
�
���Æ� *zRs�&�9��,#e�
dQ�+RQ\9["�	('=_v�j�Q
M�nKQ�v-mV4�
dQE%�	:\Qv9=�\Q�R:��YJv
dQv�Y�.<Q�'2��/��,��zzx�
d�2X[Q�/vb;#�8/�
dQ9
n℄z*4v�z	�>�v�'mv�zQ9!s
rv�	
�`vz.
dQv�p��,`Kz+_zOb"f,v-��q���℄�	=_v�j`K�^�Xp4!�a�t^v��,`r/s��'��+v�j`K4m4!�a�bfz�2zq_v-�GJ�D�,�`vz.
dQv�&-I
F�*4v-l�=G%�	:RBv�Z��,_�#<Q\#R
<+vpe��p:#<#vh/:�	v�p	)<#+v��	r
v
q~h^v#+�
I. 
p��>�
dQ9vK�!J=_v�j'���(z.P�3I�
P=b�9v�2f>R	�Y�xBQ�KKS\9v=_8j�t-_,`�'m�s6℄9mN=_v[v�h/��
b�9v�2z�:
dQv9=�j�K�jCv�j34�(z.P�
7Qv-mV4�
dQ�E��2vF���-I�_,���b�9v��
dE8-�vR �zNkv���
A. wsdemvy�b<F,v�j:_s�2�℄z℄g/'	s�
b�9q�vF����Minkowski �#<�j�[
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|�*6�#v�2v'kf�E�z:!JjCv�h/�C7v Hilbert-Efimov�zP�b<Mzr,��v�$�28GwNq�s�
P=b�9 [55] �b<=_vf�E�z:xj��*6v [98] �^�#
���e;v�5L��b<hzo�Ev�j:�>Z Efimov�zvb<�tv*6�̀ E:P��b<�A	 r vC|{�h�v�� ≤ −1 4u�
=��w~ −1 ��3u_℄gq�s R3 4u}��&B55~b<>�JKvXkv r /�'k5E�b�v54�28R��8���:&:/.�v����>�
dQ9vb<&Cv�j:�:&f� R3 95�2vb<!5k��v�MUvwNq��
R. Connelly[50]
 D.Bleecker[15]��2k>Z
#<5E<-v^	v���^,v��Tn8G07p>ZUqwBv���*�2vwN��f���v8-��h℄G2zz)�<#^v8-��3uwN��vb�:z)
v�

Bleecker v�P06#<�2℄��vk�8:b<8-���,r/GJ�#8�2kv�P{Vs#ÆUqvwB�4u
.#<��:&:,/v���Rv�t^�Cohn-Vossen ��
*�2v�y55Ez� [47] �h9v�T:*Ev�℄g��h^z�p:2zq��	(-=:}
Av�℄g���-av�2pP�
.#<�T{hjC��,,t��>8*�2f�!`�vb)wNB-�'�v�j:��^_s#8�2�#8:R~'k�2�v}eA�TvQ�v�bE�j�q���,`℄g�V�2��2v�j� Cartan *6
)</.��2℄gF;wNq�s R3 9 [35] �t^v�j�Uq��-_jCu��ÆKCvb<=_v�zP�Mz!,��vUq�2℄gF;wNq�s R3 9 [140] �^`.P
��vh�8	�vwB [141] �b<DVv�j:P�:&#<�#℄g���#<�jX9x Nadirashvili !s
����l,5�2vwNq�v,/�j��,℄gz�<8tv0h���b<: Neumann�j�_|,/v`R��w~b<>�v^K H ���,_| H2 ≥
K. �q���,`℄g_|,/�*v0:><�2vP���b<: Dirichlet�j�_|,/v0:bp>�v Jordan�*��}b<�j9��Y��	(�`R��℄g:z/v�4uGJ�*(�E�mb<�j9�>��*vb<=_v+_p :_v}��&B5vK�+I
6�p,/vC|���j��f>�#<�jZZ
=_v7� [97] �� R3 9v�,v*�2�_,vF���f�K��J�}b<=_v�J:����>b~+I	(�4u ∫

Σ K+ ≥ 4π �h9 K+ = max(K, 0) �
Nirenberg[163] *6�Y ∫

Σ K+ = 4π, A'�e {K < 0} v)<#+	�\��p*v`2�*℄�v~�9�#<8/>Z
℄gwN:� R3 v��vb<�J��e {K > 0} 
 {K < 0} v~
:&f�b�v�J��Y Σ :q�� R3 9v��_vF;:~� Ω �� Σ ve
 Ω ve"�� r/{hz��b<�ov�*06 Ωvk�v�/: √
2

3 Area(Σ)λ
− 1

2
1 �h9 λ1: Σ v}bg&/�
#<OIg	 Korevaar[116] vA[℄guZ µi(Ω)3/2

λi(Σ)
√

λ1(Σ)
≥

Cg > 0�h9 µi(Ω): Ωv} i< Dirichletg&/�λi(Σ): Σv} i<g&/�#| Cg :b<2
q~ Σ vi;vJK�.': Cg vX�/�g	:&f�b<�2�s#<X�/�:&�e {µi(Ω)} P�
 {λi(Σ)} g	�Zp��Y�2 Σ
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℄gwNq� R3 9�_ve {λi(Σ)} h℄G:z�Jv�A'�Jp :.'��,,t {λi(Σ)} v!9C	:
 Σ vC|�v��QE80t+Rv�:&C|�v��QE8z�J��� Σ 8Gz^^!(v���:&*vq��2vC|�:!.}v��Y_:!.}v�:&℄gv��
d3IC|�v8-~��.':#<�v`�:&℄gv R3 v\/3I#8C|*�
B. j	
�djh��,℄gVB�2�((%��kv�[v"�U8-vA8E8�(�[v� R3 �vgE*E��FB-x�
"s-x���,℄g��2 Σ �#8�[v"�U8-vE8�_,#2Q	 "�FB
"s
d�#8
d9zK�z�v�n.Pv�j� "
d9=_v8-�: "��� "�*�q�2v℄z "�*	|I~b~-�Q/�2	 "{2�#<�2f>� Calabi[23,24],Calabi-Nirenberg[26]
 Cheng-Yau[39,40]9Z
V�vVB�
#8A[��,,t�ÆivwK�zb<�$ "{2
_!9��dz7vI�#^v "{2#{:!Jz�v�:&℄g!sb<v��`^Kv06 (?X [218]) �:&℄gv*B5:Z#^v{2���2 xyz = 1 
\/K!9���2kKvwB:g2z�v��,:&℄g�Y#8wB"v "\/�q���,℄g�7
wB�t^v�j�#
*Ewt�jz� [110] �s?p	1�k�K7���
�2:wv�q�2M,��-{z.'-Y��'^v "{2Mz�$v,��v|r���xb<S)v}
�T�℄g�k "�k�2v1K�?X [25] ���,℄g℄gP��2v,/
ZN,/v�1��Y�,P�b<�&Bv,/�A':&zb<z7v��p.#< "�k�2v,/�j��Y�,P� R3 9vb<�2k��,℄gI>I�b<rZ�,B℄zwv C1− �2�4u/�2�)b2	: "�kv��℄z#^v C1− �29��,℄g>x!Zb<Mz�k� "2�v�2�X9�Trudinger ��J� [214].P
 "�k�2v Bernstein �j��,��4m{z��R~ "�k�2vK�vA[Z'��t�,� Cheng-Yau[40] 9℄e�v� Rn+1 9v "{2v "���>Zb< Legendre -xgmR	
 Rn 9b<w~�v�v"s8-���℄g�

Rn 9�2v"s8-E8
 Rn+1 9v "{2vM�2v "E8� mp{:b<z�v�j��,,t�Y R3 9vb<*�2:�y5����5Ev�A'_�"s-x"v0`:�y55Ev�:&#<8j�*�2v'k5E`:�v�:&℄g�"s� "
d9iZt^v5E�j�R~ CP3 9v+�2zK�ziRv>��j��,`℄g� R3 9�20D"s
d�t^v�j�(���b<
 R3 9 n 2kK!9v "{2�h�vx R3 9zz^Kt9Zv*�*9�8MzX5vbK�q��,`℄gI>!Z�#8�*�Kv����8 "{2℄gvmK�/5�k�� R3 9xmK�/5�kv*�2�:&℄g�h��\zt^xmK�/5�kvC|*vA8�27C#v�
R3 9vmK�2q�:=_v�2�����,�^,
nb�℄,�'�zb8R~^,v#+K?v>��p:^,v
da�:gEv�k~vK?�*C|*vK?�*!9*vK?�(��~�v~
�mdmQYPvg&/�#8	:
�k�2v�/5+Rvz�v8-������,��v#8�2
.*+%vwBpK�_,v/�b�2��,z
mK
d9usvÆs
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>���,℄g��2+tgus_,v~

+o�vR�>��8Dv:�mK�2+t48�b��d^z+t:hzikv�j��b�2��,��v>�v��pz.#8�2v>�
d - \�#�T
pQ/"s
dv� ��#�<���"�Hr#{:!J=_v�q�,+t#8�2v-l�k�K-l��,℄g!sb<Mz,vK���vWt - �pQ
�� [207] ���#<�����`�e":8-v��,E!s
�2�vb<��������:0�Yzb<mKM"��<mK�2
_v+t�2:M"-�_{:#<����vwNt"��/mKe�vb8�z℄gv����p�g*6��,�d�#<����
�2�v|rP=��� mpE��+mK
d9�
.b<mK�B�vmK�*:!J=_v�/mK�2�v/mK�*�[
.'^v&��#8�*v~
�
dE8�^��,�dv�k�*v�/5vbKp>Z#8�*v#+K?
C|��v�/�h℄G)<*�2	℄gvbKTJkv/mK�2p'9�.':'9b<>��2vmK�2vX5bK�xY-�>b<JK ε > 0, 3u
>��2v Hausdorff Ny5~ ε > 0 vmK�2vX5bK:���:&℄gv�2ve;v℄�Yv
d�>Zb<K��(��2`R��
_v�#v L2 �K���Y�,�bK5~b<>�'Kv�2v`R��v L2 �K��5t�A'�,{us.'^vmK�2�/mK�2iC
h$-vbvQ�i~�VBi~.9vB��vC	:!JziRv�mdmQYPvg&^K�#8~.9vC	`{:hz�v�+�v��Y�,zmK 1- B5�k
b<�℄Ginv�aJ-I��d!Z*a
#8avK?v�/#{hz��.'-l#8a:mKv�
C. i�ws��(9VBvz
v=_v�2�k�K:x-#��usv�}bvB_v:�5�2�#8�2v`R��	��q�,>� R3 9vbp*�*��,R!,/:#p>��*v�292�X5v��,℄g)6#8�2v~
:G~>8vAv�(���,℄gZ�℄zi;: g v�2�A'2�v�5/ Ag :b<
q~i;vK�b��Y�Ag ≥ Ag+1 ≥ · · · [149]�q,/�*:Uqv�Hardt-Simon vb<C7�zP��>< g0 �Ag0 = Ag0+1 = · · · [90]�'�w(zz7v��K� g0 �##{:b<zo�Ev�j�'�w8,t:& R3 9vbpUq�o*�*℄gR	�y�<�5�2v,/���Y�*:/.�v�#<wh8{�)� Tomi[212] ���:&zb<b�vY�p!s℄zgbp>�*�*��b<*�*v�e�	,/v�5�2��Yg>��*	,/v!���5�2��:b<jCv�j��'�`(zhz7v��p�Y2��5v�2���,8,tgbU>�vUq�*	,/v���!���5�2vi;℄gz�k�:&℄g:Æik�zR�5�2v��C	vK��&�j'�w(z.P�b<F,v�j:�w?8w5vX�JK�
 4πA

