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Abstract

As the duality of generalized path algebra (see [4]), we firstly introduce the concept
of generalized path coalgebra through assigning a k-coalgebra to each vertex of a
given quiver. Some elementary properties of generalized path coalgebras are given.
Moreover, we discuss the isomorphism problem. It is shown that two generalized path
coalgebras are isomorphic with each other if and only if their quivers are isomorphic
with certain condition. For a coalgebra with CodimCy < 1, the Wedderburn-Malcev
Theorem are given, that is, there exists a coalgebra projection of C' onto Cy. It is
a generalization of the Wedderburn-Malcev Theorem on coalgebras with separable
coradicals. As an important application of generalized path coalgebras, the Dual
Gabriel Theorem on a pointed coalgebra is generalized to a coalgebra with some
conditions, in particular, with separable coradical, so as to embedding such coalgebra
into a generalized path coalgebra from the quiver of the cotensor coalgebra of the
coalgebra. Lastly, we discuss the uniqueness of the quiver of the cotensor coalgebra
under the meaning of embedding. And, it is shown that the quiver is a wide subquiver

of another quiver defined by Montgomery|[11].

1 Introduction

In this paper, we always suppose that k denotes a field and all linear spaces are over k.
The concept of generalized path algebra was introduced in [4], which is a generalization
of path algebra through assigning a k-algebra to each vertex of a given quiver. In [4], some

properties of generalized path algebras were given, including the so-called isomorphism
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problem for generalized path algebra. As an application, in [9], the classical Gabriel
Theorem on elementary algebras was generalized to some finite dimensional algebras by
using of generalized path algebras through assigning a k-simple algebra to each vertex of
a given quiver.

The aim of this paper is to consider the dual theory for coalgebras.

A coalgebra is called basic if its every simple subcoalgebra is the dual of a division
algebra. If k is algebraically closed, the basic coalgebra is pointed. In [3], the authors
proved that one can associate every coalgebra C' with a basic coalgebra Bc and C is
Morita-Takeuchi equivalent to Bo. A basic result in path coalgebra says that every path
coalgebra is pointed. According to the Dual Gabriel Theorem (see Theorem 4.3 in [3]),
for each pointed coalgebra C', one can construct the correspondent quiver I'(C') of C' such
that C' is isomorphic to a “large” subcoalgebra (i.e. contains all group-like and primitive
elements ) of the path coalgeba C'(I'(C)). Thus, in the view point of representation theory
of coalgebras, if the base field is algebraically closed, it is enough to research representations
of pointed coalgebras (which can be thought as subcoalgebras of path coalgrbras).

However, in the view point of structures of coalgebras, researching on coalgebras can
not be replaced with that on pointed or basic coalgebras. Therefore, we expect to find a
generalization of path coalgebras (which will be called as generalized path coalgebras) so
as to obtain a generalized Dual Gabriel Theorem for arbitrary coalgebras to be isomorphic
to a subcoalgebra of a generalized path coalgebra.

For this reason, we introduce the concept of generalized path coalgebra in Section 2.
Our idea is to assign to each vertex of a given quiver a coalgebra instead of assigning a
k. In general, when two generalized path coalgebras are isomorphic, it does not follow
that their quivers are isomorphic. In order to avoid such unpleasant case, we will show
in Section 3 that it is enough to restrict coalgebras, which are assigned to all vertices
of the given quivers, to be simple. In fact, in a large part of this paper, we have to
suppose the condition in this case. The most interesting thing is that, in this case, we can
generalize the Dual Gabriel Theorem on pointed coalgebras to more general coalgebras.
Our main result is that for a coalgebra C' with CodimCy < 1, (a) (Wedderburn-Malcev
Theorem on Coalgebra) there exists a coideal I of C' such that C = I & Cy as k-spaces; (b)
assume that C1/Cy is a direct summand of C'/Cy as Cp-bicomodules, then (Generalized
Dual Gabriel Theorem) C' can be embedded into the generalized path coalgebra k(A,C)
satisfying ¢(I1) C k(A1,C) where A is the quiver of CoT¢,(C1/Co), C = {S;|i € A} for
Co = PiepS; with S; simple coalgebras for i € A and I) = I N CY.

As preparation, in Section 2, we also give some basic results of generalized path coal-
gebra and its relation with cotensor coalgebra.

We fix some notations. C' will always denote a coalgebra with comultiplication A and
counit . CP means the coopposite coalgebra of C'. All tensor products are over k. We

will write A(c) = ¢ ® ¢’ omitting the notations of its summation and index. M (resp.
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M) denotes the category of right (resp. left) C-comodules. For X and Y respectively
right and left C'-comodules, XOY denotes the cotensor product of X and Y. For another
coalgebra B, BMC denotes the category of B-C-bicomodules. The “wedge” of subspaces
V, W of C is defined as V Ac W := AHC @ W +V @ C). ALV denotes V A¢ V. Since
(UNc V)N W =U Ac (V A W), we can define ALV inductively for i > 1.

Thanks the authors of [2] for mailing us the preprint when this paper was about to be
finished. It shows the interesting fact we obtained independently the result of Theorem

4.7 (b) (i) in the case of coseparable-type coalgebras.

2  On Generalized Path Coalgebras

This section is devoted to define generalized path coalgebra and establish its some basic
results.

A quiver A is given by two sets Ay and A; together with two maps s,e : A; —
Ag. The elements of Ag are called vertices, while the elements of Ay are called arrows.
For an arrow o € Aj, the vertex s(a) is the start vertex of o and the vertex e(a) is
the end vertex of o, and we draw s(a) = e(a). A path in A is (a|oy - - - ay|b), where
a; € Ay, for i = 1,---,n, and s(ay) = a, e(a;) = s(ajqq) for i = 1,---;n — 1, and
e(ap) = b. The length of a path is the number of arrows in it. To each arrow a we can
assign an edge @ where the orientation is forgotten. A walk between two vertices a and
b is given by (alaq - --a5|b), where a € {s(a1),e(a1)}, b € {s(an),e(an)}, and for each
i=1,---,n—1, {s(a;),e(a;)} N{s(ait1),e(ait1)} # 0. A quiver is said to be connected
if for each pair of vertices a and b, there exists a walk between them. More knowledge
about quiver and its representations can be found in [1], [5].

