, then
B,(z) € C*(X,End(E£)) for p big enough, thus b,(z) € End(E),.

Theorem 1.3. If (X,w) is Kdhler and J = J, then there exist smooth functions bj(x) €
End(E), such that we have (1.3), and b; are polynomials in R*™, RF and their deriva-
tives with order < 2r — 1 at x, and

_ _ 1 / Er ) 1 X
(16) bo—IdE, b1_47r[ 12:}% (el,JeZ)JrQr IdE]

X

here r is the scalar curvature of (X, g*™X), and {e;} is an orthonormal basis of (X, g*™).
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Theorem 1.3 was essentially obtained in [23], [29] by applying the peak section trick,
and in [14], [30] and [15] by applying the Boutet de Monvel-Sjostrand parametrix for
the Szego kernel [11]. We refer the reader to [19], [29] for its interesting applications.
Our proof of Theorems 1.1, 1.2 is inspired from the local Index Theory, especially from
[7, §11], and we derive Theorem 1.1 from Theorem 1.2. The method can be easily
generalized to the orbifold situation.

Theorem 1.4. If (X,w) is a symplectic orbifold with the singular set X', and L, E are
corresponding proper orbifold vector bundles on X as in Theorem 1.1. Then there exist
smooth coefficients b.(z) € End(A(T*OVX) @ E), with by = (det J)%Icep, and b.(z)
are polynomials in RTX, R RE (and RY) and their derivatives with order < 2r — 1
(resp. 2r) and I~ at x, such that for any k,l € N, there exist Cy; > 0, N € N such
that for any v € X, p € N,

k
1 /
(1.7) ’—Bp(x) =Y b, < Cu (p_k_l + 21 + pd(z, X'))N e CvPdaX >).
pn r=0
Moreover if the orbifold (X,w) is Kdhler, J = J and the proper orbifold vector bundles
E, L are holomorphic on X, then b.(x) € End(E), and b,(z) are polynomials in RTX,
RE and their derivatives with order < 2r — 1 at x.

This paper is organized as follows. In Section 2, we recall a result on the spectral
gap of the spin® Dirac operator [25]. In Section 3, we localizes the problem by finite
propagation speed and use the rescaling in local index theorem to prove Theorems 1.1,
1.2. In Section 4, we compute the coefficients of the asymptotic expansion and explain
how to generalize our method to the orbifold situation.

The results of this paper have been announced in [17].

2. THE SPECTRAL GAP OF THE SPIN® DIRAC OPERATOR

The almost complex structure J induces a splitting Tk X @g C = THOX @ 7O X
where T X and TV X are the eigenbundles of J corresponding to the eigenvalues
v/—1 and —v/—1 respectively. Let T*(19X and T*®DX be the corresponding dual
bundles. For any v € TX with decomposition v = vy + v, € THIX @ TOVX,
let v}, € T*®DX be the metric dual of vig. Then c(v) = V2(}y A —iy,,) defines
the Clifford action of v on A(T*®YX), where A and 4 denote the exterior and interior
product respectively. Set
(2.1) to = inf Rl (u,@)/|ul2ex > 0.

weT MO X, e x

Let VI be the Levi-Civita connection of the metric g?*. By [21, pp.397-398], VIX
induces canonically a Clifford connection Vi on A(T*OVX) (cf. also [25, §2]). Let
VEr be the connection on E, = A(T**VX) ® [P ® E induced by Vi VL and V¥,
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Let ( )p, be the metric on E, induced by ¢”*, k% and h”. Let dvy be the Riemannian
volume form of (T'X,g?*). The Ly—scalar product on Q% (X, [P @ E), the space of
smooth sections of £, is given by

(2.2) (s1,82) = / (s1(x), 52(2)) g, dvx (z).
be
We denote the corresponding norm with ||-|| 2. Let {e;}; be an orthonormal basis of T'X.

Definition 2.1. The spin® Dirac operator D, is defined by
2n

(2.3) D,=) c(e)VZ : Q" (X, @ E) — Q" (X, [’ ® E).
j=1

D, is a formally self-adjoint, first order elliptic differential operator on Q%*(X, L’ ® E),
which interchanges Q%°V*(X, LP ® FE) and Q%°44(X [P @ E).

We denote by PT"”X the projection from Tg X ®g C to TEOX. Let VI""X =
pTHOX gTX pT9X ho the Hermitian connection on T X induced by VX with cur-
vature RT"X . Let V4T X) be the connection on det(TM9 X)) induced by vTerx
with curvature R = Tr[RT"X]. Let {w;} be an orthonormal frame of (019 X, g7X).
Set

(2.4) wa=— Y RYw, W) W" A im,,  7(z) = ZRL(wj,mj>.

I,m

Let 7 is the scalar curvature of (T'X, g7%), and

c(R) = Z (RE +3Tr [RTU’O)X]) (e, em) cler) clem) -

<m

Then the Lichnerowicz formula [3, Theorem 3.52] (cf. [25, Theorem 2.2]) for D is
(2.5) D2 = (V)" VP — 2pwy — pr + ¥ 4+ ¢(R),

If A is any operator, we denote by Spec(A) the spectrum of A.
The following simple result was obtained in [25, Theorems 0.1, 2.3] by applying the
Lichnerowicz formula (cf. also [8, Theorem 1] in the holomorphic case).

Theorem 2.2. There exists C, > 0 such that for any p € N and any s € Q7% X, L ®
E) =D, 09X [PQE),

(2.6) 1Dpslze = (2puo — Cr)llsl 72

Moreover SpecD? C {0} U [2ppo — C, +o0l.
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3. BERGMAN KERNEL

In this Section, we will study the uniform estimate with its derivatives on t = \/Lﬁ of
the heat kernel and the Bergman kernel of Dg as p — oo. The first difficulty is that the
space Q%*(X, [P ® E) depends on p. To overcome this, we will localize the problem to
a problem on R?". Now, after rescaling, another substantial difficulty appears, which is
the lack of the usual elliptic estimate on R?" for the rescaled Dirac operator. Thus we
introduce a family of Sobolev norms defined by the rescaled connection on LP, then we
can extend the functional analysis technique developed in [7, §11], and in this way, we
can even get the estimate on its derivatives on ¢t = ip.

This section is organized as follows. In Section 3.1, we establish the fact that the
asymptotic expansion of B,(x) is local on X. In Section 3.2, we derive an asymptotic
expansion of D, in normal coordinate. In Section 3.3, we study the uniform estimate
with its derivatives on t of the heat kernel and the Bergman kernel associated to the
rescaled operator LY from Dﬁ. In Theorem 3.16, we estimate uniformly the remainder
term of the Taylor expansion of e~** for u > uy > 0,t € [0,1]. In Section 3.4, we
identify J,, the coefficient of the Taylor expansion of e L% with the Volterra expansion
of the heat kernel, thus giving us a way to compute the coefficient b; in Theorem 1.1. In

Section 3.4, we prove Theorems 1.1, 1.2.

3.1. Localization of the problem. Let a* be the injectivity radius of (X, ¢’%), and
e € (0,aX/4). We denote by BX(z,¢) and BT=X(0,¢) the open ball in X and T,X
with center z and radius ¢, respectively. Then the map T,X > Z — expX(Z) € X is
a diffeomorphism from BT=X(0,¢) on BX(x,¢) for ¢ < a*. From now on, we identify
BT=X(0,¢) with BX(z,¢).

Let f: R — [0,1] be a smooth even function such that

(3.1) flv) = { 1 for |v] <e/2,

0 for |v|>e.

Set
+oo +o0

(3.2) F(a) :< N f(v)dv)l/_ e f(v)dv.

o0}

Then F(a) lies in Schwartz space S(R) and F'(0) = 1.

Let P, be the orthogonal projection from Q%*(X, L ® E) on Ker D,, and let P,(z,2’),
F(D,)(z,2") be the smooth kernel of P,, F(D,) with respect to the volume form dvx (z').
Then by (1.2)

(3.3) B,(x) = P,(x,x).

Proposition 3.1. For any [,m € N, there exist C},, > 0 such that
(3.4) |F(D,)(z,2") = Py(z,2")|emxxx) < Crmp ™"
Here the C™ norm is induced by VI, V¥ and V.
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Proof. For a € R, set

(3.5) Pp(a) = L ypm,+ool(lal) F(a).
Then by Theorem 2.2,
(3.6) F(Dp) - b= ¢p(Dp)~

By (3.2), for any m € N there exists C,, > 0 such that
(3.7) sup la|"|F(a)] < Cpp.