L2 vX��/:���h9 A :2�� L :,/vK��Q�v�,{<C_w~ 1��Y,/:bp�q�*#:f,v�?X Li-Schoen-Yau[132] ��#<�j
�5�2v Sobolev 8w5vX�JKzR�#<: L1 vwB� Lp vwB`t^z���5�2v}b Neumanng&/v"/K�
}b Dirichlet g&/v�/K�:hz�v�j�Z��~bp*�*vf�E�jf>.P
��<,/#+vwBw℄,(��t^�q,/:inv�2z!J�v-Y�
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>� R3 9b<tV~ S2 vo`+Bvb
N���,℄g�5t
 S2 s
R3 vrZ#<b
N�vt"v0v2��h90v2�v=K: 1 �h9{G).'^vi~�(���b<tV~S2kN�vb
�epP�:&℄g!sb<tV~#<N��vKv�5�e�x~Meeks,Hoffman,Jorge,Karcher,Rosenberg
h^b8�vO��?X [58,96,148]��
R39�$I5�5�2v~
#vf>(9�R����'�w8v\�d#v+XvFB-Ig	
}��&B5� v�b�#�Z�� Collin-Kusner-Meeks-
Rosenberg X9vA[|z
7� [49] ��[
#v�j�K�
#8�2�v#�+Rv�jw(z.P�����,℄g�R~ R3 9�$�5�2�v�
^Kv�j��Y�
^K:(v�:&_��2v)<<
!9~b<JK��Yb<�
^K U z3��/5�K�A':&f�b<JK α �3u

0 < lim|x|→∞
U(x)

|x|α < ∞?#^v α WRv�e:8:�yv�:&!9~b<'K��)< α �#^v�
^Kb�:z)
v��b<e;v�� Sobolev �K"�℄z�/5�Kv�
^Kb�r/ R℄z�/5�Kv^Kb��b<�$I5q�v�5�2�mdmQYPver/8{
 R2 vwB+Fa��a���,��,t�d3I�Me
9Tg&^K�`KVBYP −∆ + ‖x‖2 ve:hz�v�p	_:y�v�#r/� ‖x‖2v�/~
�(#8�/~v>�t�zR��>�t�:0A8+�~m;r�^K ∫

|∇u|2 +
∫

‖x‖2u2 �/vt���vF_�5�2vI����h�hI��5�2v!`��MU����#U�292zL�vR	:q�v�b8>�vq��5�2v�P��x$�h (staircases) 
 Scherck ` (towers) �v�IR�2U�
#8�2UuZv8-�℄gv[�b�vJ`R���2v9b��?X Grosse-Brauckmann,Kusner

Sullivan[83] X9vR~dPBJvJ`R���2v#v�� Kapouleas vA[
[108,109] f>R	 R3 9�5�2
J`R���29b�z�v�&�z�k�K�$I5:�v�5�2	:!9`
v�
.#8�2�vC|�v��QE8r/:!Jz�v	C|*d-
�y��Z�_,:�'�Vv��,,tf�I5:�s{9v�$�5�2�#8�2v
dE8�^�_,G&:q�v�����b�}~,�y�!Z#8�2�<
v=�v!9C	E!J=_�_,ve:&:y�v�

D. adi�ws�R3 9X�ov�/*�2:02��s�/�t-�UF;k�P��#8�2MzJ`R��� Wente .P
�"v>��j�*6
f�MzJ`R��v:�v2 [220] �Z�z��v�P%I�Zp�MzJ`R���2v#vw���R�
Wente �2�v��*	:`2�*�
.Q+%*vWe-I��2�(��~�v~
	h!9*	{:z�v�j��bv=_v�2:+�~�^ ∫

H2 ��/v�2� Leon Simon[189] *6
�u'k�5/vv2vf�E��7i;�2vf�E�j`�u
=_7���Y#<�2� ∫

H2 v℄G/_�e�:!Jz�v�#`#.P Willmore<-�
v2� ∫

H2 v'k�5/w~ 2π2[222] �Willmore �jzb<#Æ*E
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v�&�?X Hsu-Kusner-Sullivan[101] ��p:(3�#<wh"w8v\�d�*�5tvf�E��b<�
�B���,℄g#�^ √
A(1 − 1

16π

∫

‖H‖2) �/t�h9 A :�2v2���+Fb<(Wt"�#<�%Q	�2v�38� [92] �
E. wsd�f��2� R3 9zK����5��,f>is
�^3I�2v�UF���v��#<!Jz�v�j�.':VB#8���9�P=b�v���v`yA��Y�,d��2v,/�:&5�2v��℄gxz)�<?K℄P���Y�2v��℄g	,�#:b<jCv�j��b�v�:�2�K��[N}��&B5-tv���̀ E:P�Y X(t):bU�2vq���,_| d

dt〈dX(t), dX(t)〉 x X(t)^v}��&B5P�vb<�Q �℄P���,fn#^bU�2{z�^vinC	E�x~ Weyl �z�#<�j�w�2wB:;�v��#^b<��"�U�2wEvp :.'���vF,v�2��:�V� dX
dt 
�2�2v><K�#K+wmp�#<K�℄g:���`R���`R��vI��b<e;v(,a�bf^	vz�f>x Hamilton,Huisken 
h^�"�mp�?X [87],[102] ���i~v��z.w(z�R�[
 Huisken 
 Sinestrari[104] �(`R���2vA[���Z'i~m#<�{�).'wh��#8�2v��ZT9�SE�&v
d�v-t{:!JziRv�h9�k}��&B5�C|*�k~
�2vewwvC	�Q���9_�Zvi~`K:Q�/9Xd.vi~��K��o���Y�z><�i~4.��z℄g�D�,z.i~:�^��v�Z��Tv�x�
i~vb<�Av��:rZvs�"�`2+%�:&℄g{V#vI�pz. 3 
b�9�2v���[
vp2���kv����wz 3 
b�9�2v5���q�,SENy�025�
%�:v-l��,{Xs^	v
dxr��,r/�df��3I#8xr�Z��,�+X_,BRv�Tw
.uh���%�:�Y��,F,5��℄gv:vg&^K�Vph`v'9��d.<#<'9�z�<�T
%�:zR�b<: dX2

dt2
= −HN �h9 H �2v`R��� N :�2v�2��,`℄gVB`
 Minkowski -b9vv-�5M�2���<wB"��,�M�2v'k-�C	
.uh���*E5�T�z6&vMz-�?fv5�w8v\#��2v!*E�Ti
N.'�

F. u|nk�wsdb{�Minkowski >Z
06 R3 9�2v}b< uv���̂ RBv^z
w�2kvwB [152]�b��Y�Minkowski v6�:rZ#�2`ds�~v����2 Σt"s{2 S2��7Qt"���Y�2 Σ:U;wv�7Qt"E:bbv�pa�2v℄z>�	℄grZ7Qt"� S2 �06Zp�h97Q���g2v�℄g:R S2 �vb<^K�C7v Minkowski�j:q�,,t S2 �v����)Z�2 Σ ��Y>�v��^K:Uqv�A'�2 Σ :Uqv�t-_�3�+Fb<`d"`:�bv�#88/:x
Pogorelov[169] 
 Nirenberg[162] *6v�z
<=_v�jzn.P��,�dvK/��z7v.P Minkowski �j�q�,y�t{2-�h6&y�t_
��^K/v#9+;r���^K/hkv|��#8~v��|r/�\��v+~�.':P�#8~vX�
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yA��>�
dvK�rv9��,G_� Σ��#�:&℄GrZ S2 vy�t>Z Σ vb<z7vy�t�3uÆiUq^Kv�#℄gv#8~^v^K/pX�v06Zp�q�2:wv��,/-�Minkowski �jf>[
h`vVB�℄:_��wE��,/v�#	:jCv�>� R3 9vbp*�* τ 
b<�k� S2 �v(^K K �.'-l�,℄g!sb<g τ 	,/vw�2 Σ, 3u Σ v7Q��� Σ v7Qt""w~
K ��~ K 
 τ z+q�v+�Ep �A#�τ :><w�2 Σ̃v,/�hb�
1
K � D �v�#k~g τ 	,/v�22�v�5/�}�� 2π 
 D v2�-FvQ�/8MZ τ v}��&B5K�v�#�
.:&#8:.lz Dirichlet,/v Minkowski�jv℄zv+�Ep #{hz��q�℄g�_| ∂Σ �b<>�v*�2�vp "iZvTv�j��Y���K0-'a�A' Minkowski �j(3�*�2`:jCv�h6&�2���w~�v;#G)
#j�`K
bV4Er/�� K :/.�v�7Qt"8�:bbv�-Y�Minkowski KKR
b<�/t"�b�v���^Kv/:b<lz)Kvz)�e�)K:
 S2 �v~℄�kv+P^Kusv��Ybt	:�;q�kv/.�vp "�:&#<KK℄gP�#<*�2�b<℄Cv06�2vyA:��2ZN>8�* {τi} v�et9RK�5e�b��* τi ℄gv_,v��
D�?Kt� τi �Rv5e℄gv_,v
Minkowski KK?Kt�z-l�℄gQ�vP�x���`R��v�~�kv�* τi �� p : R3 9vb<~�Z�℄zrZ p v.*�_,
b<>�v�2+%��m�
dUQ�z�"��"℄gUM�3b�#^��,Eus

g p~	
=voÆ{2s�2�v�evb<�/t"�#<t"rZmz�2v020��>Z
oÆ{2�vb<0���#<0�zdP��_�d
q~~ p vP��q�2:*vu:wv�t- p ��2vF;-��,r/GJzi#<�j�>� S2 �vb<0���,G&!sb<*�2/'-�vTv��Y�,zb<
�28+%v`2�_(?s
 p ~�Z>x�2�"vU*�#^Eus
 L �vb<0��
.#<0�℄g��kT��P�# �2:hziRv��Y�2:wv�rZd� p� LvÆ5�r/GJus# �2��Y�28:wv�wh}:�dE�

G. z�p��di�ws��5�2
 ∫

H2 v�/�2:�
�B9XQ�vgE�2�� S3 9v#8�27C#v4!8t/��K�#8�2�v
d8-�`:!Jz�v��Jgp�["<C S3 9vq��5�2v}bg&/w~ 2 �Z�#<�j��.P� Choi 
 Wang[43] f>ZZ
7�� Sn 9v�5M�2v zeta ^K:&zh`v0'�G&!s#8 zeta ^KvYHE8�#8:&
rJv�^�TvT�mdmQYPvC�5r/zgE/�ZE S3 9:&f�!`��MUv*�5�2{hziR��Y#^vU�/f��A'�)<i;�	zz)�< S3 9v�5�2��d�_,7C#vg	_,v2�:���[
Q%v*g��VB Sn 9v�5�2� Rn+1 9�5P�BvL�i~vVBzR � Sn 9v�5P�B�vK: Rn+1 9vb<MzL�i~v�5P�B�℄g Rn+1 9v�5P�B
 Sn 9v�5P�B-�z0tvR � Sn
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9�5�2vg&^K
�rv Rn+1 9v�5P�B�vlb�
^KzR�#<FtvbK α
 Sn 9v�5�2vg&/zR�h/�g&/E: α2 +kα�h9 k : Rn+1 9P�Bv
K�
#<�r+Rvzb8Q�v�j� Rn 9�5P�B�v�
^Kb�v
KvK�: Peter Li[131] 
 Colding-Minicozzi[48] >Zv�g2vv�2v2�>Z
 Sn �5P�Bvg&/v=K�q�5P�B:*Ev�α :b<'K�#℄g
�
^Kv℄�i~�zus�G&v�5�2v2�>Z α vb<ezv�J�q α hk-�_�b<�F"!9~b<('K��,�dK�#<�F�qP�B:C|{2-�_v=Kh℄Ghk�G&*6#<���� [133] 9� Peter Li �["q7
x$�2�FB-IvFB2�v1K�#
x$�2vg&/z0tvR �b�pP��*x$�2�vb<>�vFB-I��,℄g�)<FB��*b<K λiA �h9 λi :��v} i <g&/� A :2��x N. Korevaar[16] v�z�#<Kzb<�/�!sb<�s#<�/v�/��#:!JziRv�{29vK��5�2>Z#^v�/���G&>Zb<=�vR �� Sn 9vb<8�\�Æd Sn−1 9v*�5�2�#<�2v} cn <g&/:& ≥ 2 �h9 c 2
q~�2vi;�:&z℄GK� c �:&_
i;�R�g2v� Rn+1 9vb rZ�~vM`2r/�# �2t9	3� cn<#+�##�* S3 9v!`��5�2%#^vM`2#R�<#+�
H. g�nk�d
p��Q
 John Nash ��B Mn s RN vwNq�v�&A[gp��#<q�vz.2zh�v7��Mn v�
Ka7�g3��e�Ædzikv5E�j��hkv�
K:	
v~
���D*6wNq�vf�E�	
3wNq�℄��r/!bv℄g��3IhB-vq����,℄,��B Mn ℄gwNq�vX5
K: n(n+1)