Let A = (A, A1) be a quiver and C = {S;]i € Ag} be a family of k-coalgebras S; with
comultiplication A; and counit €;, indexed by the vertices of A. The elements of | J;c Ao i
are called the C -path of length zero, and for each n > 1, a C-path of length n is given by
a1 fragfs -+ anfrant1, where (s(81)|01- - Bunle(Brn)) is a path in A of length n, for each
i=1,---,n, a; € Syp,) and ant1 € S(g,). Consider now the quotient R of the k-linear
space with basis the set of all C-paths of A by the space generated by all the elements of

the form
m m
! !
arfr - Bi—1(d ] kia)Biajqn - - anBranyy — Y kiar - Bi_1a5B8ia41 - - anBpani
=1 =1

where (s(81)|B1 - Bnle(Bn)) is a path in A of length n, for each i = 1,---,n, a; € Sy(3,),
ant1 € Se(s,), and k; € k, a} € Sy, for I = 1,---,m. Define now in R the following

comultiplication and counit. Given an element ay31a20s - - - apBran+1, we define

n+1
AlarBragfa - anPani1) = Y arfr - ai18i-10; ® af Biaiy1 - - anfnan i

i=1
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In particular, A(a;) = Ai(a) = a) ® al for a; € S;, i € Ag. The counit ¢ is defined as

)0, if the length of pisn > 0
<) = { ei(p), ifp € S; for some i € Ay
It is easy to check that the above comultiplication and counit on R is well-defined and
gives to R an structure of k-coalgebra. This coalgebra is called the C-path coalgebra of A
and we denote it by R = k(A,C). In genreal, we call such type coalgebra generalized path
coalgebra when there is no ambiguity on A and C. Clearly, k(A,C) is a graded coalgebra
with length grading. That’s to say

k(A,C) = k(Ao,C) ® k(A1,C) @ k(A2,C) & - ® k(A;,C) & -

where k(A;,C) denotes subspace with the basis of all C-paths of length ¢ in k(A,C) and
A(k(A,,C)) C Z?:D kE(A;,C) @ k(Ap—;,C).

Remark 2.1 (i) Observe that if S; = k for each i € A, then the coalgebra k(A,C) defined
above is the usual path coalgebra kA of A.

(ii) Any coalgebra C can be realized as a C-path coalgebra k(A,C) by just taking A as
the quiver consisting of a unique vertex and C = {C}. Also, it is not difficult to see that a
realization of a k-coalgebra as C-path coalgebra is not necessarily unique. For example, let
A be the quiver consisting of a unique vertex, A’ the quiver of two vertices without arrows.
Then S1 & Sy 2 k(A,S1 @ 53) 2 k(A',C = {51,52}) for any two coalgebras Sy, Ss. We

shall discuss the problem of uniqueness in Section 3 below.

We can give an alternative definition for C-path coalgebra. In order to do it, we give
some description about cotensor coalgebra firstly. Given a coalgebra C' and C-bicomodule

M € “MC. The left (right) comodule structure map on M is denoted by &1, (5r). Set
CoTe(M)=CoMaoMP?qe. ..o M@ .-
Define the counit € on CoT¢ (M) by
glpymi =0 for ¢ > 1, and ¢|c = ec
Define Alc = A¢g, A|y = 6 + 6g. In general, for mi ® --- @ m,, € M"", define

AmM @ --®@my) = 0(Mm)@me®---@my+mp @ - @my
T @ @Myt M Q- My,
+m1 ® - Q@ dr(my)

c C®MDn@M®MDn_1@MD2®MDn_2
o oM TeMo M ®C
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With such structure maps A and e, CoT¢(M) is a coalgebra (see [13]) and called the
cotensor coalgebra of bicomodule M over C.

Let R = k(A,C) be a C-path coalgebra. For any x € k(A,C), denote (z'); @ 2" to be the
summation of all summands in A(z) such that 2’ € k(A;,C). For example, if x = a + bfc
where a € k(A,C),bBc € k(A1,C), then (2')o®@z" =d' @a” +b @V Bec. Similarly, we can
define 2’ ® (2); to be the summation of all summands in A(x) such that 2" € k(A;,C).
Clearly, Az) = Yi0(2')i ® 2" = Y50 2' @ (2");.

Proposition 2.2 (1): For any C-path coalgebra k(A,C), k(Ay,C) is a k(Ag,C)-bicomodule
for any n > 0 via, for any x € k(A,,C),

5p(z) == ()o@ 2" and Sr(x) =2’ @ (")
(2): We have coalgebra isomorphism k(A,C) = CoTya,c)(k(A1,C)).

Proof: (1) Firstly, note that k(Ag,C) is always a subcoalgebra of k(A,C). In fact, it is
easy to see that k(Ag,C) = @icn,S; if C = {Si|i € Ao}. For > aifia2fs - - anfpant1 €
k(An’C)v

(id® 5L)5L(Z aifrazBs - anfrani1) = Z(Zd ®0r)(a) ® aiBrazfBs - - - anBpant1)
= Z CLll ® alll ® allllﬂlaZ/g2 © U fBnlngl
= (A®id)s, () ai1BrazBe- - anfnans1)

(e ®id)or(Y_arfrazfa -+ anfuant1) = Y (e®id)(a) ® a{frazfs - anfpani1)
= Z 8((1/1) & a'{ﬁmzﬁz < Bpntt
= Z a141a232 - - - anBrans1

Thus k(A,,C) is a left k(Ap,C)-comodule with the structure map d. Similarly, we can
prove that k(A,,,C) is a right k(Ag, C)-comodule with the structure map dg. (id®0g)dr, =
(6 ®id)dR can be proved directly. Therefore, k(A,,C) is a k(Ag, C)-bicomodule.

(2) By (1), k(A1,C) is a k(Ag, C)-bicomodule. Thus cotensor coalgebra CoTya, c)(k(A1,C))
can be constructed. Assume a1f1as®asB2a4 € k(A1,C)72 ie. (id®5y —0r®id)(a1fra2®
asfaays) = 0. But it is easy to see that (id®dp, — dr ®id)(a11a2 ®azfBaq) = 0 if and only
if (A ®id)(az® a3) = (id ® A)(az2 ® ag). Similarly, we have a181a2 ® - - - ® agp—16na2, €
k(A1,C)P if and only if (A ®id)(a; ® aj+1) = (id® A)(a; ® a41) for i = 2,4, ,2n — 2.

Define F': k(A,C) — CoTya,0)(k(A1,C)) by

Fliaoc)akanc) = 1d, F(aiBrazfeas - anBnany1) == a1810(a2)B2AA(az) - - - Alan) Buant1

where ayf1a202a3 - - anfpant1 € k(A,,C) for n > 2. By coassocitivity of k(A,C), we
always have (A ® id)(a} ® a) = (id @ A)(a @ af) for i = 2,3,---,n. This implies
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a1810(a2)BaN(a3) - - Aay)Brans1 € k(A1,C)P" by above discussion for n > 2. Thus F is
well-defined. We leave to the reader the verification that F'is a coalgebra homomorphism.