As X is compact, there exist {z;}7_, such that {U; = BX(x;,€)}7_, is a covering of X.
We identify B%=%(0,¢) with B¥(x;,¢) by geodesic as above. We identify (TX)z, (E,)z
for Z € BT%(0,¢) to T,,,X, (E,)., by parallel transport with respect to the connections
VTX VP along the curve vz : [0,1] 3 u — exp) (uZ). Let {e;}; be an orthonormal
basis of T, X. Let ¢;(Z) be the parallel transport of e; with respect to V¥ along the
above curve. Let I'P 'Y TCHf be the corresponding connection forms of V¥, V¥ and
VU with respect to any fixed frame for E, L, A(T*®YX) which is parallel along the
curve vz under the trivialization on Uj.

Denote by Vi the ordinary differentiation operator on 7, X in the direction U. Then

(3.8) Dy =3 @) (e, + pUH(E) + T(E) + TE ().

J
Let {®;} be a partition of unity subordinate to {U;}. We define a Sobolev norm on the
I-th Sobolev space H'(X, E,) by

(3.9) Isllz; = ZZ Z Ve, Ve, (is)ll1:

i k=1 iy-ip=1

Then by (3.8), there exists C' > 0 such that for p > 1, s € H'(X, E,),
(3.10) Isllry < C[[Dpsl|r2 + plls]lr2)-

Let @ be a differential operator of order m € N with scalar principal symbol and with
compact support in U;, then

(3.11) [D,,Q] = Zp c(&;)T +Z[ (V POl )+FE(6])> Q}

which are differential operators of order m — 1, m respectively. By (3.10), (3.11),

(3.12) |1@sllmy < CUIDpQs| L2 + pllQs]|22)

< C(1@Dyps| 2 + plls ay)-
From (3.12), for m € N, there exists C/, > 0 such that for p > 1.
(3.13) sl geer < Co(1Dpslege + pllsllag)-
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This means

m—+1

(3.14) Il s < G Y 9™ D3s g
j=0

Moreover from (D' ¢,(D,)Qs, s') = (s, Q*¢,(D,)D's’) , (3.5) and (3.7), we know that
for I,m,m' € N, there exists C,, ,,v > 0 such that for p > 1,
(3.15) ”D;n/@o(Dp)QSHLQ < Cm,m’p_HmHSHL2-

We deduce from (3.14) and (3.15) that if P, are differential operators of order m,m’
with compact support in U;, U; respectively, then for any [ > 0, there exists C; > 0 such
that for p > 1,

(3.16) 1Pou(Dp)Qsl 2 < Cip™[Is |l 2.
On U; x Uj, by using Sobolev inequality and (3.6), we get our Proposition 3.1. 0

By the finite propagation speed [13], [16], [12, §7.8], [27, §4.4], F(D,)(z, ') only
depends on the restriction of D, to B*(z,¢), and is zero if d(z,2") > . Thus we know
that the asymptotic of P,(x,2’) as p — oo is localized on a neighborhood of .

To compare the coefficients of the expansion of P,(z, 2") with the heat kernel expansion
of exp(—}%Dﬁ) in Theorem 1.2, we will use again the finite propagation speed to localize
the problem.

Definition 3.2. For u > 0,a € C, set
dv
Vor’

Ha(o) = [ emexp(=5)01 - f0) =

The functions G\, (a), H,(a) are even holomorphic functions. The restrictions of G,,, H,
to R lie in the Schwartz space S(R). Clearly,

(3.17) Gula) = [ o= Sy

—00

u u
(3.18) G;(\/;Dp) + H% (Dp) = exp(—z—pr)).

Let G%(ﬂDp)(Ji,l‘/), Hy (Dy)(z,2") (z,2" € X) be the smooth kernels associated to
G ( \/%Dp), Hx(D,) calculated with respect to the volume form dvx (z').

Proposition 3.3. For any m € N, ug > 0, > 0, there exists C > 0 such that for any
r,o' € X, peN, u>u,

82

< Cpm+2n+2 exp(——p)

(3.19) ‘H%(Dp)(q:,:c') S -
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Proof. By (3.17), for any m € N there exists C,, > 0 (which depends on ¢) such that

2
(3.20) sup |a|™ | Hy(a)] < Cyn exp(——).
a€R 8u
As (3.16), we deduce from (3.14) and (3.20) that if P, Q are differential operators of
order m, m’ with compact support in U;, U; respectively, then there exists C' > 0 such
that for p > 1, u > wy,

2

m+m’ ep
(3.21) |PH: (D@5l < Cp™™ exp(==L) sl
On U; x Uj;, by using Sobolev inequality, we get our Proposition 3.3. 0

Using (3.17) and finite propagation speed [12, §7.8], [27, §4.4], it is clear that for
r, 2 € X, G%(\/%Dp)(x,a:’) only depends on the restriction of D, to B¥(x,¢), and is

zero if d(z,z") > e.

3.2. Rescaling and a Taylor expansion of the operator D,. Now we fix zy € X.
We identify Lz, Ez and (E,)z for Z € B™=%(0,¢) to Ly, E., and (E,),, by parallel
transport with respect to the connections VL, V¥ and V¥ along the curve vy : [0,1] 2
u — expy (uZ). Let {e;}; be an oriented orthonormal basis of T,,X. We also denote
by {e'}; the dual basis of {¢;}. Let €;(Z) be the parallel transport of e; with respect to
VTX along the above curve.

Now, for ¢ > 0 small enough, we will extend the geometric objects on BT=0% (0, ¢) to
R*" ~ T, X (here we identify (Zy, -+, Zs,) € R*" to Y, Zie; € T, X) such that D, is
the restriction of a spin® Dirac operator on R?" associated to a Hermitian line bundle
with positive curvature. In this way, we can replace X by R?".

First of all, we denote Lo, Fy the trivial bundles L,,, E,, on X, = R?". And we
still denote by V& VE hl etc. the connections and metrics on Ly, Ey on BT=:%(0, 4¢)
induced by the above identification. Then h%, h¥ is identified with the constant metrics
hto = htwo hFo = hFeo. Let R =Y, Z;e; = Z be the radial vector field on R*™.

Let p: R — [0,1] be a smooth even function such that

(3.22) p(v) =1 if |v| <2; pv)=0 if |v| > 4.

Let . : R™ — R is the map defined by ¢.(Z) = p(|Z]/e)Z. Let g'*(Z) =
9" (0:(2)), Jo = ¢*J be the metric and complex structure on X,. Let VE = ¢VE,
then V0 is the extension of V¥ on BT=0X(0,¢). Let VL0 be the Hermitian connection
on (Lo, ht) defined by

(3.23) Vil = @IV 4 (1 - 2121/ RE(R, ).
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Then we calculate easily that its curvature RF0 = (V£0)2 is
1
(3:24) R™(2) = oi R+ 5d((1 = p%(121/2))RE,(R. )

_ 1(1 ~ 0*(121/2) ) RE, + p*(12/2) RE 2

2
, Zie" L L
=~ (e0)(121/) ) Tz M Bw(Re) = R )R]
Thus R is positive in the sense of (2.1) for ¢ small enough, and the corresponding
constant s for R is bigger than %uo. From now on, we fix ¢ as above.

Let 7%V X, be the anti-holomorphic cotangent bundle of (X, Jy). Let VAT D X0) e
the Clifford connection on A(T*®Y X)) induced by the Levi-Civita connection V7*0 on
(X0, g7%0). Let RFo, RTXo, RATOVX0)®E0 g the corresponding curvatures on Ey, T' Xy
and A(T*OV X)) ® E.

We identify A(T*®VX,), with ATV X) by identifying first A(T*®DX,), with
A(T;S()’Zl)) ), which in turn is identified with A(T;”YX) by using parallel transport
along u — wp.(Z) with respect to VAT PX0) - We also trivialize A(T*DX,) in this
way. Let Sp be an unit vector of L,,. Using S; and the above discussion, we get an
isometry A(T*OV X)) ® Ey ® L8 ~ (AM(T*OVX) ® E),, = E,,.

Let Dfo be the Dirac operator on X associated to the above data by the construction
in Section 2. By the argument in [25, p. 656-657], we know that Theorem 2.2 still holds

for D;Y°. In particular, there exists C' > 0 such that
(3.25) Spec(D})* € {0} U [ppo — C, +o0l.

Let P be the orthogonal projection from Q°*(X, L{® Ey) ~ C*(Xo, E,) on Ker D)X,
and let P)(x,2’) be the smooth kernel of P) with respect to the volume form dvx, ().