2 ����� n ≥ 3 ��,8,tÆdzikvR~ R
n(n+1)

2 9 Mn v5E�wNB-z���� R2n−1 9v Mn �z��f,v5E�z���TJkv N ��,℄g�℄z
>��B Mn s RN vwNq�9��5t ∫

H2 �.':#<�^v�/~�b�pP�b<wNq�� RN 9v�$!5�B Mn v`R��8:z/v��Y Ricci ��z"/�A'h℄G`R��:z/v�.':3u�BMzz/`R��vwNq�vXwp �
 Michael-Simon �z [151] ��#8�B#Tb<w?8w5�b<)6�kv�j:��b<�$!5�Bq�s RN 9R	�5P�B���2pP�Weierstrass 06℄gvp_s#8���q
Kk~ 2�?p6,v)6:��:/.�v�Ricci ��:!(v�g	w?8w5
�b�v>88w5 [38] R�������b�)b~v�	8MZ Cn

tn/2 �h9 n:�5P�Bv
K��℄g�><�5P�B�/'v�k��IRvb�b�:b<D (thin)���,r/�d3I_�:&)<!5�CtV~b<P=b�9v�$�5P�B�:&)<5�BtV~b<{29v�5P�B�q
Kk~ 3 �2,th�vR~�5P�BvMk�P�(3�5x`w(z%#v��5xMz#^vE8�_:v�5P�BatP=b�usvb℄aP�+�v�G&#v Rn v℄zg�5P�B	aPvaJ-I�#^vaPb�:2��5v�:&b<�
K	 1 v(zi~v�5at+I:b<x�zK�Mz>8i~v�5at����>℄aP℄G:b<�5K�#vMzL�i~
8



v�
K	 1 v�5at#{hziR�Mz�7�
Kvbvh$-v�5P�BpQ+P�B�/���z;#�7�
Kv�5P�B	:#^I�v�8:�_,
+Pe� mp�E:
lin~v�5P�Bv
���uZ�:��jrZ[v�P=b��vb<5�$s�xv
K��m2v���R:
�Yb<in��vC|*zR�#<in��"v�5�2/uVB�P=b�9v�5P�B
{29v�5P�B0t+R�{2 Sn 9v�5M�2� n ≥ 4 -hCI�� Sn 9v!in�5M�2U:&2zz)�<�?pw8,t Sn 9:&zb<!`�v!inq��5M�2U��Y#^vM�2�vK:��v�A'#<�Y:�v� Schoen[179] Fis�#<wh"��5M�2�Kb<(K���vFB���#E> Sn 9�5M�2v
d�~
��
hrv)6��,r/GJ#v#8M�2�
Sn 9v�5M�2vk�:=_v8-��.':℄G/�["<-�q��5M�2�}bg&/w~ n− 1 �#<r/
P�Bvk�K�!JzR �
 Cheng-Li-yau[38] vA[��,℄gI��5P�B Mk v�bv�vb<�/K� ckVol(Mk)t−k/2 ��� Sn v\/^K>Z
 Mk vg&/	 k v n + 1 <g&^K�℄g*6q Mk 8: Sn vÆdP{2vb<P�-�Vol(Mk)zb<"/K� c−1

k (2
e )k/2(n + 1) �:&�5P�B MK vk�v/v�e:y�v�f�b<Mzt^k�v�5P�Bv�MU�b<Q�v�P:
 CPn � HPn 9vb<P�B�v�MUv Hopf $
tvI0us�w8v\:&�{29f�b<�MUvQK
�5P�B M2k, k > 1 �6&v�̂ z[� -x$�T:('�ov�p	_,:b)v}
�TW��#<�TW� Atiyah-Singer 0/�z℄gvp�Y.b�v
K�8Dv:��5P�B:x�)}
A�TW�kv�hCz._vB-z���>�b<�5P�B�v Jacobi H��,G&!sZN#<HvbU�5P�BvB-��z℄Gf�bv2��5vP�B�
><b)�TW0t+R�	
!s#bvgE�B�rJ�,_|���BzgEv
u���Wt�B�
u�: U(n) ��#<-�LWs Wirtinger 8w5�#<-�E:!b<

L∞ �K~~	 1 v*v k− B5�A'Æiv#T ω|M 	k��v k 
P�B
M +��_vt�v|k��5��
 Stokes �zuZ��rJ�MzgE
u�v�B�℄g

u�I�Zb8gEv*B5�#8B5h/:`Cv�℄gzJ/v�K�q���B:P=b�-� Harvey 
 Lawson[91] ��rv�5P�BQ	6Mv (calibrated) �'�I�#^vP�B��hjC�[
A8
+PeG)vg��b<=_v�PQ	gEm;r�P�B�Wt�B M2nvb<P�B Ln Q	:gEm;r�v��YWtB5)6s L �:`�v��Y M2n v
u�: SU(n)�Um( - zRs�B��A'zb<�` n− B5
Ω ��,℄g_|� L � Im(Ω) = 0 4u ReΩ : L vk���#^vP�B%
Havey-Lawson Q[gEm;r��B�_,�%�9%
�v=<�'Zp�#:
Jp Becker-Becker-Strominger vA[ [10] �^,:-_!sUm( - zRs 3
�B9vM�Q� (cycle) �
A8�Ub�M�Qv 3 
��gEm;r�P�BvB-z�:x Mclean VBv�^*6
#8P�Bv
Jacobi H℄g
�
 1-B5wtmp�#<Zs#v
 L �v`
 U(1) �"��
Strominger-Yau-Zaslow[195] v��9��,VB
x L 
 L �vb< U(1) �"b
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�WRv9b��#<9b�zb<Q�v+-I
b<h`v��`
�v L2���#<9b�v+
K: b1(L) �q L :b< 3 
vv2�9b�E:+ 3 
v4uzb<�` 3- B5��~�zQ�v{z��,<-#<+�Bh/:�b<Um( -zRs�B�
�4�BIR�0�g2v�#�<+�Bv Hodge x0:o	�Qv�4uzz�*pKv�Y℄g
_v�0v?f{Z��~��0v.<��,℄g���P�o/�Z�7b:v<C�����,<C�2isv�`
��℄grZ,/�gEm;r�v2��`
RF(sb<!inv Ricci `
���Hitchin[94],Gross-Wilson[82],Gross[80,81],Barannikov-

Kontsevich[8], 
 Fukaya-Oh[59] �#<<C�ZZ
7���,���h^MzgE
u��(� G2 � Spin(7) �v�B�`℄gZvTvI��#<�Zp{	%�Q�h4���8Dv:�w(za�vI�gEm;r��Bv���̂ ,℄grZVB��`�ev8�~��+vm;r�P�Bpus�t^� Schoen 
 Wolfson[181]f>��
�~gEm;r�P�Bk��5tE8vbpyA�!sb<vT~MP (twistor) z�v��pI�#82��5vP�B{:h^	v�>�5�B�vb<d�3ud��B	MzgE
u���,℄gv
u�v-Ip_|d�vb<�"v��:gEv������Y#<d:�`v�Mz`�}bOv�g	�":��.gv��,℄g_|��v�w~���#8gE�"vb<L�8b�?�
_℄GZN>8�5Pe a (blow up) �b��Y�#℄G:VPevb<8℄K4��� Hermitian-Yang-Mills vwB� a�℄G:b<'k�`Pe�#<TL℄G>Zvdz�I��5Pevb<����bv�5P�Bv�P:{29vw?P�B�_,:rZ#Tb<Z��TWv^K�e�kv��Y�
K: 1 �^,vB��:JK4u_,iC
bv=_vJK����5M�2���
Kk~ 1�b<�k_|�d:�
d�`
v4uB��:JK�℄z5�Qb�℄g#^/'�
II. t�jh�b<	�N-v8/:��k��Bvtd�v!|t�bB℄g>Z�Bv>�'k>��s?p	1�R~(��bB�!�O�bBvB_-Y	:pQ.(v
d.S�-b�zQ�q�bB8:g��<wB-
n_�-Y��b<+�B����b8�`�bBvz�`K:hz�v�#8z�	(z�uhkvRB�;#v:p	�,w8
.
^,+Rv8-�#YP�mdmQYP
5YPz�RFv}1��/��,
.(���_`Z!�O���;#:p	mdmQYPz�f>��
b'<7���5�Tz��.v=���C	�22zh�7��q�,e�#8�bB-�}b<=_v�j:I�Z��K\/-x"C	�`v���z-l�Bzb<gE-I2�K><vAv\/-x��[!�,:�('�<8tv-I����Zbb�#8GiCb<8-��X=_v8-�Z'�q�,���[�b�#-��brK�\/-x"8-v;#IR
�� ����>ZvF;>�℄g�hkT��P��Bv�F-I�3��Y�,Q�v��)pC|*	℄g�)X$�:&#<�#℄g%��b8�����Y�,2�#�℄z~�r48�$C|*voÆt1��e:b<�C�v*����":b<>�
KvPe��:&�,℄g/'k;#v�F�z�`K�,℄g���BZN)p8�$C|*v��	:z/v#<�
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#�4u�#<��b�v�$tv-I�
A. xwq�od�}���� �(�� �z��vR#�℄g�~���1��v��:b<Z�p �p:�w:℄g�K�
d.Sv�j�b<Q
 Rauch[170],Klingenberg[113], 
 Berger[12] v-mgpvE!J�+vVB�j:zR(���Bv-I� Toponogov ('�z [213] :#<��|v=_AM�"2v�&�jw(zzi	q
KTJk-�~
ik":&f�Mz(��v!F;�Q�B��x
-�M=W�b�vI�>Z
K�!F;wNv�P�_,b�:
t��vM�U�'v�
.:&#8�Bv/t��
F;�Qv�Bb^#{hz��g2v�b<z�v�j::& Betti KvR
%t^
Kvv2℄
6� Gromov �/>Z
b<2
q~
Kv�/ [76] ��,F,�!,��
(����-�z!J�4vF2�C7v Hopf �j�:& S2 × S2 �Kb<(�����`K�,r/�b<�b�v'2��Yb<�B M �Kb<v2 T k �h�vF;Qxv[v�:&Æd!,��v��+I�Kb<~ p �3u*���℄ztb�v�`2WRv Grassmann �B