In order to prove that F' is bijective, we give the inverse map of F. Define G :
CoTk(AmC)(k(Al,C)) — k(A,C) by

Gli(ao.0)k(a,c) = 1d
and for a1 f1a2 ® azfaa4 ® - -+ @ agn_1Fnaz, € k(Aq, C)Dn7
G(a1f1a2 @ azgfaas @ - - @ agn—10na2n) = a1/1e(az)azfs - - - €(agn—2)a2n—10na2n

It is straitforward to prove that FG =id and GF =id. O

The following lemmas means the “universal property” of the cotensor coalgebras, which

is very useful for the sequel.

Lemma 2.3 (see Theorem 3.8 in [13]) Let X Y, CoTc(M) be a coalgebra map. Set
Y = pat : X — MP" forn >0, where p, : CoTo(M) — MP™ is the projection. Then
(1) ¢y : X — C is a coalgebra map.
(2) 1 X — M is a C-bicomodule map, where X is the induced C-bicomodule via 1
naturally.

(8) For n > 2, 1y, is exactly the C-bicomodule map given by

(n—1) @n
b X2 Xo X0 0 X S MO

where A = (A()?_l) ®idx)Ax forn>2 and AL = Ax.
(4) Y=o @Y1 B DYy @ ---. Thus, ¥ is uniquely determined by 1y and 1.

Lemma 2.4 (see Theorem 3.9 in [13]) Let v : X — C be a coalgebra map, and 1 X —
M a C-bicomodule map. Let 1, : X — M®™ be the composition
An—1 ®n

)
Yp: X — XX® --0X 5 M, n>2

Then vy, is a C-bicomodule map with Im(xp,) € ME".
If for each x € X there are only finite i such that 1;(x) # 0, then ¢ : X — CoTc(M)

is a coalgebra map, where ¢ =3~ ¥i.
Recall that the coradical filtration {C),} of a coalgebra C' is defined as follows:
Cy := the sum of all simple subcoalgebras of C'

Cp=AN"HC®Cy1+CoaC) for n>1

where (Y is called the coradical of C'. Then we have
Cn - Cn+1, n > 0; C= Unzocn; A(Cn) - Z C@ ® Cnfi
i=0

see [12], p.60.
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Proposition 2.5 If C' is co-semisimple coalgebra, then the coradical (CoTc(M))o of
CoTc(M) is exatly C.

Proof: Clearly, C' C (CoT¢(M))p. On the other hand, it is straightforward to prove that
_ On—1
’éOTC(M)C—C@M@-"@M "~ and

A(N(hbjoTc(M Z(:) ACoT (M) C ® /\CoT o(M )C

for n > 1. Thus {/\TéOTc(M)C} is a coalgebra filtration (see p.61 of [12]) of CoT¢(M). By
Lemma 5.3.4 in [12], C' D (CoT¢(M))o. Therefore, C = (CoT¢(M))o. O

Let C = {simple coalgebras S;|i € Ag} for some quiver A = (A, A;). Then k(Ay,C) =

@ica,S; is co-semisimple coalgebra. Thus, by Propositions 2.2 and 2.5, we have:

Corollary 2.6 Let C be as above. Then the coradical of k(A,C) is @ienySi-

3 Isomorphism Problem

As you have seen in Remark 2.1 that, in general, the isomorphism of two generalized path
coalgebras does not imply that of their quivers. However, we will find that the isomorphism
of quivers can be induced for generalized path coalgebras over simple coalgebras. For this
reason, we call k(A,C) a normal C-path coalgebra if every S; is simple in the family of
coalgebras C = {S;|i € Ag}. Moreover in Section 4, it is shown that the Dual Gabriel
Theorem can be generalized to some coalgebras through normal C-path coalgebra.

Our main result of this section is as follows:

Theorem 3.1 Let k(A,C) and k(A', D) be two normal generalized path coalgebras with
C={Sili € Ao} and D ={T}|j € Ay}. Then k(A,C) = k(A',D) as coalgebras if and only
if there is an isomorphism of quivers ¢ : A — A’ such that S; = Ty(i) as coalgebras for

1€ Ap.

To complete the proof of this theorem, one needs some preliminary results. Let D, E C

C be two subcoalgebras of C. For a left C-comodule M with the structure map 4y, denote
PN = {m e M|6 (m) € D® M}

for a right C-comodule M with structure map dgr, denote
MP .= {m e M|6r(m) € M ® D}

and for C-bicomodule M, denote

PME .= {m e M|6p(m) € D® M, dr(m) € M ® E}
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Lemma 3.2 If C = ®;c;C; and M € M, then M = @®;e; M.

Proof: Denote the right C-comodule structure map by dr and dr(m) = > mo ® my
for m € M. Clearly, 6r(m) = Y mo ® m1 = > > ;c;moi ® mi; where mo; ® my;
equals the summation of all summands in dr(m) satisfying m; € C;. By the identity
(6r ® id)ég = (id ® /\)Sg we observe that mo; € M for every mg; in mg; ® m1;. By
using (id ® €)dr = id we get m = Y mo;e(my;) which implies m € g M. Thus
M =3 ,c; M. But, it is clear that 3",c; M© = @;ef M. Thus M = ®;e/M%. O

Similarly, we have:
Lemma 3.3 If C = ®;c;C; and M € M, then M = ®;cr M.
Proposition 3.4 If C = ®;c;C; and M € M, then M = ®i jer CipCi,

Proof: By Lemma 3.2, M = ®;c;M%. We claim that M is a left C-comodule, and
then the assertion follows from Lemma 3.3.

For any m € MY, let or(m)=>"m_1 ®my € C® M. It suffices to prove mg € MCi.
In fact, by (id ® 0g)dr(m) = (61, ® id)dr(m) we have mg € M. 0O

Let C = ®ic;C; and “MC,  NC¢ € M. Clearly, a C-bicomodule map f: M — N
is an isomorphism if and only if f|c, MG - CipMCi —  C©iNC is an isomorphism as

C;-Cj-bicomodules for all ¢, j € I. Recall the next result (see Lemma 5.3.6 in [12]):

Lemma 3.5 Let f: C — D be a surjective coalgebra map and let W1, Wy be subspaces
of C such that ker(f) C Wi N Wsy. Then

FWL AW2) = f(W1) A f(Wa)

Proposition 3.6 Let k(A,C) and k(A’, D) be the normal generalized coalgebras appeared
1
in Theorem 3.1. If k(A,C) = k(A', D) as coalgebras, then
(1) There is a bijection ¢ : Ay — Af such that S; = Ty for i € Ag
(2) ¥(k(A0,C) & k(A1,C)) = k(Ag, D) & k(A1, D).