Proposition 3.4. For any l,m € N, there exists Cp,, > 0 such that for x,2' €
BT=0X(0,¢),
(3.26) (B = Bp)(w,a)| < Crmp™"

Proof. Using (3.2) and (3.25), we know that P} — F(D,) verifies also (3.4) for z,z’ €
B™x0X(0,¢), thus we get (3.26). O

To be complete, we prove the following result in [3, Proposition 1.28].

Lemma 3.5. The Taylor expansion of ¢;(Z) with respect to the basis {e;} to order r is
a polynomial of the Taylor expansion of R*™ to order r — 2. Moreover we have

B2 a2 =a- S (EFR R G e+ Y (500 05

al’
|ae|>3
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Proof. Let TT¥ the connection form of VX with respect to the frame {€;} of TX. Let
0; = V., be the partial derivatives along e;. By the definition of our fixed frame, we
have ir['7* = 0. As in [3, (1.12)],

(3.28) LRI = [ig, dTTY = i (dl'"* + TTX ATTX) = ig RT¥.
Let ©(Z) = (05(Z));7_, be the 2n x 2n-matrix such that
(3.29) b= S G25(2), 5(2) = ©2) e
J

Set 07(Z) = .67 (Z)e! and
(3.30) 0=> c@e=) 05T XRTX.
- .

J

As VT¥ is torsion free, VI¥0 = 0, thus the R*"-valued one-form 6 = (67(7)) satisfies
the structure equation,

(3.31) do+TTX No=0.

Observe first that (cf. [3, Proposition 1.27])

(3.32) R=Y Zij(Z), irf=> Zje;=R.
J J

Substituting (3.32) and (Lr — 1)R = 0, into the identity iz (df + I'TX A §) = 0, we
obtain

(3.33) (Lr —1)LrO = (Lr — 1D)(dR+TT*R) = (LRIT*)R = (ir R**)R.
Using (3.32) once more gives
(3.34) ie,(Lr — 1) LRO'(Z) = (R™(R,€;)R, &) (Z).
Thus
(3.35) > (ol + Ial)(f?“@é)(())% = (R"™(R,¢;)R, &) (Z).
la|>1

Now by (3.29) and ¢’(z¢) = d;, (3.35) determines the Taylor expansion of 2(Z) to
order m in terms of the Taylor expansion of RTX to order m — 2. And

1
6
By (3.29), (3.36), we get (3.27). O

For s € C*°(R* E,,) and Z € R?", for t = \/Lﬁ, set

(3.37) (S,5)(Z) = s(Z/t), V.= St_ltVA(T*(OJ)XO)@EO@LgSh
D, = S, 4D;°S,, Ly = 57 '* D025,

(3.36) (O =4y (RIX(R,e;)R.e;) + O(|Z).
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Denote by Vi the ordinary differentiation operator on 7,,X in the direction U. If
a = (ag, - ,ay,) is a multi-index, set 2% = 27" --- Z5". Set

1
(3.38) 00 = cley) (vej + 5B (2 ej>).
J
Theorem 3.6. There exist B;, (resp. Ai,, resp. Ci,) (r € Nyi € {1,---,2n}) homoge-
neous polynomials in Z of degree r with coefficients polynomials in RTX, R RE (resp.
RTX | resp. R, RTX) and their derivatives at xo to order r — 1 (resp. v —2, resp. r — 1,
r —2) such that if we denote by

2n
(3.39) Oir= ZAi,rvei +Bi,-1+Civt1, O, = Z c(€)O;r,
i i=1
then
(3.40) D, =0+ Y 'O, + O(t™).

r=1

Moreover, there exists m' € N such that for any k € N, t < 1, |tZ| < ¢, the derivatives of
order < k of the coefficients of the operator O(t™ ) are dominated by Ct™+' (14 |Z|)™ .

Proof. By the definition of VO €, for Z € R*",

(3.41) [V, (@) (t2)] = (V3 €)(tZ) =0,
Thus we know that under our trivialization

(3.42) c(e;)(tZ) = c(e;j).

We identify (det(TH0 X)), for Z € BT0X(0,¢) to (det(T™Y X)),, by parallel trans-
port with respect to the connection vdet(TH0X) along the curve v;. Let I', 't and I'*
be the connection forms of VE, VaetT""X) and VL with respect to any fixed frames for
E, det(T9X) and L which are parallel along the curve 7, under our trivialization on
BT#X(0,¢). Then the corresponding connection form of A(T**VX) is
(3.43) ol — i (T"Xey, &) cley)c(er) + %Fdet.

Now for I'* = I'E, T'F or I'%* and R* = R, RF or R respectively, by the definition
of our fixed frame, we have as in (3.28)

(3.44) irl* =0, LRT* = [ig,dT"* = in(d[* +T* AT®) = iz R".

Expanding the Taylor’s series of both sides of (3.44) at Z = 0, we obtain

« «

(3.45) Sl + D@ T e) 2y = S0 Ry (Roe) 2y

« «
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By equating coefficients of Z% on both sides, we see from this formula

aTe Za 1 (0% ° Za
(3.46) S Tle) G = 5 3 R
Especially,
L] 1 [ ]
(3.47) airg;o (ej) = §Ra:0 (€, €5)-

Furthermore, it follows that the Taylor coefficients of I'*(e;)(Z) at zy to order r are
determined by those of R® to order r — 1.
By (3.38), (3.42), for t = 1/,/p, for |Z| < |/pe, then

; 1
(3.48) Viz =V + (T 48 1 ;FL)(tZ),
2n
D; = Z C(ej)vt,éj(tZ)’Z-
j=1
By Lemma 3.5, (3.45) and (3.48), we get our Theorem. O

3.3. Uniform estimate on the heat kernel and the Bergman kernel. Recall that
the operators L}, V; were defined in (3.37). We also denote by (, ), and || ||o the scalar
product and the L? norm on C*®(Xy, E,,) induced by g”*o hF as in (2.2).

Let durx be the Riemannian volume form on (7}, X, g"0X). Let k(Z) be the smooth
positive function defined by the equation

(3.49) dvx, (Z) = Kk(Z)dvrx(Z).

with £(0) = 1. For s € C*(T,,, X, E,,), set

(3.50) Isli2o = / 120 gy B0 (£2) = £ Susl

m 2n
||S||§,m = Z Z ||vt7€i1 T vt,eilSHtQ,O'

1=0 i1, ij=1

We denote by (s', s), , the inner product on C*(X, E,,) corresponding to || [|7,. Let
H™ be the Sobolev space of order m with norm || ||;,.. Let H; * be the Sobolev space of
order —1andlet || ||;_; bethe norm on H; ' defined by ||s;_1 = SUPoss et | (8,8 )0 /118 [le1-
If Ae Z(H™ H™) (m,m' € Z), we denote by || ||™™ the norm of A with respect to
the norms || ||¢m and || ||¢ -

Then L] is a formally self adjoint elliptic operator with respect to || |7y, and is a
smooth family of operators with parameter zy € X.
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Theorem 3.7. There exist constants Cy,Co,Cs > 0 such that for t €]0,1] and any
s, € CP(R*™ E,,),
(3.51) (Lys,5),0 2 CillsliEy — CallsllZ,

| (L35,8"), | < Csllslleallslles-
Proof. Now from (2.5),
(3.52)  (Dy°?%s,s), = VAT O Xo)oBoLy g2 ((—2pwa —pr + 37° + ¢(R)) s, 5), -
Thus from (3.50), (3.52),

(3.53) (Ls, s>t70 = || Vusl?o + <<—25't_1wd -5+ %S[er + tQSt_lc(R)) S, s>t0.

From (3.53), we get (3.51). O

Let 0 be the circle in C of center 0 and radius /4, and let A be the oriented path
in C which goes parallel to the real axis from +oo + ¢ to & + ¢ then parallel to the
imaginary axis to & — 4 and the parallel to the real axis to +-00 — 1.

By (3.14), (3.37), for ¢ small enough,

3
(3.54) SpecLi C {0} U [Zﬁbo, +ool.
Thus (A — L) ™! exists for A € § U A.

Theorem 3.8. There exists C > 0 such that fort €]0,1], A€ JUA, and xy € X,

(3.55) (A =LY < o,
A= LY7H M < o+ AP).

Proof. The first inequality of (3.55) is from (3.54). Now, by (3.51), for Ay € R, g <
—20,, (Mo — L%)~" exists, and we have ||(\g — L)', < C% Now,

(3.56) (A= L) = (o= Ly) 7+ (A= X)X = L) (Ao — L) .
Thus for A € 6 U A, from (3.56), we get

1 4

3.57 A=LH) < = (14 —|A =Xl |
(3.57) I( 2l = c, +,U0| ol
Now we change the last two factors in (3.56), and apply (3.57), we get

. 1 A= o 4
3.58 ALY < =+ (1+—/\—)\)
(3.58) I( )l < c K Mol ol

< C(1+AP).