G(2, Tp(M)) vb<P� K �w~��h9 dim(K) ≥ dim(G(2, Rk)) �b<+Rv�j:Gromoll-Meyer>x�Q{2�I�(����vA[ [75]�_,I�
!,��v���h9*���b<D��w~��
D. Moore 
 M. Micallef[150] Fis Sacks-Uhlenbeck[177] vC7�z℄gvpVBMz(v=1tE���#:P=1tE`2v*��	(�vo�r�Bvt���g2v�#E℄g{Z Klingenberg vC7v_��z [113] �#<�z}
q~�&B('�z�b<z�v�j:�
-#v�*9℄g�u��>���k℄G3v1�d��,w8,tb<Mz(��YPv�B:&:b<{2�#:h��^℄v�Hamilton v^v Ricci �vz�#v
Mz(v=1tE��vS
�B�4u*6
Mz(��YPvS
�B:b<{2 [88] �>�b<�k��Bvtdv�
`2v Grassmann �B�v^K�.'-l_R	><x$��v��^K�
B. Ricci �o���� �v�Eus Ricci  ��_
�� �z+tvvA�_`
K���v}b-#us�#<!�v8/vp>
Vk+��b<-#v^z���C7v�pQ
�T:
 Ricci  �Z��I�b<w~�8 �v���v ��f>z�>x{V�K���v-#s�� �v L2 �Kv-#�usv�T)K�7�

d��Cz.�8Z_�/{V
�pQ
�T�h℄GXm{��R	bf$-vz��q Ricci  �:�� �vJK#�#<�BE%Q	�pQ
�B�#`K:
dQ9XQ�
X*4vbv�B�
dQ9X�&v�j:P��8�B℄g�K�pQ
����Y_,f��}z���#8:zik4ujCv�j�q�Bv
Kk~ 5 -�8,tÆdf�EvVÆ�`K)<#8
Kv�B	f�b<�pQ
���hC��:&��b<>�v5�B�℄z�pQ
��v9b�z�y�<�r#+��pQ
��v�MUf��f,v�P�MzgE
u�v��zR�XC7v:pQWt - �pQ
���q
K8k~ 4 -��pQ
�B�M5E�_|���?X Hitchin[93] �

χ(M) ≥ 3
2 |τ(M)| �h9 χ(M) 
 τ(M) #2:�BvPmK
0/�`Kf�#
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^b�Ev-I�z�)<S
�B	:rZ�( (1) �pQ
�B� (2) �2�v�2d�`KzvT Seifert $
tv℄
6vi~��
 (3) �
�B�v
?d�	:ZN{2�v2�v
?d�(�R�#<℄gX[ Thurston 6�� 4
wBv{V��,����

S
wB�Hamilton v�T℄gvp*6 ThurstonvM�t<-
�2v{V�?X [89] ��R�v�j:z. Hamilton �Tv.��-i~v+r-t��pQ
�Tv.vI�:b<jCvÆ���zQ�A#v
�Q��[v�v��p$x
K�#f>R
b<!J=_vAM�8Dv:�k�K#8.	:F;v4uzi~�q��:(�v� Mckenzie Wang,Ziller w�f>[
 uvVB�4u!s
K�=_v�pQ
�B�?X [219] ��X9 Böhm �'
 5 s 9 
v{2�v!lE�pQ
��v�P��~Mz�1�QvS
#T�pQ
H�Tv!�O��� Geroch[67] q�
 Bäcklund -x��b<.-s�b<.�#8-x:��8`�v�8Dv:k�Kz�	:F;v��,!J��
.
#8-xI�v���8:�$v�VB Bäcklund -x�(���"�dA[`:!JziRv�h/�� 70 Jm��3
h^� [68] im
bpyA�Q	 Wick OH���!�O$b..�X~s(�v�pQ
����b<�pQ
�T.vi~v
Wick -x7CF(�:!J
8mv�g2v� Schwarzschild .-R
 S2 × R2�vb<^	v!in Ricci `
���h�(zWt-I�8Z Wick OH8:b<��kvZT�p	_
q~F;\/vb<s4P�� uvVB Wick OH��pQ
�Tv[v��zQ

dQ	:!J/uv�

Penrose vMP6�
;�tvR-�z.MWtv Ricci `
���	:!Jz7v [95] �#8���
��v�Fz.b^�	f�t^v�j�s?p	1�I��pQ
��Xz7v��:�~Wt
d��#<
d9���: ∑

gαβdzα⊗dzβ , Ricci  �: Rij = −∂2logdet(gαβ)

∂zi∂zj �(: Ricci  �v�,v0h53 Calabi �>I�Wt
d9v�pQ
��_�ov���Y�,rZ ∂2ϕ
∂zα∂zβ

B-b<>��� ◦
gαβ �h9 ϕ :b</�^K�A'�pQ
�T Rαβ = cgαβ ℄g:R

− ∂2

∂zi∂zj
logdet

(

◦
gαβ +

∂2ϕ

∂zα∂zβ

)

= c

[

◦
gij +

∂2ϕ

∂zi∂zj

]

.�Yzb<k�� V dz1 ∧ · · · dzn ∧ dz1 ∧ · · · ∧ dzn 3u
− ∂2logV

∂zα∂zβ
= c

◦
gαβ,�,`℄g�#<�T:R

∂2

∂zi∂zj

{

log

[

det

(

◦
gαβ +

∂2ϕ

∂zα∂zβ

)

V −1

]

+ cϕ

}

= 0.
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�b<5�B���,+�℄g{Z
det

(

◦
gαβ +

∂2ϕ

∂zα∂zβ

)

= Ae−cϕV,h9 A:℄g% V �?vJK�k�� V vP�R
I�Wt -�pQ
��v!J=_v;#�g2�!5�B�Y�?X [41,207] ��
\�#�TvS~X�6&v c < 0 :���TvX�ovwB��#<wB"� M �Kb<,JK��vWt - �pQ
��vV_p :�B M v��*d:$-v [6, 225] �q c = 0 ��#p ER	f�b<k�� V �3u
∂2logV
∂zi∂zj = 0 ��#<wB"�)<Wtv	�Kb<�bv Ricci ��	�vWt -�pQ
�� [225] � Ricci ��	�vvWt��b�℄g%Mz`
��*dv+-Iv9b�
)<#^v+-IvWtK?Kt��<!J=_vWt - �pQ
��f�Ev-Y:zROK
td��Evb8R ��`dv��E: Mumfordv+�B Mn v�t�kv [159] ��b<�t:xb<Wtv [ω] >Zv���)<7 r v1�d V � V v+�~ ω vbK:x deg(V ) = c1(V ) ∧ ωn−1 �kv�u V v9��k	 deg(V )

r �d V Q	:
Mumford- ��v��Y V vÆdLIPDv9�	5~ V v9��\*b<>�d:&��8: `�v8w�Fis�Pd3����� Lübke[143] *6b<�KWt - �pQ
�� ω v�Bvtd+�~ ω �kv�t:��v�qK���8	�-�℄g��t8: c1(M) E: −c1(M) ��#^vwB"�P�td+�~h_v�t:&:��vEhziR��,Fis(3q ω8:*v-l`z��Ev1K���}bOB5v�k+Fb< ∂∂f �h9 f :b<'k�kv^K�2_ ∂∂(ωn−1) = 0�∫

M c1(V )∧ωn−1E:��kv�Gauduchon[61,62] VB
Mz#<E8v��.g���^*6
�T ∂∂(ωn−1) = 0 R:℄gvb<>�v ω vFBB-.Zp�E�[" 70 Jm9fR~Wt - �pQ
��vA[m8D�["
h^�>x!s�`1�d�vTv�����Q�v1K:b<��.g Yang-Mills �"�Z�1�d V �v��.g�"�\4�� F v�<�&0/�A' tr(F )ER	 V vQtb��,_| tr(F ) = cIV �h9 c :b<JK� IV :b<iwQtb�wz�b<1K� Gieseker ��E�

d8-�z�v&�X`:t^vQ��b<�`d V +�~b<(*d L : Gieseker ��v�qu6q� V vÆd!`�LIPD S �
1

rankS

∑

i

(−1)idimH i(M,S ⊗ Lk)

<
1

rankV

∑

i

(−1)idimH i(M,V ⊗ Lk)�TJkv k R��
x$ -  f�z��,,t ∑

i(−1)idimH i(M,S ⊗Lk) :b<R~ k v�/5>Zv�Q	 S +�~ L v��6g�/5� Gieseker[69] � Maruyama[145] *6
b<"s�2�v Gieseker ��1�db�IRb<H"se�
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.< Gieseker ��E:�dG)v��,Fisf�b<2
q~ V vk'K k0 �3uq k ≥ k0 -�� i > 0 R� H i(M,V ⊗Lk) = 0 �4u V ⊗Lk :x'k*2)Rv�Z�MzP���6g�/5v�`d V vU�3u ∧rV tI~b<P�v*d H ��#| r = rankV. �� W = H0(M,H ⊗ Lrk) �A'
x$ -  f�z� dimH0(M,V ⊗ Lk) :JKu H0(M,V ⊗ Lk) ℄g�b<P�v1�b�wt��,zb<Q�vtb
r

∧

S −→ WP�
 V v�`-I�� SL(S) [v� Hom(∧rS,W ) ��usv�b��e;v�g�k�E:℄z#^v V v9b��
Gieseker *6
�
d8-�z�vik"� Gieseker ��Ew�~#^v

SL(S) vb<[v��gpvQ) Conan Leung[121]�^v��9Z�
d�vy�"vb� U �p.< Gieseker vA[�# DA :d V �v#^b<�"�� B � C : U � DAvt1��t^�� ω :�B�vWtB5�u k > 0 :b<'K�A'�,�k
U �vb<�" 2 B5

Ωk(DA)(B,C) =

∫

M
tr

[

B ∧ e(kωIV + i
2π

RA) ∧ C
]

sym
Td(M)#| [ ]sym 06B5v#b�Q��RA : DA v�� 2 B5� ω :WtB5� IV:iwQtb�	 Td(M) : Todd v�q k TJk-� kω 
6 RA �u Ωk R	!|t;B5�W�� G +�~#8;B5;[v� U ���Gt"℄g�YZp�"

µk : U −→ (G)∗

µk(DA) =
[

ekωIV + i
2π

RATd(M)
]2n

,h9 (G) � G v{mK�℄gwt~ M �vQtb/vX7bB5�b�pP µ−1
k (0)℄G	b�℄g�,P� ωn vb<JK#�u�Gt"�T�">Z

[

e
i

2π
RA+kωIV Td(M)

]2n

=
1

rk(V )
χ(M,V ⊗ Lk)

ωn

n!
IV#: Leungv�T�^Fisq k → ∞ -��TER	 Donaldson-Uhlenbeck-

Yau[5] �T�^*6
�Y V 8℄���I�T�TJkv k vb4z/��.vf�EE&8�w�~ Gieseker ��E�
Todd vvq�`K�#�&%8:&8v�Z�_�/>Z
qr�,r1