Proof: By Corollary 2.6, the coradicals of k(A,C) and k(A’, D) are ®;eca,S; and Bjear T}

respectively. Clearly, ¥(S;) is a non-zero simple subcoalgebra of k(A’, D) since 1 is an

H
injective coalgebra map. Thus there exists a unique ¢(i) € A{ such that S; = T, (i)

Similarly, for all j € Ay, ¥ ~(T}) is isomorphic to some S; of k(A,C). Therefore, ¢ :
Ag — Ay is a bijection and S; = T,,;). This proves (1).
By the proof of Corollary 2.6 and Lemma 3.5,

P(k(Do,C)k(A1,C)) = P(k(Ao, C)AK(Ao,C)) = t(k(Ao, C)) M) (k(Ao, C)) = k(AG, D)@k(A), D)
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Thus (2) is proved. O

Proof of Theorem 8.1 :

“If” part: It is clear.

“Only if” part: According to Proposition 3.6, we need only to show that the number
of arrows t;; from 4 to j in A equals to that [, (;) from (i) to ¢(j). By proposition 2.2,

k(A,C) = CoTyayc)(k(A1,C)) k(A" D) = CoTya py(k(AY, D))

Denote ‘(k(A1,C)) = %i(k(A1,C))%. Clearly, it is a free S;-Sj-bicomodule, i.e.
{(k(A1,C)) = S;®(V;j)®S; for some k-space Vi; (see Section 4 below), and ¢;; = dim(V;;)
for i,j € Ao. Similarly, lo)e) = dim(Wie)) where Tom @ Wee) @ Ty =
v (k(A], D)) as T5(i)-T,(j)-bicomodules for i,j € Ag. By S; é Toiy, Sj é Tpij)s
‘(k(A1,C))? becomes a T, ;-Ty(;)-bicomodules induced by ¢ for i,j € Ag. Thus, by
above discussion, if we can prove T¢® (k(Ay,C))Tet =2 Tet) (k(A!, D))Tew) as Toiy-To()-
bicomodules, then t;; =l ;)p(5)-

Let C = @ien,Si and D = ®jeA6Tj- We give the D-bicomodule structure on k(A1,C)
explicitly now. Denote the left (right) D structure map by pr (pr). For any afb €
k(Aq1,C),

pr(apb) =p(a’) @ a”"Bb,  pr(aBd) = aBb’ @ P(b")

Denote by af3b the image of afb in (k(Ag,C) @ k(A1,C))/k(Ap,C) under the canonical

homomorphism, ¥ (ab) the image of ¥ (afb) in (k(Ay, D) @& k(A), D))/k(Af, D) under the
canonical homomorphism.

Define the D-bicomodule structure on (k(Ao,C) @ k(A1,C))/k(Ap,C) by (we also use
the notation pr, pr ):

pr(apfb) =¥ (a’) ® a”Bb,  pr(afb) = aft/ @ (V")

It is straightforward to prove that they are well-defined and give a D-bicomodule structure
on (k(Ao,C)®k(A1,C))/k(Ao,C). With such D-bicomodules on k(A1,C) and (k(Ao,C) ®
k(A1,C))/k(Ao,C), it is easy to see that the following canonical isomorphism

(k(20,C) @ k(A1,C))/k(A0,C) ™5 k(A1,C)
is a D-bicomodule map. Similarly, the canonical isomorphism
(k(Ah, D) @ k(A], D)) /k(Ap, D) =8 k(AY, D)

is a D-bicomodule map with the D-bicomodule structure on (k(Ay, D)®k(A], D))/k(Af, D)
by:
5.(cBd) = ¢ ® 7B,  Or(cBd) = B © d"
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where ¢,d € D, g € Al.

Define ¢ : k(A1,C) — k(A], D) be the composition of following maps

_1 —

B(A1LC) S ((A0,C)Bh(A1C))/k(80,C) 5 (K(A). D)SK(AY, D))/K(A), D) ™8 (A}, D)
where 1) is defined by, for any aBb € (k(Ao,C) ® k(A1,C))/k(Ao,C), ¥(aBb) = 1(aBb).
Clearly, 1 is an isomorphism as linear spaces since 1 (k(A, C)) = k(Ay, D) and 1 (k(Ag, C)®
k(A1,C)) = k(A}, D) ® k(A},D) by Proposition 3.6. We claim that ¢ is also a D-
bicomodule map. In fact, for any a3b € (k(Ag,C) ® k(A1,C))/k(Ag,C), assume p(afb) =
> di+ > d;Bje; for d;i € T; (i € Ap), djfje; € k(A},D). By 1 is a coalgebra map,
(¥ @ ¢¥)A(afb) = Aip(aBb), ie

U() D U(a"5) + (@) ) = S d o d! + Yy o dife; + 3 difjey e e]  (+)
Denote the canonical projection k(Af, D) @ k(A],D) — (k(Ay, D) @ k(A}, D)) /k(Af, D)
by 7. Let id ® ™ act on the both sides of (x), we get

W) & BB = Y ds 0 TFe;
On the other hand,

(id ® ¥)pr(afb) = (id ® ) (¢(a) @ a”Bb) = (a’) @ ¥ (a” Bb)

and
510 (afb) = 61, (1 (afb)) Z d;Be;) =Y dj @ djBje;
Then
(id ® ¥)pr.(afb) = 61¥(abb)

This means that 1) is a left D-comodule map. Similarly, we have that it is also a right
D-comodule map. Thus 1 is a D-bicomodule isomorphism. Therefore, ¢ = WDEWEI
k(A1,C) — k(A], D) is a D-bicomodule isomorphism. So

¢
e k(A C)Tew) = Tet k(AL D)Tew
for any i,j € Ag. We complete the prove. 0O

Remark 3.7 (1) As a special case of Theorem 3.1 for usual path coalgebras kA, kA', we
have kA = kA if and only if A = A’ since k is a trivial simple coalgebra.

(2) The further question is whether the condition that S;,T; are simple coalgebras for
all i € Ao, € Af) always is necessary so as to obtain the result in Theorem 3.1. Recall the
fact that the theorem is not true even if any of S; can be decomposed into direct sum of

any two true subcoalgebras, i.e. see the example in Remark 2.1 (ii).
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4 Generalized Dual Gabriel’s Theorem

In this section, C = {simple coalgebras S;|i € Ag} for some quiver A = (Ag, Ay).

Let V be a k-space, then V ® C'is a right C-comodule with the structure map id® A¢.
We denote this comodule by (V) ® C. Similarly, we can define C® (V), C® (V)® D where
D is another coalgebra. A right (left) C-comodle M (N) is called free if there exsits a
k-space V (W) such that M = (V) ® C (N = C ® (W)). Similarly, a C-D-bicomodule
CMP is called free if “MP = C ® (U) ® D for some space U.