The proof of our Theorem is complete. 0J
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Proposition 3.9. Take m € N*. There exists C,, > 0 such that fort €]0,1], Q1,--- ,Qm €
{vt#ﬁﬂ Zl}?gl and S, s’ € OgO(R2n7 EIO)7

(3.59) ‘<[Q1, [Qa, -, [Qm, L5]] - - s, S’>t,0

Proof. Set g;;(Z) = g**(e;,¢;)(Z). Let (¢”(Z)) be the inverse of the matrix (g;;(Z)).
Let VIXoe; = I'}(Z)ey, then by (2.5),

(3.60) L5(Z) = —g”(tZ)(VieVie, = tT5(t2)Vie,)
—2wq(tZ) + T(tZ) + *(3r* + c(R))(t2).

Note that [Vi,,, Z;] = 0;5. Thus by (3.60), we know that [Z;, L}] verifies (3.59).
Note that by (3.37)

(3.61) (Vi Vie,] = (RLO (tZ) + 2RMT "D X0)@Ey (tZ)) (ei,€5).

Thus from (3.60) and (3.61), we know that [V,.,, L5] has the same structure as L} for
t €]0,1], i.e. [Vie,, L] has the type as

(3.62) > i (ttZ)V e Ve, + Y it tZ) Ve, + c(t, tZ),
ij i
and a;;(t, Z),bi(t, Z),c(t, Z) and their derivatives on Z are uniformly bounded for Z €
R?*" ¢ € [0, 1]; moreover, they are polynomial in t.

Let (Vi.,)" be the adjoint of V., with respect to (, ), ,, then by (3.50),

(3.63) (Vi) = =Vie, = (k7' Ve k) (t2),

the last term of (3.63) and its derivatives in Z are uniformly bounded in Z € R*", ¢ €
[0, 1].

By (3.62)and (3.63), (3.59) is verified for m = 1.

By iteration, we know that [Q1, [Qa, - .., [@Qm, L5]] . . .] has the same structure (3.62) as
LY. By (3.63), we get Proposition 3.9. O

Theorem 3.10. For any t €]0,1], A € § UA, m € N, the resolvent (A — L)™' maps
H™ into H"™. Moreover for any o € Z*", there exist N € N, Cam > 0 such that for
t€]0,1], A€ JUA, s € C°(Xy,E,,),

(3.64) 12X = L8) sllegn+1 < Cam(L+ AN Y 12%s]ltm-

o' <a

Proof. For Q1,- -+, Qm € {Vie, }"1, Qmits -+, Qumlal € {Z:}22,, We can express @ - - -
Qm+ja|(A — L5)~" as a linear combination of operators of the type

(3'65) [Qla [Q% s [QmU ()‘ - L;)_IH - -}Qm’—i—l T Qm-i-lal m’ <m+ |&|
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Let %, be the family operators %, = {[Q,,, Qs - .- [Qj,, Li]] .. .]}. Clearly, any com-

mutator [Q1, [Q2, ... [Qm, (A — LE)71]]...] is a linear combination of operators of the
form
(3.66) (A= L) 'Ry(A =Ly 'Ry Ry (A — L5) ™!

with Ry, -+, Ry € Z,.

By Proposition 3.9, the norm || ||;"~" of the operators R; € %, is uniformly bound by
C. By Theorem 3.8, we find that there exist C' > 0, N € N such that the norm || ||
of operators (3.66) is dominated by C(1 + [A]?)V. O

Let e“%(Z,2"), (Lbe "!2)(Z, Z') be the smooth kernels of the operators e =L, (LLe—"F%)
with respect to dvrx(Z’). Note that L are families of differential operators with coeffi-
cients in End(E,,) = End(A(T*OYX) ® E),,. Let 7 : TX xx TX — X be the natural
projection from the fiberwise product of TX on X. Then we can view e “L2(Z, zZ",
(LieF%)(Z, Z') as smooth section of 7*(End(A(T**VX) @ F)) on TX xx TX. Let
VEME) he the connection on End(A(T**YX) ® E) induced by VO and VF. And
VErE) induces naturally a C™-norm for the parameter z, € X.

Theorem 3.11. There exist C" > 0 such that for any m,m' € N, ug > 0, there exist
C >0, N € N such that fort €]0,1], u > ug, Z,2" € T,,, X,

‘ glaltlel  gr

—uLg 7 Z/
02702 ot (4.2)

(3.67) sup

lal,|a’|,r<m

om' (X)

NN 1 20" ,
SC(1+|Z’+’Z|) exp(iuou_ ‘Z Z’ )
lal+lal gr .
su R — Lt —uls Z Z/
Ia\,la'l,prsm YA Y A 6tr( ) ) o (X)
AN 1 C// ,
<O+ 12|+ 12D exp(=pou = =12 = Z').

here C™ (X)) is the C™ norm for the parameter xo € X.

Proof. By (3.54), for any k € N*,

R G DA G V) / —ur t\—k
. - .y
(3.68) e e Sy " e (A= Ly) dA,
Loy (CDMNE 1) —u k
Dot = S [ e my)

For m € N, let Q™ be the set of operators {V;,, - Vie, }j<m. From Theorem 3.10, we
deduce that if Q € Q™, there is M € N such that if A\ € 0 U A

(3.69) QA — LE)™I9° < Cr (1 + [APH)M
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Next we study L5, the formal adjoint of L} with respect to (3.50). Then L5 has the
same structure (3.62) as the operator L, especially,

(3.70) IR = LE)™™ 2 < Con(1+ AP
After taken the adjoint of (3.70), we get
(3.71) IO = L5) 7™ QI < Cru(1+ [AP)M.
From (3.68), (3.69) and (3.71), we get if Q,Q" € Q™,
(3.72) |Qe Q" < Crexter,
|Q(Ze ™ QI < Cre™ 20"
Let| | be the usual Sobolev norm on C*°(R?", E,, ) induced by hF= = BT X)@ B

and the volume form dvrx(Z) as in (3.50). Observe that by (3.48), (3.50), there exists
C > 0 such that for s € C®°(Xy, E,,), supp s C BTX(0,q), m >0,

1 —m m
(3.73) L+ Isllem < Islm < C(L+ @)™ [[s]lem.
Now (3.72), (3.73) together with Sobolev’s inequalities implies that if @, Q" € Q™,
(3.74) sup  |QzQlye (2, 2)| < C(1 + )2 earon,
1Z112"1<q
sup  |QzQYy (Lhe™2)(Z,Z")| < C(1 + q)*"*? e zHou,
121,12"1<q

Thus by (3.48), (3.74), we derive (3.67) for the case when r =m’ =0 and C” = 0.
To obtain (3.67) in general, we proceed as in the proof of [6, Theorem 11.14]. Note
that the function f is defined in (3.1). For h > 1, put

+oo 2 v
(3.75) Kypn(a) = /_ exp(ivv2ua) exp(—;)(l - f(% 2uv)> \;lﬁ

Then there exist C’, Cy > 0 such that for any ¢ > 0, m, m’ € N, there is C' > 0 such that
for t €]0,1],u > up, a € C,|Im(a)| < ¢, we have

m/ C
(3.76) la|™ K (a)] < C exp (C'62u - —1h2>.

: u
For any ¢ > 0, let V. be the images of {\ € C,|ImA| < ¢} by the map A — A\?. Then
V. ={A € C,Re(A) > 5Im(A\)? —?}, and 6 UA C V, for ¢ big enough. Let K, be the
holomorphic function such that K, ;(a?) = K, n(a). Then by (3.76), for A € V.,

~ (o C

(3.77) AR (V)] < Cexp <C’02u - Elh2>.
Using finite propagation speed and (3.75), we find that there exist a fixed constant (which
depends on €) ¢ > 0 such that

(3.78) Kun(I8)(Z,2') = e 5 (2,2") it |Z = Z'| > ¢h.
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By (3.77), we see that given k € N, there is a unique holomorphic function [?u,h,k:()\)
defined on a neighborhood of V. such that it verifies the same estimates as K, in (3.77)
and K, px(A) — 0 as A — 4o00; moreover

(3.79) EE D0 /(k = 1)1 = Kuu(N).
Thus as in (3.68),

~ 1
(3.80) Kon(Lb) = — / Ky AN — LE)7Fd),
JUA

211
1
)

By (3.69), (3.71) and by proceeding as in (3.72)-(3.74), we find that for K(a) = [?%h(a)
or aK, p(a), for |Z|,|Z'| <q,

LYK, p(L5) = /A AR (V) (A — L) 7Fd.