Gieseker ��E1Kv��6g�/5��Y�,� Todd vvh^vvml�(� Â v��,`K℄gush^v��E1K�
14



�Y V :�B M vtdu V �v"?Wt - �pQ
��:vp�k
Donaldson-Uhlenbeck-Yau �Tv����,EusWt - �pQ
�T�pa�,℄g� Donaldson-Uhlenbeck-Yau �T.<	��!*EvWt - �pQ
�Tv���*Et���dv��E:p"�Tvf�E/M�["hv\vXsWt -�pQ
��vf�E{
�Bv><!*E��EzR�℄g��+Jm9f��iZMz(�}bOvvmK�Bv Gieseker-Mumford ��Er/:Wt -�pQ
��f�Ev/M�?X [227] ��#<S~X9%n5=<VB [204] �Z�^Z�
b<��8tv��E1K��-�vXYv<C:(�v��Y�,#�B�v��.g��	 g utdv��	 h �A' g 8b�:Wtv����?K��{TvA[ [129]�?X Buchdahl[21]9v�
wB����.g Yang-Mills�T tr(F (h)) = λI � g !Wt-��zik�d+�~�� gv��E1K��zik�2_ (∂∂ωg)∧ωn−1

g = 0�h9 ωg : g v+X (1,1)- B5��Yd+�~ ωg :��v�
�℄g*6f�b<#T��.g Yang-Mills �Tv��.g�� h�>Zb< hvFB-x��,us ĥ#Tp (∂∂ωh)∧ωn−1
h [61]�pa�Y:td�A'�,Ezb<#T (∂∂ωg) ∧ ωn−1

g = 0 v��.g�� g vb�s_Q%vt"��,
8E+>#<t"v8�~vf�E
Wt - �pQ
��vf�EzR�
.:&f�h_v!Wtv8�~{hziR���Be;v��Ep "��2��.g��b�Qt"v�m℄G?�sb<8�~� Uhlenbeck-Yau[215] 9v�*`K℄g�rpus℄G_vK��#:b<z�/v��	_866iC
Wt - �pQ
��f�E�jv.i��u℄G>Z!Wt�B�v����.g���Z�2zz)�<!Wt�2�h6&7
wBf���v!Wt�B�a��q�,"2>Z�,!.<-�!Wt�B�v����.g��{�%�|�y[v�p	?K Reid[172] vb<-��#<�B℄gvp�(℄zUm(
- zRs�
�Bv9b��v#<d��pR!!Wt�2�v����.g��v-��f%{T�)�℄
� [103] �>Z Bogomolov �z [17] v}b<�2*69vs
�
8�\�`�*v VII0 v�2: Inoue �2 [105] �#|b<h=_vSE:�`�*v!f�Eh/℄g�D�,"�td�{T
�� [129] |3Iik"v��E�b<w(z.Pv�j:#v�\z)�p�`�*v VII0 A�2�#88�q�,�Z�b<vTv�*℄grvs�td�h�MzZN#8�*v�~��zh�Pev�B�td��Ev*68:b `�vÆ��g2:�~�,� [129] 91 v��E1K�

Roček �^v?�~�0�Q I �� [173] v��9�iZ
bv�K (2,2) M�Qv!Wt�B�̂ ℄�vp !Jrg3~��uZz�/v�P�b<p :�B M vtd+I#�	�<d V1 ⊕ V2 �h9 detV1 tI~ det−1V2 �a��
V1 
 V2 _|�k M �b<�*aP:Wtvat�
 M �Kb<'kv��.g���q)6saP�-:Wtv�
.#^bv�Bv)6s{z�k:hziRv�j�q�B�KMz,K���vWt - �pQ
����GJ_sA8%{
h_��.g�Q�o/tv�B [224, 228] �p"v_s2
q~OK��m"
q~>8dv!`��`*2vf�E�OK_sf>%V�v3v����
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b<!Jz�v�jw(.P�`E:��,�^

d�_sA8xYH��kv7b��.gF;�Q�B��,q�℄gvK� Hecke �r�8Z#8p 8�h\*��℄g%�Q�)2v�B!b<~
_s:b<!Jz�
jCvÆ����
�Bq�f>z Thurston v&�v�z�Q�v�,℄grZ���B:�pQ
vp�t�j�:&zb<x$
d9ve;v��E1Kp�D_sF;�Q�B�.sX9� Besson w� [13] � LeBrun[119],Gursky-LeBrun[86] �

C. Leung[123] GJ�:7b�Qb�v�pQ
�Bv_s�2ZZ
7��}b/A[:�~==v1K�m2vA[	
q~ Seiberg-Witten 8-�u2rv~S
�B���,p2isvA^�B_v�j:��b<&�v�pQ
�Bvf�E�z�zb<f�E�z!J(9~�pQ
��f�E� Taubes[198] *6
b<8`Jv�z�b<S
�B�>Zz)<~^v agm�zb<MzQ�Q��v���
��v��B5�?YP[v"8-��#:xb<!J^	vin!�v�*usv����#<��v9b�hC
6�̂ ,vf�Ev~
\k`86r��Y℄grvvTv�*pG)�pQ
��#{:h^	v�_0Zv:�Taubes v�zG)ZK�+�
�B�̀ E:Mz Taubes��vS
�BvMPb��.':#8�
�B�v��!Wtv��.g���'��,e�!Wtv�pQ
��vv
<�j��#8���,vK���vwB
.u+q��(3:!5Wt�B�℄:�K��j�g2:
 Arakelov
dvR �wG_�MVB��+vb
wB�#8��E:TUo���℄:�b<hCv�j:�v�k"sb�9mK�*vlb�/5p>Z#<��v&5v0h5�#<�j+q~v��`2>Z#p�*vb<&5vo/t��,℄gv Weierstrass ℘^Ko/t C�v}
�*��>8!5�*�℄g� Picard-Fuchs�T�D"�rZM
d�K!Zo/t��^v��9 [53] � C. Doran ,!vVB
#v�T�^:rZSEbp�*�vg}
�*� K3 �2	&8$
v$
b��� 1979 J��dÆQ�iZvb�p
d�j�h9bp:<CmK�B�v#8��℄gvrZ��*d7b1p"sq�s"sb�9℄|rv��p'9�h?v:-VBWt�pQ
��

d��EvR ���v0r"�n5�^v[%�� [201] 9�v
3od
zRsv ∂- F;t�� [191] �*6
�v<-� Zelditch[231] �X9v��9v!9e#���07
K��#<q�� Arekelov 
d9zrv�� C�vVB [232] �b<+Rv�2:H"s�B M\D �v�$Wt - �pQ
���� 1978Jvf�;�KQ�k{��0Z� Ricci `

 Ricci 	,v�&Z�gm�x) � - zRsZ
VB [41] �mp:n5 - zRs [207] ww��#| M :mKv� D :b<(W+%v[P�g	 KM ⊗ [D] > 0. �
3��� D .9vB/f,���z℄G!s��Z D vb<!9�V�Wt - �pQ
��vvy-b:iC
VB+�Bv.�AM�>b<"s�B M �^v�z)2:b<!JM
v�2�℄:��,℄gGE_vmK\k�["�+�JpiZvb<Q�v�j:�!b<
 M v�z)2s�b<mK�B N vVP�vT`t"�3u M v)�-x℄gX~	 N vb<Mzz-x�Z�#<8j`K�℄z"s�BpPaZ~uS�p:_r/8{Fua��b<=_v�j:��^)RMzX%�Kv�`^K�����Y�

16



,-_� M v�z)2/'	z/~���,G_)Rz/�`^K�R. Schoen�["v�zb<℄gG))25�Bv�B�z/�
^Kv�� [187] ���Mzr,��v�B�#<�jA#x Sullivan[196] 
 Anderson[2] Z
VB���b�2��`^Kz�rv)6�w(zusÆd^z_,f�Ev����,K���vWt - �pQ
��z�9�Wtv:��vu}bOv:,v��#<wh"���:x+-IP�v�pa�ÆdWt - �pQ
��v8-�	>Z
+-IvF�8-�����#<��G)vmdmQYP[v��Bv=<Q�d��
#8mdmQYPvg&/+Rv zeta ^Kr/Mz
+-IR�vz�E8�p:�[
 Ray-Singer[171] q�v�`MG��#8 zeta^K℄,(��v#8R~g&/v>�>ZWt -�pQ
�B9b�vb<5t{hz��G&v�#
d��*6�B�v"s-IU2zz)�<#+�
Catanese-LeBrun[36] 
 Kotschick[117] vb<z�v-�P��/f��<�#tVvWt -�pQ
�Bv�P�h�vK���Mz+�v'a�Seiberg-Wittenz�vb<XB_vRE:*6
�Wt�2�#:8℄Gv [57] �	
z.9b�5tv�j�b<Q�vyA:VB_v Weil-Petersson ���b�pP�Weil-Petersson ��8:�$v�uz�/���℄:�_v Ricci ��b<5��℄G:,�v�u_vC	r/�tZ9b����Wt -�pQ
��vC	�Wt - �pQ
��9b�vMz,K���v Weil-Petersson ��
Wt - �pQ
��9b��v Ricci ��	�v Weil-Petersson ��zhkv8t��p2vwB��,h℄Gf� Ricci ��zb<�/
��m"wB�
Ricci ��r/zb<"/�*6^,Mzz)k�r/hz�� C.-L. Wang[217]f>z.
 Ricci- `
Wt�B9b��v Weil-Petersson ���9b�vi~^�$vp �G&5tb<k�z)u Ricci ��z"/v�$Wt�B�K�Jp��Lm
v
d�Æ5tMzz)k�v�$�Bv6���?X Siu-Yau[191] ��"m=j6 - :�x
�vQ))�℄VB#<6��Z�#<6�w(z�R�f>z
h�7��� Mok-Zhong[154],Mok[153],Yeung[230], g	)�℄��v��0vA[�Q
z��z9v%�:8gp�Ricci ��	�vWt�Bz��
Um(
-zRs�B�f>>}
Lkv-t�Candelas,Horowitz,Strominger 
 Witten v�&�� [28] VB
 Kaluza-Klein 9A�h9���b<+
-brZMz!`�`CHPv54�
�Bp5tRb<S
-b�Xmv#�06�#<5t:xb<Mz+�
vUm( - zRs�B>Zv�#[C7v���_qm
k�vI�#<�BvA[�g2:A8PmKw~ ±6
Mz!`�v�&�v�B�5V4��zQ��	2zh�v�
Um( -zRs�B��%z�v}bb=_{m� [226] �["3I
K�I�#<�Bv����zQ�,!J<iv�'3�f���<#^v�B�["imrZ���"sb�9vM�2[��%pusbkv#8�B�}b<=_v�P: CP3 × CP3 9v�<�b�2
b< (1,1) bM�2v��%�#<�BvPmKw~ −18 ��℄g!sb<�8�~|[v�h�v 3 )��A'��BvPmKw~ −6 uMz!`�v�&��n5�[" [206] �mvvTv���'
��v�P� B. Greene Fis℄z#8I�G)Zv�BMz+tv~
� Greene 
^ve["(3e�
#8�Bv'2Q\k [3] �Um( -zRs�Bv}b<b�Ez�: Piatetski-Shapiro 
 ShafarevichR
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~�
�2vVB [167](Burns-Rapoport[22]R~Wt�BvwB) �̂ ,�' K3�2v9b�v?ft":ov�#"v�jh�gm=x Kulikov[118] 
 Pinkham-

Perrson[166] Z
VB�#�[��	:&_vA[�G_k�vmKAM�#8�zx~ Todorov vb<S~us
N{v�t [210] �
rv["v
Ricci- `
��vf�E�z�R�-^: Hitchin[93] SEs�#8��iC
+-Ivb< S2 U�#p+-Ivzz�*iC
7�9b�vbpyA���U;
,!ve�x3od>Z [190]. ��,f��#8��{Vs7
vUm( -zRs�B�Z�#<w(z/'� Bogomolov[17] vR~�`;Wt�Bv�VÆE�zf>#2%n5 [200] �^v��9
 Todorov[211] 
�v{Vs
7
Um( -zRs�B�#<�&�z�Um( -zRs�BvmM��9�[
=_v&���#<*6�VÆEvD5vb<vT% Kontsevich,Fukaya w�vpI�7)vS��g>x>Z�0�QvmK.< [8,59]. �%�
q~Um( - zRs�B9b��k�v�Y���F; Torelli �zR��X7
�`B5v?fEP�
9b�vF;
d�n5 [200] 
�zQ�FisWtÆ9℄g:R log‖Ω‖2 �h9 Ω:X7
�`B5vb<F;�`U��` n-B5�k
 n 
�t�vv�`
�dvb<P*dv8/℄gvp�YMz��KKv Weil-Petersson 
d�#<`
d+�~*dv�3I
+-Iv�y5B-�pa>Z
9b�vtd�z�<z�VB
#<
d� Candelasw [27]
 Strominger[194]��StromingerQ_	gE
d�^mYQ_)6AvWt
d�[""m07	gE
d��gE
d�mp�0�Qv�Y9�[
h=_v&��

Gepner[66] 
 Greene-Vafa-Warner[74] vA[Gt
�^>>8Um( - zRs�B.�b<FBH�
b<t��#�8Dgm� Dixon[51] 
 Lerche-Vafa-