It is easy to see every right comodule can be embedded in a free comodule (see Corollary
2 in [7] ). In fact, for any right C-comodule M, its structure map dr is a C-comodule
map from M to (M) ® C. Since (id ® €)ér = id, dr is a monomorphism. That’s to say,
M 22 (M) @ C. Similarly, we have M < C @ (M), MP < C @ (M) ® D.

Lemma 4.1 Let M € MC. Then there exists a k-space V satisfying:
(1) M can be embedded into (V) ® C
(2) For any k-space W with dim(W) < dim(V'), M can’t embedded into (W) @ C.

The k-space V satisfying (1) (2) is called a minimal realization of M as a free right C-

comodule.

Proof: Define F = {V|M — (V) ® C, dim(V) < dim(M)}. Clearly, F is a non-vacuous
set since M — (M) ® C. We define the partial order on F by V' < W if and only if
(VYeC 2> (W)eC. If {V;|i € I} is a chain in F, then N;c;(V; ® C) = (NierV;) @ C is an
upper bound for the chain {V;|i € I'}. By Zorn’s Lemma, F contains a maximal V' which

is our desire. O

Similarly, for any “MP € CMP (°N € “M), we can find a minimal realization of
CMP (°N) as a free C-D-bicomodule (left C-comodule).

Assume M € “MC and C = @®;c;C; as coalgebras. Thus M = ®ijer CipmCi =
Di jer ‘M7 by Proposition 3.4, where ‘M7 := iM% . Therefore, there exsists a minimal
realization V;; of iMJ as a free C;-Cj-bicomodule for 4, j € I. We can define a quiver now.
Let the set of vertices Ag = I. For 4,5 € I, let the number of arrows from i to j be the
dimension of V;;. Obviously, if ‘M7 = 0, then there are no arrows from i to j. Thus we
get a quiver A = (Ag, A1) called the quiver of CoTc(M).

Recall a conclusion due to Heyneman-Radford (see [8]):

Lemma 4.2 If f: D — E is a coalgebra map, then f is injective if and only if f|p, is

also so.

Proposition 4.3 Denote C = {S;|S; are simple coalgebras, i € 1}. Let C = @;e1Si,
M e “MC and A = (Ao, A1) be the quiver of CoTc(M). Then there exists a coalgebra
embedding ¢ : CoTo(M) — k(A,C) such that (M) C k(Aq1,C).
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Proof: By Proposition 2.2, k(A,C) = CoTya,c)(k(A1,C)). So it is enough to prove
that there is a coalgebra embedding v : CoTg(M) — CoTya,c)(k(A1,C)). Clearly,
k(A1,C) 2 S, ® (Vij) ® S for 4,5 € Ag where Vj; is a minimal realization of ‘M7 as a
free C;-Cj-bicomodule. Thus ‘M & ‘k(A1,C) as S;-Sj-bicomodules for ¢, 5 € Ay.

Denote p, : CoTc(M) — MS™ the canonical projection for n > 0. Since id :
CoTe(M) — CoTe(M) is a coalgebra map, we have py, p; are coalgebra map, C-
bicomodule map respectively by Lemma 2.3. Define ¢y : CoT¢(M) — k(Ao,C) be the
compostion of py and the identity map idc : C — k(Ao,C) = Bien,Si = C. Clearly, 19
is a coalgebra map. For any x € CoT¢ (M), denote py(z) = Y2, jen, 'md for 'm), € "MJ.
Define 91 : CoTc(M) — k(A1,C) by ¥1(z) := 32, jen, fij(iml). 1 is a C-bicomodule
map since p1, f;; for i, j € Ag are.

Comparing with Lemma 2.4, if we can prove that there are only finite ¢ such that
Yi(x) # 0, then ¢ = 37,59 is a coalgebra map, where 1; = ® o AC-D | But it is
clear. Thus ¢ = 37,5, %; is a coalgebra map from CoT¢(M) to CoTy(a,c)(k(A1,C)). By
Proposition 2.5 and its proof, the coradical of CoT¢ (M) is C' and /\QCOTC(M)C =CoM.
On the other hand, by the definition of 1, 1|cgas is injective. Thus ¢ : CoTe(M) —
CoTy(aec)(k(A1,C)) is injective by Lemma 4.2. Clearly, (M) C k(A1,C). O

Recall that a coalgebra C' is called to have separable coradical (see [12]) if for every
simple subcoalgebra D of C, the dual algebra D* is a separable algebra, or says, the

coradical Cj of C' is a coseparable coalgebra (see [7]).

Lemma 4.4 (see Theorem 5.4.2 in [12]) Let C be a coalgebra with separable coradical.
Then there exists a coideal 1 of C such that C = I @& Cy as k-spaces, that is, there exists

a coalgebra projection of C' onto Cy.

Let {C,,} be the coradical filtration of C. Denote 7 : C' — C/Cy to be the canonocal
projection. Since A(Cp) C Cp ® Cy and A(Cy) C Cyp ® C1 + C; ® Cy, we have two
maps 0, : C1/Cy — Cy® C1/Cp and o : C1/Cy — C1/Cy ® Cy, where 6 (m(x)) :=
(id @ m)A(x), dp(m(z)) := (7 ® id)A(x) for z € Cy. Clearly, C1/Cy is a Cp-bicomodule
via 0,0 defined above.

In [14], the dimension DimA of a k-algebra A is defined as DimA = sup{n : H]!(A, M) #
0 for some A-bimodule M} where H}'(A, M) means the n’th Hochschild cohomology mod-
ule of A with coefficients in M. In particular, DimA = 0 if and only if A is a separable
k-algebra. By Corollary 10.7b of [14], when k is a perfect field (e.g. chark = 0 or k is a
finite field), A is separable if and only if A is finite dimensional and semisimple. DimA = 1
if and only if every factor set of A with values in any A-A-bimodule M is split. According
to the famous Wedderburn-Malcev Theorem (see [14]), for a finite dimensional k-algebra
A and its radical r, if DimA/r < 1, then A/r can be lifted. Moreover, for a coalge-
bra C, we define CodimC' = sup{DimD*|D is any finite dimensional subcoalgebra of C'}.
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Denote p.dim(4M) the projective dimension of M € 4 M as left A-module. Similarly,
p.dim(My) and p.dim(4M4) denote the projective dimensions of M as right A and A-

bimodules respectively. The following lemma is needed:

Lemma 4.5 (i) If A = Ay @ --- @ A for algebras A, A; (i = 1,---,s), then DimA =
max{DimA; : i =1,---,s};

(ii) If C = D1 @ --- @ Ds for coalgebras C, D; (i = 1,---,s), then CodimC >
mazx{CodimD; : i =1,---,s}.