Plal+la’| 4

3.81 sup | ——K(LY)(Z,Z)| < C(1 + ¢)V exp(C'Pu — —h?
(3.81) o zeoz (L3)(Z,2")| < C(1+q)" exp( )
Setting h = £|Z — Z'| in (3.81), we get for o, o verified |, ]a/| < m,

plal+la| )
(3.82) WK(L’;)(Z, N < CA+1Z)+12')N exp(C'cPu — 20’2u’Z —7'%).
By (3.67) for r =m/ = C" =0, (3.82), we get (3.67) for r = m/ = 0.

To get (3.67) for r > 1, note that from (3.68), for £ > 1
Oy (=DFN(k 1) —n 9" t\—k
. —e "2 = YA— (X — Lg) "dA.
(3:83) ot 2miuk—1 /5uA ‘ 825"( 2)
We have the similar equation for %(Lt e L), Set
J
(3.84) I, = {(k,r) = (ki, )] Zki — k45 = ki € N*}.
i=0 i=1
Then there exist a¥ € R such that
oL o"i L
K _(\ _ 7ty—ko 20y _ riy—ki .. 20y _ 7t\—k
Bs5) A = 0=y a -y DR
o t\—k k gk
Ot ()\ - LQ) = Z arAr ()\7t)
(kvr)elk,'r

We claim that AX(\,t) is well defined and for any m € N, there exist C' > 0, N € N
such that for A € 0 U A, s € C5°(Xo, E,,),

(3.86) IAE D8l < CAHADY D N2 lerm—-
lal<2r

In fact, by (3.60), &=L} is combTmatlon of 2 (ggx‘) (tZ))(gf2 Vie) (2 Vie,;), 2 (b(t2)),
S (ai(t2)) (25 Vie,). Now 22 (b(tZ)) (vesp. £::Vie,) (r1 > 1) are functions of the
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type as b/ (tZ)ZP, | 3] < ry (resp. 1 + 1) and b'(Z) and its derivatives on Z are bounded
smooth functions. Thus by (3.64), we get (3.86).

By (3.83), (3.85) and the above argument, we get the similar estimates (3.67) with
m' = C" =0, (3.82) for Zreule, O (LLeuL2). Thus we get (3.67) for m’ = 0.

Finally, for U a vector on X,

7 En t —1k_1]{3—1! ~* En
o o U oy g
2miuh1 SUA
NOZV, by using the similar formula*(3.85) for VJ, End(®) (\ — L4)~* by replacing _6;}13 by
A Erd®) 1t and remark that \ Frd®) 1t is a differential operator on T, X with the

same structure as L. Then by the above argument, we get (3.67) for m’ > 1. O

Let Py be the orthogonal projection from C*°(Xy, E,,) to the kernel of L} with respect
to (, ),o- Set

1
—/ "M\ — L),
21 JA

Let Py, (Z,7"), F.(L5)(Z,Z") be the smooth kernels of Py, F,(L,) with respect to
d’UTx(Z/). Then by (354),

(3.88) F,(LL) =

+o0
(3.89) Fu(LL) = e='5 — Py, — / Lhe— L, .

Corollary 3.12. With the notation in Theorem 3.11,

lal+la’l gr
(3.90) sup

= Z R(IY(Z, 7
ol ol r<m | 02002 Ot (15)(2,Z)

cm(X)
1
< C(1+12] +|Z)) exp(— gpou — v/C'iol 7 = 7).

Proof. Note that £pou + %N\Z —7'1? > \/C"up|Z — 7', thus

+oo 1 20" |Z Z/|2 77 / oo 1
(3.91) / e AMOMT A duy < eV mlZ=7| / e BHOUL oy
u u

8 o
Ho

By (3.67), (3.89), (3.91), we get (3.90). O

Remark 3.13. Under the condition of Lindholm [22], the metric on the trivial holomorphic
line bundle on C" is ||1|] = e™%/2. Now we use the unit section S; = e#/?1 to trivialize
this line bundle. Then if ¢ is C*°, from (3.67), (3.89), (3.90) with r = 0, we can derive
the off-diagonal estimate of the Bergman kernel on C". Actually, the C°-estimate was
obtained by Lindholm [22, Prop. 9.
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For k big enough, set

(-1 Ak Ak
92 Fo.= FAS(N, 0)dA,
(3.92) P py 0)
kI‘ elkr
(=D l(k—l)-/ o K 4k
Jru = ; “ A )\, 0 d)\,
’ 2mirluk—1 SUA ‘ Z arAr (A 0)
(kvr)elk,r
1o . 10" _ .
Fr,u,t - F%Fu(LQ) - Fr,m Jr,u,t - ﬂ@tre 2 = Jr,u'
Certainly, as t — 0, the limit of | ||;,, exists, and we denote it by || ||o,m-

Theorem 3.14. For any r,k > 0, there exists C > 0, N € N such that fort € [0,1],\ €
dUA,

oLy oL >

(3.93) H( S~ gl

<Ct Y [12%]los,

0.1 o] <r+2

(- = Y asar0)s| <o By Y 120

(k,r)El, ’ |a|<3r+2

Proof. Note that by (3.48), (3.50), for ¢ € [0, 1],
(3.94) Islleo < Clislloos  lIsllen < C Y 12%s]lo-

|| <k

An application of Taylor expansion for (3.60) leads to the following equation, if s, s’ has
compact support,

oLy oL
3.95 22 > < Ct||s' Z%$l0.1-
399 (G Gk y) [ SO 3 17

|oo| <r+2

Thus we get the first inequality of (3.93). Note that

(3.96) A=Ly) ' = (A= Ly) ™ = (A= Ly) (L — Ly)(A = Ly) ™"
Now from (3.95) and (3.96),
(3.97) (A= L) = (A= L)) 8[|, < CHA+ A" > 112%]lo.r.

o <2

Now from the first inequality of (3.93) for r = 0, (3.85) and (3.97), we get (3.93). O

Theorem 3.15. There exist C > 0, N € N such that for t €]0,1], u > ug, ¢ € N,
7,7 e T,, X, |Z|,|7'| <q,

(3.98) <O /2@t (] 4 g)N e gmou

Fr,u,t(Z7 Z/)

SC’tl/w”H)(l _i_q)Ne%,uou.

Jr,u,t(Zv Z/)
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Proof. Let Jgqu be the vector space of square integrable sections of E,, over {Z €
T, X, |Z] < q+ 1} If s € J) , put |s ||(q f|Z|§q+1 |3|%IodvTX(Z). Let ||Al|(q) be the
operator norm of A € Z(J2, ) with respect to || |- By (3.83), (3.92) and (3.93), we
get: There exist C' > 0, N € N such that for t €]0, 1], u > wy,

(399) HFr,u,tH(q) S Ct(l —+ q)]\fef%}lou7
[ Tratll @ < Ct(1+ @) piHoU

Let ¢ : R — [0, 1] be a smooth function with compact support, equal 1 near 0, such
that [, . #(Z)dvrx(Z) = 1. Take v €]0,1]. By the proof of Theorem 3.11, F,,,, verifies
zQ

the similar inequality as in (3.90). Thus by (3.90), there exists C' > 0 such that if
’Z|7 ‘Z/’ S q, U7 U/ € E:E()?

(3.100) ( (Frua( 2, 2U,U"Y — / (Frwi(Z — W, 2Z' — WU, U")

Too X XTypy X
= d(W/0)p(W' [v)dvrx(W)dvrx (W')| < Cu(1 + q)Ve™ sk |U||U|.
On the other hand, by (3.99),

(3.101) (/ (Frwi(Z — W, Z' — WU, U
T, XngE0

1
(W)W [1)dvrx (W)dvrx (W[ < Ct— (14 g) Ve U||U').
By taking v = tl/Q(Q”H), we get (3.98). In the same way, we get (3.98) for J, . O

Theorem 3.16. For any k,m,m’ € N, there exist N € N, C,C" > 0 such that if
t €]0,1],u > uy, 2, 2" € T,;, X,

lal, o |<m | 0299 2"

Hlal+a'| K
102 —(Fu L) — Fmﬂ> 7.7
(3.102) sup (L) ; )22,

1
< CHH(1+ |2+ 12)) expl—puon — Vol Z = 7)),

glal+la’t k ; ,
|5z (7 = ) 2.2)

"L/
r=0 em(X)

C//

1
< CtH(1+12] +17')" exp(gpou — =17 = 7).