Warner[120] Z
�0�Qv�C��Y�><Um( - zRs�B�℄gX��b<Um( - zRs�B3uq
 M Z�s�0 M ′ ��<�~R�^K�b<
+B-+R��b<
WtB-+R�o+ts��� M v+B-vR�^KE: H1(TM ) vQ�v�=S��#<℄C�p	 ∧3T :`�v��WtB-vR�^K_+�u��[
 H1(T ∗
M ) �v>�~
!S (cup product) �wG_6(x~�zz�*��#G)v�F�

B. Greene�["� 1990 Jv Berkeley H�vA2�0�B{m����2v�=S�Q	�P!S� Vafa �#<v-IG)v�t�Q	�P�t��� CP49v�bmKev=_�P�Greene-Plesser[73] �~FBH�v�**6
�0vf�E�hf�Candelas w� [29]��0f�v�℄���R�^KZ
��v,!v�Y��gE
dvWt
+v�2wtmpm
!J=_v[v�#^b<�Y:KQ�b/<�vA[�_
q~VB#Tb< Picard-Fuchs�Tv�`�bB5v?f�g	z.
+-I|t+Rvo/t� Candelas w�vA[�kvs.
Z�+JvUm( -zRs�Bv���g2v�̂ iC
�Y�bmKe�zz�*K?�G_ezv�g�k�vb<^	vD5�#<D5vf�E�KQ�(|(z-sv�gmv>�KQ�vA[r4v7��&�	:�8tB5"=<.< Candelas vD5�q+B-b�:b
-� Candelas v�Y��%K�KQ�zk℄>v�qB-b�:�
-��YG_b<<v���#:#2x Hosono-Klemm-Thiesen-
Yau[99] 
 Candelas-de la Ossa-Font-Katz-Morrison[30] 
�usv��7b:v{V
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� Hosono-Lian-Yau[100]9��pb[��9�k�3v
 Frobenius��
 Gelfand-

Kapranov-Zelevinsky[64,65] vM
d�TW� Frobenius ��vB5?Kmp%w-
d9vM`2v℄ml�#E>
 Candelas D5v(�vw-
d.<��ÆiWt�Be��P�t�vv-I:zikv��Mz(v}bOvv�B�Y��P�t�v-e�z-lTgP�OP
�#<-�pQ WDVV�T�:b��zQ�vA[�?X [223, 54]���#8�B�KQ�℄g~v�P�t�v-e�p�YOP
�Frobenius �B1KviZ:	
z.#8�Y�t-}rZ
lE�B9�*�KvD5��b�2�gm*6�P�t�v-e�v���&�:#�zQ�v-�U;t�#<-e�v}b<*6���(;�B�Y�:�u3 -n5 [175]>Zv�A#�G_�kOP
v\k�q�*i;	�-��u3 [174]�;�B�k
b8gEvwB��m�u3 -n5�#<l�sÆii;v�* [176]�#<�k:"�� DonaldsonvR~^vS
�BvW�8-�v�k�℄�v�b<�&vIR:��`�*v5E�*�&8�: Sacks-Uhlenbeck[177] vA[�Gromov[77]Fis��`�*℄gvpVB;�Bv5E��u3 -n5vR~�P�t�v-e�v�k
*62�+�~9+-Ivb<&8vP�v��`�*℄C���℄�9+-I�8:&8v�℄gOP
G_=<�k��Y�,66)6s"s�B��~ Sacks-Uhlenbeck[177],Gromo[77],Parker-Wolfson[165] w�vA[� Kontse-

vich[115] �k

l�~zz�*sb<"s�Bzzt"v9b�v5t�q#<"s�B5><lEb�9v��%�Ezb<��℄g�k��5tb��v><VÆd��YVÆd�t"v9b�z+tv7��,℄g�dvPmK�b�pP�_�k#<PmK�8u8vs{T -n5 [127] X�ZZvR~HH�vI���"sM�2vb<&8P���b<P�~
"v�*K?℄gv#8PmKp�k�� 5 bmKe��,us
Kd =

∑

k|d
nd/kk

−3,h9 Kd :PmK� nd/k :zz�*vf�K?�#<D5�Q	)2D5�:x
Candelas w� [31] �'v�4ux Aspinwall-Morrison[5] 
 Manin[144] U;\*�K ni :b<"s8-��r/
�2isv;8-�z8tvQ��b<Q�v7Qr/: Schubert 8-��p�K Schubert �b<7�pZv�℄EA[�

Candelas v�b�
evD5:�"vR~ T B51�K�T	
5T 3

6
+

∑

d>0

Kde
dT =

5

2
(
f1

f0

f2

f0
− f3

f0
),h9 T = f1

f0
� Kd :��vPmK�u� i = 0, 1, 2, 3,

fi =
1

i!
(

d

dH
)i|H=0

∑

d≥0

ed(t+H)

∏5d
m=1(5H + m)

∏d
m=1(H + m)5

.h9 fi IR
 L(f) = 0 v.b�vbW��h9 L :�"vM
d�#YP
L = (

d

dt
)4 − 5et(5

d

dt
+ 1) · · · (5 d

dt
+ 4).
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K���$v>x*6#<D5� Witten[223] �k
*E σ 9A� Plesser-

Morrison[157] >x��RB�v#<1K*6 Candelas vD5�8Z�^,�/06
*E σ 9Av=_E�8Dgm� Kontsevich O�v>xv Atiyah-Bott F;t��p*6 Candelas D5 [115] �Z�^RBv�Y
 5bmKevbK	 4v8-��^v0h5Z~+��g3��b�Ev/'�h=_vb~:Fis�2v H � Frobenius ��9�?X [99] �.<	w-M`2v�(N KontsevichvA[� Givental[70] Z
�b<I>�vs
 Witten w�v-�
q7
�P�#�T�#8E:P�><���kv�"v`
*2v�T��℄:^v*6w8���Xm��~ Witten,Kontsevich,Li-Tian vA[g	b8R~PmKK1Kv<-�� Lian-Liu-Yau[134] � 1997 J>Z
 Candelas D5v}b<�'v*6� [134] �0m�<�Y{��/>x�R Givental 6�vA[Z'
�}b[: Procesi w� [14] v�b[: Pandharipande[164] �}b[��(zNQ*6
Candelas D5vX;B5�}�[��v
 Lian-Liu-Yau vb8-��Z� Lian-Liu-Yau vA[(z>Z�0�Bvb<I��p`�/iZ
K�z�vKQ�j�r/�#<z�.<RmK�Bvt"b� σ 9A�v6Evz�� K-z��#< σ 9Avb<w~:_,�K�,�t")6s
b<P�~
v�*Z��
�usb<z)
vt"b��

Lian-Liu-Yau z�9vb<=_�j:	>�b<mK�B M �vb<mKd V �g	
i;	 g v�*s M vMzt�v k ∈ H2(C, f∗V ) v�kt"
M(g, k) v��9b���,℄gI� M(g, k) �vb<HHd Ṽ ���:rZSE H0(C, f∗V ) − H1(C, f∗V ) �h9 f : C → M : M(g, k) 9vb<t"�>�b<6Evvz��`E:
�`1�dvst�vvb<t" b(℄g07smK�)��,℄gZ� b(Ṽ )�g	
 b(Ṽ )+Rv
<K�����,℄g� Li-Tianv
[127]� Li-Tian �k	b<HH9b���mp% Behrend-Fantechi[11] v8tv���gz.��K� b(Ṽ )v/��"�,℄gZ� b(Ṽ )
M(g, k)�v tautological*dvOvvS���m� Li-Tian ��K�#<S�v/� Lian-Liu-Yau v��℄g�hkbvd V 
 M �Y#8K�#8vg2v�\
����v2e�o{�B�vwv
�vd� b(Ṽ ) v�Y℄gX[:mK�Bv σ 9A�v K- z���;℄Gb�Evwh"/' Lian-Liu-Yau v�Y:h=_v�t^=_v:.<�Y℄uK/v
d\k�q b :Pmv� H1(C, f∗V ) = 0 -�#<K.<	�i;	 g v�*�KzR�#E:�,�Y CP4 9vb<&8 5 bmKe�vzz�*K?v����A<wh"�� V 	 CP4 �v*d O(5) �q V :
CP2 �v O(-3) ��,h/:�^z�F;�0�Q�9Z'vK�`E: CP2 9vq�s><Um( - zRs�BR	M�2vA8zz�*vK?�?X Vafaw�vA[ [112] �g	 Chiang-Klemm-Yau-Zaslow X9vA[ [42] �� σ 9A�v℄z#86EKWRv�e� Gelfand-Kaspranov-Zelevinsky[64,65] vM
d�K0t+R�
.#8K[	b<
 K- �s M vt"vF�-I#{!JziR�q b :Pmv�Li-Tian vb<C7�zP#Ew�~�Yb<
>�;-I+�v&89+-Iv��`�*pK�3�+Fb<'a��v Lian-Liu-Yau v*6��,r/GJl� Li,Ruan 
 Tian v���vp*6)R^Kv K nd 	:'K�##	K�Q�
WeQ�	h4���
M
d�Ks)R^Kv-xQ	�0-x�b<t^
8mv8/:�rZP�(�v\/ ��0-xz
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b<h`v q- �V�h9 K	:'K��t� Hosono-Klemm-Thiesen-Yau[99] 9/\Ev�Y�x[",DVt��q�0�BvB-:b
v�#<'Ep x
Lian-Yau[138] \*�#:b<!J=_v8/�% Lian-Yau vp*6zz�*K?v℄[E����*6
 ni � 5 bmKevzz�*K?�q i 8G% 5 '[-�℄g% 125 '[�℄:��0t"#^v'KE8��-�wBw8,t�#iZ
b<-zo�Ev�j�FiqUm( - zRs�Bv
K: 1 
 2 -��0t"
 j- ^K+R�h/� Lian-Yau[135,136,137] FisqUm( - zRs�B: K3 �2�Um( - zRs�B�\bU K3 �2-��0t"r/
QBA+� �#Z'�R~k;�v�U<-|�� Chuck Doran v[%��|�^�#<�j�ZZ
=kv7��^,!VB
 Painlevé VI �T	hmK. [53] ��QE<-�%�X9v7�9�K�9zrv�(� Moore-Witten[156] vA[9℄0ZvA^�t^ G. Moore iZ
x-#�zP�v9b��v>8gE~^v�0t"/vb8�j [155] �℄z#8�j�6N��0�Qz�9��NK�v!J$-v-I� Klemm-Lian-Roan-Yau[11] ��
�0t"9K�O�Tvb<{V�(:�~#8�T�,�'
zz�*K?v℄[E�Z� Lian-Liu-Yau vz�℄gvp^zK�=_v�K
d�j�_8G.<�0�Bv
d\k��t�,��2isv�Strominger-Yau-Zaslow[195] vI���/iC
#^b<g�� Vafa[26] X9~�
 SYZ <-g�1�d�\7p�Z� Gross[80,81] 
 Hitchin[93] � SYZ<-�f>[
=_7��y� SYZz�v��z.wh����vR�v+:b�Um( - zRs�B9gEm;r�P�B
,/�>�m;r�P�B�v�`
Rv&5I���Ædwh"� SYZ <-vx?	h℄G:(�v�� Lian-Liu-Yau vU;^z
 SYZvx?� mp#{!Jz��̂ �C
 Ricci `
��vI��h℄GrZ�OPCgvz.℄g{Vs�`
����K�Jgp� Mukai[158] Fisb< K3 �2�v SU(n) dv9b�zQ�vMWt-I��#℄g{Vsh^vMWt�B����^q�
 Mukai -xv1K�h6&��2vz�z� ��,zTJv>=��8Dv#p�{Z'b<�\�2℄zR-vz���b<=_v�j:#v℄z�
Um( - zRs�B�g	A8:}
$
b�vS
Um( - zRs�B�b<!J+Rv�j:�z.
u�	 G2 