Proof. (i) It is well known that the dimension of an algebra B defined above equals
the projective dimension of B as B-bimodule (see Section 3 of Chapter X in [10] ), i.e.
DimB =p.dimpBp. Denote S = {1,...,s}. Clearly, for i € S, A; is an A-bimodule by
the natural way, and denote this A-bimodule by 4(A;)a. Thus 444 = &7_; a(A;)a as A-
bimodules. So, p.dim(4A44) = maz{p.dim(4(A4;)a)|i € S}. Since DimA; =p.dimy, (4;) 4,,
in order to verify (i), it is enough to prove that p.dim(4(A4;)a) =p.dim(a,(A;)4,) for each
1 € S. In order to prove this, we prove the following claims at first:

Claim 1: For any M € AaMa, M = ®; jes iM;, where ;M; := A;MA;

Claim 2: Let f: AMy — aNa be an A-bimodule map and f;; := f] M, fori,j € S.
Then f;;(;M;) € iNj and f = & jes fij-

Claim 3: For i,j € S, fij is an A;-Aj-bimodule map as well as an A-bimodule map,

where we consider the A-bimodule ;M; as an A;-Aj-bimodule naturally.

Claim 4: Given an A-bimodules complex
/ g
00— M —N-—L—0

then it is exact if and only if the following complexes are exact:
0— M; 19 N2 Lo

fori,j € S.

Claim 5: If P is a projective A-bimodule, then ;P; is a projective A;-bimodule for
1€ S.

Claim 6: Let a,Pa, be a projective A;-bimodule, then 4, Py, is a projective A-module
where the A-bimodule structure on 4, P4, is induced by the canonical algebra map m; :

Claims 1,2,3,4 can be proved directly and left to readers. We prove Claims 5,6 now.

Given following A;-bimodules diagram

G
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where M, N are A;-bimodules, g: M — N is an A;-bimodule epimorphism and h : ;P; —
N is an A;-bimodule morphism. Let p; : P — ;P; be the canonical A-bimodule projection
for ¢ € S. Clearly, through the canonical algebra projection m; : A — A;, ;F;, M, N are
A-bimodules and h, g can be considered as A-bimodules maps. Thus we have the following
A-bimodules diagram

P

pi

M

When P is a projective A-bimodule, there exists an A-bimodule map h : P — M satisfying

the following diagram commute.

=

M

Let ¢; : ;P — P be the canonical injection as A-bimodules. Define h: P, — M by
h := hu;. Thus h is an A-bimodule map, and, clearly, an A;-bimodule map. On the other

hand, gﬁ = ght; = hp;t; = h which implies that we have the following commuting diagram:

Ve
h
M—2+ N

Therefore, ; P; is a projective A;-bimodule. It means the Claim 5. Next, let us prove the
Claim 6. Let 4,P4, be a projective A;-bimodule, then it is a direct summand of a free left
A; ® AP-modules M (where we consider an A;-bimodule as a left 4; ® A;’-module and
A?? denote the opposite algebra of 4;). Thus M is a direct sum of some copies of 4; @ A”.
Under the canonical algebra projection m; : A — A;, 4,P4, and M become A-bimodules
and 4, Py, is a direct summand of M as A-bimodules. But, clearly, 4; ® A" is a direct
summand of A ® AP as A ® A°P-modules. Therefore, M is a projective A-bimodule and
thus 4,Pa, is a projective A-bimodule.

Given an projective resolution of A; as an A-bimodule

= P,—-- > P —-Py— A, — 0
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then by Claim 4 and Claim 5, we have the following projective resolution of A; as an
A;-bimodule
s i(Pp)i— = i(Pr)i—i(Po)i — Ai — 0

This implies that p.dim(4,(A4;)4,) < p.dim(a(A;)a). Conversely, given a projective reso-

lution of A; as an A;-bimodule
=Py =P —=Py— A; — 0

then by Claim 6, it is also a projective resolution of A; as an A-bimodule. So, p.dim(4(A4;)4)
<p.dim(4,(A4;)4,). Thus p.dim(4(A;)a) =p.dim(4,(4;)a4,)-

(ii) Since every finite dimensional subcoalgbera of any D; for i = 1,...,s is also a
subcoalgbera of C, CodimC > max{CodimD; :i=1,---,s}. O

Lemma 4.6 For a coalgebra C, CodimCy = 0 if and only if C is with separable coradical.

Proof: “If” part: Any finite dimensional subcoalgebra D of Cj is a cosemisimple coalge-
bra. By C' is coalgebra with separable coradical and Lemma 4.5, DimD* = 0. This means
CodimCy = 0.

“Only if” part: This direction can be gotten from Lemma 4.5 and the fact that an
algebra A is a separable algebra if and only if DimA =0. O

Our main result of this section is:

Theorem 4.7 Let C be a coalgebra satisfying CodimCy < 1. Write Cy = ®;caS; with S;
simple coalgebras for i € A. Then

(a) (Wedderburn-Malcev Theorem on Coalgebra) There ezists a coideal I of C' such
that C =1 ® Cy as k-spaces. That is, there exists a coalgebra projection of C' onto Cy.

(b) Assume that C1/Cy is a direct summand of C/Cy as Cy-bicomodules. Then

(i) There is an injective coalgebra map ¢ : C — CoT¢,(C1/Co).

(ii) (Generalized Dual Gabriel Theorem) Let A = (Ag, A1) be the quiver of CoT¢,(C1/Co),
C = {Sili € A}. There is a coalgebra embedding ¢ : C — k(A,C) with ¢(I1) C k(A41,C)
for I =INCY.

Proof: (a): We first show that if C' is finite-dimensional and D is a subcoalgebra, then
a projection w from D to Dy = D N Cy can be extended to a projection from C to Cj.
Let a« = 7’ o ¢ be the composite of the imbedding i : Cy — C and the quotient map
7w’ C — C/Kernr = E. Then Kera = {0} and Ima C Ey. By Corollary 5.3.5 in [12],
Ey C Ima, thus Ey = Ima. Then o : E* — (Cp)* is a surjective algebra morphism.
Now, we can claim that there is a subalgebra B of E* such that E* = B @ Jac(E™)
and B = (Cy)*. According to the well-known Wedderburn-Malcev Theorem, it is enough
to prove that (Cp)* = E*/Jac(E*) and Dim(Cp)* < 1, in which the latter is assured by
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the hypothesis in Theorem. Thus we need only to show that (Cp)* = E*/Jac(E*). Since
a* 1 E* — (Cp)* is a surjective algebra map and (Cp)* is semisimple, Kera™ O Jac(E™)
which implies there is a natural epimorphism E*/Jac(E*) - E*/Kera* = (Cy)*. Then it
is easy to see that (Cp)* is a direct summand of E*/Jac(E*), i.e. E*/Jac(E*) = (Cp)* D A
for some finite dimensional semisimple algebra A. This follows that there is an algebra
epimorphism 7 : E* — (Cy)* @ A. Then 7* : Cy @ A* = (Cyp)*™* & A* — E = E** as
coalgebras. But, A* is cosemisimple. So, really, 7* : Cy ® A* — FEy. From the fact that
the coradical Ey of E equals Ima = Cp, we get A* = 0 and then (Cp)* = E*/Jac(E™).