Proof. By (3.92), (3.98),

1 87“ . 10 _
(3103) F@tr (L )‘t 0o — ru; _'at"’e |t:0 = Jr,u'
Now by Theorem 3.11 and (3.92), J,. ., F;.,, have the same estimates as %e_“y , 2-F,(LY),

n (3.67), (3.90). Again from (3.92), (3.98), and the Taylor expansion, we get (3.102). O
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3.4. Evaluation of J,,. For u > 0, we will write uA; for the rescaled simplex {(uq,--- ,u;)|
0<wu <uy <---<wuj <u}. By (3.40),

(3.104) D? = 02 + i > 0,0, =L+ i Q,t".

r=1 ri+ro=r r=1

Set J = —2my/—1J. By (1.1), J € End(T™? X) is positive, and the J action on T'X is
skew-symmetric. We denote by det¢ for the determinant function on the complex bundle
TN X, By (2.4), (3.60),

1
(3-105) Lg = Z(Vej + §R£0(27 ej))Q - 2"‘)05,900 — Tzo-
J
Let exp(—uL$)(Z, Z') be the smooth kernel of exp(—uL3) with respect to dvpx(Z'). Now
from (3.105) (cf. [5, (6.37), (6.38)])

1 jxo 1 ‘-7960/2
(27T)ndet(c<1 — e—2ujaco> oxp ( - 5 <tanh(U.7¢O)Z’ Z>

1 \7:1;0/2 / / \7500/2 T ! 2
I Z Z (22 xOZ Z uwd,zo .
2 <tanh(u\7$0) ’ > * <sinh(ujx0) ‘ ’ )6

Theorem 3.17. For r > 0, we have

(3.106) exp(—uld)(Z,Z") =

3.107) Jy, = 1 J’/ () Q) o~y )1d
( ) ’ Z ( ) ulA

E:Zzl ri=r,r;>1 J
—u1 LY
Qe 2dyy - -duj,

where the product in the integrand is the convolution product. Moreover, there exist
Jrpp(u) smooth on u €0, 400 such that

(3.108) 52,2 = Y Jppw)Z2°727 e (2, 2)),
181,18 <3r

and Y g1 511<3r 18,0 (w)Z° 2" as polynomial of Z, Z' is even or odd according to whether
T is even or odd.

Proof. We introduce an even extra-variable o such that ¢"*' = 0. Set [ ]l the coeffi-
cient of 0", Ly = Ly +>"_; Q;07. From (3.92), (3.103), we know

1o
rl ot
Now from (3.109) and the Volterra expansion of exp(—uL,) (cf. [3, §2.4]), we get (3.107).

We prove (3.108) by iteration. By (3.106), (3.107) and Theorem 3.6, we immediately
derive (3.108). By the iteration, (3.106) and Theorem 3.6, the polynomial of Z, Z’" has
the same parity with r. O

(3.109) Joal 2,2') = = ——e "2, Z')| 10 = [exp(—uL,)|"(Z, 2').
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3.5. Proof of Theorems 1.1, 1.2. By (3.89), (3.102), for any u > 0 fixed, there exists

C, > 0 such that for ¢t = f’ 2,7 € T, X, xo € X, we have

flad+a| ’ ,

(3110) ‘a|s‘31|)<m 8Z0‘6Z’°‘ ( Ot_zt ru_ 'ru)(Z7Z)
cm'(X)

< Cut™ (1 +12]+2')" exp(=v/C"ol Z — Z')),
Set
(3.111) P" = J.u— Fra.

Then P does not depend on u > 0 by (3.110), as P does not depend on u. Moreover,
by taken the limit of (3.90) as t — 0,

1
(3.112) Fu(2,21)| o < C(1+1Z] + |Z’|)Nexp(—§u0u —\/C"polZ = Z')).
Thus
(3.113) JoulZ,2) = PO(Z,2') + Fru(Z,2') = PY(Z,2') + O(e™5H"),

uniformly on any compact set of T,,, X x T, X.
We denote by [ T,| = (J2)Y2, and by L . the restriction of LY on C*°(R?",C), then

Lye=—) (Ve + §R£O(Z, ;)2 = Tay.
J
Let P(Z,Z') be the Bergman kernel of L87C, i.e. the smooth kernel of the orthogonal
projection from C*°(R?",C) on Ker L%C. Then for Z, 7' € T,,, X,

(3.114) Pz 7)) = Ltedu (

—(27r)n exXp

Now oo — cosh(u| Ty, |) + smh(u|jx0|)|j £ thus Sin‘g?zgo)@“%o = %(|\7x0| + Tz) +
O(e=2"0l), From (3.106), (3.107), we get as u — oo,

1 ) o, L /
_Z<|jx0|(Z—Z),<Z—Z)>+§<u7xozvz>>

(3.115) Jou(2,2') = ™52, Z') = P(Z, Z')Icop + O(e™"™),
PO(Z,2") = P(Z,Z')Ices.

uniformly on any compact set of T, X x T,,, X. From (3.108), (3.113), (3.115),we know
that as u — o0,

(3.116) JT75,5/(U) = JTﬁ’g/(OO) + O(e‘%uou),
and by (3.113), (3.115) and (3.116)
(3.117) PY(z,2") = = Jrp(00) 272" P(2, 2 ) Ics .

8.8’
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Note that in (3.49), k(Z) = (det g;;(Z))"* = (det(0F6%))1/2. By (3.37), for Z,Z' €
T, X,

(3.118) PNZ,2") = p"Pou(Z/t, Z' [t)(Z"),
exp(—=DX02)(Z, Z') = pe "2 (Z)t, Z' ) (Z).
D

We note in passing that, as a consequence of (3.26), (3.110) and (3.118), we obtain
the following estimate.

Theorem 3.18. For any k,m,m’ € N, there exist N € N,C > 0 such that for Z, 7' €
Too X, | Z],12"| <€,z € X,

(3.119)

02207

\a|+|o¢’|<m

laf-+[o/| k
a—<1an(Z Z') =Y  PODZABZ )2 )p ‘7"/2)

C"L/( )
< Op~ W= 4| /pZ| + |VPZ' )N exp(—+/C"uo\/D|Z — Z')).

From Theorem 3.17, we know that J,,(0,0) = 0 for » odd. Thus from (3.113),
P)(0,0) = 0 for 7 odd. Thus from (3.119) for Z=2"=0, m =0, we get

1,
(3.120) p » (20, Z0) ZP@T 0,0)p < Cp~+ 1,

From (3.115),
(3.121) PO(0,0) = P(0,0)Icer = (det )2 Iogp.

Moreover, from Theorems 3.6, 3.17, (3.104), we get the property on b, in Theorem 1.1.
To get the last part of Theorem 1.1, we notice that the constants in Theorems 3.11
and 3.15 will be uniform bounded under our condition, thus we can take Cy ; in (1.6)
independent of w. Thus we have proven Theorem 1.1.

From Proposition 3.3, Theorem 3.17, we know that for any u > 0 fixed, there exists
C > 0 such that for 7, 7' € T, X, |Z]|,|Z'| < e, zp € X,

U2 U 5 X,2 1
(3.122) ‘(exp(—;DP) ~exp(— D} ))(Z, Z)| .. <o
Thus from (3.102), (3.118), (3.122), we get
(3.123) 1 exp(—g (20, x0) Z Joru(0,0)p < Cp*!
' p" p Y R P
Thus we get (1.4) and at xo,
(3.124) by = Jora(0,0).

Now, from (3.113), (3.120), (3.124), we deduce Theorem 1.2.
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From our proof of Theorems 1.1, 1.2, we also obtain a method to compute the coef-
ficients. Namely, we compute first the heat kernel expansion of exp(—%Dﬁ)(w, x) when

p — o0 by 37 bu(2)p™" (cf. (3.123)), then let u — oo, we get the corresponding
coefficients of the expansion of pln P,(xz,x). As an example, we will calculate b; in the
next section.

In practice, we choose {w;}" ; an orthonormal basis of T3 X | such that

(3.125) Try = ding(as(20), -+ , an(20)) € End(T00X),

with 0 < ai(zg) < as(z0) < -+ < an(xo), and let {w’}}_; be its dual basis. Then
egj_1 = \}i(wj +w;) and ey; = ?( —w,),j =1,...,n forms an orthonormal basis
ced

of T, X. In the coordinate induc
diagonal, and ¢(Jz,) = 9(| T )-

by {e;} as above, all even function g(J,) of J, is

4. APPLICATIONS

This section is organized as follows. In Section 4.1, we calculate the coefficient b; in
Theorem 1.1 when the manifold is Kahler. In Section 4.2, we extend Theorem 1.1 to
the orbifold case. Again the finite propagation speed allows us to localize the problem
which was also used in [24].