Spin(7) v�BvI��.sX9� Joyce[106,107] GJI�#<�Bv!`�v�P�_,:rZin!�usv�vT~ C. Taubes zRS
�B�Q�Q SU(2) �"vI��Z�#8�B6&v�X9%�v7�9�[
=_v&��^,v'k-I��!JCg
.��,�d�_,?Kt�:&_,g uv�5�Wt�B+� ��,r/�dz.#8�B��Um( - zRs�B�vMzgE
u�vdv9b��b<X9v%�7�_|b<>�vUm( - zRs�B℄gB-s��b<���#8�B℄GMz8tv~
��,+IrZin�Bphs#<?v��,�K�>Z+tFBH�v�Bwtmp�Aspinwall-Greene-Morrison[4] f>VB
Um( - zRs�BvFBH�vB-��f�b<0-�B~
v ”flop”I�vwh"�Greene-Morrison-Strominger[72] `e�
q�BB--�PH�v-t�pus�= (conifold) ~�#8z�06(3q?/b�Mzi~-���℄Gf�`v�zz��#i
N(3q�BMzi~-��,℄g��b<`

21



v
dz���#�k#<in�B�vb<`v���b<`v Hodge z��b<`vdz��g	b<`v�K
d�#8
dr/GJ�tZ�2isv�PH��g2v��,��!s<v
d8-�p7�qb<Uq�B}1b<in�B-v�P
dv�)��� 8tUm( -zRs�Bve�9�b<g2=_vZT:xM. Reid[172]"mv�b8XYv-�℄gLWs Clemens[45]���,℄grZ aMz,v�dvzz�*p45b<Um( -zRs�Bv}��t��z Clemens[44],Friedman[56]
n5 [203]w�vR~�d�usvin�Bv+-IB-sb<Uq�Bv+-I�#8�B8b�:mKv�Z�_,
mK�BMzzw���rZ#<ZT� Reid "m�℄zUm( - zRs�
�B�(mp�#:b<+q|�v<-�p:�rZUqtusv�B8:Wtv�G_�kb<��v��.g��pP6A8vT~x Ricci`
��>ZvE8��~#<����v9b��v
Weil-Petersson ��#{h=_�p	_GJ�D02�0t"�
Jp� Zaslow 
� [229] *6
 K3�29l+~vinzz�*�K
QBAvR ��#<D5n�"� Göttsche[71] ��b�vWt�2Z
�"v<-	# C : X �TJ$-v[P�K :��[P�A' |C|9vrZ r = −KC +

g − χ(OX) <~vi;	 g v�*K?℄gx q
1
2
C(C−K) ��"v q v1�K�V9v Kus	

BK2

1 BCK
2 (DG2)

r D2G2

(∆(D2G2))χ(OX)/2
,h9 D = q d

dq � G2 : Eisenstein �K
G2(q) = − 1

24
+

∑

k>0

(
∑

d|k
d)qk,

∆ :S25
∆(q) = q

∏

k>0

(1 − qk)24,u Bi(q) :>8�z1�K�q�t�v:&�-� Bryan-Leung[20] � K3 �2v Yau-Zaslow D5vU;*6�SZ
}b:�q�F?v:X9�
^ [142] us
�b�vWt�2vD5��b8gEvwB:�{mSe[usv��~vbU Seiberg-Witten 8-�v-��^`VB
t-:}
$
b�v�
�B�vvT�j��*�Kv)R^K�QBAvR +q'/�`K#8B5vb�Ez��8�v#p{��mp�[
WDVV�T
�0�Qz��wz Seiberg-Witten�Tz��Taubes[199]X�*6 Seiberg-Witten 8-��b<;�B9v��`�*v�K+R�#<�z	S
;�Bv-Iz�j"
�,� Taubes �zvb<�&`�v{�:�
CP2 �2zb<;-I��w8,t#:&�t� CP2 `R���*6
q;-I:Wtv-l:�v�� Taubes R~ CP2 v�z%�
^
{mS{Vs
h^vzz�2� [126] �
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zsUm( - zRs�Bv#v�
.#8�B�v
dX,z�:hz�v�.'-lUm( - zRs�B:tb<Mz G2 
u�vg
�Bv,/��
G2- �B��,`℄g�_.'-l: Spin(7) �Bv,/� G2 �B
�
�S
vUm( - zRsb�z0tvR ��d3IE��,h℄GG_�Klin~vb��� Ricci ��	(v�B�m(<Cv.>
( Ricci ��5Wt�Bv~
vb<h`
.�q�B8:Wtv��jv.48b^�(3�Q{2�#<�j`w(z�;zi�b<|�v<-:�"v	b<Q{2�K(vK���qu6q_:b<O� (spin) �Bv,/�b<Q{2�K( Ricci ����qu6q_:b<℄`C�Bv,/�b<Q{2�K(*����qu6q_℄g:Rb<5�Bv1�d�}b<8j
 Stolz[192]�z,t:�v�*6vs Schoen-Yau[184]
 Gromov-

Lawson[78] v�H-Y�t^�}��}�;#vV#E`f,:(�v�
Cheeger-Gromoll[37] vC7�z�&��!, Ricci ��v�BvVB�tsMzz)�&�vwB�:&)<z)�	℄g[	b<( Ricci ��5�Bv�&�Z'�g2v�w8v\:&( Ricci ��v�r
�K( Ricci �����

Stolz[193] "mv�"���C7v Lichnerwicz �z{Vsv� (loop) b�	�Y
M v Ricci ��:(v�u 1

2p1(M) :��A' M v Witten 0/w~��Fi
1
2p1(M) = 0 .<R M vv�b�:O�v�p:��#^b<<-w(zTJv*K�!sb<p pX:&z�( Ricci ��v�B�(K���v�pQ
��f�EvVÆ#{h^	��
Kk~ 5�h℄G(zÆdVÆ�(3q�B:Wtv�(K����pQ
��vf�E`w:b<DVv�j�Z�zQtI�:℄�v� Matsushimavb<�z [146] �
 Futaki8-� [60] +I	��<f,vVÆ�["+>R�vVÆr/pQ~�t+-Iv Mumford 
 Giesekerv
d8-�z�9�kv��E1K�z℄G R. Hamilton v�T�#<�j9zv�^v�T�/�U+-I�Bu� [32] *6
#<�TvK-�.vf�E��&vK�� Harnack 8w5`xBu�us [33] �b8L�P.`	Bu�℄�' [34] �*"vb<=_�j:#v℄z#^vL�P.�Wt - �pQ
��
WtL�Pv�bE�j#2z Bando-Mabuchi[7] 
n5 - A5p [209] ℄VB� Hamilton �Tv!9C	`K
��E�j+R��(K���vWt�B�Y�(K���vWt - �pQ
��4!b�f��VB���Vb8v�pQ
��vB5`K{�z��Conan Leungv-�`K℄gr4���Vb8v���?X^X9v�� [122] ��℄: Leung *6
#^b<��vf�E℄g{Z Futaki v8-��#8`K:XV�v℄gVBv�����VB
�P�t�v℄G� `K`{zv�

C. ~owq�Z�K���:
Kk~ 2 v5�B�X�v8-��_�Vk+��9�[
=_v&��q!�O��)6sb<vbM�2-�K����&�068�v#9��=�v8�#9�kpQvbM�2v}��&B5vE(���zQ�v.<G_K���v(E(,E�zik�p	rJv8�0���:!,v��z.O:(K����Bz���v!J`v1r�
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}b<RY:zm^YPv-��Lichnerwicz *6
"2v4(�z [139]	�O��B�
 Atiyah-Singer 0/�z�℄g{Z�Bv>< KO 6EK+�	���hK-�|�#:6zv,tv~
JK�(8�<-v�j:� 1973JQ
(kQ�#
d{m-iZpv�hfEFisb<�ov�j:��
v2�:&f�(K���v���Schoen 
�RB|*6
#^v��8f� [182]�*6
q~8℄S\�5�2vf�E�z�#`x Sacks-Uhlenbedk 
�vus
[177] �g	�}�-#D5v!4VB�g2v��,*6
qb<�
�Bv�&��Kb<P��i;85~ 1 v�2v�&�tI-�h�8f�(K���v�$�� [185] �s 1978 J��,f>GJN{v.P(8�<C [183] ��,`GJ�R~(K�����v�z{Vs7
 [184] ��&v*6��:�
K7CXB��,�'�b<Mz(K���v�B9v���5M�2��,℄g�~v}�-#YPv}bg&^K����FBB-sb<(K���v������Bv~
E8+Ivp�*#<�5M�2vf�E�����Bv}b�t�+IzTJvvpiC!`�v+%�tJ�~v�,*6(8�<Cv-���,*6
�.s�
K 3�℄g�(K����Bv�XF[�H [184]��#<�&v8/mp`% Gromov-Lawsonvb<8tvI�us [78] ��#<�Hv-Y3uO�X,z�vAM℄grvs(K����BvVB9�Stolz[192] *6
"2v=_-Y	 Lichnerwicz�z9vVÆ:o�r�Bv9�bvVÆ�Z��,z
� Lichnerwica 4(�zl�sMz!`��&�v�BvY:-Y�Gromov-Lawson 	-��
bfV�vz��^,�	pQ KO[π1] vVÆv4(�(K�����vf�EpPf>TJ`
 [79] �X9 Schick[178] vA[&6#:8�v�p	 Schoen-Yau vR~�5M�2vVÆ(zZ�7p�b<DVv�j:�!sb<�B�K(K�����vV#+_p �b<z�v�j:*6��Y�B M 06 H∗(K(π, 1), Q)9vb<!`�vt�v��><� π�A'_8�K(K���v���� Schoen
�~ 1981J� BerkeleyV#vb<R~(K������Bv`T|��,.P
#<�jq dim(M) ≤ 4vwB��Z�+J9�z A. Connesw�v~vYPmK-�vA[�?X [9]��℄:�w(zXm>Z#<�jv.��Hv�*��� dim(M) ≤ 4-ik8k�
Schoen-Yau v-Y℄g{Z(K����
�B+:Mzz)�&�v�Bv�r
 [185] ��YTUo<-
{2b�B5<-R��A'+�v8j`��q dim(M) = 4 �X`v-Y:�
^
{mS [125] >Zv�^,>Z
b<;�B�K(K�����vV_p �[

~
zRv�j�(K����Bv
d`:b<-zRYv`j���_
Vk+��v�j0t+R����"2v8j�?X Schoen-Yau[186] ��g�z�9z=_vik	�b<54�
�B M �YP −∆M + 1

2RM�Mz Dirichlet p �v}bg&/g 4π2

3r2 	�/�h9 r :ÆdZN M 9*�q�* σ vTPvX5�A�_| σ �TPF:t�`�v�r/z℄G�#<-Y{Vs7
�B��,f�l,5�Bv(8�<-vb<h`v0I�℄:'�w8,t�(8��z�g	 Schoen R~C7v Yamabe �jv. [180] �% Schoen 
["
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vpVB~� Ω ⊂ SN vFB`
v�(K����� [187] �
20 Jp� Penrose Z
b<Vk+��9v<-��8��+Fb<JKvik"�k~g�2�v`�?�qvbM�2Mz!,K����#<<CX9% Huisken-Ilmanen[103] 
 Bray[19] ℄.P�^zK���8:!,vwBw:b<DVv�j�Vk+��vb<!Jz�v�j:�"v	�b<!,K���v54�
�B� ∂M v�38�8{k~ ∂M v.Avb<P�v#K�[! M 9zb<*v���5�2�q���I8jzb<s!(K����Bv{V�#88j
g�vBRzR�
III. lr��-�#|R-b"#<�89vX=_v;#�iZb8=_v�j`K:('e;v�
1. z. n 
�Bs n(n+1)