Therefore, E* = B @ Jac(E*) where B = (Cp)* as algebras. Then there exists an
algebra projection from ¢ : (Cp)* — E* such that a* o ¢ = id (). Now set 7 = ¢* o7,
it is a projection from C' to C and extends .

Now let F be the set of all pairs (F, 7), where F'is a subcoalgebra of C'and 7 : F' — Fj

a projection. Since (Cp,id) is such a pair, F # (). Moreover, F is an ordered set via
(F',7")y < (F,m) ifandonlyif F' CF andx|p =7

We apply Zorn’s Lemma to F and obtain a maximal element (F,7); we claim that F = C.

Suppose F' # C. Then there exists ¢ € C, ¢ ¢ F; let D be the subcoalgebra generated
by ¢. Then Im(w|pnp) = (F N D)o. Since D is finite dimensional, the argument at
the beginning of the proof applied to FF N D C D shows that there exists a projection
m1 : D — Dy which extends 7|pnp. Since (D, ;) and (F, ) have projections which agree
on F'N D, they extend to a projection my : F + D — (F + D)g. This contradicts the
maximality of F'. Thus F' = C.

(b): (i): By (a), there exists a coalgebra projection p : C' — Cj. Denote I = ker(p).
Then C' = Cy & I. Define ¢y be the composition of p and identity map id : Cy — Cj.
Clearly, ¥ : C — Cj is a coalgebra map.

Clearly, C and I are Cy-bimodules via left and right Cyp-comodule structure maps
pr = (pRid)A, pr:= (id®@p)A, and I = C/Cy as Cp-bicomodules. Denote I} = I N CY,
then C; = I1 & Cy. Since A(l1) C (I@C+CRIN(CoxC1+C10CH) C L CH+Co 14,
1 is a Cy-bicomodule. Clearly, I3 fi C1/Cy. By the assumption in Theorem, there exists a
Co-bicomodule projection from C'/Cy to C1/Cy. Thus we get a Cp-bicomodule projection
p’ I — I since I =2 C/Cy and I} = C1/Cy. Denote the canonical Cy-bicomodule
projection from C' to I by p’ and define 1 = ¢pop” op’: C — C1/Cy. Therefore, 11 is a
Cy-bicomodule map.

In order to apply Lemma 2.4, we need to prove there are only finite 1;(x) # 0 for each
x € C, where ¢; = wi@i o A1 for 4 > 1. For any x € C, there exists n such that z € C,,
since {C;}i>0 is a coalgebra filtration of C. Note that AU=D(C,) C > nitetnjen Cn1 ®
- ®Chyj for j > 1 and 91(Cp) = 0 by the definition of 11, it follows 1)y, () = 0 for m > n.
Thus there are only finite 1;(z) # 0 for every z of C.
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Applying Lemma 2.4, we have a coalgebra map 1 = > ;5% : C — CoTg,(C1/Ch).
In order to prove % is injective, it is enough to prove that 1|, is injective by Lemma 4.2.
But it is a easy consequence by the definition of .

(ii): By Proposition 4.3, there exists a coalgebra embedding ¢’ : CoT¢,(C1/Co)—k(A,C)
such that ¢'(Cy/Cp) C k(A1,C). Let ¢ : C — k(A,C) be the composition of

C <& CoTey (C1/Co) 5 k(A C)
It is easy to see @ is our desire map. O

Corollary 4.8 Let C be a coalgebra satisfying CodimCo = 0. Write Cy = B;e1S; with S;
simple coalgebras for i € A. Then

(i) There is an injective coalgebra map ¢ : C — CoT¢,(C1/Co).

(ii) Let A = (Ao, A1) be the quiver of CoTc,(C1/Co), C = {Si|li € I}. There is a
coalgebra embedding ¢ : C — k(A,C) with p(I1) C k(Ay1,C) for I = INCh.

Proof: By Theorem 4.7, it is enough to prove that C;/Cy is a direct summand of C'/Cy
as Cy-bicomodules. But, by assumption and Lemma 4.6, the coradical Cy of C' is a cosep-
arable coalgebra (see [7]). So, Cp ® C5” is a cosemisimple coalgebra (by Proposition 12 of
[7]). Thus every Cp-bicomodule is cosemisimple (Here we view a Cp-bicomodule as a left
Co ® CP- comodule). Therefore, there exists a Cp-bicomodule projection from C/Cj to
Cy/Cy. O

Note that (1): The result of Theorem 4.7 (a) is a generalization of the Wedderburn-
Malcev Theorem on Coalgebras with separable coradicals (that is, Lemma 4.4);

(2): The major result in [2], i.e. the so-called Dual Gabriel Theorem on co-separable
type coalgebras (i.e. coalgebras with separable coradicals) is just (i) of Corollary 4.8;

(3): Comparing (ii) with (i) in Theorem 4.7, one can see the difference between our
understand on Dual Gabriel Theorem in this paper and that in [2] and other papers (e.g.
[3]). Our Dual Gabriel Theorem here represents the effect of generalized path coalgebra
to dualize the Gabriel Theorem.

Remark 4.9 The results in Corollary 4.8 always hold respectively under the following
simple conditions since any one of them can deduce the separability of the coradical Cy of
C:

(1) C is a pointed coalgebra;

(2) k is algebraically closed:

(3) chark =0

We call the quiver of CoT ¢, (C1/Co) as the quiver of C. Denote it by Ac = ((Ac¢)o, (Ac)1).
Giving two quivers A = (Ag, A1), A" = (A}, Al), We say ¢ : A — A’ provided that ¢
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is a one to one map from Ay to Af and the number of arrows from 4 to j is not larger
than that of from ¢(7) to ¢(j) for any two vertices i, j of A. The next theorem shows the

uniqueness of A¢ in some sense.