4.1. Kahler case. In this Section, we assume that (X,w) is Kéhler and J = J, and
the vector bundles E, L are holomorphic on X. Then a;(z) = 27 for j € {1,--- ,n} in
(3.125). Note that for {w;} (resp. {e;}) an orthonormal basis of TH9 X (resp TX), the
scalar curvature r¥ of (X, g7%) is given by

(4.1) rX == (R™ (e en)ej en) =2 ) (R™ (wy, W) )wy, Wy, .
jk jk

Now the Levi-Civita connection VZ¥X preserves 79X and TOV X, and V"X =
pPTHOXGTX pT®OX i the holomorphic Hermitian connection on T X . In this situa-
tion, the Clifford connection VU on A(T*ODX) is VAT VX the natural connection
induced by VICOX Lt 37 be the formal adjoint of the Dolbeault operator ™ on
Q%*(X, L ® F). Then the operator D, in (2.3) is D, = \/§(ng + EEP’*). Note that D
preserves the Z-grading of Q%*(X, [P ® E). Let Dfm» = D§|QD,i(X’Lp®E)7 then for p big
enough,

(4.2) Ker D, = Ker D2, = H°(X,L” ® E).

By (4.2), By(z) € End(E) and we only need to do the computation for D>,. In
what follows, we compute everything on C*°(X, LP ® E). Especially, Q, in (3.104) takes
value in End(E). Now, we replace X by R** ~ T}, X as in Section 3.2, and we use the
notation therein. We denote by (¢”(Z)) the inverse of the matrix (g;;(2)) = (95 (2)).
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Let ATX = ZZ 822 be the standard Euclidean Laplacian on 7,,X with respect to the
metric g7=0X. Then by (3.29), (3.35),

(4.3) g9i;(Z Ze’fek =0+ 3 <RTX(R )R, e;) + O(Z).

Theorem 4.1.
(44) Qo= -A"™+7|Z)> = 2mn + 2V =17V r, Q1 =0,

0, = 3 (G R cewes) — ST (RN R IRIR €)) — RE(Ro6,)) V.,

J

_ \/—2( (5, Je;) + —<R (R,e;)R, Je;) ) +mV/=1RE (R, JR)

2 1
-5 (R (RIR)R,JR) + gZ<R (R,e)R,e;) Ve, Ve,

]

Proof. Let I’ﬁj be the connection form of VI¥ with respect to the basis {e;}, then
(Vere)(Z) =T(Z)er By (4.3),

1
(4.5) Ii(2) = 5 Zk:glk(&gjk + 0;9ik — Ongi5)(Z)

1
=3 [ (RIX(R, €;)es, €l>x0 + (RIX (R, ei)e;, @l>x0] +0O(2P).

Observe that J is parallel with respect to V', thus (J&;,€;), = (Je;, ¢;), . By (1.1),
(3.29), (3.35),

(46) 2—RL ek,€l 292 Jei,é})Z

™
= (Jex, 1), ——<R (R,er)R, Jer), + = <R (R, Jer)R,er), +O(Z]).

By (3.37), (3.46) and (4.6), for t = 1 , we get

%I

» 1
(A7) Vielz = SV 0817 = Ve, + 2T () (12) + 115 (e) (12)
VI IR — YT (RN R R)R ) + RE (R.e;) + O(#).
By a direct calculation (3.60) or by Lichnerowicz formula in [4, Proposition 1.2], we know

o , V=1 I
(4.8) D>y = — Zg” [V OBV Eer — T,V Eer] — 5 ZRE(ei, Je;) — 2mnp.

ij



26 XIANZHE DAI, KEFENG LIU, AND XIAONAN MA
Thus from (4.3), (3.38), (4.7), (4.8),
(4.9)

D}, = S, 't°D2 S,

= - Z g”(t2) [Vt,eivt,ej — T, (t-)Vm} (Z) — gﬂ Z RE(E;, J&)(tZ) — 2mn
-3 (- e 0)

{(Fer = V=Tr (IR, i) - ‘/_” £2 (RTX(R, JR)R, ) + = RE (R,e) +O(t"))

(9., ~V7Ir (JR,e5) - “_ VI (R (R IRR.65) + L RE (R.e;) + O
— T (12) (ve V" n <JR, el) + O(t2)> }

— —tZZR (€5, Je;) — 2mn + O(t?).

From (4.5), (4.9) and the fact that RT is a (1,1)-form, we derive (4.4).
Proof of Theorem 1.3. From (3.106), (4.4),

(4.10)

_ 1 7(|Z]* +|Z'%) T e
uL9 AN 2 1muJ !
Nz 7)== — (— < v Z,Z>>.
e ) (1 — e=4mu)n P 2 tanh(27u) * sinh(27u) ‘

By (3.107), (4.4), (4.10), J1..(Z,Z') = 0, and

1
(411) Jgu 0 0 / dU1 /Rzn 1— 6_47”” (1 — e—4m(u— u1))

P < N 2tanh(7;|ﬂ2(|u - ul))>QQ<Z> xp ( - #@w)

By (4.4),

2
"~ (R™X(R,JR)R, JR)

(4.12)  Qy(Z) exp (LZP) = {m/—_lRfo(R, JR) ==

2 tanh (27w, )

_ _\/_ﬂ_z <RTX(R 61 R J€Z> + m Z <R£OX(R, 62')7?,, 6i>

_ 2
— —ZR (e;, Je;) }exp <2ta+(§7|rul)>dz'
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Now [T a?e Pz = [17 e Pde = V2w, and [*7 a'e™"/dz = 3v/2r. Thus
’Z‘Q)—(Q’]T)nz <RTX(€‘ Je~)e J >
9 7 zo \Cj>JE€j)€k; JEE
ik
(L 5. Ten)e. Je) + (FEN ey, Jex)e Je)
= —(2m)" x 4r,

(4.13) / (RI*(R,JR)R, JR) exp(—

Set c(uy) = Sinh(%(;;}“l(lg;j)nh@ml). Then from (4.11)-(4.13), we get

(4.14) J27u(0,0):—/0u(L[( c(ur) — = \/_ZR (i, Je:)

1 — 67471'u)n
1 c(u1) 2\,.X
()
* 3 (tanh(Zwul) () )1y
-1 u
= (== { [(tanh(Zwu) - 1)5 }\/ Z RE (e, Jey)
1{u wu 2 -3 U
o IR (=2 sinngamy + )| )
+3 [2 5 tan (2mu) Sl (2] \ 327 sinh(4mu) + 3 ]rmo
Thus by (1.5), (3.124),
: 1 1
(4.15) b= lim J5,,(0,0) = — [\/_1; RP(ei, Je)) + 5™ IdE].
From Theorem 1.1 and (4.15), the proof of Theorem 1.3 is completed. U

4.2. Orbifold case. Let (X,w) be a compact symplectic orbifold of real dimension 2n
with singular set X’. By definition, for any z € X, there exists a small neighborhood
U, C X, a finite group G, acting linearly on R*", and U C R*" an G,-open set such
that U, % U, /G, = U, and {0} = 7, (2) € U,. We will use 2 to denote the point in U,
representing z € U,. Let XX = {(z, (h%))|z € X,G, # 1, (h’) runs over the conjugacy
classes in G, }. Then XX has a natural orbifold structure defined by (cf. [20])
(4.16) {(Zo. )/ KLOE) = OF 26, (W)}
@,Uz,j

Here U is the fixed points of bl over U,, Zg, (h1) is the centralizer of ), in G, and K7
is the kernel of the representation Zg, (h?) — Diffeo (U"*). The number |K7| is locally
constant on ¥ X and we call it as the multiplicity m; of each connected component X;
of X UXX.

An orbifold vector bundle E on an orbifold X means that for any x € X, there exists
bu. By, — U, a G¥ -equivariant vector bundle and (G, Ey,) (resp. (GE. /Ky,,U,),
Ky, = Ker(Gf, — Diffeo(U,))) is the orbifold structure of E (resp. X). We say E is
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proper if GEZ = G, for any x € X. For any orbifold vector bundle F, its proper part is
a proper orbifold vector bundle.

Now, any structure on X or F should be locally G, or ng equivariant.

Assume that there exists a proper orbifold Hermitian line bundle L over X endowed
with a Hermitian connection V¥ with the property that gRL = w (Thus there exist
k € N such that L* is a line bundle in the usual sense). Let (E,h¥) be a proper orbifold
Hermitian vector bundle on X with Hermitian connection V¥ and its curvature RE.