2 
P=b�vvwNq�vf�E��bEvM�F℄�q�B:54�,v�:&f�!`�vwNB-�6&v�� n = 2
 n > 2�F;
'kvq����v/.�v
Uqv�#-�f�Fn�� n = 2-v'kq��z Weyl[221], Nirenberg[162]
 Pogorelov[169]vA[��F;q��zÆKCv=_A[ [140]�n = 2-v'k�bE:x Cohn-

Vossen VBv [46] �+rv*EtYPv�bE�j`!J=_�z Cohn-VossenZ
VB�Z�*Etv�j&%:z�v�_6&v
!*E�jzR ��#^v*EYP�z℄G�8:}
v}8:M�v���bf'kvz����
Mn v��YP:(�v�4uq�� R

n(n+1)
2 9�:&*EtYPvb:2x�y55k��WR�:&�#<wh"zÆdrv0/�zv���wNq��j_|�W2�d�!b<x$�"�rZ��,v�}��&B5�td�v Levi-Civita�"-e�b<`
�"EBR
��7Q�T
 Codazzi�T	G_vs��
#<S~X�Fis n > 2 -�db�:℄g#.v�#`K:wNq�4!�bvb<�p�`KG_��d#.	
<Pd��m?K�dv#.#
<;#pI�℄Gvx$�"
}��&B5�
d�pP��,Z�wNq�-Itv℄GE�rZ� Mn q�s Mn1

1 ⊂ Mn2
2 ⊂ · · · ⊂ R

n(n+1)
29�h9 n < n1 < n2 < · · · <

n(n+1)
2 ��Y�,�wNq����><-It�`K{b3�bE
f�E�z-u��h*6����℄gA#�b Æii;v�2q�se;vM��
b�9��,`℄g�i;	bv�2rZb<e;P�v�
�BwNq�s R4 9�r/zb<z7v��p\*:& Mn �vb<��℄gwNq�s�b<
K <

n(n+1)
2 v�B9��q n > 2 �q�
K8k~ n− 1 -�,z6,v�bE�z�q n > 2 -
n8,tÆdf�E�z�b<z�v�
K	bv'kf�E�z℄g[	�� SchoenvA[v{�us [183] 	>�b<�
�B�r!9`
v���8�	����#�><��y�^�bL�v�Q � hij �"2v8w5R�

1

2

[

R −
∑

h2
ij +

(

∑

hii

)2
]

≥





∑

i





∑

j

hij,j −
∑

j

hjj,i









1
2

.

25



A'#<��℄gwNq�s`
 Minkowski-b9�[	b vbM�2�
2. z.b<�$�BvmdmQYPve�.': R+ 9vb<y�K�R	><�BvmdmQYPvev=�p �?p�2,t+_p �q�Bzb<gE-I����_zb<�pQ
���:b<�5P�B��,f�f���v�Q���QE`K�+Rv zeta ^K9k'���b<&8v���er/P�#<����,�d*6#<8j�# {α1, · · · , αn, · · · } :b�!,K��>8 αi ℄G=+z)b��_,_R	e�z�<F,v=_p �
(a)zb<('K n�
K�3u∑∞

i=1 exp(−αit)z!9�K�V t−n/2
∑∞

i=1 ait
i�

(b)x∑∞
j=1 exp(i

√

λjt)�kv#9zinv5+P��b�℄KvK {li}9�
(a) 
 (b) 	:R~L� {αi} v!9>��}b<:�8-��}�<:58-��[!�,z��vR~�Bv#\>��(�:b<�5M�2 [38] ���,8,th_v3 {αi} R	�Bvev�J���#8	:!9�J�b<z�v�j:VBq_,:b<�Bve-�L�vz);#{iC��>���Y αi
 βi:℄g/'	�<�BvevL���Y tn/2(

∑

i e
αit−∑

i e
βit) = 0(tm)�Æd m > 0q t → 04u�Y∑

j(e
i
√

λjt−ei
√

βjt)[	b<#9(zi~��,G&�� αj = βj �℄z j R���8-�:F;
d�v�#��58-��M'kEu�*C|*vK�zR�G&rZZEh_vR~mdmQYPv^K�rZVBg&/vPL�b���"rZ
g&/I�<vL��(��g&/vF��pI���v
d8-��q�,P�,℄g�qs�b<
d� g ��,r/:0�℄zv ε > 0 �zb<'K�e {n1, · · · , nk}3u ni 2
q~ λ1, · · · , λni−1 
 ε�uf�b<�k�
R

nk+1
T �v^K f #T

|f(λ1, · · · , λnk
, ε) − g| < ε.?p�w8v\�d�qs��BvÆd
d��[!�,��Bzb<#\v
.�(3w8v\�,G&qs�Bv
K��b<w~�� Peter Li 
["�/!s
qs_v2�v�����,,t Ricci ��:z"/vwh"�GJqZ�Bvk�#:!J^	v��Rf,v�pQ
�B
*P�Bv�'ve:h=_v�2z�Kv�Pf>us
�Y�_,:x��v��I�v�

3. !sb<&5v��p>Z Rn � Sn 9vbkv�5P�B�:&℄zv6M�5P�B℄gv#^b<&5v��us��MzgE
u�v���B9)R_,#{g2z����Um( - zRs�BvwB��,ZEgEm;r�P�B���Y#8�5P�Bv9b��!Zbvxb)}
�TW�kvJ`R��M�2`K:hziRv��k�Kv9��,`KG_?KtA8Mz>8
d-Iv6MP�B�����Um( - zRs�B9vgEm;r�P�BvwB��,
y`
*dbm?Kt��h^vwB�_℄g:>8Mtv�
HP�!s#8Mz��-IvP�Bv9b�vb<`v5t:b<z�v�j� Weyl-Peterson ���i~.9vC	r/hziR�Fi�5P�BvL�R:�
dC��vik"?�sb<�5���jE:�d{V�k�#8�5��v`
*d�Mt�
H
26



P��,��5tv9b�z��v-I����℄Ginv�mK-I�_,G&/'	><mK
d�2v9b��
4. #v�K�pQ
��v54Uq�B��Y dimM > 4 �:& M R:�Kb<�pQ
����Y:v��,G&�h?Kt�:&zp �*�pQ
��v9b�Mzz)�<#+��iK
 ≥ 5 v�B�z Wang-Ziller � Journal of Diff. Geom.,1990 v�P�h9!s
�y�<#+�#<�j�
Kw~ 4 
 6 -f>hz�
�q�,0- M v~
��pQ
��v9b�v~
�d-t�k�KMz!`��MUv�pQ
��v�BpQ~Wt - �pQ
�B�vv2d�MzgE
u�v�B�:&wzh^v�� 4 
wB�G&� M4 #.R�"B5vVv℄ (a) �pQ
�B (b)J�� 3 
�B�v
?d (c) �b �2�v�2d��2vV℄K{C{ZN S2 � T 2 �v
?dv�
�B)a�r��
K

3 �z Thurston 
dt<-vvT8j�
5. #vMzgE
u�v54x$�B�B_v
u�: SU(n)�Spin(7)


G2 �*6�)<
K	2f�z)�<#<�BvB-vA�!J℄Gv:�
u�	 Spin(7) 
 G2 v�B℄g
A8
u�	 SU(n) v�Bv
dI�us�℄g�!b<#89b��vvT~Um( -zRs�B�vgE
dv��-I�#:hziRv�#8�B�wz6MP�B
MzgE
u�vd�.':#8�Bv��0�Q�v�t\k�����#<
d"�G&!b<�K6MP�Bv���b<
uv%><6MP�B06vp :.'��Wt - �pQ
�29vm;r��5�2wB"�f>x Schoen-Wolfson[
V�vVB�
6. *6�Y M2n �Kb<9+-Iu n > 2 �A'_`�Kb<℄�9+-I�q n = 2 -�f�F,vVÆ�Æd}b Betti K	QKv+�2℄gB-sb<mK�2�ÆdmK�2�Kb< Lefschetz $
t�℄G>Z
b a��℄g�!sb<3�2d�Mz Morse Ai~��Kb<+-IvV#p :hziRv�!sb<S
�Bt�A�Kb<in�2d-Ivp `hz��#<�1�℄gVBvbvhziRv�B:+{v���,,t_:'k5Ev�b<+Rv�j:�^�+�B��mp� Seiberg-Witten 8-�
+�v��`�*z�`K℄g�D�,z.#<����b<�1:�#+)2� CP2� CP1 × CP1 �vS
�B!b<�K+-IvV#p �
 Bogomolov 
 Li-Yau-Zheng[130] vA[��,,t�^#v(z�*v5` VII A�2�w*"#vA8Mz�*vwB� [124] 9v�*`K{zv�b<=_v�j:�!sbkve;vMz����.g��v!Wt+�B�%�`K	R!#<��.g��v℄G�TviC
b80r�g2=_v:!s�Um( - zRs�Bvi~Uqtmusv+�B�v����.g����#8Um( - zRs�B:rZZNbpMz,�dvzz�* ausv��,��!sv�BMzM�QE8�3u�0�Q��f��
7. !sb<+�B�KWt-Iv+_
V#p �*6ÆdWt�B℄gB-smK�B��b<Wt�BpP��,zR~�t�vC7v Lefschitz 
 Hodge �z�

Deligne-Griffiths-Morgan-Sullivan �z`_|zzt�AB5�:��v�#8:[
_:+�Bg�v8a,7v+_p �_`�~0/�z>Z
R~OKv℄�Ep ���Yb<+�B�_vt�A�#T℄z#8p �_:&Et�w�~b<Wt�B��rvR~�#tVAv�j_�4v�����["v
27



OK_s

MzJ�`*��vmK�Bt�w�vWt�B�
8. >�}bOv	 (k, k) AvmK�B�vb<+1�d V ��Y�,� Kz�ik"� V ������`d�:& V �Kb<�`-I�*6 Hodge <-�
zz (k, k) vTUo�Q~mK��I�+1�d�v℄�+-Iv6zv7�G~ C. Taubes[198] �pQ~b<S
�B��Q�Q�"vf�E�℄:#(z8X�,a�R~7
�Bvwh�(3�S
�BwB��,`+I)6sqd:rZ&UZT~
vI�Zpv��,!J��zb<
f,KKZ��8vin!�vI����Uhlenbeck-

Yau[215] 9vR~��.g Yang-Mills �"vI�r/℄grvs�b�v~
d9��d�℄�+-IvI�℄G{�spQmK�vVÆ��^,R v&_z.:!Jzlv�
9. .':b<}
-#�jvin�v-I�g2v�.':b<2��5evvin�v-I�:&#^b<in������v!�":��v�.':`R���
 Ricci �v.vin���M� u�X=_v:Vk+��9�pQ
�i~v���j��TWv!*EEf>�6
�z�
d-�ISv$-� �hK-�gp�
dQ�b.	��#8w5vZ� u4�������B�(����vf�E:hKbÆ-�v~Æ9=��w8,t�(��q
KTJk-�:&2zF;�Qb��K(*�����'��8,t:&f�Æd�K(*����v!`�S��B��b<Q�v�j:VB�:&℄g
�#�TvS~��*��v��B5v1K�#<-�:	
#<��v�?��
.#8��vi~r/`:hz�v�q�`℄g��bv uiZ#<�j��� Ricci  ��
10. >b<�'v
U;vR~Um( -zRs�Bv�0�O1Kv
d.<�:&_�h^8MzgE
u�v
d-I9`f��.<OPKv)R^Kv-I
pQ�0�Qv�0t"v-I�.':#8^KvYH\k�
Lian-Liu-YauvQ[��0�Q�I,II 
 IIIvA[ (Asian J.Math.,1997,1999) �V4
x�0�Q��v��K
dv u
.� Strominger-Yau-Zaslow[195] vA[V_
�0�Qv
dz.� Lian-Yau[136],[137] V4
��0t"YH&8vVB�

28