Theorem 4.10 Assume that C' is a coalgebra satisfying CodimCy < 1 and C1/Cy is a
direct summand of C/Cy as Cy-bicomodules. Let I be the coideal of C' such that C = I®Cy
as k-spaces and Iy = I N Cy. If there is a quiver A = (Ao, A1) and a generalized path
coalgebra k(A, D) with a set of simple coalgebras D = {T;|i € Ao} satisfying C &, kE(A, D)
and ¥(I1) C k(A1,D), then v : Ac — A and S; =T, fori € Ay,

Proof: Note that by Theorem 4.7 (a), such I always exists.
Clearly, the image of 9|, is a simple subcoalgebra of k(A,D) for i € (Ac)o. By
Corollary 2.6, D := @jen,T} is the coradical of k(A,D). Thus Im(y]s,) = T, for a

unique ¢(j) € Ag. Clearly, S; é T,(j)- Therefore, there is one to one map ¢ : (Ac)o — Ao
by i+ (i) and S; = T,;) as coalgebras.

Next we only need to prove that the number of arrows from ¢ to j is not large than that
of from (i) to «(j) for any i, j of (Ac)o. Denote p; : k(A,D) = CoTya,p)(k(A1,D)) —
k(A;, D) the canonical projection for ¢ > 0. Then by Lemma 2.3, ¢y = p1¢p : C —
k(A1,D) is a D-bicomodule map where C is a D-bicomodule map induced by pptp. Thus
Yi|ey : C1 — k(A1,D) is also a D-bicomodule map since C} is a subcoalgebra. Clearly,
Cir=Co® 1.

We claim that 1|7, is also a D-bicomodule map. In fact, it is enough to show that
I is also a D-bicomodule. We only show that it is a left D-comodule since we can prove
the right case similarly. By the definition of left D-comodule structure map pr on C,
pr(c) = pov(d) ® " for ¢ € C. We have shown that A(I1) C I; ® Cy + Cy ® I in the
proof of Theorem 4.5. Thus pr(I1) C pot(I1) @ Co + por(Co) ® Iy = porb(Cp) ® I since
¥(I1) C k(A1,D) and thus potp(I1) = 0. This means pr(l1) € D ® I; and 1 is a left
D-comodule.

But ¢1|r, = |1, since ¥(I1) C k(A1, D), which implies C1/Cy = I; can be embed-
ded into k(A1,D) as D-bicomodules. Therefore, %(C1/Cy)% «— T@k(A, D)) as
T,#)-T,(j)-bicomodules. Let V;; be a minimal realization of Si(C1/Cy)% as a free T, )
T,(j)-bicomodule. By the definition of k(A,D), there exists a k-space Wj; such that
Lk (A, D)) = Ty ® (Wij) @ T,jy. Note the number of arrows from i to j in Ac
is dim(V;;) and that from ¢() to ¢(j) is dim(Wj;), it follows the desire conclusion since
dim(Vj;) < dim(Wy;). O

In [11], the author defined the quiver I'(C) of C as follows: the set of vertices of
I'(C) = (T(C)o,T(C);) is the set of simple subcoalgebras of C; and for any two simple
subcoalgebras S and Sa, there are exactly dim((S1 Ac S2)/(S1 + S2)) arrows from S to
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Ss. Giving two quivers A = (Ao, A1), A" = (A}, A}), we say A is a wide subquiver of A’
if A is a subquiver of A" and Ay = Af. The name “wide” comes from groupoid theory.
A subgroupoid G C G’ is called a wide subgroupoid if Gy = G|, (see p.88 of [6]). The

relationship between A¢ and I'(C) is given as follows:

Theorem 4.11 Assume that C is a coalgebra satisfying CodimCy < 1. Then A¢ is a
wide subquiver of I'(C).

Proof:  Clearly, (Ac)o =T'(C)o. In order to prove A¢ is a subquiver of I'(C), it is enough
to prove that the number arrows from i to j in A¢ is less than that in I'(C) for any
i,J € (Ac)o.

We claim that (S; AcS;)/(Si+S;) = Y(C1/Co)? as S;-S;-bicomodules for 4,5 € (A¢)o.
This claim has been proved in [2]. But for completeness, we prove it again. Firstly, we
show that (S; Ac S;)NCo = S;+5;. Clearly, S;+S; C (S;iAc'Sj)NCp. On the other hand,
if there exist a simple coalgebra S; C (S; A¢ S;) N Coy with 1 # 4, j, then A(S]) € S, ® 5.
Thus S; does not belong to S; A¢ S; and then S; + S; 2 (S; A¢ Sj) N Co.

We define a map from & : (S; Ac S;)/(Si + S;) — C1/Co by x + (S; + 55) — 4+ Cp
for x € S; A¢ ;. Clearly, £ is well-defined. If z + Cy = y + Cy for z,y € S; Ac S, then
z—y € CoN(SiAcSj) = S;+S; and thus x+(S;+95;) = y+(S;+5;). This means that { is a
injective map. Let 7w : S;AcS; — (SiAc S;)/(Si+S;) be the canonical projection. Define
or + (SiNe S5)/(Si+ S5) — Si ® (Si Ac S;)/(S; + Sj) and 6r : (S; Ac S5)/(Si + S;) —
(Si Ae S)/(Si + S5) ® Sj by or(n(x)) = (id ® m)A(z), ér(n(z)) = (7 @ id)A(zx) for
x € S;A\c Sj. It is easy to show that (S; Ac Sj)/(S; +S;) is an S;-Sj-bicomodule with the
structure map 6y, dr and £ is an S;-S;-bicomodule embedding from (S; Ac S;)/(S;i + Sj)
to {(C1/Co)’. Therefore, the claim will follow if we can show ¢ is also an epimorphism. In
order to do it, we show that >, ;c(a.), Si Ac'Sj = C1 at first. In fact, write €' = Co @I by
Theorem 4.7. For each i € Ag, define ¢; € C* as follows: g;|s, = ¢ls;, €ils;+1 = 0 for j # i.
For any element = of C, we see that x = Zi,jer gg—~x—c¢cjandeg = x +—¢; € S;A\cS;.
Therefore, C1 = 3, je(ap), Si Ao Sj and thus C1/Co = 32, je(ag), (Si Ac Sj + Co)/Co
Yijeac) (C1/Co) = @ijeacy, (C1/Co) = C1/Co, where (S; Ac Sj + Co)/Co
'(C1/Cp)? follows from that £ is injective. This implies £ is an epimorphism.

Denote t;; = dim((S; Ac Sj)/(Si + S;j)) for i,5 € (Ac)o. By the isomorphism (S; Ac
S;)/(Si +S) = {(C1/Co)! for i, j € (Ac)o, we have (C1/Co)! — S; @ ((Si A S;)/(Si +
S;)) ® Sj. Note the number of arrows l;; from i to j in A¢ equals the dimension of a

minimal realization of *(C1/Cp), it follows l;; < t;;. O
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