Then the construction in Section 2 works well here. Especially, the spin® Dirac op-
erator D), is well defined. In our situation, let {S7,---, S} } (d, = dimKer D,) be any
orthonormal basis of Ker D, with respect to the inner product (2.2). We have still (3.3),
in fact, on the local coordinate above, Sp (2) on U, are G, invariant, and

(.17 Rz 2) = 380 @ (S

We note that if @ : C*°(X, E) — C*(X, F) is a pseudo-differential operator of order

m (m < —2n—k,k € N), and E, F are proper orbifold vector bundles, then the operator
Q has a C*-kernel. In fact, QUI lifts to a pseudo-differential operator QU on U, and for
Qu, (%, 2') the C*-kernel on U, x U, with respect to dvg., we have (cf. also [24, (2.2)])

(4.18) Qu.(z.2) =Y (9.1)Qu.(97'%.7), (2,2) €Uy x Uy,

9€Gy

is the kernel of the operator Qu, : COO(UI,EWI) — C’ (UI,F|UI) Indeed, for s €
C>(U,, E) with compact support, by definition, ( fo Qu.(%.7)s s(Z)dvg (7') =

1 Lea. Jo.(9: D) Qu. (9717, 7)s(Z)dvg, (2 fUL vec (9, D)Qu, (9717, 2)s(2)dv, (2).

Proof. of Theorem 1.4. At first, we have the analogue of Propositions 3.1,
(4.19) |By(z,2") — F(Dy)(z,2)|cm(xy < Crmp™

To prove (4.19), we work on U,,, and the Sobolev norm in (3.9) is summed on U,,.

Note that on orbifold, the property of the finite propagation speed of hyperbolic equa-
tion still holds if we check the proof therein [12, §7.8], [27, §4.4] as pointed out in [24].
Thus for z,2" € X, if d(z,2") > ¢, then F(D,)(x,2') = 0, and given x € X, F(D,)(z, ")
only depends on the restriction of D, to BX(z,¢). Thus the problem to compute the
asymptotic expansion of B,(z) is local.

Now, we replace X by R?"/G,,, and let Z, E be the G,,-equivariant vector bundles
on ﬁxo corresponding to L, E/ on ﬁxo /G, In particular, G,, acts linearly and effectively
on R*", We will add a superscript ~ to indicate the corresponding objects on R?",
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Now for Z,7' € R2"/G,,, |Z],|7'| < €/2 and Z,Z' € R?" represent Z, Z', then by
(3.4), (3.26), (4.18), for any I, m € N, there exists C,, > 0 such that for p > 1,

(4.20) F(D,)(Z.2)) = Y (9. VF(D)g "2, 2"),
9€Gy
|F(Dp)(2,2') = PY(Z, Z')om < Cramp™
_ 1
Moreover, for ¢t = 75
o~ 1 ~ ~  ~
(4.21) PNZ,7") = %Po,t(Z/t, Z' [k N(Z)).

We will denote P() in (3 108) by ngg to indicate the base point z,. For g € G,,, we
denote by Z = Zlg + Zzg with Zlg € TUgO, Z27g € Ny, (here N, ., is the normal

bundle to Ugo in ﬁxo) By (3.89), (3.102), as in (3.119), for |Z] < /2, a,a’ with
o] <m, || <,

glal gla’| <

(4.22) )aza VT

b6 2.2) - Zt* PE (VB9 Ty D2a)r55! (Z2y)|

< CF 1+ i ag) e T ac).
Especially, for Z € R2"/G,,, |Z| < £/2, as in (3.120),

olal (2r)
423 su ~P(0,0) ‘g Cp+1,
o mdnes -S|

Thus from (4.19)-(4.23), we get for |Z| < /2,

(4.24) sup.

o1 - -
(GREZD -

DYDY <g,1>P§;?g<¢ﬁg \Zag 5 lag)5) (Zag))

<C(p e p ™ (1 (2, X)) Y exp (—/Cioy/pd(2, X)) ).

By (3.117), we get for «, o/ with |a| < m, |o/| < m/,

2k ~

lal gl . - ., A ' ~
| DB (6 Tagt g )] < O (14 | Z21) expl 1 2o

(4.25)
075, 025" =

For any compact set K C X \ X', we get the uniform estimate (1.7) from (4.23) as in
Section 3.5 as G, = {1}. From (4.24), (4.25), we get (1.7) near the singular set X".
By the argument in Section 4.1, we get the last part of Theorem 1.4. 0
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Note that if zy € X', then |G,,| > 1. If in addition, L and E are usual vector bundles,
ie. Gy, acts on L,, and E,, as identity, then by (4.24),
1 _1/2
(426) 2;PP(IL‘Q,I’O) — |Gx0|b0($o) S Cp .

Thus we can never have an uniform asymptotic expansion on X if X’ is not empty.

Remark 4.2. On [750, g acts on L by multiplication by e, the action of g on Ezo and
0o

on A(T*OV X)) is parallel with respect to the connections V¥ and Vi, We denote by
9lace, g|E the action of g on A(T**VX) ® E, E on UZ . We define on U,

o\
—~ K~ ).
(822@) ( 1,9 )

Then ei9p¢r,q(21,g) are a family of differential operators on (750 along the normal direction
Ny 4, with coefficients in End(A(T**YX)® E), and they are well defined on U?, /Z¢, (g)
and on ¥X. By (3.117), (4.24), we know that in the sense of distributions,

(4.27)

- 1 B o1s S e -
Urq(Z14) = Z ol [/N 9|A®Epél) (g 12247’ ZZ,g)Zz,gdUN(ZZg)

39
la|=q 9>%0

k

1 -r 1 —n-+dim X; i0; -1 -
(4.28) —an(J}) - Zp /2 Z —p +d XgeHJP(;Xij by + O(p k)

m
p r=0 X;cxusx Y q=0

Here X; runs over all the connected component of X U XX and g acts on L[y, as
multiplication by €%, and m; is the multiplicity of X; defined in [20] (cf. also [24]).

Especially, if ¥X = {y;} is finite points, then m; = |G| and g|5-0n x)05 © loor =
g|lg o Icor. Moreover, as g commutes with 7,,, from (3.114), for Z = z + Z,

(4.29) / P(g'Z,2)dZ

_ dete T, 1 o1 2 1 -1
= T @2n)e /R eXP( 1Tl 207 = D21 + 5 (T 2, Z>>dZ
. detc ‘-710 _1 1 .

— M/ exXp ( N <\7£COZ7E> + <jxog_lz,z> )dZ

(2m)"
1

N det(C<1 - g;(lLo)X)‘

Thus from (3.117), (4.28), (4.29),

(4.30) B,(z) = En:b ()" "+ Y rglpoleer 5 ol
? ardll =Gy, ldete(I = grhoy) ¥ P
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Remark 4.3. Now assume that (X, w) is a Kéhler orbifold and J = J, moreover L is an
usual line bundle on X. Then we can embed X into P(H°(X, L?)) by using the orbifold
Kodaira embedding ¢, for p big enough (cf. [1, §7]). Let {Sj}?il be an orthonormal
basis of H°(X, LP) with respect to (2.2); also, choose a local G,-invariant holomorphic
frame Sy, (which is possible as G, acts on L, as identity) and write S; = f;S7. Then
¢p : X — P(H(X,LP)) is defined by ¢,(z) = [fi(z), -, fa,(x)]. Let wps be the
Fubini-Study metric on P(H°(X, L?)). Then

d
1, 1, o V-1, -
(4.31) ngpwm = ;aa log(; 151 =w+ %aa log By(x).

Note that g € G,, acts as identity on L,,, for Z=z+7, by (3.114),

(4.32) (9, 1)Py, (VP9 Dogs /D Z2,)
7T _ ~ _ _ ~
= exp ( —5pllg = D22y +7p <g (229 = 72g), Zz,g> )
Set 00(Z) = 1+ Xy 4geqn, (9 )P, (VDI 2o, \/DZ2,) 7, (Z24). Then by(Z) has a

positive real part on T, X. By (4.24), for m € N, taking k > m, then for p big enough,
for |Z] < e/2, under the norms C™,

r=1

(4.33) log(]%Bp(Z)) = log(bo(Z)) + log (1 +3 bo(Z) b (Z)p"

2k
= (D) Y (9P (VB 2 DD K, (Zag) | + O07FE),
r=1 9 Y

1#9€Gy,

Thus from (3.117), (4.31), (4.33), for any | € N, there exist C; > 0 such that

1 1 '
(4.34) ~prwps(z) —w(z)| <C (_ +p§€—c\/ﬁd(x,x )) '
p cl p
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